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ABSTRACT

Let f (x) be an irreducible polynomial of odd degree n > 1 whose
Galois group is a Frobenius group. We suppose that the Frobenius
complement is a cyclic group of even order h. Let 2t h. For each
i¼ 1, 2, . . . , t we show that the splitting field L of f (x) has exactly
one subfield Ki with [Ki :Q]¼ 2i. These subfields form a tower of nor-
mal extensionsQ�K1�K2� � � � �Ktwith [Ki :Ki�1]¼ 2 (i¼ 1, 2, . . . , t)
and K0¼Q. Our main result in this paper is an explicit formula for
an element ai in Ki�1 such that Ki ¼ Qð ffiffiffiffi

ai
p Þ (i¼ 1, 2, . . . , t). This

result is applied to DeMoivre’s quintic x5� 5ax3þ 5a2x� b, solvable
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quintic trinomials x5þ axþ b, as well as to some numerical poly-
nomials of degrees 5, 9, and 13.

Key Words: Frobenius group; Subfields of splitting field;
Galois group.

1. INTRODUCTION

A finite group G is said to be a Frobenius group if there exists a tran-
sitive G-set X such that

every g 2 G n 1f g has at most one fixed point ð1Þ

and

there is some g 2 G n 1f g that does not have a fixed point. ð2Þ
It can be proved (Rotman, 2002, Proposition 8.161) that a finite group G
is a Frobenius group if and only if it contains a proper nontrivial sub-
group H such that

H \ gHg�1 ¼ 1f g for all g 62H: ð3Þ

Such a subgroup H of G is called a Frobenius complement of G. Let

N ¼ 1f g [ G n
[
g2G

gHg�1

 ! !
:

N is called the Frobenius kernel of G. Frobenius proved using character
theory the following result (Rotman, 2002, Theorem 8.164):

Let G be a Frobenius group with complement H and kernel N:

Then N is a normal subgroup of G with N \H ¼ 1f g and G ¼ NH:

ð4Þ

Furthermore, we have (Robinson, 1982, Ex. 8.5.6)

h j n� 1; where h ¼ Hj j and n ¼ Nj j: ð5Þ

By (4), G is the semi-direct product of N and H, written G¼N eH. Note
that there is a natural G-action on N: for s in G, fs(v)¼ svs�1, n 2N.
We state the following result without proof.
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The semi-direct product G ¼ N e H is a Frobenius group with

kernel N and complement H if and only if the action of H n 1f g
on N n 1f g is fixed-point free; that is; if s 2 H; u 2 N n 1f g and

sus�1 ¼ u imply s ¼ 1:

ð6Þ
In this paper, we consider irreducible polynomials f (x)2Z[x] with Galois
group G¼Gal( f ) satisfying the following three conditions:

G ¼ NeH is a Frobenius group with kernel N and complement H;

ð7aÞ
H is a cyclic group with even degree h, hence N is abelian, ð7bÞ

degðf ðxÞÞ is odd, greater than 1, and equal to n, the order of N:

ð7cÞ
In (7b) the fact that N is abelian follows from Robinson (1982, Ex. 10.5).
We define the positive integer t by

2t k h; ð8Þ
and the odd positive integer h1 by

h1 ¼ h=2t: ð9Þ
We denote the splitting field of f (x) by L so that

GalðL=QÞ ¼ Galðf Þ ¼ G ¼ NeH:

For each j¼ 1, 2, . . . , t we show that L has exactly one subfield Kj with
[Kj :Q]¼ 2j. These subfields form a tower of normal extensions
Q�K1�K2� � � � �Kt with [Ki :Ki�1]¼ 2 (i¼ 1, 2, . . . , t) where K0¼Q.
Our objective in this paper is to give an explicit element ai2Ki�1 such
that Ki ¼ Qð ffiffiffiffi

ai
p Þ (i¼ 1, 2, . . . , t). This determination is given in Sec. 3

after some preliminary results are proved in Sec. 2. In Sec. 4 we apply
our results to certain classes of polynomials.

Remark 1. Let K be a subfield of C. Let y1, y2, . . . , yn be the roots in C
of f (x)2K[x]. The discriminant of f (x) is defined by

Df ¼
Yn
i
i; j¼1

<j

ðyi � yjÞ2:
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If the roots of f (x) are distinct, we fix some ordering of the roots and view
the Galois group G of f (x) as a subgroup of the symmetric group Sn.
Galois theory tells us that the field Kð ffiffiffiffiffiffi

Df

p Þ is always a subfield of the
splitting field of f (x), and that G is a subgroup of the alternating group
An if and only if

ffiffiffiffiffiffi
Df

p 2 K . Therefore the field extension Kð ffiffiffiffiffiffi
Df

p Þ=K is
quadratic if and only if G contains odd permutations on fy1, y2, . . . ,
yng. In this paper, we shall see that when G is not contained in An, the
quadratic extension K1=K is reproducing Kð ffiffiffiffiffiffi

Df

p Þ=K . It is worth noting
that even when G is not a subgroup of An, a quadratic tower over K can
still be constructed.

Definition 1. Let y1, y2, . . . , yn be the roots in C of f (x)2K[x]. The discri-
minant polynomial of f (x) is defined to be

gðxÞ ¼
Yn
i
i;j¼1

6¼j

ðx� ðyi � yjÞÞ: ð10Þ

It is clear that g(x)2K[x] and deg g(x)¼ n(n� 1).

We now state our main result.

Theorem. Let f (x)2Z[x] be an irreducible polynomial. Let the roots of
f (x) in C be y1, y2, . . . , yn. Let L¼Q(y1, y2, . . . , yn) be the splitting field
of f (x), and G¼Gal( f )¼Gal(L=Q) be the Galois group of f (x). Assume
that f (x) and G satisfy the following four conditions:

(a) G¼N eH is a Frobenius group with kernel N and complement H.
(b) H is a cyclic group with even degree h.
(c) deg(f (x)) is odd, greater than 1, and equal to n the order of N.
(d) The discriminant polynomial of f (x) is squarefree.

Define t and h1 as in (8) and (9) respectively. Then L contains exactly one
normal subfield Kj with [Kj :Q]¼ 2j for each j¼ 1, 2, . . . , t. These subfields
satisfy

Q �K1 � K2 � � � � � Kt ð11Þ
with Ki=Q a cyclic extension of degree 2i for i¼ 0, 1, . . . , t. Further, for
i¼ 0, 1, . . . , t� 1,

gðxÞ ¼
Y2iðn�1Þ=h

j¼1

gijðxÞ; ð12Þ
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where each gij(x)2Ki[x] is monic, irreducible, of degree nh=2i, and even.
Finally, for any j2f1, 2, . . . , 2i(n� 1)=hg, we have

Kiþ1 ¼ Qð
ffiffiffiffiffiffiffiffiffiffiffiffi
gi jð0Þ

q
Þ; for i ¼ 0; 1; 2; . . . ; t� 2; ð13Þ

and

Kt ¼ Qð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�gt�1 jð0Þ

q
Þ: ð14Þ

Remark 2. The existence of a quadratic tower of the form (11) follows
from Galois theory. Let LN be the subfield of L fixed by N. Then the
Galois group of LN over Q, Gal(LN=Q), is isomorphic to G=N, hence
to H, which is cyclic of order 2th1. Gal(LN=Q) has a unique sequence
of subgroups (each of which is normal since Gal(LN=Q) is abelian)

Pt CPt�1 C � � � CP1 CP0 ¼ GalðLN=QÞ;

such that [Pi�1 :Pi]¼ 2, i2f1, 2, . . . , tg. Correspondingly, G¼Gal(LN=Q)
has a unique sequence of normal subgroups

Mt CMt�1 C � � �M1 CM0 ¼ G; ð15Þ
such that [Mi�1 :Mi]¼ 2, i2f1, 2, . . . , tg, and N�Mi, i2f0, 1, . . . , tg, by
the Correspondence Theorem (Rotman, 2002, Proposition 2.76). A quad-
ratic tower of the form (11) thus exists in which each Ki is the fixed field of
Mi for i2f1, 2, . . . , tg. Moreover, we claim that every subfield of L of
degree 2j over Q must be a field in this tower. Such a subfield, written
as LM, is fixed by a subgroup M of G such that [G :M]¼ 2j, j2f1,
2, . . . , tg. We notice that MNj j

Mj j is a power of 2, as it is a factor of

[G :M]. On the other hand MNj j
Mj j ¼ Nj j

M\Nj j is odd since jNj is odd. Hence
MNj j
Mj j ¼ 1. This shows that N�M. Therefore M must be the subgroup

Mj in (15) and it follows that the subfield LM is the field Kj in (11). This
implies the uniqueness of the tower (11). The following diagram illus-
trates the Galois correspondence between some subgroups of G and
some subfields of L.

1 C N C Mt C � � � C M2 C M1 C M0 ¼ G
l l l l l l
L � LN � Kt � � � � � K2 � K1 � K0 ¼ Q
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2. SOME PRELIMINARY RESULTS

We recall and reorganize some basic facts about Frobenius groups in
Cangelmi 2000 and Robinson (1982) for our purposes. Let f (x)2Z[x ]
satisfy all the assumptions of the Theorem. Let fy1, y2, . . . , yng be the
roots of f (x) in C. We may replace Q by a number field K. For a
fixed i2f1, 2, . . . , ng, let Hi be the stabilizer of yi in G, that is,
Hi¼fs2G : s(yi)¼ yig. Then the subfield of the splitting field L fixed
by Hi is K(yi). As f (x) is irreducible over K, we have

½G : Hi� ¼ ½KðyiÞ : K � ¼ degðf ðxÞÞ ¼ Nj j ¼ ½G : H�:
It follows that jHij ¼ jHj, hence N\Hi¼f1g, i¼ 1, 2, . . . , n, since jHij ¼ h
and jNj ¼ n are coprime by (5). The natural projection s2G! sN
restricted to the subgroup Hi must be one-to-one because the kernel of
the map is N\Hi¼f1g. ThereforeHiffiG=NffiH as groups. As G is tran-
sitive on the set fy1, y2, . . . , yng, for any j2f1, 2, . . . , ng with j 6¼ i there
exists g2G such that g(yi)¼ yj. Then the group gHig

�1 (a conjugate of
Hi) is the stabilizer Hj of the root yj. Thus Hi has exactly n conjugates
including itself, and each of these fixes exactly one root of f (x). The sta-
bilizer of two distinct roots of f (x) is the trivial subgroup f1g of G, since
Hi\Hj¼f1g for i 6¼ j. It is clear that (3) is satisfied and G is a Frobenius
group with complement Hi for any i2f1, 2, . . . , ng. From the orders of
N, Hi and G, it is not hard to verify that

N ¼ 1f g [ G n
[
g2G

gHg�1

 ! !
:

Thus N is the Frobenius kernel with respect to the complement Hi of G.
The following is a summary of the above discussion.

Lemma 1. Let G¼N eH be a Frobenius group serving as the Galois
group of an irreducible polynomial f (x) over a number field K, such that
deg( f (x))¼ n¼ jNj. Let fy1, y2, . . . , yng be the set of all roots of f (x) in
C. Then

(i) G¼N eHi, where Hi¼fs2G : s(yi)¼ yig, i2f1, 2, . . . , ng.
(ii) The set N n f1g contains all elements in G that do not have a fixed

point in fy1, y2, . . . , yng.
(iii) If s2G and s(yr)¼ yr, s(ys)¼ ys for r, s2f1, 2, . . . , ng with r 6¼ s,

then s¼ 1.

The following result is an easy corollary of Lemma 1.
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Proposition 1. Keep the assumptions in Lemma 1. Let i be a fixed integer
in f1, 2, . . . , ng. If H is a cyclic group then there exists a2G such that
G¼N e hai and a(yi)¼ yi.

Proof. The subgroupHi is cyclic sinceHiffiH. Let a be a generator ofHi

and the statement follows. &

Now we turn to some properties of the Frobenius kernel N.

Proposition 2. For any i2f1, 2, . . . , ng, N is a complete set of left coset
representatives of Hi in G.

Proof. Assume that n12N, n22N and n1Hi¼ n2Hi so that n�1
1 n22Hi.

Hence n�1
1 n2¼ 1 since N\Hi¼f1g. Thus n1¼ n2. The proposition now

follows from the fact jNj ¼ [G :Hi]. &

Proposition 3. The Frobenius kernel N acts transitively on the set of roots
fy1, y2, . . . , yng of f (x).

Proof. For r, s2f1, 2, . . . , ng, r 6¼ s, there exists s2G, such that
s(yr)¼ ys, since G acts transitively on the set fy1, y2, . . . , yng. By Proposi-
tion 2, s2 nHr for some n 2N. Thus s¼ nZ for some Z2Hr. Now we have

nðyrÞ ¼ nZðyrÞ ¼ sðyrÞ ¼ ys;

completing the proof. &

Next we consider the subgroups of G of the form N e ha2mi,
m2f0, 1, 2, . . . , tg.

Proposition 4. For m2f0, 1, 2, . . . , tg, we have

(i) N e ha2mi is a subgroup of G containing N.
(ii) The index of N e ha2mi in G is 2m.
(iii) N e ha2mi acts transitively on fy1, y2, . . . , yng, the set of roots of

f (x).
(iv) N e ha2mi is a Frobenius group with Frobenius kernel N and

complement ha2mi .
Proof. (i) is obvious. (ii) follows from the calculations

½Nehai : Neha2mi� ¼ Nj j aj j
Nj j a2mj j ¼

h

h=2m
¼ 2m:
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To prove (iii) we notice that, by Proposition 3, N acts transitively on the
set fy1, y2, . . . , yng. So does N e ha2mi .

Now conditions (1) and (2) in Sec. 1 are satisfied when fy1, y2, . . . , yng
is considered as the N e ha2mi-set. This proves (iv). &

In Remark 2, we observed that G¼Gal(L=Q) has a unique sequence
of normal subgroups

Mt CMt�1 C � � � M1 CM0 ¼ G;

such that [Mi�1 :Mi]¼ 2, i2f1, 2, . . . , tg, and N�Mi, i2f0, 1, 2, . . . , tg.
Combining this observation and Proposition 4, we obtain

Proposition 5.

(i) Mm¼N e ha2mi, m2f0, 1, 2, . . . , tg.
(ii) Km is the subfield of L fixed by Mm¼N e ha2mi, m2

f0, 1, 2, . . . , tg.

Proposition 6. For r, s2f1, 2, . . . , ng with r 6¼ s, there exists t2G such
that t(yr)¼ ys and t(ys)¼ yr.

Proof. For any i2f1, 2, . . . , ng the subgroup Hi¼fs2G : s(yi)¼ yig is
cyclic of even order. Denote the unique element of order 2 in Hi by ti.
If t2G is of order 2, then t lies in Hi for some i2f1, 2, . . . , ng, since G ¼
ðSn

i¼1 HiÞ [N and jNj is odd. Thus t¼ ti for some i and ft1, t2, . . . , tng
is the complete set of order 2 elements in G. Each ti (i2f1, 2, . . . , ng)
fixes exactly one root yi of f (x), hence ti is a product of (n� 1)=2
transpositions.We point out that no two of these order 2 elements can have
a transposition in common. Otherwise, say that the transposition (yr, ys),
for some r 6¼ s, occurs in both ti and tj, for some i 6¼ j. Then

titjðyrÞ ¼ tiðysÞ ¼ yr;

titjðysÞ ¼ tiðyrÞ ¼ ys:

It follows from Lemma 1(iii) that titj¼ 1, hence ti¼ tj, a contradiction.
Now assume that r, s2f1, 2, . . . , ng and r 6¼ s. Then there are (n� 2) order
2 elements inGwhich fix neither yr nor ys. Let tk be such an order 2 element.
Then k 6¼ r and k 6¼ s. tk contains a transposition (yr, tk(yr)), where
tk(yr)2fy1, y2, . . . , yng n fyr, ykg, which is a set of (n� 2) elements contain-
ing ys. Therefore there exists t2G, such that t(yr)¼ ys and t(ys)¼ yr. &

In the rest of this section we assume the following set of conditions.

4752 Spearman, Williams, and Yang



Condition Set.

(i) K is a subfield of C and y1, y2, . . . , yn are the roots in C of an
irreducible polynomial f (x)2K[x].

(ii) The discriminant polynomial of f (x)

gðxÞ ¼
Yn
i;j¼1
i 6¼j

ðx� ðyi � yjÞÞ

is squarefree.
(iii) L¼K(y1, y2, . . . , yn) is the splitting field of f (x).
(iv) G� ¼Gal(L=K) is a Frobenius group with Frobenius kernel N

and complement H�, such that H� is a cyclic group with order
jH�j ¼ 2mh1, where m is a positive integer and h1 is an odd
positive integer.

(v) The degree of f (x) is odd, greater than 1, and equal to n, the
order of N.

Let g�(x) be an irreducible factor of g(x) over K. We have the following
observations.

Proposition 7. The group G� ¼Gal(L=K) acts transitively on the set of
roots of g�(x). Moreover, G� acts regularly on the set of roots of g�(x), that
is, the stabilizer of any root of g�(x) in G� is the trivial subgroup f1g.

Proof. The first statement is clear. A root of g�(x) is of the form yr� ys,
for some r 6¼ s, r, s2f1, 2, . . . , ng. If s2G� and s(yr� ys)¼ yr� ys, then
s(yr)¼ yr and s(ys)¼ ys, since g(x) is squarefree. Thus s¼ 1 by Lemma
1(iii). &

Corollary. The degree of g�(x) is equal to jG�j.

We note that the discriminant polynomial g(x) is the polynomial
R(�1, f)(x) in Cangelmi (2000, p. 852). A more general treatment can
be found in Cangelmi (2000, Theorem 3.1).

Proposition 8.

(i) If yr� ys is a root of g�(x), for some r, s2f1, 2, . . . , ng with r 6¼ s,
so is ys� yr.

(ii) g�(x)¼ h(x2) for some h(x)2K[x].
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Proof. By Proposition 6, there exists t2G�, such that t(yr)¼ ys and
t(ys)¼ yr. Thus t(yr� ys)¼ ys� yr is a root of g�(x) if yr� ys is a root of
g�(x). Over L, whenever x� (yr� ys) is a linear factor of g�(x), so is
x� (ys� yr). Therefore g�(x) is a product of quadratic factors of the form
x2� (yr� ys)

2 for some r, s2f1, 2, . . . , ng with r 6¼ s. This proves (ii).
&

We note that d¼ jG�j=2 is the degree of h(x). Next we label the
roots x1, . . . , xd, xdþ1, . . . , x2d of g�(x) in such a way that xk¼�xkþd,
k¼ 1, 2, . . . , d. We observe that

�ggðxÞ ¼
Yd
k¼1

ðx� xkÞðxþ xkÞ ¼
Yd
k¼1

ðx2 � x2kÞ;

�ggð0Þ ¼ ð�1Þd
Yd
k¼1

x2k;

hðxÞ ¼
Yd
k¼1

ðx� x2kÞ;

Dh ¼
Y

1	k<l	d

ðx2k � x2l Þ2:

Then we have

D�gg ¼
Y

1	k<l	2d

ðxk � xlÞ2

¼
Y

1	k<l	d

ðxk � xlÞ2
" #2 Yd

k¼1

ð2xkÞ2
" # Y

1	k<l	d

ðxk þ xlÞ2
" #2

¼
Y

1	k<l	d

ðx2k � x2l Þ2
" #2

ð22dÞ
Yd
k¼1

x2k

¼ 22dD2
hð�1Þd�ggð0Þ:

It follows thatffiffiffiffiffiffi
D�gg

p ¼ 
2dDh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1Þd�ggð0Þ

q
:

Noting that Dh2K we have proved the following result.

Proposition 9. Kð ffiffiffiffiffiffi
D�gg

p Þ ¼ Kð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1Þd�ggð0Þ

q
Þ,whered ¼ 1

2 G�j j ¼ 1
2 degð�ggðxÞÞ.
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Proposition 10. Assume Condition Set holds. If g�(x) is an irreducible fac-

tor of g(x) over K, then the field extension Kð ffiffiffiffiffiffi
D�gg

p Þ ¼ Kð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1Þd�ggð0Þ

q
Þ

over K has degree 2.

Proof. It suffices to show that G�, viewed as a permutation group on the
roots of g�(x), contains an odd permutation. Fix a root x of g�(x). Then the
map s2G� 7! sx is a one-to-one correspondence from G� onto the set of
roots of g�(x), by Proposition 7. Thus we just need an element of G� acting
as an odd permutation when G� acts on itself by left multiplication. Let r
be an element of H� of order 2m and m be an element of H� of order h1.
Then H� is the direct product of the two cyclic subgroups generated by r
and m respectively. We also notice that G� ¼NH� ¼H�N since N is a nor-
mal subgroup of G�. Thus each element in G� can be represented uniquely
as rim jn for some n 2N, i2f0, 1, . . . , 2m� 1g and j2f0, 1, . . . , h1� 1g.
We now claim that left multiplication by r, denoted rL : s2G� 7!
rs2G�, serves as an odd permutation on the set G�. For fixed j2
f0, 1, . . . , h1� 1g and n 2N, the action of rL is rim jn 7! riþ1m jn for
i2f0, 1, . . . , 2m� 2g and r2

m � 1m jn 7! m jn. Therefore the cycle of length 2m

pj;n ¼ ðm jn; rm jn; r2m jn; . . . ; r2
m�1m jnÞ

occurs in the representation of rL as the product of disjoint cycles, and

rL ¼
Yh1�1

j¼0
n2N

pj; n :

As each pj,n is an odd permutation and h1n is an odd integer, rL is an odd
permutation on G�. &

3. PROOF OF THE THEOREM

We verify that for all i2f0, 1, . . . , t� 1g, Ki¼K satisfies all five con-
ditions in the Condition Set.

f (x) is irreducible over K0¼Q by assumption. To show that f (x) is
irreducible over Ki, i2f1, 2, . . . , t� 1g, it suffices to show that the Galois
groupGal(L=Ki) acts transitively on the set of roots of f (x). But Gal(L=Ki)
is, by Proposition 5,Mi¼N e ha2ii, which acts on fy1, . . . , yng transitively
by Proposition 4(iii). Hence (i) of the Condition Set holds.

It is clear that

gðxÞ ¼
Yn
i;j¼1
i 6¼j

ðx� ðyi � yjÞÞ
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is squarefree over Ki, and L¼K(y1, y2, . . . , yn) is the splitting field of f (x).
Thus (ii) and (iii) of the Condition Set hold.

The Galois group Gal(L=Ki)¼Mi¼N e ha2ii is a Frobenius group
with kernel N and complement h a2i i, which is a cyclic group of even
order 2t�ih1, where t� i is a positive integer and h1 is an odd positive inte-
ger. This verifies (iv) of the Condition Set. Finally, the degree of f (x) is
n¼ jNj by assumption. Thus (v) of the Condition Set is valid.

Recall that the degree of g(x) is n(n� 1). According to Proposition 7
and its corollary, each irreducible factor of g(x) over Ki is of degree
jG�j ¼ 2t�ih1n¼ nh=2i. Therefore g(x) has n(n� 1)=jG�j ¼ 2i(n� 1)=h irre-
ducible factors over Ki. Hence over Ki we have

gðxÞ ¼
Y2iðn�1Þ=h

j¼1

gijðxÞ; ð16Þ

where each gij(x)2Ki[x] is monic, irreducible, and of degree
jG�j ¼ 2t�ih1n¼ nh=2i. By Proposition 10, the field extension

Ki

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1Þdi gijð0Þ

q �
=Ki has degree 2, where di¼ deg(gij(x))=2. It is now

clear that for i2f0, 1, . . . , t� 1g, the degree of the elementffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1Þdigijð0Þ

q
over the rational field Q is 2iþ1. By the uniqueness of the

quadratic tower (11) (Remark 2), we have

Kiþ1 ¼ Qð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1Þdigijð0Þ

q
Þ; i 2 f0; 1; . . . ; t� 1g:

When i2f0, . . . , t� 2g, di¼ deg(gij(x))=2¼ 2t�1�ih1n is even, and it

follows that

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1Þdigijð0Þ

q
¼ ffiffiffiffiffiffiffiffiffiffiffi

gijð0Þ
p

.

When i¼ t� 1, dt�1¼ deg(gt�1j(x))=2¼ 2t�1�(t�1)h1n¼ h1n is odd,

hence we have

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�1Þdt�1gt�1 jð0Þ

q
¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�gt�1 jð0Þ
p

.

The proof is now complete since both (13) and (14) are established by
(15) and the notes above. &

4. EXAMPLES

Our theorem gives a practical way of determining the normal sub-
fields Ki of degree 2i of the splitting field of L of f since the polynomial
g(x) can be conveniently computed using resultants (see Soicher, 1981)
and factored over a number field using for example a package such as

4756 Spearman, Williams, and Yang



MAPLE. If g(x) has repeated factors it is necessary to change the poly-
nomial f (x) by a Tschirnhausen transformation.

Example 1. Let f (x)¼ x5� 5ax3þ 5a2x� b2Z[x] be irreducible. Then
4a5� b2 6¼ 0, otherwise there exists an integer c such that a¼ c2, b¼ 2c5,
and f (x) has the linear factor x� 2c. The Galois group G of f is the
Frobenius group F20. Here n¼ 5, h¼ 4, (n� 1)=h¼ 1 and t¼ 2. The poly-
nomial f (x) is known as DeMoivre’s quintic. Set

gðxÞ ¼ Resultantðf ðxþ XÞ; f ðXÞÞ
x5

:

MAPLE gives g(x) as a polynomial of degree 20 with constant term
g(0)¼ 55(4a5� b2)2¼ g01(0). By our theorem the unique quadratic sub-
field K1 of L is

K1 ¼ Qð
ffiffiffiffiffiffiffiffiffi
gð0Þ

p
Þ ¼ Qð

ffiffiffi
5

p
Þ:

Next we factor g(x) in Qð ffiffiffi
5

p Þ½x�. MAPLE gives two monic polynomials
g11(x) and g12(x) in Qð ffiffiffi

5
p Þ½x� of degree 10 such that

gðxÞ ¼ g11ðxÞg12ðxÞ:
By our theorem these polynomials are irreducible in Qð ffiffiffi

5
p Þ½x�. Evaluat-

ing them at x¼ 0, MAPLE gives

g11ð0Þ ¼ 1000a5 � 250b2

�25þ 11
ffiffiffi
5

p ; g12ð0Þ ¼ 1000a5 � 250b2

�25� 11
ffiffiffi
5

p ;

and our theorem yields the unique quartic subfield K2 of L as

K2 ¼ Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1000a5 � 250b2

�25þ 11
ffiffiffi
5

p
� �s !

:

Since

� 1000a5 � 250b2

�25þ 11
ffiffiffi
5

p
� �

¼ 5þ 5
ffiffiffi
5

p

2

 !2

ð4a5 � b2Þð5þ 2
ffiffiffi
5

p
Þ;

we have

K2 ¼ Q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4a5 � b2Þð5þ 2

ffiffiffi
5

p
Þ

q� �

in agreement with Spearman and Williams (1999, Theorem).
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Example 2. We choose

f ðxÞ ¼ x5 þ axþ b 2 Z½x�

to be a solvable, irreducible quintic trinomial with ab 6¼ 0. Let r be the
unique rational root of the resolvent sextic of x5þ axþ b (Spearman
and Williams, 1994, p. 988). Set

c ¼ 3r� 16a

4rþ 12a

����
����; e ¼ sgn

3r� 16a

4rþ 12a

� �
; e ¼ �5be

2rþ 4a
;

so that

c ð� 0Þ 2 Q; e ¼ 
1; e ð6¼ 0Þ 2 Q:

Then (see, for example, Spearman and Williams, 1994, Theorem, p. 987)
we have

a ¼ 5e4ð3� 4ecÞ
c2 þ 1

; b ¼ �4e5ð11eþ 2cÞ
c2 þ 1

:

The Galois group G of f is

D5; if 5ðc2 þ 1Þ 2 Q2;
F20; if 5ðc2 þ 1Þ 62Q2;

�

where D5 is the dihedral group of order 10 and F20 is the Frobenius group
of order 20 (Spearman and Williams, 1994, p. 990). We note that D5 is a
Frobenius group. We just treat the case when G¼F20 as the case G¼D5

is simpler. Here n¼ 5, h¼ 4, (n� 1)=h¼ 1 and t¼ 2. Set

gðxÞ ¼ Resultantðf ðxþ XÞ; f ðX ÞÞ
x5

:

MAPLE gives g(x) as a polynomial of degree 20 with constant term

gð0Þ ¼ g01ð0Þ ¼ 2855
4ec3 � 84c2 � 37ec� 122
� �2

c2 þ 1ð Þ5
:

By the theorem we obtain

K1 ¼ Q
� ffiffiffiffiffiffiffiffiffiffiffiffiffi

g01ð0Þ
p �

¼ Q
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

5ðc2 þ 1Þ
q �

;

in agreement with Spearman et al. (1995, p. 16).
Next we use MAPLE to factor g(x) over K1. MAPLE gives g(x)

as the product of two monic polynomials g11(x) and g12(x)
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in Qð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5ðc2 þ 1Þ

p
Þ½x� of degree 10 such that

gðxÞ ¼ g11ðxÞg12ðxÞ:

MAPLE gives

g11ð0Þ ¼ ðsquareÞ � �25ðc2 þ 1Þ þ ð5þ 10eÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5ðc2 þ 1Þ

q� �

¼ ðsquareÞ � 5ðc2 þ 1Þ �5þ ð1þ 2eÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

5

c2 þ 1

r !
:

By the theorem we have

K2 ¼ Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�5þ ð1þ 2eÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
5

c2 þ 1

rs0
@

1
A

in agreement with Spearman et al. (1995, Theorem, p. 17).
We conclude by giving brief details of four numerical examples.

Example 3.

f ðxÞ ¼ x5 � 70x3 � 140x2 þ 385xþ 28;

G ¼ F20; n ¼ 5; h ¼ 4; ðn� 1Þ=h ¼ 1; t ¼ 2;

g01ð0Þ ¼ 217 55 74 432;

K1 ¼ Qð
ffiffiffiffiffi
10

p
Þ;

g11ð0Þ ¼ 28 52 72ð�650þ 201
ffiffiffiffiffi
10

p
Þ;

g12ð0Þ ¼ 28 52 72ð�650� 201
ffiffiffiffiffi
10

p
Þ;

K2 ¼ Q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
650þ 201

ffiffiffiffiffi
10

pq� �

¼ Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
17þ 4

ffiffiffiffiffi
10

p

3

 !2

ð10þ
ffiffiffiffiffi
10

p
Þ

vuut
0
B@

1
CA

¼ Q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10þ

ffiffiffiffiffi
10

pq� �
:
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Example 4.

f ðxÞ ¼ x9 � 3x8 þ 3x7 � 15x6 þ 33x5 � 3x4 þ 24x3 þ 6x2 � 4;

see (Cangelmi, 2000, p. 856);

G ¼ ðZ3�Z3ÞeZ4;

n ¼ 9; h ¼ 4; ðn� 1Þ=h ¼ 2; t ¼ 2;

g01ð0Þ ¼ 28 36 57;

g02ð0Þ ¼ 24 36 511;

K1 ¼ Qð
ffiffiffi
5

p
Þ;

g11ð0Þ ¼ 24 33 53ð5þ 2
ffiffiffi
5

p
Þ;

g12ð0Þ ¼ 24 33 53ð5� 2
ffiffiffi
5

p
Þ;

g13ð0Þ ¼ 2 33 55ð5�
ffiffiffi
5

p
Þ;

g14ð0Þ ¼ 2 33 55ð5þ
ffiffiffi
5

p
Þ;

K2 ¼ Q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð15þ 6

ffiffiffi
5

p
Þ

q� �

¼ Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1þ ffiffiffi

5
p

4

 !2

ð30þ 6
ffiffiffi
5

p
Þ

vuut
0
B@

1
CA

¼ Q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð30þ 6

ffiffiffi
5

p
Þ

q� �
:

Example 5.

f ðxÞ ¼ x9 � 72x7 þ 1464x5 � 960x4 � 8928x3 þ 13440x2

� 2064x� 2560:

The MAGMA database gives

G ¼ T15 (notation of Butler and McKay, 1983), Gj j ¼ 72:

The group T15 has one normal subgroup N¼Z3�Z3 of order 9 as well
as nine conjugate subgroups of order 8, each of which is cyclic. These
conjugate subgroups intersect only trivially so G is a Frobenius group
and is the semidirect product (Z3�Z3)eZ8.
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n ¼ 9; h ¼ 8; ðn� 1Þ=h ¼ 1; t ¼ 3;

g01ð0Þ ¼ 267 312 56 72 2392 5032;

K1 ¼ Qð
ffiffiffi
2

p
Þ;

g11ð0Þ ¼ 233 36 53ð2 � 29 � 137 � 1193þ 6650041
ffiffiffi
2

p
Þ;

K2 ¼ Q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � 5 � 29 � 137 � 1193þ 5 � 6650041

ffiffiffi
2

pq� �

¼ Q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10� 5

ffiffiffi
2

pq� �
;

g21ð0Þ ¼ �216 32ð5662200þ 3307230b� 330870b2 � 193803b3Þ;

where b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10� 5

ffiffiffi
2

pq
;

K3 ¼ Q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5662200þ 3307230b� 330870b2 � 193803b3

q� �
:

Since

5662200þ 3307230b� 330870b2 � 193803b3
� �

30� 3bþ 3b2

5

 !

¼ 9450þ 5820b� 531b2 � 336b3
� �2

;

we have

K3 ¼ Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
30� 3bþ 3b2

5

s0
@

1
A

¼ Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
30� 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10þ 5

ffiffiffi
2

pq
þ 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10� 5

ffiffiffi
2

pqr !
:

Example 6.

f ðxÞ ¼ x13 � 26x10 � 117x8 þ 143x7 � 910x6 þ 585x5

� 1794x4 þ 4472x3 � 2951x2 þ 520x� 131:

MAPLE gives the discriminant of f (x) as 28 1321 432 27912

3326992 155158912 so that the quadratic subfield of L is Qð ffiffiffiffiffi
13

p Þ. If a is
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any root of f (x) MAPLE factors f (x) over Qða; ffiffiffiffiffi
13

p Þ. There are six
irreducible quadratics and one linear polynomial in the factorization.
Hence

½L : Q� ¼ 2k 13

for some k2Zþ. Therefore f (x) is solvable so Gal( f )¼F13l, where l j 12.
It is known that [L :Q]¼ 13l, where l 6¼ 1 as L has a quadratic subfield
and l 6¼ 2 as f does not factor into linear factors over Qða; ffiffiffiffiffi

13
p Þ. Hence

l¼ 4 and Gal( f )¼F52. We remark that a theorem of Cangelmi (2000,
Theorem 3.17, p. 851) provides an alternative way of verifying that
Gal( f )¼F52.

n ¼ 13; h ¼ 4; ðn� 1Þ=h ¼ 3; t ¼ 2;

g01ð0Þ ¼ 137 155158912;

g02ð0Þ ¼ 28 137 3326992;

g03ð0Þ ¼ 137 432 27912;

K1 ¼ Qð
ffiffiffiffiffi
13

p
Þ;

g11ð0Þ ¼ 133

2
ð5 � 132 � 1822217þ 33 � 3793 � 4159

ffiffiffiffiffi
13

p
Þ;

K2 ¼ Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1

2
ð5 � 132 � 1822217þ 33 � 3793 � 4159

ffiffiffiffiffi
13

pr !

¼ Q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�13� 2

ffiffiffiffiffi
13

pq� �
:
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