Automatica 100 (2019) 90-98

journal homepage: www.elsevier.com/locate/automatica

Contents lists available at ScienceDirect

Automatica

automatica

Brief paper

Mean field production output control with sticky prices: Nash and

social solutions”
Bingchang Wang *, Minyi Huang

@ School of Control Science and Engineering, Shandong University, Jinan 250061, PR China

b School of Mathematics and Statistics, Carleton University, Ottawa, ON K1S 5B6, Canada

L)

Check for
updates

ARTICLE INFO ABSTRACT

Article history:

Received 8 June 2017

Received in revised form 25 June 2018
Accepted 25 October 2018

Available online 22 November 2018

Keywords:

Mean field game

Social optimum

Nash equilibrium

Production output adjustment
Sticky price

This paper presents an application of mean field control to dynamic production optimization with sticky
prices and adjustment costs. Both noncooperative and cooperative solutions are considered. By solving
auxiliary limiting optimal control problems subject to consistent mean field approximations, two sets
of decentralized strategies are obtained and further shown to asymptotically attain Nash equilibria and
social optima, respectively. A numerical example is given to compare market prices, firms’ outputs and
costs under the two solution frameworks.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Mean field game theory is effective to design decentralized
strategies in a system of many players which are individually
negligible but collectively affect a particular player (see e.g., Huang,
Caines, & Malhamé, 2007; Lasry & Lions, 2007). It combines mean
field approximations and individual’s best response to overcome
the dimensionality difficulty. By now, mean field games have been
intensively studied in the linear-quadratic-Gaussian (LQG) frame-
work (Huang et al., 2007; Fallah, Malhame, & Martinelli, 2016;
Huang & Huang, 2015). For further literature, readers are referred
to Bensoussan, Frehse, and Yam (2013) and Li and Zhang (2008) for
nonlinear models, Huang (2010) and Wang and Zhang (2012) for
mean field models with a major player, and Weintraub, Benkard,
and Van Roy (2008) for oblivious equilibria of industry dynamics.
For a survey on mean field game theory, see Bensoussan et al.
(2013) and Caines, Huang, and Malhame (2017). Besides nonco-
operative games, social optima in mean field control have been
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investigated in Huang, Caines, and Malhamé (2012) and Wang
and Zhang (2017). Mean field control has found wide applications,
including smart grids (Chen, Busic, & Meyn, 2015; Ma, Callaway, &
Hiskens, 2013), finance, economics (Chan & Sircar, 2015; Guéant,
Lasry, & Lions, 2011; Huang & Nguyen, 2016; Weintraub et al.,
2008), operations research (Lucas & Moll, 2014), and social sci-
ences (Bauso, Tembine, & Basar, 2016).

This paper aims to present an application of mean field control
to production output adjustment in a large market with many firms
and sticky prices, where the price of the underlying product does
not adjust instantaneously according to its demand function but
evolves slowly and smoothly. Dynamic game models for duopolis-
tic competition with sticky prices were initially proposed by
Simaan and Takayama (1978), and extended to investigate asymp-
totically stable steady-state equilibrium prices in Fershtman and
Kamien (1987). In Cellini and Lambertini (2004) and Wiszniewska-
Matyszkiel, Bodnar, and Mirota (2015), the authors considered
open and closed-loop Nash equilibria for dynamic oligopoly with
N firms and compared prices’ behavior in and outside the steady-
state levels, respectively. Production adjustment costs have been
addressed in the economic literature (see e.g. Hall, 2002) and have
been taken into account in the study of dynamic oligopoly (Driskill
& McCafferty, 1989; Jun & Vives, 2004; Schoonbeek, 1997). The
work (Driskill & McCafferty, 1989) introduces a duopoly where
each firm has output level subject to control according to a first-
order integrator dynamics. However, when the number of firms is
large (e.g. in a perfectly competitive market) and the adjustment
cost is considered, the computational complexity of output adjust-
ment is high.
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Within our model, a large number of producers supply a certain
product with sticky prices, and the output adjustment incurs a
cost. The cost function of a firm is based on product cost, price,
and adjustment cost. In Wang and Huang (2015), we combined
the price and firm’s output as a 2-dimensional system. This leads
to a cost with indefinite state weights, which differs from many
existing mean field LQG models in the literature (Huang et al.,
2007, 2012; Wang & Zhang, 2017). In this paper, the price in the
limiting model is taken as an exogenous signal without the need
of state space augmentation. This contributes to deriving a simple
condition for solvability of the resulting equation system.

Mean field control provides an ideal framework to address
complexity. In this paper, we design Nash and social optimum
strategies, respectively, for the production model based on the
mean field control methodology, and further compare the two
solutions numerically. Our main contributions are summarized as
follows: (i) We propose a mean field LQG model for production
output adjustment with sticky prices; (ii) Nash and social solutions
are designed for the mean field model with indefinite state weights
in costs; (iii) the performance estimate of the social optimum
strategies exploits a passivity property of the system.

An illustrative example is given to compare market prices,
firm’s outputs and optimal costs under the game and social opti-
mum frameworks. It is numerically shown that the social optimum
has a lower average output than in the noncooperative case. This
is similar to the behavior in a duopoly model (Varian, 1993) where
collusion of two firms results in a lower total output than in the
Cournot equilibrium.

The paper is organized as follows. Section 2 introduces the game
and social optimum problems with N players. In Section 3, we
design a set of decentralized strategies by the mean field control
methodology and show its asymptotic Nash equilibrium property.
In Section 4, we construct a set of socially optimal decentralized
strategies. Section 5 compares the two solutions by a numerical
example. Section 6 concludes the paper.

Notation: || -|| denotes the Euclidean vector norm or matrix spectral
norm. C([0, oo), R") denotes the set of n-dimensional continuous
functions on [0, co); Cp([0, 00), R") is the set of bounded and
continuous functions; C,([0, 00),R") = {f|f € C([0, c0), R"),
supt>0[f(t)|e*/’/f < oo forsome p’ € [0, p)}. For a family
of R"-values random variables {x(1),A > 0}, o(x(A),A < t)

is the o-algebra generated by these random variables; x|, =
1/2 .

[E 57 e Pt Ix(t)dt] 2 Xl = sup;-o|x(t)|. For convenience

of presentation, we use C, Cq, G, ... to denote generic positive

constants, which may vary from place to place.

2. Problem description
2.1. Output adjustment in a mean field framework
According to the model in Cellini and Lambertini (2004) and

Wiszniewska-Matyszkiel et al. (2015), the sticky price in dynamic
oligopoly evolves by

N
d
dit7 =a(p -3 21: g —p), p(0)given,
Jj=
where g; is the output of firm j,j = 1, ..., N, and has the role of

control. The payoff function of firm i is described by

o0
Ki(q1, ... an) 2/ e " (pg; — cq; — 3q7)d.
0

The constants «, 8, § and c are positive, and c is the cost of unit
output.

This paper considers a perfectly competitive market with many
firms (Varian, 1993). Based on Fershtman & Kamien (1987) and

Wiszniewska-Matyszkiel et al. (2015), we assume that the sticky
price evolves by

dp(t) _ —ap(t) — aq™(t) + ap, W

dt

where o > 0 denotes the speed of adjustment to the level on the
demand function, and ¢™)(t) = %Z?I: 14i(t) is the average output.
The output of each firm is described by the stochastic differential
equation (SDE)

dqi(t) = —uqi(t)dt + bju;(t)dt + odw(t), (2)
where {w;(t),i = 1,..., N} are independent standard Brownian
motions, which are also independent of {g;(0),i = 1, ..., N}. The

constants «, 8, i and b; are positive.

Remark 1. As in Fershtman and Kamien (1987), 8 — ¢ is the
price on the demand function for the given level of firms’ outputs.
In the static case, the inverse demand function has a linear version
p = B — 8q™); here for simplicity we set § as 1. The scaling factor
1/N for q™ is standard in modeling large markets (Lambson, 1984;
Ushio, 1989). u is used to indicate friction in adjusting the output,
and wj; is random shocks in output.

The cost function of each firm is given by

o0
Jitw) = E/ e 'L(p, qi, u)dt, 3)
0
where
L= —p(t)qi(t) + cqi(t) + rui(t),
u=(uy,...,U,...,uy), r >0and 0 < c < B.Here c denotes the

production cost, and rul-z(t) the adjustment cost. The minimization
of Ji(u) is equivalent to maximizing the payoff

Ki(u) =E / N e " [qi(t)(p(t) — ¢) — ruf(t)]dt.
0

We only consider the case 8 > c to make the subsequent optimiza-
tion problems be of practical interest. Otherwise, given a positive
g™, the production cost already exceeds the price. The social cost
is defined as

1 N
I =5 ;;j(u). (4)

Based on costs (3) and (4), one may formulate a standard LQG
game and an optimal control problem, respectively. A limitation of
this approach is that the control strategy will be centralized.

The basic objective of this paper is to study the following two
problems:

Problem I: Find e-Nash equilibrium strategies for the agents to min-
imize the individual cost J; over the set of decentralized strategies

o0
Uy = {ui s u(t) is adapted to ./, E/ e Ptul(t)dt < oo},
0

where 7! = o{q;(0), wi(s),s < t},t >0,i=1,...,N.

Problem II: Find asymptotic social optimum strategies for the
agents to minimize]ﬁf)vc) over the set of strategies %;,i = 1,..., N.

For a large market, a natural way of modeling the sequence of
parameters by, ..., by is to view them as being sampled from a
space such that this sequence exhibits certain statistical proper-
ties when N — oo. Define the associated empirical distribution
function Fy(b) = %Zl{v:ll[bifb]' where Ijp,<p; = 1ifb; < band
Iip;<py = O otherwise.

We introduce the assumptions.

(A1) The initial price p(0) = po > 0 is a constant. The initial
outputs {gi(0),i = 1, ..., N} are independent. Eq;(0) = qo > O for
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alli = 1, ..., N; there exists cg < oo independent of N such that
maxi—1,.. vElgi(0)]* < co.
(A2) There exists a distribution function F such that Fy con-
verges weakly to F. Furthermore, each b; > 0 and [, 62dF(6) > 0.
(A3)ForallN, {b;,i =1, ..., N}iscontained in a fixed compact
set ©,and [, 0dF(0) = 1.

3. Nash solutions to output adjustment
3.1. Optimal control for the limiting problem

Assume that g € C, ([0, c0), R) is given for approximation of
g™, Replacing ¢ in (1) by g, we introduce

d
PO a1p— 50— G001 50 =po (5)

After replacing p in (3) by p, we define the cost function:
[e ]
i) = [ e e - b+ e 6)
0

The corresponding admissible control set is % ;.

We first take p as an exogenous signal and solve the problem in
(2), (5) and (6). For a general initial condition g;(t) = g; at time t,
define the value function

o0
inf E [/ e P OL(p, Qi,ui)dT’ql'(t) = q,-]
Ui€ Yy i t

We introduce the HJB equation:

Vi(t, ;) =

V= inf | 2V OV +b;
pVi= inf 3 = —( nqi + biuy)
o? %V, _ 5
— c— i+rus . 7
+23Q?+( plgi + } (7)
Let Vi = kig? + 2siq; + g Then the optimal control law is
_ 1 dV; b;
I = ——bi— = —=(kigi + ). (8)
2r 9q; r
From (7) we derive
b? >
oki = —2uki — k7, 9)
r
ds; b? c—p
psi =g + (- — kst ——, (10)
dg; b 5
R & ki, 11
pgi ="~ Ls? +o2k; (11)

where s; € C,2([0, 00), R) and g; € C,([0, o0), R). From (9) we
solve k; = 0 which is the only solutlon to satisfy the closed-loop

stability condition —u — —k — £ < 0. The growth conditions of
si, g will help us determme the solutlon of (7).

Theorem 1. For the optimal control problem in (2), (5) and (6),
assume that q € C,,>([0, 00), R) is given. Then we have

(1) there exists a unique solution s; € C, ([0, 00), R) to (10);

(2) the optimal control law is uniquely given by u; = —%s,-;

(3) there exists a unique solution g; € C,([0, oo), R) to (11), and
the optimal cost is V;(0, q;(0)) = 2s;(0)qo + gi(0).

Proof. Note that by (5), ¢ € C,,2([0, 00),R) implies p € C,;»
([0, 00), R). We can prove parts (1) and (3) by showing that
5i(0) and g;(0) are uniquely determined from the facts; € C,)»
([0, 00),R) and g; € C,([0, o0), R), respectively (see e.g., Huang,
2010; Huang et al., 2007). To show part (2) we first obtain a prior
integral estimate of g; and then use the completion of squares

technique (see e.g., Huang et al., 2012; Wang & Zhang, 2017). By
Lemma A1, E [¥ e™*'uldt < oo implies E [° e~"'q?dt < oo,
which further ensures that J; is well defined to be finite since p €
Cp/z([o, o), R). O

3.2. Control synthesis and analysis

Following the standard approach in mean field games (Huang et
al., 2007; Wang & Zhang, 2017), we construct the equation system
as follows:

L —aip—p-al (12)
ps = — s+ <27 (13)
%?uag—i—zs (14)
i= [ adro) (15)
where p(0) = po, go(0) = qo and s(0) is to be determined. Here gy

is regarded as the expectation of the state given the parameter 6
in the individual dynamics. The last equation is due to the consis-
tency requirement for the mean field approximation. For further
analysis, we make the assumption.

(A4) There exists a solution (s, gg, 6 € ®)to(12)-(15)such that
for each & € ®, both s and gy are within C,([0, 00), R).

Sufficient conditions for ensuring (A4) may be obtained by the
fixed-point methods similar to those in Huang et al. (2007) and
Wang and Zhang (2017).

Proposition 1. If m [, 62dF(0) < 1, then (A4) holds.

Proof. By (12)-(14), we have

El(t):f‘-]G(O)dF(e)-i-/ dF(Q)/ e H(t=1)
© e 0

02 [ forwm-n) g 2 (74
'{_Tf ot z(,wq)(rz)drz}drl=(9q)(t),
where(%q)(fz) Zp(o)e—a12+ ffz —a(ty— r3)(aﬂ aq(t3))dTs —

. It can be verified that .7 is a contraction from the Banach
space Cp([0, 00), R) to itself. Hence it has a unique fixed point
q € Gy([0,00),R). O

3.2.1. The case of uniform agents
We now consider the case of uniform agents, i.e,, b; = b, i =
1, ..., N, and denote

5 e 2 af
p b _ 0
S R A
S 1 —=
- 0 2
2 pt+u
Then
dz -
— =Mz +b. 16
i + (16)

By direct computati_ons, we have det(M) = au(p + u) + &~ and
the equation Mz + b = 0 has the solution

5 :[Zfﬂﬂ(p-i-ﬂ)-i-bzc b*(B —c)
2ru(p + p)+ b2 T 2ru(p + )+ b’
ru(c — p) ]T
2ru(p +p)+b21 "
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Note that
det(Al — M) =2 + (o — p)A%2 — (12 + pp + ap)A
ab?
—ap(p +p)— o (17)
r

In what follows, we use Routh’s stability criterion (Dorf & Bishop,
1998) to determine the number of roots of [\l — M| = 0 with
negative real parts The first column of the Routh array for [AI — M|

is—1, p—oa, p +pu+ap+w, a,u(,o+,u)+%.
It can be verified that the first column of the Routh array always
has a sign change. By Routh’s stability criterion, (17) has a root

with a positive real part, and two roots A1, A, with negative real

parts.
For A1, Az, let &1, & be the corresponding (generalized) complex
eigenvectors. Let Z = z — z. The solution to Eq. (16) given by

Z 4+ eMz(0) is in C([0, 00), R3) if and only if there exist constants
ai, ay such that Z(0) = a1&1 + a26,.
Denote & = [(§]), &1". & = [(§)), 1"

where £, £, z* € C. Then we have

andz = [(z")T, 247,

mE] + axE] = [p(0), q(0)" (18)

Note that [p(0), g(0)]”
unique solution (a;, ay) to
independent.

From the analysis above, we have the following result.

= [po, qol" — zT is glven There exists a
(18) if and only if 51 and 52 are linearly

Proposition 2. (16) admits a unique solution (s, q) such that s and q
are in Cp([0, 00), R) if and only if Sf and EZT are linearly independent.
In this case, (A4) holds. O

Example 1. Take parameters as [« 8 u bj o p r] =
[1100.15 1 0.2 0.6 1]. Take p(0) = 1 and g;(0) having normal
distribution N(2, 0.2).In this case, M has only two eigenvalues with
negative real parts —0.6875 + 0.3944i and —0.6875 — 0.3944i.
The corresponding eigenvectors are [—0.8557, 0.2674+0.3375i,
0.2768 4 0.0759i]" and [—0.8557, 0.2674 — 0.3375i, 0.2768 —
0.0759i]", respectively. By (18), we have a; = 1.4429 + 7.8552i
and a; = 1.4429 — 7.8552i. Then (16) admits a unique solu-
tion in Gy([0, c0), R3). However, m = 4.444 > 1. This
example satisfies the condition of Proposition 2, but not that of
Proposition 1.

3.3. &-Nash equilibrium

Consider the system of N firms. Let the control strategy of firm
i be given by

N b;
U= —-—5,
r

i=1,...,N, (19)
where s € Cy([0, 00), R) is determined by (12)-(15). After the
strategy (19) is applied, the closed-loop dynamics for firm i may
be written as follows:

0

gN)
i ag ™ (t)+ap, (20)

= —ap(t) -
b?
dg;(t) = —pg;(t)dt — —'s(t)dt +odw;, i=1,...,N. (21)

Denote ey = ’fo 6*dFy(0) — [, 2dF(@)‘
Lemma 1. For the system

(1)- lf assumptions (A1)-(A4) hold,
then the closed-loop system (20 ) (
) =

) satisfies

sup E{Ip(t)* + 1§™(t)] (22)

t>0,N>1

A - A —2
sup E{[p — PI” + 1" — 4"} = O(efy + 1/N). (23)
t>
Proof. By (21), it follows that
1 b2
ANy — A(N) _ Zi
dg™(t) = [~nq (t)—NZ s(t)]dt + — Zadwl(t

i=1
Note that [p, ¢™1" and [p — p, g™ — G]” satisfy two linear SDEs
with the same state coefficient matrix G = 0“ B u]' We obtain
(22) and (23) by elementary SDE estimates. [

We proceed to show an asymptotic Nash equilibrium property.
Denote ii_; = (iIq, ..., Ui_1, Uit1, ..., Uy), and

U, =[ui : u;(t) is adapted to a{Uj-Vzlo@{},
o0
E/ e Ptud(t )dt<oo]
0

Theorem 2. For the problem (1)-(2), assume that (A1)-(A4) hold.
Then the set of strategies (i, ..., ly) given by (19) is an e-Nash
equilibrium, i.e.,

inf ]:(uu —i) < Jil@, 4-y), (24)

u; €%

Ji(li, o) —e <
where ¢ = O(ey + TN)'

Proof. See Appendix A. O

4. Social solutions to output adjustment

We first construct an auxiliary optimal control problem by
examining the social cost variation due to the control perturbation
of a single agent. Then, by mean field approximations we design a
set of decentralized strategies.

4.1. An auxiliary optimal control problem

Lemma 2. ]SOC( ) is coercive with respect to (uq, ...
exist constants C, > 0 and C3 > 0 such that

N / e’”Zuzdt G.

Proof. From Lemma B.2, we get the lemma immediately. O

, uy), i.e, there

This coercivity property ensures the existence of a centralized
optimal solution (U, ..., Uy) to the social optimum problem in
(1)-(2) and (4). Let G; be generated by 7;. We now derive an aux-
iliary optimal control problem from the original social optimum
problem by perturbing the strategy of a fixed agent. Denote the
control problem (P1):

dp ~(N)
P Nq:—oeq i tap,
dq; = — pgqidt + bju;dt + odwy,
dvi

E = — av; — afq;, Ui(o) = Ov

[e¢]
Ji () =E /0 e—“[(c — s~ vid® + e,
where g™ = = U#qj and U_; is fixed.

Lemma 3. If T = (1Iy, ..., Tiy) minimizes J'5) where eachT; € %,
then ; is necessarily the optimal control of (P1).
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Proof. It follows from (3) that

SQIC) == Z]n U, ..., Uiog, Ui,ﬁi+1, ce ,aN)
1 o .
=—E e PH(Y; + Y/ )dt,
- /0 (Y +Y))
where
Yi =(c— —-p Z q;j —|—ru
Jj=1j#
N N
Y =c Z q+ Z ;.
J=1j# J=1#

From (1) and the argument in Huang et al. (2012, Lemma 3.5),
Y; = Z; + Z where

t
Zi=(c—p)qi+a/ A=gdr . G + re?,
0

t N
7 = —[e_"‘tp(O) + / e (B —aa(f’,.))dr] > G
0 j=1#
Note that]SOC = 1E f0°° e PHZ; + Z! + Y/)dt, where neither Z/ nor
Y/ changes with u;. Thus, for agent i minimizing jgglc) is equivalent
to minimizing E fooo e~*'Zdt, which in turn is equal to J;(u;). O

4.2. Mean field approximation

To approximate Problem (P1) for large N, we construct the
auxiliary limiting optimal control problem (P2):

dp —o 0 0 p 0
|:dq,'i| = |: 0 —un 0 i| |:qii| dt + |:b,'i| u;dt
dv; 0 —a —ollv 0
o i) ][9]
+ 0 dt + 1|1 dw,~, q,(O) = q,(O) (25)
0 0 v;(0) 0

with cost function
o0
() = E / e (c — P — Gus + rudlde. (26)
0

Here g € C,2([0, 00), R) is an approximation of ¢V’
For the system (25)-(26), we take p as an exogenous signal.

Lemma 4. ]_i*(u,-) is strictly convex and coercive.

Proof. For the system (25)-(26), the state is (q;, v;); p and g do not
depend on u;. We can directly show that J*(u;) is strictly convex in
u;. Following the proof of Proposition A.1, we can show that]_l.*(u,-)
is coercive. O

Let

[z ) ol

By Theorem 1, Lemma 4 and Kurdila and Zabarankin (2006), Prob-
lem (P2) has the unique optimal control given by u; = —%B,-TE,
where § € C, ([0, 00), R?) is determined from

§—d§+AT§+][c p, —ql"
P = 2 b, —ql .

Let By = [0, 0]7. When 6 = b;, we use By to indicate B; by a slight
abuse of notation. Following the standard approach in Huang et al.
(2007) and Huang et al. (2012), we construct the equation system:

b _ [-p+ B —al (27)
dr =o|—p ql,
a8 Ty T
ps=_ +A s+7[c—p, —ql, (28)
dy@ 1 Tv
—— =Ays — —ByB,s, 29
ar e — -BoBpS (29)
q=I[1,0] | yedF(6), (30)
e)
where y5(0) = [qo, 0]". Here y, is regarded as the expectation of

[qs, vg]T given the parameter b; = 6 in the individual dynamics.
For further analysis, we make the following assumption.

(A5) There exists a solution (5, yy, @ € ®)to(27)-(30) such that
for any 6 € ©, both s and yy are within C,([0, 0o), R?).

For the case of uniform agents (b; = b), the equation system
(27)-(30) reduces to

dp
—p— 31

o —olp (31

. ds . _

p3 = d—i +ATS + f[c —p.—al", (32)
dy s
Y _ay— Lo, 33
dt v r s (33)

where p(0) = po, ¥(0) = [qo, 0]" and B = [b, 0]". Denote ¢ =
[p.$",y"]" and bs = [«f, —5. 0, 0, 0]". Then we have

do -

E = Mo + by, (34)
where M; isa 5 x E matrix. By straightforward computation, we
can show M;p + b; = 0 has a unique solution, denoted as z.
Furthermore, we obtain

det(Al — M) = (A + @) x [k“ — 2033

+ (p* — (e +p)p —a® — wW?)% + plle + u)p + o + p?Ir
b2
+ aplp +a)p + W)+ S-(p +2a)]. (35)

By Routh’s stability criterion (Dorf & Bishop, 1998), (35) has
two roots with positive real parts, and three roots A1, Az, A3
with negative real parts. For Aq, Az, A3, let ¢y, &2, ¢3 be the
correspTonding (generalized) complex eigenvectors. Let ¢(0) =
[p(0), 5 (0),77(0)]" = ¢(0) — z. The solution to Eq. (34) given by
zs +eMst(0) is in Gy([0, 00), R?) if and only if there exist constants
@4, Gy, Gz such that ¢(0) = ;&1 + d2¢2 + dsds.

Denote ¢; = [¢/', (¢F)7, (&%) and o = [(¢ )", (¢7)T1", where
¢ ecand¢l, ¢f e C?i=1,2, 3 Then we have

= [p(0), (0)]". (36)

Note that [13(0), y(0)]" is given. Then (36) admits a unique solution
if and only if 94, ¥, and 5 are linearly independent.
From the analysis above, we have the following result.

a1 + @20, + a303

Proposition 3. (A5) holds if (36) admits a solution. In particu-
lar, (31)-(33) admits a unique solution (S, yg) such that S and yg
are within G,([0, oo), R?) if and only if 94, 9, and ¥ are linearly
independent. O



B. Wang and M. Huang / Automatica 100 (2019) 90-98 95

- —p in social framework
p in social framework

| p in game framework

— — —p in game framework

5 10 15 20 25 30 35 40 45 50

Fig. 1. Curves of p and p in the game and social optimum.

4.3. Asymptotic optimality

Consider the system of N firms. Let the control strategy of firm
i be given by

. 1 .
U = —?BITS, 1= 1,..‘,N, (37)

where § € ([0, 0o), R?) is determined by the equation system
(27)-(30). After the strategy (37) is applied, the closed-loop dy-
namics for firm i may be written as follows:

dp . .
P op—af™ +ap, (38)
dt

b2
di = — it — [ =L 0Jsd + o, (39)
dv: .
ditl =—ag; — av;, (40)

where p(0) = po, Gi(0) = ¢;(0), and ¥;(0) = 0.

Theorem 3. Assume that (A1)-(A3) and (A5) hold. The set of strate-
gies {U; = —%BiTE,i = 1, ..., N} has asymptotic social optimality,
ie.,

1
TS| = O(ﬁ + en).

(N) v .
1) — inf
]SOC( ) uj€c

Proof. See AppendixB. O

5. Numerical simulation

We give a numerical example to compare two solutions.

Take [«, B, wu, bi, o, pr] = [1, 10, 0.15, 1, 0.2, 0.6 1],
p(0) = 1, and g;(0) with normal distribution N(2, 0.2). By (18), we
have a; = 1.4429+7.8552iand a, = 1.4429—7.8552i; by (36), we
getd, = 9,0, = —3.5906 — 6.5046i and d; = —3.5906 + 6.5046i.
This determines s and S.

Fig. 1 depicts the curves of p and p within game and social
frameworks for a total of 50 agents. Fig. 2 shows the curves of
q®® and g. The curves of p and p (respectively, of ¢°*® and q)
are very close to each other, which indicates tight mean field
approximations. From the game theoretic solution to the social
optimum solution, the price gets a significant increase, and the
average output becomes lower. This is similar to a well known
phenomenon that the collusion of firms results in a higher price
and smaller outputs (Varian, 1993 p. 467).

By Theorem 1, we have the asymptotic Nash cost jﬁ,‘;‘;il 2
limy— ooJi(li, ;) = 25(0)qo + g(0), where g(0) = — [;° e~*'s?dk.

7

¢ in social framework
',/ - —-¢ in social framework
q(m) in game framework

---q¢ in game framework

1 L L L L T T T T
0 5 10 15 20 25 30 35 40 45 50

t

Fig. 2. Curves of ¢°%, g in the game and social optimum.

0
(o)
Nash cost JN ash
\ _ i ()
s Social cost Jsoo
_5 J
-10
~
-15 T~ _ 4
_2 . . . .
0 1 2 3 4 5

Fig. 3. Curves of ]](\,ZOSL and J%) with respect to a.

Table 1

Optimal costs under game and social solutions.
o 0.1 0.2 0.5 1 5
IS -0.31 —2.09 —5.47 ~7.95 —-11.11
Jiod —078 —3.32 -8.59 1272 ~18.02

(00)

Note that s = z* + a;e*1'&] + ae*2'&]. Then Jio) can be explicitly
calculated. By using a derivation similar to Theorem 6.2 in Huang
et al. (2012), we obtain the asymptotic social optimum costjs(gs) 4
limy— oofioc(it) = 251(0)go + £(0) + [5~ e *Gude, where §; =
[1,015 and (0) = — [;° e#'82dt. From (35), we obtain i; = —a
and ¢; = [0, 0, 0, 0, 1]7. Thus, we can find the explicit form of .

The comparison of the two costs is shown in Table 1 and Fig. 3.
It can be seen thalt]](\i:;f1 is greater than]s(gg), and more so when «
increases. This illustrates that the cooperation of firms leads to a

drop in costs.

6. Concluding remarks

This paper studies mean field production output optimization
with sticky prices and adjustment costs, and provides a comparison
of the noncooperative and cooperative solutions. For future work,
itis of interest to consider dynamic production output competition
with noisy sticky prices.
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Appendix A. Proof of Theorem 2

Proposition A.1. Under (A1)-(A3), Ji(u;) is coercive in u;, i.e., for some

g >0,
Jius) = eollui? — (A1)
where C depends on pg, qo and &g > 0.
Proof. From (2),
t
gi(t) = qi(0)e ™" + / e MO bu(r)de + odwi(x)].
0
Thus, by Cauchy’s inequality and (A3),
(o]
E/ e |qi(t)ldt
0
(o] t
§C+E/ e*(f’ﬂ“f/ e |bju(z)|dTdt
OOO 0 (o]
=C+E / e"Tlbuy(t)| | e Pt idtdr
0 T
o0
<C+ 515/ e~ 7 |ui(t)Pdr, (A2)
0

where §; is a sufficiently small positive number. Note that g €
Gy([0, 00), R). By (5), it follows that p € Cy([0, 00), R). From this
together with (A.2) and (6), we obtain (A.1). O

Lemma A.1. Foranyi = 1, ..., N, there exists a constant C such

that

lgill> < Clluil2 +C (A3)

Proof. Denote q; , = e‘gqi andu;, = e‘gui. Then
dqi, = —(uu + g)q,-,pdr + iy ,dt + e~ duy,

As in the proof of Lemma A.1 in Huang (2010), we get (A.3). O
Lemma A.2. For (1)-(2), assume that (A1)-(A4) hold. For u; € %, if
J(u;, ti_;) < Cy, then there exist an integer Ny and a constant C, such

that for all N > No, ||lui||? < Ca.

Proof. For u; € %, we have

Juis 8) = Jitu) — E / e [p(t) — B(t)la()dt
0
> )= [£ [ e it~ peoyia
0
E /ooe’”‘lqi(t)lzdt]”2
0

A -
= Ji(wi) — . (A4)

By Proposition A.1, Ji(u;) is coercive, i.e.,

Jiui) = eolluil|? - C. (A5)

We now estimate I;. As in the proof of Lemma A.1, we use elemen-
tary estimates to the SDE of [p — q(N ™17 to obtain
po)dt < 7+ Iqull

/0 e ”Ip(t) — =

From this together with Lemma 1, it follows that

(A.6)

0 C
E[ et - B < C + G hu,

which implies |I;| < C+ % ||u,»||f) in view of Lemma A.1. Combining
this together with (A.4) and (A.5) yields

C
lul?

inf{m € Z|m > C/gp}. So there exists C, such that for all
N(C] +2C <G. O
Neg—

Ci > Ji(ug, i) > (80 —

Let Ng =
N > No, lluil|? <

Proof of Theorem 2. It suffices to show the first inequality in
(24) under Ji(u;, ii_;) < Cy. By Lemma A.2, Ji(u;, i_;) < C; implies
luill2 < Cy. It follows from (A.4) that

Jiu, 0) = Jilw) — I, (A7)

where I is given by (A.4). By (A.6) and Lemma 1,
o0
_ 1
E [ et - B < 0 + ),
0

which further implies |I;| < O(ey + ﬁ) due to Lemma A.1. Thus,
by (A.7) it follows that

1
—0(ey + —=).
N N

On the other hand, by Schwarz’s inequality and Lemma 1,

Viti) — Ji(dy, )| = Ef e~ p(t)qi(t) — p(t)gi(t)ldt
0

Jilui, 6i2) > Ji(d;) (A.8)

1
SO(&“N + 7)

VN

From this together with (A.8), (24) follows. O

Appendix B. Proof of Theorem 3

Lemma B.1. Assume that (A1)-(A3) and (A5) hold. For the set of
strategies {it;, i =1, ..., N}, we have

v v v 2 v
sup E{Ip1” + 1&@il* + 1d™° + [0*} < Go, (B.1)
t>0,N>1
v — v _.2 v _2
squE{Ip =+ 1GM —g1" + v — 3"} = 0(eZ + 1/N), (B.2)
t>

where v = [0, 1] [,, yodF(), and 3N =

N
%Zi:lv"‘

Proof. It follows from (39) and (40) that

dgi| _ T3 dw;
][]~ s 2]

Note that A is Hurwitz. By (A3), there exists a constant C; inde-
pendent of (i, N) such that sup,-.oF { G0 + 1%(t)*} < Co, which
further gives sup,-.oF { |Z1(N)(t)|2} < C. This with (38) leads to (B.1).
Denote £ = [§™ — g, 9™ — v]". By using basic estimates for the
SDE of &, (B.2) follows. O

Lemma B.2. There exist constants C; > 0, C; > 0and C3 > 0 such
that

* 2 G [~ - 2
M) = ¢ / e ’'p dH_ﬁ/ e”’[Zuidt—C3.
0 0 i=1

Proof. By (A3), assume |b;| < b,i=1,...,N. By (2),

t 1 N
+ /0 e M=) NZb,»u,-(r)’dr
i=1

la"0)| <|a (o)

N

t
o
N E /o e M= dwy(1) .

+
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Thus, by Cauchy’s inequality,

o0
E / et g™ dt
0

o0
<C+E/ e(,0+u fe/u
N 0 0
o0
:C~|—E/ e’”
0

Zbu )drdt
‘ / e~ drdy

81b2 .
C+ —E e’ Zu (B.3)
where §; > 0is sufﬁaently small. By (1) and (B.3),
o]
E/ e P!|p(t)|dt
0
(o] t
<C+aE f e~ (ptak [ e%1q™ ()| dt
: 0 N 0
=C + 75/ e "7 1g™M(1)|d
o+ 0
O(51 2
<C+ e ’" u; B.4
=~ " N(p+a) f Z (e B4
Consider the system
d ,
d—f =—ap—at, p(0)=po
y=-p, i=qV -8 (B5)

By verifying the conditions in the positive real lemma (see e.g.,
Khalil, 1996, Lemma 6.2), we claim that the transfer function of the
system (B.5) is positive real, which leads to the passivity of (B.5).
This implies that there exists a constant [ > 0 such that ity > V(p)

where V(p) 4 Ip?, which further gives

E /w e " (—p)Xq™ — p)dt = E /” ey
0

0
o0
:lE[,o / p?
0

From this together with (B.3) and (B.4), we have
Jiad(u)

00 N
_ —ot[(_viaN) _ gy _ w o I 2
—Efo e’ [( p)q B)—Bp+cq™ + N ;:1 u,»(t)]dt

e Pldr — pZ(O)].

zlE[p /oopz(t)e’ptdt - pz(o)]
0

o ]BZ . 00 N
r - célbz)E/ e "> uX(t)dr —
N pta 0 i=1

+ <=
This completes the proof of the lemma. O

Proof of Theorem 3. Notice inf,cq, J%o(u) < JN(i) < C. It
<

suffices to consider all u; € % satisfying JN(u) < J™() < C.
By Lemma B.2,
DY & 2

E| e ( “ Sy >dt . B.7

/ P 5y D e < o (8.7)
letgi = ¢ — Gi, p = p—ﬁ,f),‘ =y —viand il = u — U =
u; + 1[b;, 015. By (1), (2) and (38)-(40) we have
dg; . -

- = —ud; + byl (B.8)

dt

dp

pri —ap — ag™ (B.9)
dv; - -
dTl = —ad; — i, (B.10)
where gV = ﬁZL?]i. and g;(0) = p(0) = ©;(0) = 0. Denote
PN = %Zﬁiﬂji- It follows from (B.10) that

HN)
T 5™ g™, 5(0) =0,

dt
This together with (B.9) gives 7") = p. We have

(N)

SOC(u)
00 1 N
N) ¥ | 1 =2 =x(N)
jsoc(u)—i-E/ e P |:NZrui pq :|dt
+ E/ et |:(c PN — pg™ — —ZZuBT i|dt
0

A vy N)

=180 + J8@) + 1M, (B.11)
To complete the proof of the theorem, we continue to show
JM(@) > 0and [IV)] = (\}N + ey). For the system

dp . .

= =—ap—oau 0)=0
i ap —au, p(0)
y:_ﬁ7 u:a(N)

by the positive real lemma (see e.g., Khalil, 1996), it is passive. Thus,
there exists a constant [ > 0 such that

o0 - o0
E / e P (—p)gMdr > l,oE[ / e—Pfﬁzdr] > (B.12)
0 0
which combined with (B.11) leads to jsoc( i) > 0. We have
o0 1
™) = /O e | (c — p)g™ — pg — N Z 2ii;Bl's | dt
i=1
(B.13)

+ / e [(p — P)A™ + p(g — 4] de
0

éfl + 8.

Applying Itd’s formula to e~?![q;, ¥;]s and using (28) and (29), we
obtain

— e TE{[@(T), %(T)IS(T)}
T
:E/ e Pt [(C —Dp)g; — V;iq — ZﬁiB,T.\S(] dt.
0

We have ¢ = —limy_.o Y 1 e ?TE{[G(T), 5(T)I(T)}. By (B.7)
and (B.8),

t 2
e PE[Gi(t) = E‘ / e’(”%)(t’s)e’%ﬂi(s)ds‘ — o(1),
0

which implies E|F]i(t)|2 = O(e”"). By a similar argument, we have
E|0i(t)]* = O(e”"). Noting 5 € Cy([0, o), R2), we have ¢; = 0. As in
the proof of Lemma A.1in Huang (2010), we use Jenson’s inequality
to get that

0 2
E / e Pt g™ dt
0
o0 t -l N 2
§C+CE/ e*f’f[f e"‘(H)\ﬁZbiui(r)|dr] dt
1 0 i=1
C % N ,
— = B ety jue)Pde.
uN(p + 1) /1 ; l

<C+ (B.14)
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This together with (B.1) and (B.7) implies E [, e=**|g™) dt < oco.
By Schwarz’s inequality and Lemma B.1, we have

o 1
~(p — p)gNdt = 0(—= . B.15
/0 e *(p — p)gVdt (\/IV + en) (B.15)

Furthermore, it follows from Schwarz’s inequality, (B.7) and
LemmaB.1 that [;~ e "' p(q—q™)dt = O(ﬁ +e&y). Thus, by (B.13)

and (B.15) we have |IV)| = |¢,| = O(%FN + ex). This completes the
proof. O
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