Chapter 6, Question 15

15. Prove that the discriminant D of the cubic polynomial 2 +ax?+bx+c €
Z[z] is

D = a’b* — 4b° — 4a’c — 27¢* + 18abe.
Deduce that D =0 or 1 (mod 4).

Solution. Let @1, 79,23 € C be the three roots of 2 + ax? + bx + ¢ so that

1+ 29+ T3 =—a
T1To + Tox3 + X321 = b,

T1T92x3 =— —C.
The discriminant of z3 + az? + bz + ¢ is

D = {(x1 — x2) (21 — x3) (22 — x3)}*.

Now
(z1 — 22) (21 — 23) (22 — T3)
= ( fasg + x%a:g + x%xl) — (:Elxg + $2ZL‘§ + $3:vf)
= A — B (say)
so that

D= (A—-B)’=(A+ B)*—4AB.
First we compute

A+ B = 2329 + 1175 + 2523 + 1015 + 252 + 1377
= 2122(21 + T2) + Tox3(T2 + 23) + T123(21 + X3)
= x129(—a — x3) + Tox3(—a — x1) + T123(—a — x2)
= —a(z122 + Tox3 + 2371) — 310273
= —ab + 3c.

Next we consider

2 2 2 2 2 2
AB = (zixe + 2503 + x321) (125 + Tow5 + T327)
_ (3.3, 3.3, 33 4 1 4 2 2 92
= (725 + wyxy + x5y + (123 + 125053 + T12205) + 3rTT505

3,.3 3,..3 3,.3 3 3 3 2
- (1‘11‘2 + £L‘2$3 + ngl) - C($1 + ZL‘2 _I_ $3) + 3C .



In order to determine % + x5 + x3 and z3x3 + z3x3 + 2323 we make use of

the identity

Ui+ Y5+ Y5 = (Y1 + Y2+ 3)° = 3y + vz + ys) (192 + Yaus + Ysyr) + 3y1yaus,

which is easily chacked. Taking v, = x1, y2 = x9, y3 = x3, we obtain
234+ 2l 42l = —a® + 3ab - 3¢,

and taking y; = x1x9, Yo = X2x3, Y3 = T3T1, We obtain, as y; + yo + y3 =
T1T9 + Tox3 + 2321 = b, Y12 + Yoys + Y3y1 = T10203(T1 + T2 + 23) = ac and
Y1Y2Ys = (3511‘2563)2 =,

w4+ wars + war) = b® — 3abe + 3¢

Hence
AB = (b — 3abc + 3¢*) — ¢(—a® + 3ab — 3c) + 3¢*
= a’c +b® — 6abc + 92
Finally
D = (—ab + 3c)* — 4(a*c + b* — 6abc + 9¢?)
= a®b* — 4b® — 4a3c — 27¢% + 18abc.
Clearly

D = a*b* + & + 2abc = (ab+¢)*> =0 or 1 (mod 4). -
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