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Nonexistence of a Composition Law
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It was known to the ancient Greeks that sums of two squares satisfy the composition
law
2 23,2 2
(xy +x)0 +y3) = zf + z%
with
2 = XY XY, T2 = XY — X2

and to Euler in 1770 that sums of four squares satisfy the composition law

CF 3+ x0T+ +i D =g+ d+ 3+
with

=Xy FxyYs Xyt Xays, 2o = X1V — XY+ X3Ya — Xa)3.

L3 = XYy — XoYs — XaY1 F XaYa, Za = X1 Ya+ Xoys — X3Y2 — XaY.

Degen in 1822 and Cayley in 1845 gave the corresponding identity for eight squares,
see for example [6, p. 2]. Sums of three squares however cannot possess an analogous
compositionlawas3 = 124+ 124+ 12,5 =0 + 12 +2%but 15 =3-5 # x> + y2 + 7*
for integers x, y, z. Hurwitz proved in 1898 that there is an identity of the type
DG+ =+

where the z,; are bilinear functions of the x; and y;,ifand only if n = 1, 2, 4, 8. Dickson
[2] gave a detailed, amplified form of Hurwitz’s proof in four pages. Rajwade [6] gave
an amplified version of Dickson’s proof in six pages. A proof using normed algebras
is given in [1]. For more on such laws see for example [6].

As2 =1+ 1242.02,7=124+22+2 1%, and 14 =27 # x> + v> 4+ 27% for
‘integers x, y. z there cannot exist a composition law of the type

4+ 25+ 2] + 33 +23) =21 + 25+ 243

with 7|, z, z3 bilinear functions of x;, x,, x3 and y;, y,, y3 with integer coefficients.
However every odd positive integer can always be expressed in the form x? + y + 2z°
for some integers x, y. z, see for example [3, Theorem 86, p. 96], [4], [S, Theorem 1].

*Research of the second author was supported by National Sciences and Engineering Research Council of
Canada grant A-7233.
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Moreover one of x and y is odd and one is even. Thus every positive odd integer is of
the form

(2x) 4 1)? +2x3 + 4x3

for some integers xi, x5, x3. Let m and n be odd positive integers. Then mn is also an
odd positive integer and there exist integers x,, xz, X3, Y1, ¥2, ¥3, 21, 22 and z; such that

m o= (2x; + 1)* + 2x7 + 4x3,
n= 2y + 1)+ 2y3 +4y3,
mn =2z, +1)* + 2:% +4z§.
Hence

(2x) + 1)+ 2x2 +4x3)((2y) + D* + 237 + 4yd)
= (22, + )* 4+ 223 + 423

The question naturally arises: [s this equality a consequence of some underlying com-
position law for the polynomial (2x; + 1)? 4+ 2x3 + 4x3? In fact it is not, as can be
deduced from Hurwitz’s theorem. We show this directly from first principles without
recourse to Hurwitz’s theorem.

Suppose that there exist integers

ada, ... .. by, by, ... big,Cc1,Ca, ..., Cle
such that
((2x) + D2+ 2x2 +4x2)(Q2y) + D2 + 2y + 4y2) (I
= 2z, + 1)? + 223 + 423
is an identity in Z[x,, X2, X3, Y1, Y2, v3] with
2 = aixiyr + @xy2 +azxyys + asxoyy + asxaya + asxays (2)
Farx3y) +agxsy: + agxsys + @joX; +dix2 + ainx;
+aiy Hauy, +disys + die,
22 = bixiyr + baxiys + byxiys + baxay + bsxays + bexays (3)
+ brxsyr + bgxsya + boxsyy + bioxy + byyxa + bipx;
+ b3y + biays + bisvi + b,
23 = CLx Y1+ X1y + G Y3 F CaXa Yl F CsX2 Y2 F CeX2 Y3 4)
+ 7231 + €3X3Y2 + Cox3¥3 + CloXi + Cpix2 F €123
t eyt cuyr+¢5ys + Cre.

We-equate the coefficients of yi, ys, xay3, x3, x}ys, and x3y7 in (1) (with z3, 22, 23
given by (2), (3), (4) respectively) to obtain the required contradiction. We have

[vi] 4ais + 2b3 +4cl =4
SO

bis =0, (s, c15) = (£1.0) or (0, =1); )
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[va] 4a15Q2as + 1) + 4b1sbie + 8cyscie = 0

so by (5) and division by 4 we have
ays(2ay, + 1) + 2¢15016 = 0,
which forces a;s to be even and thus, by (5) again
as =0, ¢;s = %1, 6)

[x27] 8asays + 4bibs + 8cecis = 0
so by (5) and (6)
ce = 0: (7)
[x3] 4aj, +2b}, +4ct, =2
$0
a,=c, =0, b, ==%1I; (8)

‘ [-X‘gz.\']] 8aeay +4bshi| + 8ceci) =0
so by (8)

b(, = 0. (9)
Finally we consider the coefficient of x3 y# in (1). We have
4al + 2b; + 4c; = 8.

Appealing to (7) and (9) we obtain the required contradiction aé =2.

Panaitopol {5] has shown that the only diagonal ternary quadratic forms ax? +
by? + cz* (1 < a < b < ¢), which represent every odd positive integer are the forms
x2 4+ y2 +27%, x2 4+ 2y? 4+ 3z%, and x? + 2y? + 4z2. Our proof shows that the repre-
sentability of odd integers by x? + y? + 2z% and x? + 2v? + 4z* does not arise from an
underlying composition law. We leave it to the reader to show also that x* + 2y? + 3z?
does not possess such a composition law.
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