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Abstract. The emergence of the graphon theory of large networks and their infinite limits has
enabled the formulation of a theory of the centralized control of dynamical systems distributed on
asymptotically infinite networks. Furthermore, the study of the decentralized control of such systems
has been initiated in which graphon mean field games (GMFG) and the GMFG equations have been
formulated for the analysis of noncooperative dynamic games on unbounded networks; in that work,
existence and uniqueness results have been introduced for the GMFG equations, together with an
e-Nash theory for GMFG systems which relates infinite population equilibria on infinite networks
to finite population equilibria on finite networks. Those results are rigorously established in this
paper.
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1. Introduction. One response to the problems arising in the analysis of sys-
tems of great complexity is to pass to an appropriately formulated infinite limit. This
approach has a distinguished history since it is the conceptual principle underlying the
celebrated Boltzmann equation of statistical mechanics and that of the fundamental
Navier—Stokes equation of fluid mechanics (see, e.g., [38, 23, 15, 16]). Similarly the
Fokker—Planck-Kolmogorov (FPK) equation for the macroscopic flow of probabilities
[13, 28] is used to describe a vast range of phenomena which at a micro or mezzo level
are modeled via the random interactions of discrete entities.

The work in this paper is formulated within two recent theories which were de-
veloped with an analogous motive to that above, namely, the mean field game (MFG)
theory for the analysis of equilibria in very large populations of noncooperative agents
(see [26, 24, 31, 32, 10, 11, 9]) and the graphon theory of the infinite limits of graphs
and networks (see [34, 2, 3, 4, 33]).

A mathematically rigorous study of MFG systems with state values in finite
graphs is provided in [22], and MFG systems where the agent subsystems are defined
at the nodes (vertices) of finite random Erdos—Rényi graphs are treated in [12]. The
system behavior in [22] is subject to a fixed underlying network. The random graphs
in [12] have unbounded growth but do not create spatial distinction of the agents due
to symmetry properties of the interactions. However, graphon theory gives a rigorous
formulation of the notion of limits for infinite sequences of networks of increasing size,
and the first application of graphon theory in dynamics appears to be in the work of
Medvedev [35, 36] and Kaliuzhnyi-Verbovetskyi and Medvedev [27]. The law of large
numbers for graphon mean field systems is proven in [1] as a generalization of results
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TABLE 1
Notation.

the kth graph in a sequence of graphs
g weights of G as a step function
My, the number of nodes in G
C;  the cluster of agents residing at node i of G
C(i)  the cluster that agent ¢ belongs to
I*(i)  the midpoint of an interval of length 1/Mj
g  the graphon function
to(t)  the local mean field generated by agents at vertex a € [0, 1]
) an ensemble of local mean fields (pa(t))o<a<1
Mo, 1] aclass of ug(-) satisfying a Holder continuity condition
Cr  the space of continuous functions on [0, 7]
Fr  o-algebra induced by cylindrical sets in Cp
(Cr,Fr,ma) probability measure space for the path space at vertex «
My the set of probability measures on (Cr, Fr)
Dp  Wasserstein metric on M
Mg the product space Hae[o,l] Mr
MEO M%l subsets of M%
m¢  an ensemble of measures (Mma)o<a<1 € MG
Proj,(m¢g)  the component mq at vertex «
Marg,(mqa)  the time ¢t-marginal of mq
To  the state of a generic agent at vertex a
wqo  the standard Brownian motion of a generic agent at vertex «
p(t,xalpa(+);ga)  the best response at vertex o with pug(-) given by the
GMFG system; abbreviated as ¢(t, Za, ga) O Qo
o(t, za|pc();9a)  the best response at vertex a with respect to an arbitrary
g (); abbreviated as da(t, zaluc(?) or ga

for standard interacting particle systems. Furthermore, the work in [39] derives the
McKean—Vlasov limit for a network of agents described by delay stochastic differential
equations that are coupled by randomly generated connections.

The first applications of graphon theory in systems and control theory are those
in [18, 19, 17, 20, 21] which treat the centralized and distributed control of arbitrarily
large networks of linear dynamical control systems for which a direct solution would
be intractable. Approximate control is achieved by solving control problems on the
infinite limit graphon and then applying control laws derived from those solutions on
the finite network of interest. The analogy with the strategies for finding feedback laws
resulting in e-Nash equilibria in the MFG framework is obvious. In this connection we
note that work on static game theoretic equilibria for infinite populations on graphons
was reported in [37].

A natural framework for the formulation of game theoretic problems involving
large populations of agents distributed over large networks is given by the MFG
theory defined on graphons. The resulting basic idea and the associated fundamental
equations for what we term graphon MFG (GMFGQG) systems and the GMFG equations
are the subject of the current paper and its predecessors [6, 7]. The GMFG equations
are of significant generality since they permit the study, in the limit, of both dense and
sparse infinite networks of noncooperative dynamical agents. Moreover the classical
MFG equations are retrieved as a special case. We observe that an early analysis
of linear quadratic Gaussian (LQG) models in MFGs on networks with nonuniform
edge weightings can be found in [25]. However, in that work there was no application
of graphon theory, and in the uniform system parameter case there is one agent per
node and a single mean field, whereas in the present work there is a subpopulation
with its own mean field at each node.
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The basic e-Nash equilibrium result in MF'G theory and its corresponding form in
GMFG theory are vital for the application of MFG-derived control laws. This is the
case since the solution of the MFG and GMFG equations is necessarily simpler than
the effectively intractable task of finding the solution to the game problems for the
large finite population systems. Indeed, this was one of the original motives for the
creation of MFG theory, and it is a basic feature of graphon systems control theory
[18].

The paper is organized as follows. Section 2 provides preliminary materials on
graphons. Section 3 introduces the GMFG equation system and proves the existence
and uniqueness of a solution. For the decentralized strategies determined by the
GMFG equations, an e-Nash equilibrium theorem is proven in section 4. The GMFG
equations are illustrated by an LQG example in section 5.

For the reader’s convenience, a list of key notation is provided in Table 1.

2. The concept of a graphon. The basic idea of the theory of graphons is
that the edge structure of each finite cardinality network is represented by a step
function density on the unit square in R? on which the so-called cut norm and cut
metrics are defined. The set of finite graphs endowed with the cut metric then gives
rise to a metric space, and the completion of this space is the space of graphons. Let
GgP denote the linear space of bounded symmetric Lebesgue measurable functions
W :[0,1]2 — R, which are called kernels. The space GSP of graphons is a subset of
GgP and consists of kernels W : [0,1]% — [0, 1] which can be interpreted as weighted
graphs on the vertex set [0,1]. We note that functions W € GSP taking values in
finite sets satisfy this definition and so, in particular, graphons are defined on finite
graphs.

The cut norm of a kernel W € Gg® then has the expression

W(z,y)dxdy|,
MxT

[Wlo= sup
M,TC[0,1]

with the supremum taking over all measurable subsets M and T of [0, 1]. Denote the
set of measure preserving bijections [0, 1] — [0, 1] by Sjg,1j. The cut metric between
two graphons V and W is then given by dg(W,V) = infyeg, ,; [[W? — V||g, where
We(x,y) == W(é(x),é(y)) and any pair of graphons at zero distance are identified
with each other. The space (G°P,dn) is compact in the topology given by the cut
metric [33]. Furthermore, sets in (GSP, ) which are compact with respect to the L?
metric are compact with respect to the cut metric. Since G®P is compact in the cut
metric all sequences of graphons have subsequential limits.

In this paper, we start with the modeling of the game of a finite population based
on a finite graph. Specifically, the population resides on a weighted finite graph G
with a set of nodes (or vertices) Vi, = {1,..., My} and weights gJ; € [0,1] for (i, j) €
Vi x Vi, where a value g is assigned in the case i = j. We call g¥ == (g5, ... ,ngk) a
section of g* at i. Each node [ is occupied by a set of agents which is called a cluster
of the population, and hence the number of clusters is M. We list the clusters as
Ci,...,Cpr,. Without loss of generality, we assume the [th cluster occupies node
. Let C(i) denote the cluster that agent ¢ belongs to. So i € C(i). Our further
analysis in the paper is based on the convergence of g* to a graphon limit g. We may
naturally identify (gf’j)lgwg M, With a graphon ¢*(a,8) as a step function defined
on [0,1] x [0,1] (see [33]). However, convergence in the cut norm or the cut metric
is inadequate for the analysis in this paper as it does not capture sufficiently strong
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sectional information of the difference g* — g. We will adopt a different convergence
notion strengthening the sectional requirement as in assumption (H11) below. To
indicate its arguments, we may write g(a, 8) or alternatively go 3. We define the
section of g at & by g : B — ga, 8 € [0,1].

Since clusters C;, and C;, reside on nodes i; and is of Gy, respectively, we define
gléilCiQ =g} ,;,- Similarly, we define the section gf = gF.

We partition [0,1] into M}, subintervals of equal length. Here I} = [(I — 1)/Mj,
[/My] for 1 <1 < Mj,. When it is clear from the context, we omit the superscript &k
and write I;. To relate the clusters of agents to the vertex set [0, 1], we let the cluster
C; correspond to I;.

Throughout this paper, C,Cy, Cq,... denote generic constants, which do not de-
pend on the graph index k£ and population size N and may vary from place to place.

3. GMFG systems and the GMFG equations.

3.1. The standard MFG model and its graphon generalization. In the
diffusion-based models of large population games the state evolution of N agents
A;,1 < i < N, is specified by a set of N controlled stochastic differential equations
(SDEs). A simplified form of the general case is given by the following set of controlled
SDEs:

N
(3.1) da(t) = ~ L IC 2;(8))dt + oduwi(t),

J:1

where x; € R” is the state, u; € R™ the control input, and w; € R™ a standard
Brownian motion, and where {w;,1 < ¢ < N} are independent processes. All initial
states are taken to be independent and have finite second moment. The cost of agent
A; is given by

T N

(3.2) Py = [ %Zl(xi(t),ui(t),xj(t))dt,

where {(-) is the pairwise running cost and u_; denotes the controls of all other agents.
The dynamics of a generic agent A; in the infinite population limit of this system
is then described by the controlled McKean—Vlasov (MV) equation

(3.3) dx; = flag, ug, peldt + odw;, 0<t<T,
where i, is the distribution of z;(t), flz,u, pe] = [ f(z,u y )t (dy) and where the

initial distribution pf of x,;(0) is specified. Settlng U, u, pe] = fgu Uz, u,y) pe(dy),
the corresponding infinite population cost for A; takes the form

(3.4) Ji (s p( E/ t), pe]dt.

For notational simplicity, we present the GMFG framework with scalar individual
states and controls; i.e., n = n, = n, = 1. Its extension to the vector case is
evident.

Now we consider a finite population distributed over the finite graph Gj. Let
Tc, = @f\i’j{xm € C;} denote the states of all agents in the total set of clusters

of the population. This gives a total of N = Z;\i’“l |Ci| individual states. The key
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feature of the GMFG construction beyond the standard MFG scheme is that at any
agent in a network the averaged dynamics (3.1) and cost function (3.2) decompose
into averages of subpopulations distributed at that agent’s neighboring nodes plus an
average term for the local cluster. In the limit, the summed subpopulation averages
are given by an integral over the local mean fields of the neighboring agents.

For A; in the cluster C(7), two coupling terms in the dynamics take the form

1

(3.5) fo(zi,ui, C(1)) = [40]] > folai i, ),
JeC(i)
1 1
(3.6) fe (i, ui,glé(i)) = My Zgl&i)qm Z s, ui, xj).
=1 JEC,

They model intra- and intercluster couplings, respectively. The specification of fg,
relies on the sectional information g’g e Concerning the coupling structure in (3.6)
we observe that with respect to A;, all individuals residing in cluster C; are symmetric
and their state average generates the overall impact of that cluster on A; mediated
by the graphon weighting g’g(i).. The two coupling terms are combined additively
resulting in the local dynamics

ka (x“u“glcc(l)) = fo(mia Ui,c(i)) + ka (xi7ui>glcc(i))'

Note that A; interacts with the overall population through a function of the complete
system state g, and the cluster sizes. These details shall be suppressed in this paper,
and we only indicate the graph G} and the section g’é(i). The state process of A; is
then given by the SDE

dz’t(t) = ka (xzvuZaglé(z))dt+ waia 1 S 1 S N7

where o > 0 and the initial states {z;(0),1 <i < N} are independent and identically
distributed (i.i.d.) with distribution uf € P;(R), the set of probability measures on R
with finite mean.

The limit of the two dynamic coupling terms of an agent at a node « (called an
a-agent), as the number of nodes of the graph G}, and the subpopulation at each node
tend to infinity, is described by the expressions

(3.7) Jolta tias fra] = / Fo(@ar e 2)pta(d2),

1
(3.8) flZas Ya, 1G5 Gal ::/0 /Rf(xa,um2)9(a75)ﬂﬁ(d3)d57

which give the complete local graphon dynamics via

(39) f[mouuaaMG;goc] = fO[xa7ua7Mo¢] + f[xa7ua7MG;ga]-

We call pig the local mean field at node 3, which is interpreted as the limit of the
empirical distributions of agents at node 5. pug = {us,0 < 5 < 1} is the ensemble of
local mean fields. Due to the integration with respect to 3, the dependence of f on
the graphon limit g is through the section g,. Since pg contains i, we do not list
Lo, as an argument of f.
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Parallel to the standard MFG case, in the graphon case the SDE
a0y DMVSDEI@) dra(t) = Flou(t) ualt). nat): guldt + o)
0<t<T, aecl01],

generalizes the standard controlled MV equation (3.3). We note that in a parallel

development of graphon-based stochastic dynamical populations [1] the system dis-

turbance intensity ¢ is also a function of graphon-weighted state functions at other

clusters. For simplicity, we consider a constant o, and our analysis may be gener-

alized to the case of a state and mean field dependent diffusion term. Similarly, for

simplicity our dynamics and cost do not include a separate parametrization by a.
Analogously, in the GMFG case, we define the cost coupling terms for A; to be

lo(xi,ui, C(i)) = ﬁ Z lo(zi, us, xj),

| JEC(1)

My,
1 1
k Z k
le(wi,uiagc(i)):ﬁk gc(i)czm E l(a:i,ui,xj).
=1 JEC;

Define Ig, (z;, ui,g’é(i)) = lo(z4s,u;,C(1)) + lg, (2, ui,g’é(i)). The cost of A; in a finite
population on a finite graph Gy, is given in the form

T
(3.11) Ji = E/o l, (ﬂﬁiyuivglcf(i))dt-
Denote

lO[xoquuMOl]:/lo(xa;uaaz)ua(dz)v
R

1
e e 1655 o) = / / (o, s 2)g a0, Bpp(dz)dB,

UZa, ta: 165 9ol = lo[Za, Uas o] + UTas Ua, 1 Gal-

In the infinite population graphon case, the individual a-agent has the cost function

T~
(3.12) Jo(tai () = E / L (), (), 16 (1): gt

3.2. The GMFG model and its equations. In this section the standard MFG
equations (see, e.g., [5, 9]) will be generalized so that they subsume the standard
(implicitly uniform totally connected) dense network case and cover the fully general
graphon limit network case. Specifically, agent A; in a population of N agents will
be located at the [th node in an M}, node network (identified with its graphon), and
in the infinite population graphon limit that node will be taken to map to « € [0, 1].
It is important to note here that although the limit network is assumed dense it is
not assumed to be uniformly totally connected; indeed, the connection structure of the
infinite network is represented precisely by its graphon g(a, ), 0 < o, 8 < 1.

The generalized GMFG scheme below on [0,7] is given for each « by (i) the
Hamilton—Jacobi-Bellman (HJB) equation generating the value function V% when all
other agents’ control laws and the ensemble p¢ of local mean fields are given, (ii) the
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FPK equation generating the local mean field p, given pg, and (iii) the specification
of the best response (BR) feedback law.

Suppressing the time index on the measures for simplicity of notation, we have
the GMFG equations:

ove(t,z) . ~ OVt x)
[HJB](CY) - T - ;ng {f[x7unuG7ga]ax
~ o2 02V (t,x)

VT, z) =0, (t,z)e[0,T]xR, «ae€]l0,1],

[FPK](«) apwa(z’x) _ 3{f[x,uo,ug;ga]pa(t,x)}
0 0°pa(t,7)

(3.14) +? IR

[BR](Q) u’ = @(ta‘TLU'G;ga)'

Here p, (t, ) with initial condition p, (0) is used to denote the density of the measure
1o (t) whenever a density is assumed to exist. In this paper, the FPK equation will
be replaced by the following closed-loop MV-SDE:

(315)  [MV](a) dza(t) = flza(t), o(t, za(t)l1nc: ga), 16 (1); galdt + odwa(t),

where ,(0) has initial distribution pf. Our subsequent analysis will directly treat
the pair (V(¢, ), ua(t)), where uq(t) is specified as the law of x,(¢) in (3.15).

If a solution exists for the GMFG equations, the resulting BR ¢(t, z|ug; go) de-
pends upon the ensemble i of local mean fields and the individual agent’s state. This
is a natural generalization of the standard case. The standard MFG case is simply ob-
tained by setting g(«, 5) = 0,0 < «, 8 < 1, which results in f[x, u, uc; 9a] = folz, u, ]
and I[x, u, p; go] = lolw, u, 1] [5, 9].

A collection of measures on some measurable space which are indexed by the
vertex set [0,1] is called a measure ensemble. Thus, for each fixed ¢, pe(t) is a
measure ensemble.

On P;(R) we endow the Wasserstein metric Wi: for any p, v € P1(R), Wi (u,v) =
inf5 [ |z — y[7(dz, dy), where 7 is a probability measure on R? with marginals y, v.

Let C([0,1],P1(R)) be the set of measure ensembles vg = (¥5)ge0,1] satisfying
vg € P1(R), and limgr_,g W1 (vg,v3) = 0 for any 8 € [0, 1].

In order to analyze the solvability of the GMFG equations, we need to restrict
pa(-) to a certain class. We say {ug(t),0 <t < T} is from the admissible set Mo 7y
if and only if the following apply:

(C1) For each fixed t, ug(t) is in C([0, 1], P1(R)).

(C2) There exists n € (0, 1] such that for any bounded and Lipschitz continuous
function ¢ on R,

sup
BE0,1]

/wwwm@w/wwwmdﬂgcmltw,
R R

where C}, may be selected to depend only on the Lipschitz constant Lip(¢) for ¢.
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Condition (C1) ensures that integration with respect to df in (3.8) is well defined.
Condition (C2) ensures that the drift term in the HJB equation (3.13) has a certain
time continuity, which facilitates the subsequent existence analysis of the BR.

3.3. Existence analysis. We introduce the following assumptions:

(H1) U is a compact set.

(H2) fo(z,u,y), f(z,u,y), lo(z,u,y), and I(z,u,y) are continuous and bounded
functions on R x U x R and are Lipschitz continuous in (z,y), uniformly with respect
to u.

(H3) fo(x,u,y) and f(z,u,y) are Lipschitz continuous in u, uniformly with respect
to (z,y).

(H4) For any ¢ € R, o € [0,1], and probability measure ensemble vg € C(]0, 1],
P1(R)), the set

Sp6(z,q) = arg gleig{tJ(f[zv,u, vG; ga)) + 1T, u,vG; ol }

is a singleton, and for any given compact interval Z = [q,q], the resulting u as a
function of (z,¢) € R x T is Lipschitz continuous in (z, ¢), uniformly with respect to
vg and g, 0 < a < 1.

The next two assumptions will be used to ensure that the BRs have continuous
dependence on «. In particular, (H5) is a continuity assumption on the graphon
function g(c«, 8). Under (H5), fand 1 have continuity in «.

(H5) For any bounded and measurable function h(8), the function fol g(a,
B)h(B)dB is continuous in « € [0, 1].

(H6) For given vg € C([0,1],P1(R)), S%c(x,q) is continuous in (o, z, q).

Although the GMFG equation system only involves {ug(¢),0 < ¢t < T}, which
may be viewed as a collection of marginals at different vertices, it is necessary to
develop the existence analysis in the underlying probability spaces (see related dis-
cussions in [26, p. 240]).

We begin by introducing some analytic preliminaries. For the space Cpr =
C([0,T],R), we specify a c-algebra Fr induced by all cylindrical sets of the form
{z(-) € Cp : x(t;) € B;,1 <i < j for some j}, where B; is a Borel set. Let M denote
the space of probability measures on (Cr, Fr). The canonical process X is defined by
Xt(w) = wy for w € Cp. On Cr, we define the metric p(z,y) = sup, |z(t) — y(t)| A 1.
Then (Cr, p) is a complete metric space. Based on p, we introduce the Wasserstein
metric on Mp. For m1, ms € My, denote

Dyr(my,me) = igf/ <Sup | Xs(w1) — Xs(wa)| A 1> dm(wy,ws),
m JCrxCr \s<T

where m is called a coupling as a probability measure on (Cr, Fr) x (Cr, Fr) with

the pair of marginals m; and ms, respectively. Then (Mg, Dr) is a complete metric

space [41].

We introduce the product of probability measure spaces HQE[OJ](CT,}"T,ma),
where each individual space is interpreted as the path space of the agent at vertex
« with a corresponding probability measure m,. Denote the product of spaces of
probability measures M$ = Hae[o,l] My. An element in M$ is a measure ensemble.
Given mg € M?, the projection operator Proj, picks out its component m, asso-
ciated with € [0,1]. Let M$ consist of all (mqa)aejo,1] € M such that for any
a € 10,1], Dr(mg,my) — 0 as o’ — a.

For two measure ensembles mg = (Ma)acjo,1] and Mg = (Ma)aco,] in Mg,
define d(ma, ma) = sup,epo,1] D (Ma; Ma ).
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LEMMA 3.1. (M%d) s a complete metric space.

Proof. If {mk, k > 1} is a Cauchy sequence in M%, then for each given «, the
sequence {Proj,(mf,),k > 1} (of probability measures) is a Cauchy sequence in the
complete metric space Mr, and so it contains a limit. This in turn determines a limit
in M$. d

Given the probability measure m, € My, we define the t-marginal u,(t) by
to(t,B) = mo({z(:) € Cr : x(t) € B}) for any Borel set B C R and denote the
mapping from My to P(R) (the set of probability measures on R):

(3.16) pra(t) = Marg,(maq).

Consider the measure ensemble mg = (Ma)acpo,1] € M$ with pq(t) given by (3.16).
Define the time t-marginals by the following mapping:

(3.17) Marg, (mg) = (Na(t))ae[o,l]a

where the right-hand side is simply written as ug(t). For a given ¢, ug(t) may be
interpreted as a measure valued function defined on the vertex set [0,1]. Further
denote the mapping Marg(me) = (kG (t))iep,1) = ta(:).

Take a fixed pug(-) € Mg ) with its associated Holder parameter n in (C2), and
denote

f;(tv'rau) = f[x,u,,ug(t);ga], l:;(t,z,u) = Z[Ivuv,UJG(t)aga]

LEMMA 3.2. Assume (H1) and (H2). For he = fi(t,z,u) or I%(t,x,u), there
exist constants C' and C,.,, where the latter depends on pg(-), such that

sup |ha(t,x,u)7ha(t,y,u)| S C|’I’*y|,
t<T,ucU,a€l0,1]
sup |ha(t, z,u) — ha(s,z,u)| < Cplt — s|".

z€R,ueU,a€0,1]

Proof. The Lipschitz continuity of f* with respect to  follows from (H2), (3.7),

and (3.8). For t1,t; € [0,T], we estimate |f[z,u, pa(t1); ga] — fl, u, pa(t2); ga]| by
using the Lipschitz condition of fy, f and condition (C2) for Mg 7). This establishes

the Holder continuity of ]?; in t. The other cases can be similarly checked. ]

In order to analyze the BR of the a-agent, we introduce the HJB equation
- _ 2
(3.18) V2 (t2) = inf {Fa (e, wVP (t2) + Tt aw)} + %V;;(t,x),
u

where V(T',0) = 0. It differs from (3.13) by allowing an arbitrary pc(-) € Mo 7.

For studying (3.18), we introduce some standard definitions. Denote Qr =
(0,T7) x R and Q7 = [0,T] x R. Let CY2(Qr) (resp., C*?(Qr)) denote the set
of functions with continuous derivatives vy, v, vz on Qp (resp., Qr). Let C’b1 -2 Q)
be the set of bounded functions in C1'?(Q;), and let the open (or closed) set Q, be
a bounded subset of Qrp. W/\I’Q(Qb), 1 < XA < oo, shall denote the Sobolev space
consisting of functions v such that each v and its generalized derivatives v¢, vy, Vgq
are in L*(Qy); further we have the norm

2
(3.19) 1052, = 1vllag, + llvellag, + lvzlings + [vsaliags,
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where [u]x.q, = (Jg, [o(t, 2) Mdtdz) /2. Set [ulg, = sup(eqy lo(t,2)]. For @ =
(Th,T2) x Z, where Z is a bounded open subset of R and 8 € (0,1), define the Holder
norms

01, = Pl +  sup [u(t,2) — v(t,y)| - o~y
te(Th,Tz),x,yel
+ sup |’U(87$(}) — ’U(t,l’)| . |S — t|_6/2’
s,te(T1,1T2),x€T
1+ 2 L
[oly” = lolg, +leslgy:  Iolgy” = elg” +Toulg, + ez,

LEMMA 3.3. Under (H1)—~(H4) and for fized pug(-) € M1, the following holds:

(i) Equation (3.18) has a wunique solution V< in C’;’Q(@T), and moreover
supg Vil < C.

(i) The BR

(320) Uq = ¢o¢(ta SU|/,LG()), ac [07 1]

as the optimal control law solved from (3.18) is bounded and Borel measurable on
[0,T] x R, and Lipschitz continuous in x, uniformly with respect to « for the given

pa ().

Proof. (i) Denote Hy,(t,x,q) = mingey{qf(t,x,u) + I%(t,2,u)}. Then (3.18)
may be rewritten as

2
(3.21) —VP(ta) = Halt, o, Ve + SV, VO(Ta) =0,

As in the proof of [26, Thm. 5], we use Holder and Lipschitz continuity (with respect
to t and x, respectively) of f(’; and l~Z in Lemma 3.2 and follow the method in the
proof of Theorem VI.6.2 of [14, p. 210] to show that (3.18) has a unique solution
VeeC g 2(Q7), where uniqueness follows from a verification theorem using the closed-
loop state process.

Next we show that V. is bounded on @Q;. Take any z¢ € R. Denote B,(zg) =
(xog — 1,9 + 1) for 7 > 0, and Q7" = (0,T) x B,(xp). We use two steps involving
local estimates. Each step gets refined information about V¢ in a region based on
available bound information in a larger region. It suffices to obtain a bound of V2,
on Q;O’l as long as this bound does not change with z.

Step 1. First, there exists a constant C7 such that

(3.22) sup [V < C1, sup [V3'| < Ch.

t,x,x t,x,

The first inequality is obtained using (H1) and (H2) and the fact that V* is the value
function of the associated optimal control problem. The second inequality is proven
by the difference estimate of |V(¢,x) — V*(¢,y)| as in [14, p. 209].
By (H1), (H2), and (3.22), we have sup,, sup, ,\cq [Ha(t,z, VI (E, 7)) < Ca.
We use a typical method for analyzing semilinear parabolic equations. Once V¢
is known to be a solution of (3.21), we view V% as the solution of a linear equation
with the free term H, (¢, z,V,*). For further estimates, we need A > n + 2 when

using the norm (3.19). Fix A = n+3 = 4. This yields the bound [V*? .. < Cs,
where C3 depends on (Cs,T,c) and the bound of (f, fo,l, 1) but not on ;0, a; see
[14, p. 207] and also [30, p. 342] for local estimates of the Sobolev norm of solutions
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defined on unbounded domain using a cutoff function. Take f =1—(n+2)/\ = 1/4.
Subsequently, since A > n + 2, we have the Holder estimate

a|l+8 @
(3.23) Velgmoa < CallVIP) o < CaCa,

T

where Cj is determined by A = 4 without depending on xg, «; see [14, p. 207], [30, p.
343].

Step 2. On [0,T] x R x [-C1,C1], we can show H,(t,z,q) is Holder continu-
ous in t and Lipschitz continuous in (z,q). Denote $; = min{n, 8}. Next we view
H,(t,z,V2(t,z)) as a function of (¢,z). Then by use of (3.23) we further obtain a
bound on the Hélder norm:

(3.24) supsup |H, (-, ~,Vf)|ﬁ1 < Cs.
)

zp,2 =
@ Qr

Subsequently, by the method in [14, pp. 207—208] with its cutoff function technique
and [30, pp. 351-352], we use (3.24) and local Holder estimates of (3.21) to obtain

(3.25) \V“@th < Ce,

where Cg depends on Cs but not on xg, . Since x is arbitrary, it follows that

(3.26) supsup |V | < C.
e Qr

(ii) By (H4), the optimal control law (3.20) as a function of (¢, x) is well defined
and is bounded on [0,7T] x R by compactness of U. It is Borel measurable on Q;
see [14, p. 168]. Since S%¢ (z, q) is Lipschitz continuous in (z,q) € R x [-C1, C;] and
V.*(t,z) is Lipschitz continuous in z € R by (3.26), uniformly with respect to « in
each case, ¢, is uniformly Lipschitz continuous in z. 0

Denote
vt x) = (VO(t ), VAt 2), Vi (ta), Vi (t2),  (tx) € Qp.

We prove the following continuity lemma for the solution of (3.18). For Q, define
the compact subsets B; = {(t,z)[0 <¢ < T, |z| < j}, je N

LEMMA 3.4. Assume (H1)-(H5), and let pug(-) € M 1) in (3.18) be fived. Then
the following holds:

(1) For all compact set B;, limy/_yq |!I/O‘/ —¥%p, =0.

(i) limgs o V&' (t, ) = V.(t,2) for all (t,z) € [0,T] x R.

Proof. Tt suffices to show (i) as (ii) follows immediately from (i).

Step 1. By (3.25) and the fact that the constant Cg can be selected without de-
pending on «, there exists a constant C' such that sup, \Va|23tﬁ ' < C, which implies
that {'*,a € [0,1]} is uniformly bounded and equicontinuous on B;. For any se-
quence {ag, k > 1} converging to «a, by Ascoli-Arzela’s lemma, for j = 1, there exists
a subsequence denoted by {@,k > 1} such that Y% converges uniformly on B;. By
a diagonal argument, we may further extract a subsequence of {ax,k > 1}, denoted
by {as, k > 1}, such that ¥+ converges uniformly on each set Bj, j > 1. Hence there
exists a function V* with continuous derivatives V;*, V.*, V.* on Qp such that
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(3.27) lim W (t,z) = U*(t, x) for all (¢t,z) € Qr,

k—o0

where U* = (V*, V*,V*, V). Since

~ ~ 2 ~
VO, 2) = Ha, (t 2, V) + %V;;j, Ver(T,z) = 0,
it follows from (3.27) that

V*(T,z) = 0.

rx

2
—V/ (t,2) = Ha(t.a, V) + SV

We have used the fact that H, (¢, x,q) is continuous in « due to (H5) and condition
(C1) of Mjo,q). It is clear that V* = V¢ by uniqueness of the solution of (3.21). So
U* = ¥*, Now it follows that limy_, [T — v g, =0 forall j > 1.

Step 2. Suppose (i) does not hold so that for some 7 we have that |WO‘/ — Wo‘|33

does not converge to 0 as o’ — «, which implies that there exist some ¢y > 0 and a
sequence {af} converging to a such that for each k,

(3.28) @k — |5 > 6.

Step 3. Recall that {a} in Step 1 is arbitrary as long as it converges to «.
Now we just take {ay} in Step 1 as {al}. By Step 1, there exists a subsequence of

{a?}, denoted by {42}, such that limg_, wak —¥%|p, = 0, which contradicts (3.28).
Hence (i) holds. 0

LEMMA 3.5. Assume (H1)-(H6). For ug(-) € Mioq), the BR ¢u(t, |uc(-)) in
(3.20) continuously depends on «. Specifically, for any a € [0,1],

(3.29) al'iina dor (x| pa(4) = Qult, z|lpc())  for allt, .
Proof. The BRs can be written as

da(t, zluc()) = 5490 (@, VE(t,2)),  dar(t,zluc()) = 8470 (2, V' (t,2)).
It follows that
18460 (, Ve (t, x)) — 847D (2, V' (1, 2)
< [840D (2, Vet ) — ShD (@, V' (1, )]
+ 181 (2, V' (8,2)) — S (2, V' (2,2)].

Given pg(-) we have the prior upper bound sup, , , |V*(t,z)] < C. It suffices to
show that (3.29) holds for any given Cy > 0 and ¢t € [0,7], |z| < Co. By (H6),

for the given ug(t), she® (x,q) is uniformly continuous in a € [0,1], |z| < Co,
g € [-C,C]. For any € > 0, there exists 6 > 0 such that |o — /| < § implies

SUP |5 <Cy,|ql<C |S§G(t) (x,q) — S’Z,G(t) (x,q)| < €/2, and moreover,

sup [S46O) (, Vi (t, ) — S5O (2, V' (t,2))] < =
jal<Co 2
in view of Lemma 3.4 (i). Therefore (3.29) holds. d
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We proceed to show the existence of a solution to the GMFG equations (3.13)
and (3.15) in terms of {(V*, ua(-))|a € [0,1]}. For ug € Mo 1}, denote the mapping

(ba)acio,1) = I'(pa(-)),

where (¢a)aclo,1] is given by (3.20) as the set of BRs with respect to ug(-). Next,
we combine (¢a)acfo,1] With pa(-) to determine the law m,, of the closed-loop state
process:

drq(t) = f[l‘a(t), ba(t, va(t)|pc (), pa(t); ga]dt + odwq(t),

where z,(0) has distribution p3. The choice of the Brownian motion for x,, is immate-
rial. For m, above, denote the mapping from My 7] to M§$: (Ma)acio,1) = f(ug())

Define the set Mgl = IA”(M[O,T}) C Mg Now the existence analysis may be
formulated as the problem of finding a fixed point of the form

(3.30) mea = I' o Marg(me),

in case mg € MZ!. Note that Marg(me) = {(Marg,(ma))ae0,1,0 <t < T}

Remark 3.6. The fixed point problem requires mg to be from the subset Mgl of
M. If one simply looks for mg € M, the resulting pg(-) = Marg(mg) lacks the
Holder continuity in (C2), and this will cause difficulties in establishing Lemma 3.3
for the HJB equation.

LEMMA 3.7. Under (H1)—(H6), the following assertions hold:

(i) M$t c MSO.

(ii) For any ma € M$, pug(+) == Marg(mg) € M 17.

(iii) The BR ¢o(t, x|pc(-)) with pe(-) given in (ii) is Lipschitz continuous in x,
uniformly with respect to o € [0,1] and mg € M§1L.

Proof. (i) and (ii) For mg € ME!, there exists u;; € M 1) such that mg =
f(u’G()) To estimate Dy (mq, ma) and Wi(ua(t), pa(t)), let x, and x5 be state
processes generated by (3.10) with p,, the same initial state and Brownian mo-
tion under the control laws ¢q(t, z|ug(-)) and ¢a(t, z|pe(-)), respectively. Then
Dr(ma,ma) < Esup,cr |2a(t) — 2a(t)|, and Wi(pa(t), pa(t)) < Elra(t) — za(t)]-
Fixing &, we have

(3.31) |70 (t) — za(t)] S/O |Fl2a(s), da(s, wa(s)lu (), 1 (5); gal
— flza(s), ¢als, 2a(9)|nG()), te(s): gallds.

Denote
01 = [folza(s), dals, va(s)luG()s ta(s)] = folzals), dals, wal(s)lua (), ta ( [
= |flza(s), ¢a(s, za(s)lue () kG (8); gal — flra(s), dals, va(s)lug (), ne(s); gall-

Then by (3.31) and the Lipschitz continuity in z of ¢, in Lemma 3.3 (ii), we obtain
t
(3.32) |zo(t) —z5(t)] < Cl/ |2a(s) — x5(s)|ds
0
t
+Ca [ {16as.2as) () = als,za(s ()] + 61(5) + bals) s
0
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where C5 depends only on the Lipschitz constants of fy, f and C; does not change
with o for the fixed pp,. Since Wi (pl,(s), p5(s)) — 0 as a — @, by (H2) Eéi(s) — 0
as a — a. By (H5), we have Ed2(s) — 0 as @ — &. Then using Lemma 3.5 and
boundedness of the integrand below, we obtain

T
lim E / {16a(s 7a(5) () = Bals,2a ()| ()] + 1(5) + 62(s) pds = 0.
By Gronwall’s lemma and (3.32), it follows that lim,—5 F Supg<i<q |Za(t) — 25 (t)] =
0. Subsequently, as o — @&, we obtain Dz (mg, mg) — 0, which implies (i); in addition,
Wi(pa(t), pa(t)) — 0, which verifies condition (C1) of Mo ) for ue. Since each my,
is the distribution of z,, for pg(-) we take the Holder parameter n = 1/2 and a
constant Cj, independent of p, for (C2). So (ii) holds.

(iii) Due to the choice of ny and C}, for pg(-) in (ii), we may select a fixed constant
C5 in (3.24), which does not change with (o, ug(+)). Subsequently, the upper bound
Cs in (3.26) for |V, | does not change with « € [0, 1], pg(-) € Marg(f(M[O,T])). This
ensures a uniform bound for the Lipschitz constant for x in ¢,,. ]

We introduce the sensitivity condition.
(HT7) For mg, mg € M$ = I'(M|q 71), there exists a constant ¢, such that

(3.33) sup | (t 2l (1) = dalt, 2lic ()] < adime, ma),
where the set of control laws {¢. (¢, 7|uc (")), a € [0,1]} (resp., {¢a(t, z|ic(-)),a €
[0,1]}) is determined by use of pe = Marg(mg) (resp., i = Marg(mg)) in the
optimal control problem specified by (3.10) and (3.12) with the graphon section g,.
Assumption (H7) is a generalization from the finite type model in [26] where an
illustration via a linear model is presented. Related sensitivity conditions are studied
in [29].
Let (¢a)acpo,1] in (3.20) be applied by all agents, where pg(-) € M. We
consider the following generalized MV equation

(334) dl‘a (t) = f[ma (t)v ¢o¢ (tv Lo (t)|MG)a Vg (t); ga]dt + waa (t)7

where x,,(0) is given with distribution . For this equation, v is part of the solution.
If vg is determined, we have a unique solution z, on [0, 7] which further determines
its law as the measure m, on (Cr, Fr). Note that m, does not depend on the choice
of the standard Brownian motion w,. We look for vg € Mg 1) to satisfy the condition

(3.35) Marg,(mqa) = va(t) for all a € [0,1], ¢t € [0,T7;

ie., vo(t) is the law of z4(t) for all o, t (and we say (x4 )o<a<1 is consistent with vg).

LEMMA 3.8. Assume (H1)—-(H6). For the BR ¢o(t,zq|pc(+)) in (3.20), where
pa(-) € Mo, there exists a unique vg(-) for (3.34) satisfying (3.35).

Proof. In order to solve (z4,Vq) in (3.34), we specify the law of the process x,
instead of just its marginal v, (¢). This extends the fixed point idea for treating
standard MV equations [41].

For (ma)aefo,1] € MSO | we determine v}, according to v} (t) = Marg, (m, ), which
is used in (3.34) by taking v = v} to solve z, on [0,7]. Let m2®" denote the law of

Zq. It in general does not satisfy Marg, (m2°%) = v,(t) for all ¢. Denote the mapping

(ma™)aefo,1] = Pumgo ((Ma)aco,1))-
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By (H5) and Lemma 3.5, $ppc0 is a mapping from MS$O to itself. Similarly, for
(Ma)ac,1) € MZ we determine 7, for (3.34) and solve Z, with its law ma™.
Denote (mg™)ae(0,1] = Pamgo ((Ma)ae(o,1])-

If h(x,y) is a bounded Lipschitz continuous function with |h(z,y) — h(Z,7)| <
Cyle — Z| + Co(ly — y| A 1), we have

‘ / z,y)g(a, B)vs(t, dy)dB — / B)VE(tdy)dﬁ’

< Cy|x — Z[ 4 sup ‘/h(f,y)vé(t,dy) - /h(:f,y)véof, dy)‘
B

= Cila — a4 sup /CT B(E, X1(w))dm () — /CT Wz, Xt(w))dmg(w)‘

< Cl|x—§c|+Czsup/ (| X (w) = Xy (@) A 1)dmg(w, @),
B CprxCr

where X is the canonical process, w,@ € Cr, and mg is any coupling of mg and mg.
Hence

[ e aten e anas - [ nGepiata. i, ands
(3.36) < Ci|z — Z| + Cysup Dy(mg, mg).
B

By (H2), (H3), the uniform Lipschitz continuity of ¢, in z by Lemma 3.3 (ii),
and (3.36),

f 2o Salt, 2alpic), va () 9a] = FlEas Galt, Zalpic), vE(1); gall
< Cl(|$a — .fa| A 1) + Cy Slﬁlth(m57ﬁl5).

Hence by (3.34),

t
sup |zq(s) — s)| < C’l/ |Ta(s) — ZTa(s)| A lds + 6’3/ sup |Ds(mg, mg)|ds.
0o B

s<t

mg)|ds, which combined with the definition of the Wasserstein metric Dy(-, -) implies
that

Therefore, by Gronwall’s lemma, sup,<,[za(s) — ZTa(s)| A1 < Cy f(f supg | Ds(mg,

t
(3.37) s Dy (™ ™) < C / Sup D (s, my)|ds.
0

By iterating (3.37) asin [41, p. 174], we can show that for a sufficiently large ko, QSMGO

is a contraction. We can further show that {®% .,(mg),k > 1} is a Cauchy sequence,

MGO
and we obtain a unique fixed point mg, for @Mco Then we obtain a solution of (3.34)
by taking v, (t) = Marg,(m},). If there are two different solutions with vg # v, we

can derive a contradiction by using uniqueness of the fixed point of @Mgo ]

Consider two sets of BRs (¢a(t,Zaltic))acio,1) and (da(t, Taliic))aco,1], Where
pe = Marg(me), fic = Marg(mg) for mg,mg € MZ! (then pg, fic € Mo 1), and
use Lemma 3.8 to solve (z,,v¢) and (2),, Ug) from the generalized MV-SDEs:
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(338) dl’o, = f[x()m ¢a (t, l‘a|,ug), Vg (t); ga]dt + waon
(3.39) dal, = flal,, dalt, 2. ic), v (t); galdt + odw,,

where 2/ (0) = x,(0) is given. Let m2™ (resp., mLV) denote the law of z, (resp., x.,).
The following lemma is a generalization of [26, Lem. 9] to the graphon network case.

LEMMA 3.9. For (3.38) and (3.39) there exists a constant co independent of
(mg,mq) such that

sup Dr(my™, mg") < c2 sup |¢a(t, 2lpc () = dalt, zlfic())]-

t,x,o

Proof. For (3.38) and (3.39), denote
Ay = fl2a(s); $a(s,7a(8)|1G), v (); o] — Fl24(5), da(s, 2 (5)|ic), 7 (); gal-

Then z,(t) —. (t) = fg Agds. Noting v, (t) = Marg, (m2) and 7,,(t) = Marg, (m2"),

we have

(3.40)
Al < [ Flwa(s), $a (s, 7a(8)|1a), va(5); ga] — Flwh(s), da(s, 2 (s)|na), 7a(s); gall
+ | Pl (), Bl 2 (9)|16), PG (); 9a) — Flwa(5), ba(s, 20 (9)|1G), P (5); gal|
< Chlza(s) — 2l,(s)] + Ca supD (mz"™,mz")

+Oss;15|¢a(t,xluc()) %(t,zlﬂa(-))\,

where C1, Cs, and C3 do not depend on (a, mg, m¢). The difference term on the first
line is estimated by the method in (3.36). We have used the fact that ¢, is uniformly
Lipschitz continuous in # by Lemma 3.7 (iii). Therefore, by (3.40),

A1) o) = a(0)] < [ [Culen(s) i (s )|+ Cosup Dy i) |ds

+ Cstsup [t 2lua () - Palt, z|fic())].

Applying Gronwall’s lemma to (3.41) and next using the definition of Dy(-,-), we
obtain

Di(mX miV) < E ( sup |zo(s) —zL(s)| A 1)

0<s<t

t
= eC”C?/ sup Dy (m3, w3} ds + €X' Cyt sup ot 2lpa() — dalt,zlac()].
0o pB

t,x,a

The lemma follows from applying Gronwall’s lemma again to sup, D¢(m2v,m2V). O

3.4. Existence theorem. We state the main result on the existence and unique-
ness of solutions to the GMFG equation system. We introduce a contraction condition:

(H8) c1co < 1, where ¢ is the constant in the sensitivity condition (H7) and ¢
is specified in Lemma 3.9.

Remark 3.10. Under weak coupling effect or small 7', a small ¢ can be obtained.
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Remark 3.11. For linear models, a verification of the contraction condition can
be done under reasonable model parameters, as in [26].

THEOREM 3.12. Under (H1)-(H8), there exists a unique solution (V, fia(-))aeo,1]
to the GMFG equations (3.13) and (3.15), which (i) gives the feedback control BR
strategy ©(t, o luc(-); ga), @ € [0,1], depending only upon the agent’s state and the
ensemble ug of local mean fields (i.e., (xq,pc)), and (ii) generates a Nash equilib-
rium.

Proof. Step 1. We return to the fixed point equation (3.30), which is redisplayed
below:

(3.42) me = I' o Marg(mg),

where mg = (Ma)aecp,) € ME'. For mg € MEZ!, the Holder continuity in ¢ of
the regenerated pug(-) = Marg(mg) can be checked by elementary SDE estimates by
adapting the proof of [26, Lem. 7].

Step 2. Take any mg € M$! to determine pug = Marg(mg) and ¢ (t, Za|uc(+))-
When mg € M$! is used, we determine jig and ¢o (¢, 74 |fic(-)). Once the set of
strategies (¢a)ae[o,1] is applied to the generalized MV equation (3.34), by Lemma 3.8,
we may solve for (x4, Vg(+)) such that z, has the law m2*" and Marg, (m2%) = v4(t).
This is done in parallel for mg to generate mL*". We accordingly determine mg™
and mgv.

Step 3. By (3.33) and Lemma 3.9, we obtain d(mg™, mE™) < cicad(ma, ma).
Based on the above contraction property, we construct a Cauchy sequence in the com-
plete metric space M%‘ by iterating with m¢ and establish existence of a solution to
the GMFG equation system. To show uniqueness, suppose m¢g and m¢g are two fixed
points to (3.42). We obtain d(mg,ma) < c1cad(ma, M), which implies mg = M.

The Nash equilibrium property follows from the BR property of ¢, for given
Q. ]

3.5. An example on Lipschitz feedback. The main analysis in section 3
relies on (H4) to ensure Lipschitz feedback. We provide a concrete model to check
this assumption.

Ezxample 3.13. The dynamics and cost have

fo(z,u,y) = folz,y)u,  flz,u,y) = flz,y)u,
lo(z,u,y) = li(z,y) + lo(z, y)u?, (z,u,y) = l3(z,y) + L(z, y)u?,
where 2,y € R and u € U = [a, b]. The functions fo, f, l1, l2, I3, l4 satisfy (H1)—(H3),
and there exists ¢y > 0 such that 5,14 > ¢ for all z,y.
Given vg € C([0,1], P1(R)), for x,q € R, we check the minimizer

SEG(z,q) = argruneilljl{q(fo[x, va] + flr, va; ga))u + o[z, v + lu]z, va; ga])u? ).

PROPOSITION 3.14. Given any compact interval T, S5¢(xz,q) in Example 3.13 is
a singleton and Lipschitz continuous in (x,q), where x € R and q € Z, uniformly with
respect to (vg, ).

Proof. Consider the function ®(u) = u? — 2su, where u € U and s is a parameter.
Its minimum is attained at the unique point & = ©(s) which is defined to be equal to
(D) aifs<a, (i) sif a < s < b, and (iii) b if s > b. Denote the function

_folz, pa] + flr,va; gal

ha,uc (ZL’) = 2([2 [l‘, Ma] + l4[$, va; ga]) '
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By elementary estimates we obtain sup,, . [ha.vs (%) = haue(y)| < Colz —y|. We
have

Sre(x,q) = arg muin(u2 —2qho (T)u) = O(qha,u, (T)).
It is clear that S%¢(x, q) is a continuous function of (z, q). For (z;,¢;) € RxZ,i=1,2,
196 (21, q1) — 569 (22, ¢2)| < Lip(O)|q1have (21) — G2ha e (72)]
< Lip(@)(lcn ~ @] 8P [ha,v (2)] + Coley — xz||q2|>.

In fact, the Lipschitz constant Lip(@) = 1. Note that sup, , . [ha.wve(2)| < C for
some constant C. This proves the proposition. 0

If (H1), (H2), (H3), and (H5) hold for Example 3.13, they further imply (H4) and
(H6) so that the BR is Lipschitz continuous in x by Lemma 3.3 and Proposition 3.14.

4. Performance analysis. In the MFG case it is shown [26, 9] that the joint
strategy {u?(t) = @i (t,xi(t)|1e),1 <i < N} yields an e-Nash equilibrium; i.e., for all
€ > 0, there exists N (e) such that for all N > N(e)

(4.1) I (uf,ul;) —e< inf TN (i, u? ;) < IV (uf uly).

This form of approximate Nash equilibrium is a principal result of the MFG analyses
in the sequence [26, 9, 40] and in many other studies. The importance of (4.1) is that
it states that the cost function of any agent in a finite population can be reduced
by at most € if it changes unilaterally from the infinite population MFG feedback law
while all other agents remain with the infinite population based control strategies.
The main result of this section is that the same property holds for GMFG systems.

Throughout this section, let pe(-) be solved from the GMFG equations (3.13)
and (3.15).

4.1. The e-Nash equilibrium. The analysis of GMFG systems as limits of
finite objects necessarily involves the consideration of graph limits and double limits
in population and graph order. A corresponding set of assumptions is given below.

(H9) M}, — oo and miny<j<p, |G| = o0 as k — oo.

(H10) All agents have i.i.d. initial states with distribution u3 and E|x;(0)] < Cy.

Remark 4.1. (H10) is a simplifying assumption to keep further notation light. It
may be generalized to o dependent initial distributions.
(H11) The sequence {Gy;1 < k < oo} and the graphon limit satisfy

My, | ok
9eic;

YA grr pdp
M;, /ﬁejj P

where I¥ is the midpoint of the subinterval I; € {I1,..., In, } of length 1/M;.

=0,

lim max
k—oo 1

k
j=1

Remark 4.2. Assumption (H11) specifies the nature of the approximation error
between ¢* for the finite graph and the graphon function g.

Remark 4.3. Given {¢g¥, k > 1} under (H9), if there exists a graphon function g
satisfying (H5) and (H11), it is unique. This can be proven by showing that the cut
norm |lg — gljg = 0 if § also satisfies (H5) and (H11). A key step is to show that
limy o0 | [5y7(9" — g)dady| = 0 for any fixed measurable sets S, T C [0,1]. See [8]
for details.
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For the e-Nash equilibrium analysis, we consider a sequence of games each defined
on a finite graph Gj. Recall that there is a total of N = Zi\i’i |Ci| agents. Suppose
the cluster C(i) of agent A; corresponds to the subinterval I(i) € {I1,...,Ip,}. The
agent A; takes the midpoint I*(7) of I(7) and uses the GMFG system-based control
law

(4.2) i; = @(t, xilpa(-); gr-i)), 1 <4 <N,

which we simply write as ©(t, 2;, g1+ ;)
Recall fy and fg, in (3.5) and (3.6). The closed-loop system of N agents on the
finite graph G under the set of strategies (4.2) is given by

where 1 < i < N and £#¥(0) = 2¥(0). The superscript N is added to indicate the
population size. We state the following main result.

THEOREM 4.4 (e-Nash equilibrium). Assume (H1)—(H11) hold. Then when the
strategies (4.2) determined by the GMFG equations (3.13) and (3.15) are applied to
a sequence of finite graph systems {Gr;1 < k < 0o}, the e-Nash equilibrium property
holds, where € — 0 as k — oo and where the unilateral agent A; uses a centralized
Lipschitz feedback strategy 1 (t, x;, x_;), where x_; denotes the set of states of all other
agents.

We first explain the basic idea for the demonstration of the e-Nash equilibrium
property. Suppose all other players, except agent 4,, employ the strategies in (4.2).
When A, employs a different strategy, the resulting change in its performance can be
measured using a limiting stochastic control problem where both the system dynamics
and the cost are subject to small perturbation due to the mean field approximation of
the effects of all other agents. The proof is technical and preceded by some lemmas.

4. 2 Proof of Theorem 4.4. Suppose A, applies a general feedback control
law ul instead of (4.2) while all other agents A;, j # ¢, still adopt strategies in (4.2).
C0n51der

:fO( ZV 7 ())dt+ka( ;, 9 L 7gc(b))dt+adw“
:fo( j a(p(ta §V7gI*(]))7C( ))dt

+fa, (@ ;V ot fév, 91*(j)),g'g(j))dt + odwy,
J#L 1<j<N.

(4.4)  System B:

We note that x;\[ is affected by the unilateral choice of strategy by A, due to the
coupling in fo and fg,. For this reason, x} differs from &} in (4.3) although the
control law of A;, j # ¢, remains the same. The central task is to estimate by how
much A, can reduce its cost.

For the performance estimate in System B, we introduce two auxiliary systems
below. Consider

System €+ dy — / Folu oty g1 i) 2y (d2)dt

%Ua /
+ — A tl, my~ (dz)dt
Ahl al > [ FN ety g ), 2)myx (d2)

1 jeC;
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+ odw;

M,
1
+nglé(i)cl/f(l/zN’<P(t7yzNagI*(i))’Z)mlN(t7dZ)dt
=1
(45) + wai;

where 1 < i < N and y¥(0) = 2N (0), and my,n ;) denotes the law of y¥ (t). Each
Brownian motion w; is the same as in (4.3). The second equality holds since all
processes in cluster C; have the same distribution denoted by miY (¢, dz) at time ¢. It
is clear that the processes y2¥,...,yY are independent, and {yév,j € C;} are i.i.d. for
any given [.

Next we introduce

(4.6)  System D: dy°(t) = fly°(t), ot y5° (), 9r=(5))s a (t); gr+(5) 1dt + odw;(t),

where 1 <4 < N and y2°(0) = 2V (0). Here w; is the same as in (4.3). The process
y° is generated by the closed-loop dynamics for an agent at vertex I*(i) using the
GMFG-based control law (4.2) while situated in an infinite population represented by
the ensemble ug(+) of local mean fields. We view (4.6) as an instance of the generic
equation (3.10) under the control law (4.2). By Theorem 3.12, y°(¢) has the law
=iy (t). If j € C(7), yi° and y5° are two processes of the same distribution.

We shall denote the A to C' system deviation by €; n, the C' to D deviation by
€2,N, and the (nonunilateral agent) B to D deviation by es ny. Specifically, we set

e,n = sup ElE) (1) =y (1),  ean = sup BlyY (t) =y (1),
i<N,t i<N,t

€3N = sup E|x§v(t) — y}’o(t)|7
uN AN

where xjv is given by (4.4).
LEMMA 4.5. The SDE system (4.5) has a unique solution (y¥,... ,yN).
Proof. The proof is similar to [26, Thm. 6]. d
LEMMA 4.6. e;,y — 0 as N — oo (due to k — 00).

Proof. By the Lipschitz property of the SDE of £V — yN, we derive an integral
inequality for E|#Y (t) — N (t)| and apply Gronwall’s inequality under (H9); see [8]
for details. ]

LEMMA 4.7. We have ea y — 0 as N — oo.

Proof. In the integral equation of y§°, we approximate (us(t))gejo,1] by discrete
points of 4 and use Gronwall’s lemma and Lemma A.1 to estimate E|y°(t) — yN (¢)|
under (H11). See [8] for details. d

LEMMA 4.8. imy_,c0 sup, ;< y E|2YN — y5°| = 0.

Proof. The lemma follows from Lemmas 4.6 and 4.7. ]
LEMMA 4.9. limy_,o0 €38 = 0.

Proof. For (#1V,...,2%) in System A and (z,...,2Y) in System B, we compare

the SDEs of 2 and x¥ and apply Gronwall’s lemma to obtain sup,x ; ;, [z} =&} | <

C'/min; |C;]. Next by Lemma 4.8, we obtain the desired estimate.
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Consider the limiting optimal control problem with dynamics and cost

(47) dl’?o = f[xfo,uLaMG;gI*(L)]dt + dew
T

(4.8) JS = E/ x>, u,, pa; gre)dt,
0

where 22°(0) = 2 (0) and pg(-) is given by the GMFG equation system.

To establish the e-Nash equilibrium property, the dynamics and cost of A, in
System B can be written using the mean field limit dynamics and cost up to small
error terms that can be bounded uniformly with respect to u. We rewrite the first
equation in (4.4) of System B as

(4.9) de = flaN ul, pes gr-ldt + (8% () + 8% (t))dt + odw,,

where we denote 6 = fo( L ) (L))—fo[ﬂlj u, ANIE (v )], 6 ka( I{V?gé:(b))_
FlaN uN | ug; 91*(L)]~ Slmllarly the cost of A, in System B is ertten as

T
I = [ ([ ¥ i ar-] + 05.0) + 6 0) )

where we have 6F = lo(z]Y,ulY,C (1)) —lo[z), ul, ()] and 6 = I, (2N, u] 7gc())

N, ! ,,ug,gI*(L)]. Note that all other agents have applied the strategies <p(t7x§v,
gr+(j))> J # t- So we only indicate uN within JV. It is clear that (5’;0, 6’“ (5{3, and &F
are all affected by the control law u™. Let y° = (y°(t), ...,y (1)) for System D.
Our next step is to derive a uniform small upper bounded for E \5’;\ and E|0F| with
respect to ulY.

Let z € R and u € U be deterministic and fixed; define the two random variables

Ak (z,u,y5°) = ch(b)cl cl > FEuyct) = flzu pa(t) gr-o),
JEC!

Af(z,u,yf°) = ch@q | D Uz u, 5 (1) = Uz u, pe(t); g1
JjeC;

LEMMA 4.10. We have limy o0 sup, , o E(|A% (2, u,y7°) [ +|AF (2,4, y7°) %) = 0.

Proof. As in the proof of Lemma 4.7, we approximate pg, 8 € [0,1], by using
a finite number of points of # and next expand the two quadratic terms |A’“|2 and

AF|2. The estimate is carried out using (H11) and Lemma A.1. ]
l
LEMMA 4.11. For any given constant C, > 0 and any € € (0, 1),

(4.10) lim ian( N(zuw)e[=Cs,Ca]xU {|A];(z,u,yf°)| < 6}) =1,
(4.11) Jim inf PNz ue(-c..c.ixv {1AF (z,u,y°)| < €}) = 1.

Proof. We establish (4.10) and may deal with (4.11) in the same way. The event
(4.12) Efo. = Newe—c..cxo{lAf(z,u,y®)| < €}

is well defined since A% 7 is continuous in (z,u) and the intersection may be equivalently
expressed using only a countable number of values of (z,u) in [-C,,C,] x U.
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Take any € € (0,1). By (H2) and (H3), we can find d. > 0 such that |A’Ji(z, u, Y)—
A’}(z/,u/,yfo)\ < €/2 whenever |z — 2| + |u — u/| < §.. For the selected J., we
can find a fixed py and (27,u/) € [-C,,C.] x U, 5 = 1,...,po such that for any
(2,u) € [-C,,C,] x U, there exists some jo ensuring |z — 27| + |u — u?°| < 6.

By Lemma 4.10 and Markov’s inequality, for any J > 0, there exists K5 ,, such
that for all k£ > K, we have

(4.13) P({|A?(zj,uj,yf°)| < 6/2}) >1—46/py for all j,t.

Let £ denote the event {|A%(27,u?, y®)| < ¢/2}. By (4.13), P(N}2,Ef) > 1 — 6 for
k> Ksp,. Now if w e EF == mg(’:lé‘j’?, k> Ksp,, then for any (z,u) € [-C,,C.] x U,
we have |A’;(z7u,y2’°)| < e Hence &F C SJ’?CZ. It follows that for all &k > Ks,,,
P(SJ’ECZ) > 1—4. Since § € (0,1) is arbitrary and Kj ,, does not depend on ¢, the first
limit follows. |

LEMMA 4.12. We have

Jim sup B (|45 (1), ul (1), y)| + | AF @ (1), ul (8),97°)]) = 0.
Ct,ulN ’

Proof. Fix any € € (0,1). By (H1) and (H2) we can find a sufficiently large
C., independent of (k,N), such that for all uMN (), P(£;) > 1 — ¢, where &, =
{supg<ir [N (t)] < C.}. By Lemma 4.11, for the above € and E}CCZ given by (4.12),
there exists Ky independent of ¢ such that for all & > K, P(S}“Cz) > 1—e¢. Now if
w e ENEFq, then [Af(xN (1), ul (t),y7°)| < e. We have P(€, NEf ) > 1 —2¢, and
S0

P(IAY N (@), ul (t),y°) <€) > P(E,NEfe.) > 1 — 2.
It follows that for all k& > K, E|A’}(va(t)7ufv(t)7y§°)| < e+ 2¢C, where C does
not depend on (uM(-),t). The bound for E|AF(zN(t),uN(t),ys°)| is similarly

L

obtained. O
LEMMA 4.13. limge0 sup, .~ () E(|65] +10]) = 0.

Proof. By Lipschitz continuity of (f,[), we estimate sup, ,~ E|6’J§ — A’]i(va,ufv,
L) L

they converge to zero as k — oco. Recalling Lemma 4.12, we complete the proof. 0O

y7°)| and sup, ,~ E|6f — AF(x),ul,y5°)| and next apply Lemma 4.9 to show that

LEMMA 4.14. 1imj 00 sup; vy E(105 | +10f ) = 0.
Proof. The proof is similar to that of Lemma 4.13, and the details are
omitted. O
Denote e’}l = SUPy N () E(|5’J?O| + (05 | + \5’;\ + [0F).
LEMMA 4.15. For any admissible control ul in System B and J* in (4.8),
JN(u)) = inf J7 (u,) — Cefy,

N

where the constant C' does not depend on u;" .

Proof. Take any full state-based Lipschitz feedback control ™. It together with
the other agents’ control laws generates the closed-loop state processes z1(¢),...,
N (). Let uN (t,w) denote the realization as a nonanticipative process. Now we take
i, = uN (t,w) in (4.7), and let #>° be the resulting state process. It is clear from (4.8)

that
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(4.14) T (@) > inf J7 (u,).

Recalling (4.9) and applying Gronwall’s lemma to estimate the difference #> — 2,

we can show there exists C' independent of Y such that |JN (u) — J*(u,)| < C’e’}l,
which combined with (4.14) completes the proof. d
LEMMA 4.16. Let @r-,) = @(t,7,97-,)) be the GMFG-based control law (4.2).
We have JN (¢r+,)) < infy, J7(u,) + Ce’}l.
Proof. Let ¢r+(,) be applied to the two systems (4.7) and (4.9). We further use

Gronwall’s lemma to estimate E|z> — xV|. We obtain
TN (pr-) = I (pr- )| < Cey.
Note that J;(7-(,)) = infy, J;(u,). This completes the proof. 0
Proof of Theorem 4.4. The theorem follows from Lemmas 4.13, 4.14, 4.15, and
4.16. 0

5. The LQG case. This section considers a special class of LQG GMFG models.

Consider the graph Gy with vertices Vi = {1,..., My} and graph adjacency matrix

gF = [g;?l]. For agent A; in subpopulation cluster C, situated at node g, let the intra-

and intercluster coupling terms be denoted by zp; and z;, respectively, where

1
ZO,izizxja Zi = qul ij’ Tj, 20,i, ZZGRTL
ICql =2 IM Kl al
a JjeC
The dynamics of A; are given by the linear system

dx; = (Az; + Doz, + Dz; + Bu;)dt + Ydw;, 1<i<N,

where u; € R™ is the control input, w; € R™ is a standard Brownian motion, and
A, B, Dy, D, X are conformally dimensioned matrices. Assume Exz;(0) = xq for all i.
The individual agent’s cost function takes the form

(Ui ;) E/ —v)TQ(x; —vy) + u,iTRui]dt
i(T) = vi(T)) " Qr(x:(T) — vi(T))], 1<i<N,

where @, Q7 > 0, R > 0, and v; = v020,; +72; + 1 is the process tracked by A;. Here
n € R™ and vp,7 € R.

In the infinite population and graphon limit case, denote the local mean
fRn xpe(dz) at t for an a-agent situated at vertex a by Z,, and the graphon weighted

mean fol g(a, B)ZpdB by z,. The a-agent’s state equation is given by
dzo = (Azo + DoZo + Dzo + Bug)dt + Ydw,, « € [0,1].
The a-agent’s cost function is
Jo(Ua; Va) E/ — Va) Q(ma — Vo) + ugRua]dt

2a(T) = va(T)) Qr(za(T) — va(T))],
where v, = Y0ZTa + V20 + 1.
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Consider the Riccati equation
0=1II, + ATII, + I, A— II,BR™'BTII, + Q,
where IIT = Qr, and
0= 54(t) + (A= BR'BTI1,)Ts5,(t) + IT;(DoZa(t) + Dza(t)) — Qualt),
where s4(T) = —Qrvo(T). The BR for the a-agent is given by
Ua(t) = =R BT [0 (t) + sa(t)).
Now the mean state process of x,, is
Zo =(A—BR'BTII, + Do)z + Dzo — BR™'BTs,, ac|[0,1].

The existence analysis reduces to verifying the existence and uniqueness of solu-
tions for the equation system:

(5.1) Zo = (A— BR'BTII; + Do)z, — BR'B's,, +D/ B)Z sdf,
(5.2) $a = —(A—BR'BTII) s + (70Q — ;Do) %y

1
+ (vQ - I,D) /0 o0, B)sdf + Qn,

where Z,(0) = ¢ and s4(T) = —Qr[0Ta(T) + vfol g(a, B)Za(T)dB + ).
To analyze (5.1) and (5.2), let &(¢,s) and ¥(t,s) be the fundamental solution
matrix of
i =(A—-BR'BTII, + Do)z, §=—(A—BR'BTII,)"y
for z(t),y(t) € R™. For the special case with Dy = 0, ¥(t,s) = &7 (s,t) holds. We
convert the existence analysis into a fixed point problem. We view Z(t) = Z(5,¢) as a
function of (3,t). Below we derive an equation for Z,(t) by eliminating s, (t). Denote
the function space D, consisting of continuous R"-valued functions on [0,1] x [0, T

with norm [|#|| = sup,, , |Z(«a,t)|. We use |-| to denote the Frobenius norm of a vector
or matrix. Define the operator A as follows: for & € D4,

t T
(A2) (0 ) = / &(t,r)BR' BT { / o (r7) [mcznmo)f(m)
+ (vQ - I1,D) /O g(a,ﬂ)f(,@,f)dﬁ} i

W (r,T)Qr {m(a,nﬂ / gl (B, )dﬂ]}dr

/ trD/ B)i (B, r)dBdr.

If (H5) holds, A is from D, to itself.
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The solution of the LQG GMFG reduces to finding a fixed point & to the equation

(o, t) = a,t) + P(t,0)xg

T
/ U(r,7)Qdr + ¥(r,T)Qr

T

(Az)(
t T -1BT T
+/0 @(t7 )BR B ndr.

Denote ¢, = max, fol g(a, B)dB. We have the bound for the operator norm:

t T
A < ca= sup { [ [ BT w00) (0@ - 1.0
0 r

te[0,T)
+ ¢y|¥Q — II.D|)drdr

+ /O [[2(t, /) BR™' BT (r, T)Qr! - (0] + cg|7]) + ¢2(t, 7) D] d?“}-

If ¢4 < 1, Ais a contraction and (5.1) and (5.2) have a unique solution.
As an example for illustration, we assume the graphon weighted mean at vertex
« arises from an underlying uniform attachment graphon, and consequently

Za :/ (1- max(mﬁ))/ zpp(dr)dB, o, B €[0,1],
0 n

where it is readily verified that the uniform attachment graphon satisfies (H5).

Appendix A.

LEMMA A.1. Assume (H1)-(H8). Let ¢, be the GMFG-based BR (4.2) and pq(t)
the distribution of the closed-loop process x4 (t), o € [0,1], in (3.15) with initial dis-
tribution pg. Then we have

lir% sup Wi(ps(t), us-(t*)) =0,
P20 —tx |48 |<r

where t, t* € [0,T], and B3, 5* € [0,1].

Proof. Due to limited space, we only give a sketch; see [8] for a more detailed
proof.

Step 1. Take any 3, 5* € [0, 1]. For pg(-) determined from the GMFG equations
(3.13) and (3.15), define two processes:

dyg+ = flys+, p(t,ys, gp*)s ka; gp=]dt + odwp-,

dys = flys, o(t,ys, 98), ha; gsldt + odws,

where yg-(0) = y5(0) = 2V (0) and the same Brownian motion is used. Then the

distributions of yg-(t) and yg(t) are pg-(t) and pg(t), respectively.

By comparing the two SDEs, we estimate supy<,< E|ys(t) —ys~(t)|, and next by
Wi (s1a(8), 13- (£)) < Elya(t) — ys- (1), we obtain i - sup, Wi (5(8), - (£)) = 0.

Step 2. Now we consider a given (8*,¢*) € [0,1] x [0,7]. By use of the SDE of
yp and elementary estimates, we obtain lim,_s« | supg Wi (us(t*), pus(t)) = 0. Since
Wips(t), pe-(t*)) < Wilus(t), pa(t*)) + Wi(us(t*), us- (t*)), we conclude that ps(t)
as a mapping from the compact space [0,1] x [0,T] to P;(R) with the metric Wi (-, )
is continuous and hence must be uniformly continuous. The lemma follows. 0
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