CHAPTER 1, QUESTION 36

36. Let p be a prime. Let m be an integer with m < —(p+ 1). Prove that p
is irreducible in Z + Z+/m.

Solution. Let p be a prime. Let m be an integer with m < —(p + 1),
so that m is a negative integer. Suppose that p is reducible in Z + Z/m.
Then there exist a + by/m € Z + Zy/m and ¢ + dy/m € Z + Z/m with
a+bym ¢ U(Z+ Zy/m) and ¢ + dy/m ¢ U(Z + Z+/m) such that

p = (a+bym)(c+dym).
Taking the modulus of both sides, we obtain
p* = (a® — mb*)(c* — md?).
As a? — mb? and ¢ — md? are positive integers and p is a prime, we have
a*> —mb* =1, por p*.
If a®> — mb? = 1 then
(a+bvm)(a—bvm) =1

so that a + by/m € U(Z + Z\/m), a contradiction. If a* — mb* = p? then
> —md? =1 so that

(¢ +dvm)(c = dym) =1

showing that c+dy/m € U(Z+ Z+/m), a contradiction. If a? —mb* = p then
b # 0 (as p being a prime is not a perfect square) so that

p=a®>—mb*>-—mb®>> (p+ 1> >p+1>p,

a contradiction. Hence p is irreducible in Z + Z+/m. ]
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