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Abstract

This paper studies asymptotic solvability of a linear quadratic mean field social opti-
mization problem with controlled diffusions and indefinite state and control weights.
Starting with an N-agent model, we employ a rescaling approach to derive a low-
dimensional Riccati ordinary differential equation system, which characterizes a
necessary and sufficient condition for asymptotic solvability. The decentralized control
obtained from the mean field limit ensures a bounded optimality loss in minimizing
the social cost having magnitude O (N), which implies an O(1/N) optimality loss
per agent. We further quantify the efficiency gain of the social optimum with respect
to the solution of the mean field game.

Keywords Optimal control - Mean field - Social optimization - Large-scale systems -
Dynamic programming - Riccati equations

Mathematics Subject Classification 49N10 - 93A15 - 93E20

1 Introduction

In social optimization problems, multiple interacting agents have individual perfor-
mance objectives but cooperatively optimize for the goal of the whole group. For
instance, such scenarios arise in communication networks seeking network utility
maximization, where the total utility of the users is maximized [21,31,40]; the exten-
sion to the case of multi-period optimization can be found in [31,60]. Similarly, in
the economic literature social welfare functions have long been studied [45,47] as a
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key concept of welfare economics. A typical form that they take is the sum of the
individual utilities and is accordingly called a utilitarian social welfare function.

In this paper, we are concerned with mean field social optimization involving N
agents which have mean field coupling through their individual dynamics and costs
and minimize a social cost. Consider a system of N agents, denoted by A;, 1 <i < N.
The state process X;(¢) of A; satisfies the following stochastic differential equation
(SDE)

dX;(t) = (AX;(t) + Bu; (1) + GXN (1))dt + (Byu;(t) + D)dW; (1)
+ (Bou™ (1) + Do)d Wy (1), (1)

where we have the state X;(t) € R”, the control u;(t) € R"!, the mean field state
XM:=(1/N) YV, X;, and the control mean field u™):=(1/N) 3N u;. The initial
states {X;(0) : 1 <i < N}areindependentwith EX;(0) = x;(0) and E|X; 0% < oo.
The individual noise processes {W; : 1 < i < N} are 1-dimensional independent
standard Brownian motions, which are also independent of {X;(0) : 1 < i < N}.
The common noise W is a 1-dimensional standard Brownian motion independent of
{(Wi:1<i<N}and{X;(0):1<i<N}.
The individual cost of agent A;, 1 <i < N, is given by

T
Jilur, ... un) = E[ / ([x,-(r) -rx™Mig + [m(r)]%e)dt
0
+[Xi(T) — erW)(T)lef]

where we denote the quadratic form [y]%,l = yI My for a symmetric matrix M. The

social cost is defined as
N
T, un)=Y Jiur, . up). )
i=1

The constant matrices A, B, By By, D, Dy, G, I', O, R, I'y and Qs above have
compatible dimensions, and Q, R and Q y are symmetric matrices. The weight matrices
0, R and Q y may be indefinite. Linear quadratic (LQ) stochastic optimal control with
indefinite control weights was first studied in [20], which shows that the optimal control
problem may still be well posed when the control enters the diffusion term. The more
general case with indefinite state and control weight matrices are treated in [53,65].
It is shown in [53] that the solvability of the stochastic optimal control problem is
equivalent to the solvability of a generalized differential Riccati-type equation. For
discrete-time LQ control problems with indefinite weight matrices, see [25,54].

The above social optimization model differs from mean field games in that the
agents in the latter are non-cooperative. For general theory and applications of mean
field games, the reader is referred to [7,11,12,15,17,28-30,36,42]. LQ mean field
games are a particularly attractive class of problems due to their explicit solutions
[5,9,37,39,46,55].

@ Springer



Applied Mathematics & Optimization (2021) 84 (Suppl 2):S1969-S2010 S1971

There has been a growing literature related to mean field social optimization. An
LQ mean field social optimization problem has been considered in [38] with additive
noise and positive definite control weight and positive semi-definite state weight. That
work constructs the limiting decision problems for the individual agents by use of
the person-by-person (PbP) optimality principle where a selected agent takes non-
anticipative control perturbations. This method is applied to a nonlinear model in
[58]. The work [19] studies social optimization with indefinite state weight. Social
optima are analyzed in [61] for a mean field jump LQ model governed by a common
Markovian chain. An LQ social optimum model is studied in [56] for a large number
of weakly coupled agents choosing cooperatively between multiple destinations. A
nonlinear social optimization problem for an infinite horizon economy is analyzed in
[49], where necessary conditions of the social optimum are derived by using Gateaux
derivatives and Lagrangian multipliers treating market clearing equality constraints. A
discrete-time LQ social optimization problem involving a finite number of subsystems
with mean-field state coupling is analyzed in [3] to obtain optimal control laws for both
full observation and partial observation cases; this problem is called team-optimization
to emphasize decentralized information structures. Further analysis of the mean field
limit is developed in [4]. Static mean field teams with general costs are studied in [57]
under certain symmetry assumptions. It is shown that the solution obtained in the limit
problem has asymptotic optimality for the model with a finite number of agents. Mean
field optimal control and flocking behavior of many interacting agents can be found
in [1,27].

For a given N, the social optimum with the additive social cost may be viewed as a
particular way of achieving a Pareto efficient solution in the sense that no individual
can further improve for itself without causing at least another agent to get worse. But
Pareto optimality is a much weaker optimality notion and usually contains a set of
qualified solutions. The reader may consult [24] for characterization of Pareto efficient
solutions in cooperative differential games. Both mean field games and mean field
social optima are analyzed and compared in [13,43]. The bounds for their efficiency
difference are provided in [13] while [43] shows that the mean field equilibrium may
be interpreted as the solution of a modified social optimization problem. Performance
comparisons of the two solution approaches are presented in [63] for a static mean
field model arising in dense wireless networks.

1.1 Related Literature on Mean Field Type Optimal Control

It is worthwhile to mention the related area of mean field type optimal control prob-
lems which involve the state process together with its mean [2] or its distribution (see
e.g. [8,41]). Moreover, the model involves only one decision maker, which immedi-
ately affects the distribution of the underlying state process. The optimal control is
characterized by a stochastic maximum principle under a convex control set in [2],
and this approach is extended to deal with more general dynamics and a possibly
non-convex control set [10], which derives the maximum principle containing a sec-
ond order adjoint equation. For LQ mean field type optimal control, [64] derives the
solution via a system of forward-backward stochastic differential equations (FBSDEs)
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and further decouples the FBSDEs by Riccati equations to obtain the optimal control
in an explicit form. For discrete-time mean field type control, the reader is referred to
[23,48].

Instead of just including mean terms in the model, the more general framework
considers optimal control of McKean—Vlasov dynamics, where both the system state
and its law appear in the dynamics and costs. The optimal control law has the interpre-
tation of a cooperative equilibrium in a large population model of N agents coupled
by the empirical distribution of their states [16], but the search for this cooperative
equilibrium is based on the restriction that all agents use the same local feedback con-
trol law @(t, X;) to test optimality. The connection between large population social
optimal control and optimal control of McKean—Vlasov dynamics is further addressed
in [41] and [22]. It is shown in [41] that the social optimal control problems of a large
number of interacting state processes may be connected with optimal control problems
of McKean—Vlasov type. Specifically, each relaxed optimal control of the McKean—
Vlasov model may be obtained as the limit of relaxed €y-optimal controls for the
N-agent social optimal control problems, where ey — 0 as N — oo. Similar limit
theorems are obtained in [22] for more general system dynamics together with common
noise, where the state equation uses a conditional law of the state-control pair given
the common noise. The dynamic programming approach is applied to mean field type
optimal control in [8] to derive the so-called master equation. For McKean—Vlasov
optimal control problems with common noise, the dynamic programming principle is
established in [6,52] by taking the distribution of the state as an abstract state subject to
stochastic McKean—Vlasov dynamics. An application to LQ optimal control problems
is presented in [51] dealing with positive (semi-)definite weight matrices.

While there is a close connection between large population social optimal control
and McKean—Vlasov optimal control (or mean field type control in general) as ana-
lyzed in [22,41], the two classes of models have crucial differences. Firstly, the actual
mechanisms affecting the mean field are different in that a single agent in the social
optimization model has little impact on the mean field. Secondly, the McKean—Vlasov
optimal control model typically assumes homogeneous agents while social optimiza-
tion allows heterogeneity; for instance, the LQ model in [38] allows the agents to have
individual dynamic parameters varying from a continuum. Finally, the two classes of
problems interpret time consistency differently, and the social optimum may easily
attain time consistency due to the particular mechanism generating the mean field (this
point will be illustrated by examples in Sect.5.4).

1.2 Our Approach

Our study of the model (1)—(2) deals with control-dependent noises and indefinite
control and state weight matrices. More importantly, here we take a new perspec-
tive by adopting a notion called asymptotic solvability. Roughly speaking, asymptotic
solvability, which is formally defined in Sect. 3, is the solvability of the social opti-
mization problem (1)—(2) as N — oo. Some early analysis has been presented in the
conference paper [32]. The asymptotic solvability approach was initially developed
in LQ mean field games [34,35]; that approach attempts to answer such a question for
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the games: Does there exist an intrinsic low-dimensional object that governs the large
system’s solution generating a good asymptotic behavior when the population size
tends to infinity. The approach shares similarity with the convergence problem in the
direct approach of mean field games [14]. In [34,35], a necessary and sufficient condi-
tion for asymptotic solvability of N-player LQ mean field games is obtained through
analyzing a low-dimensional ordinary differential equation (ODE) system derived by
applying a rescaling method to the sequence of high-dimensional centralized solu-
tions. Asymptotic solvability of LQ mean field games with a major player is studied
in [44].

For the N-agent LQ optimal control problem (1)—(2) with indefinite weights, one in
principle may use a Riccati equation to determine feedback optimal control [59]. Due to
the indefinite weights, the equation does not always have a solution, and determining
the existence of a solution becomes a highly nontrivial task, especially when N is
large. This poses a conceptual obstacle before we can even think of deriving a mean
field limit from a centralized solution and consider decentralized individual controls
with little optimality loss. In this case, our formulation of the asymptotic solvability
problem is particularly relevant for addressing this existence issue by coming up with
a simple criterion. Then our further analysis will show that some simpler limiting
objects (as two ODE:s in a lower-dimensional space) encodes all essential information
for a well behaved system when N — oo. Specifically, our starting point here is to
apply dynamic programming to derive the large-scale Riccati equation. This approach
has several advantages for the present model over the person-by-person optimality
argument in [38]. First, the Riccati equation-based approach, as long as its solvability
holds, ensures optimality from the beginning. In contrast, the PbP optimality-based
approach is much harder to apply due to the common noise. Second, the large Riccati
equation is particularly suitable for applying the rescaling technique as in [35]. The
LQ social optimization model in [18,38] involves positive semi-definite state weight
and positive definite control weight, and the players have only independent noises.

Next, we determine the closed-loop dynamics under the centralized optimal control
U° and use the mean field limit to derive a set of decentralized individual controls U¢
for which each agent uses only its own state and the mean field limit state. While the
social optimum JS(O]X) (U?) has magnitude O (N), the decentralized control is shown to
achieve bounded optimality loss with respect to the social optimum as N — oo, i.e.,
0 < JMwdy — I W2y = 0(1), which is tighter than the upper bound O (v/N)
for optimality loss obtained by the method in [38].

In [4] it is shown for a mean field team the mean field limit based policy can have an
overall optimality loss of O (1), but they consider a relatively simple linear model with
uncontrolled noise and do not face high nonlinearity of the Riccati equation. Their
model has positive definite weights, and asymptotic solvability automatically holds.

We also note that the limit theorems in [22,41] relate mean field social optimization
to control of McKean—Vlasov dynamics. Their nonlinear models have much generality
but the compactness based analysis needs restrictive conditions on the control caused
growth of the cost integrand. These conditions cannot cover our indefinite quadratic
cost.
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1.3 Contributions and Organization

We extend the asymptotic solvability notion, initially introduced for mean field games,
to social optimization. A key feature of our system is that the state and control weight
matrices may be indefinite.

Due to the highly nonlinear Riccati ODEs resulting from controlled diffusion terms,
the development of the rescaling technique is more challenging than in [34,35,44]. We
further obtain a tight upper bound of the optimality loss of the obtained decentralized
controls, and quantify the efficiency gain with respect to mean field game solutions.

The paper is organized as follows. In Sect. 2, we introduce the LQ mean field social
optimization model and derive the large-scale Riccati equation for the optimal control.
Section 3 introduces the asymptotic solvability notion and presents a necessary and
sufficient condition for asymptotic solvability via a low-dimensional Riccati ODE
system. Section 4 gives the closed-loop state dynamics under the optimal control
and its mean field limit. Section 5 analyzes the associated decentralized control by
proving a bounded optimality gap result, and compares the performance with the mean
field game solution. This section also compares mean field social optimization with
mean field type optimal control. Section 6 gives some numerical examples. Section 7
concludes the paper.

1.4 Notation

We use I to denote an identity matrix of compatible dimensions, and sometimes write
I to indicate the k x k identity matrix. For a vector or matrix F, |F| denotes the
Euclidean norm of F. For any [ x m matrix Z = (z;j)1<i<l,1<j<m, We denote the
li-norm || Z||;, := Zi,j |zij|. Let S" be the set of n x n real symmetric matrices. We
denote by 1 x; a k x [ matrix with all entries equal to 1, by ® the Kronecker product,
and by the column vectors {ell‘, e, e],j} the canonical basis of R¥.

2 State Feedback for LQ Social Optimization
Define

X](t) ul([)
X([) = c RN"’ U(T) — c RNHI,
Xn() un ()
A =diag[A, ..., Al +1yxnv ® % € RNnxNn,
B0=1le®%eRNn><nl’ Dy = 1yx; ® Dy € RVN"™>1

By =e¢f ® BeRV"™" By =e¢) ® B e RN,

Di=e @D RV 1<k<N.
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We write (1) in a compact form:

N N

dX (1) = (AX(t) + Zﬁiui(t))dt + Y Biui (1) + D)dW;

i=1 i=1
N
+ (BOZ'M(Z‘) +Do)dW0. (3)
i=1
Define matrices:
Qi =diag[Q..... Q] e RY" N Qy =1y,n ® (Q"/N) e RV N,
Qif =diag[Qy,.... Q] e RV N Qaf = 1yun ® (QF/N) € RNV,
Q=Qi+Q: Q;=Qis+Qy, R=diagR,...,R]eRV"*Nm

where
o =r'or—-or-r'o, QF=rfQory—0sy—rfQs; &

The social cost (2) may be rewritten as
T
JSW) =E[ f (IX"]g + [UMIRr + [X(T)]éf]. )
0

2.1 The Formal Derivation of the Riccati Equation

Denote the value function by V (¢, X) corresponding to the initial condition X (f) = x =
(xlT Y x{,)T at time 7. The Hamilton—Jacobi—Bellman (HJB) equation of V (¢, X) is

v 92V alv - 92V
o = min [UT (R Mo () U+ (5B Mi(5))Y]
a1 U‘;ﬁé‘w’nl[ T MG )Y T P MG

alv 92V
+ Ax—i—xTQx—i-Mo(—),

0x x>
V(T,x) =x"Qyx, (©6)

where we define the mappings
1Y 1 al
My(Z) = 5 > D]zD; + EDgzno, Mi(2) = D] ZB;e; + D{ ZBL.

i=1 i=1

N
1 1 -
Ma(Z2) = - ZeiTBiTZB,'e,' + —TTBgZBOI’ Z e RNnxNn
2 i=1 2
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which are from RV™N" to R, R1*N71 and R¥N"1 N1 | respectively, and

I—ll><N®Inl=(nl,...,Inl)e}Rn]XN”l7 ﬁ:(ﬁl,-n,ﬁ]\/)ERNnXN"',
(e ®In1) ( . -7In15~--,0)€Rnlanl7 ISlSN

The minimizer in (6) is

v= LT (s (L) o

provided that R + /\/12( ) is positive-definite.
We substitute the mlmmlzer (7) into (6) to obtain

—Z—‘;——l(ag—xvﬁ Ml( 2V)><R M2<32v)) (8;XVA M1<a2v>>r

92V alv
+Mo< ) S Ax+x7Qx. ®)

Suppose V (z, x) takes the following form
V(t,x) = x' P(t)x + 2x7 S(t) + r (1), 9)

where P is symmetric.
We substitute (9) into (8) to derive the ODE system of P(¢), S(¢), and r(¢):

P(1) = PB(R + 2M>(P)) ' BTP — PA — ATP — Q, 10)
P(T) =Qs, R+2My(P(1)) >0, Viel0,T],
S(t) = PB(R + 2M,(P)) "' BTS + M () — AT, an
S(T) =0,
(1) = (STB 4+ M (P)(R + 2M>(P) ' BTS + M7 (P))

—2Mo(P), (12)
r(T) =0.

Remark 1 If P is a solution of the Riccati ODE (10) on [0, T'], it is the unique solution.
This holds since the vector field of the ODE has a local Lipschitz property along the
solution trajectory satisfying R 4+ 2 M (P(¢)) > 0.

Remark 2 1f (10) has a (unique) solution on [0, T'], then after substituting P, (11)
becomes a linear ODE of S and has a unique solution on [0, T']. We further uniquely
solve r on [0, T].

The inverse matrix (R 4+ 2 M, (P))~! involving P results in high nonlinearity of the
Riccati ODE (10). This is due to the control dependent noises in (1).
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In the above, the HIB equation is used to provide a formal derivation of the ODE
system of (P, S, r). The following theorem gives the optimal feedback control law
U°(t) using the ODEs (10)—(11). We can show the optimality of U°(¢) by applying a
completion-of-squares technique to the cost.

Theorem 1 Suppose that (10) has a solution P on [0, T]. Then we may uniquely solve
(11) and (12), and the social optimal control under the cost (5) is

U°(t) = —(R+ 2Ma(P(1))) ' BT ()X (1) +S(1)) + M] P()].  (13)
The optimal cost with the initial condition (t, X) is given by (9).
Proof The theorem follows from [65, Theorem 6.6.1], [53, Corollary 3.2] and
Remark 2. o
3 Asymptotic Solvability

By Theorem 1, the Riccati ODE (10) plays a central role in the study of the social
optimization problem (1)—(2). For this reason we start by analyzing (10).

Definition 1 The social optimization problem (1)—(2) has asymptotic solvability (by
feedback control) if there exists Ny > O such that for all N > Ny, (10) has a solution
Pon [0, T]and

sup sup [[P(@®)]l;, /N < oo, (14)
N>N0<t<T
R+ 2My(P(1)) = col, YN > Ny, ¥Vt € [0, T], (15)

for some fixed constant cg > 0.

We give a heuristic argument for making a correct guess of the factor 1/N required
in (14). Consider the case + = 0 with no noise. Let A be assigned the initial condition
X1(0) = cxp, where xo € R” is a unit vector and c is a large constant. All other
agents take zero initial states. By checking the N individual costs, we have a rough
upper bound O (c?) for the optimal social cost, uniformly with respect to N. Recalling
(9), for large c, the optimal cost is X7 (0)P(0)X(0) = cxI P11(0)xo, where the
submatrix P;1(0) is determined by the first n rows and the first n columns in P(0).
Hence, we expect to have || P11(0)|l;, = O(1). The other N — 1 diagonal submatrices
in P(0) have the same bound by symmetry. The off-diagonal submatrices of dimension
n x n are expected to have much smaller norm due to weak coupling. This suggests
PO, = O(N).

The test of asymptotic solvability by directly checking the sequence of P matrices
is unfeasible due to the high nonlinearity and increasing dimensions of (10). A central
question is whether we can determine asymptotic solvability by some simple criterion.
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3.1 Main Result
For A1 € 8" and A, € §", define the mappings

Ri1(A1) = R+ B{ A1By, (16)
Ro(A1, A)) =R+ BlTAlBl + BOT(A1 + A3)By. 17)
Then R is from S”" to 8", and R is from S x S§" to S™.
Define the S"-valued matrix functions
Wy (A):=A1B(R1(AD)'BT A — 41A— AT A, - Q, (18)
W(A1, Ar):=(A1 + A2) B(Ra(Ar, 42)) ' BT (A} + A)
— A B(R1(AD)'BT A = [A1G + Ay(A + G)]
—[6" a1+ AT +6Na] - 0", (19)
provided that each inverse matrix exists, where A; € §" and A, € 8. The matrix

Q7" is specified in (4).
Denote the following ODE system

Ai(t) = (A1 (1)), 20
A(T) = Qy, Ri(A1(1)) >0, Vt €0, T],

Ar(t) = V(A1 (1), A2 (1)), e
A2(T) = 0, Ra(A1(1), A2(1)) > 0, V1 €0, T].

If (20)—(21) has a solution on [0, T], the solution is unique by similar reasoning
as in Remark 1, and both A;(r) and A;(t) are S"-valued. The following theorem
characterizes asymptotic solvability of the social optimization problem (1)—(2) in
terms of the ODE system (20)—(21), which is a key result of this paper.

Theorem 2 The social optimization problem (1)—(2) has asymptotic solvability if and
only if the ODE system (20)—(21) has a solution (A1, Ay) on [0, T].

The rest of this subsection is devoted to proving Theorem 2.

Lemma 1 Suppose that (10) has a solution P on [0, T]. Then P has the representation

N N N
H]N 172N .. H%v
ovoVN...mo
p=| 2 T, 22)
N AN N
o ol ... i
where both HIN (t) and Hév (t) are n x n symmetric matrix functions of t € [0, T].

Proof See Appendix A. O
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Lemma 2 Suppose that (10) has a solution P(t) on [0, T]. Then (11) has a unique
solution S on [0, T'] with the representation

S = SN @), ..., SN )T e RV §N() e RM¥L, (23)
Proof See Appendix B. O

Intuitively, if we fix x; = x for all 7, the value function V (¢, x) is expected to be of
the order O (N). On the other hand, (9) and (22) together give

V(t,x) = NxT 1Y ()x + (N? = Nx" 1Y (0)x + 2NxT sV (1) +r(1) = O(N).

This suggests we should have |1'[1N(t)| = 0(1), |Hév(t)| = O(1/N), and |SN(1)| =
O (1) for any given ¢ € [0, T']. Based on the above heuristic reasoning on the order of
magnitude of |I7 IN | and |I"[2N |, we follow the rescaling method in [34,35,44] to define

AV @)= @), AY(@):=NITY (1). (24)
Then in view of Lemma 1, R 4+ 2 M5 (P) may be denoted in the form

FN kN ... gN
KN FN ... KN
R+2Mo®)=1| . . . . |, (25)

KN KN . pN
where

KN @) = (1/N)BI1AY (1) + (1 — 1/N) AY (1)1By,
FN@) = KN + Ri(AY ().

Lemma 3 Suppose P has a solutionon [0, T). Then givent € [0, T, A is an eigenvalue
of R 4+ 2M»(P) if and only if either det{A] — FN — (N — D)KN] = 0 or det[A] —
FN 4+ KN = 0; moreover, for each t,

Ri(AY (1) > 0, (26)
Ra(AY (1), AY (1)) = (1/N)Bj A5 (1)Bo > 0. 27)
Proof The lemma follows from direct calculation of the characteristic polynomial
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det[L] — (R +2M>(P))]

»M—FN kN ... _gN

—KN Al —FN ... —kVN
=det

—-KV  —kN ...al—FVN

—deth] — FN — (N — DKM - (det[A] — FN + kNN,

Note that both FV¥ and KV are S"-valued. The positive definiteness property in
(26)-(27) follows from R + 2M3(P) > 0 and F¥Y — KN >0, FN +(N — DKV
>0. O

Since R + 2M,(P) is symmetric, the inverse matrix (R 4 2M,(P))~! also takes
the following symmetric form

gN EN ... EN
ENT gN ... gN
R+2M®) = L L (28)
ENT gNT . BN
where EV () and H" () are n; x n; submatrices.
Lemma4 The submatrix EN in (28) satisfies EN (t) = ENT (1).
Proof See Appendix B. O
By (25) and (28), we get the relation
FNHN + (N = DKVEN =1,
FNEN + kKNHN 4+ (N —2)kVEN =0,

which gives HV = EV + (R (AY))~!. We obtain

EN = (1/N{[Ra(AY, AY) — (1/N)BL AY Bol™' — (Ri(AY )Y, (29)
HY = EN + (Ri(AY) 7!, (30)

where each matrix inverse can be shown to exist by Lemma 3.
Our method below is to reduce the ODE of P(¢) to some lower-order ODE system.
We introduce the following system:

AV (1) = (AY) + g1 (N, AY, AD),

AY(0) = W (AY, AY) + g2 (N, AV, AY),

AV(T) = Qp +(1/N)Q. AY(T) = 0F, 31)
Ri(A1(1) >0, Ra(A(1), A2(1)) > 0,

Ro(AY (1), AY (1)) — A/N)BL AY (t)By > 0, V1 €[0,T],
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where g1 and g; are defined as

gi(N, Ay, AY)
=AYBENBT AY 4+ (1 — 1/N)(AY BENBT AY + AYBEN BT AY)
+ (/N = 1/NHAYB[HN + (N —2)EN1BT A}
— (I/NAYG 4+ GT AV + (1 = 1/N)(AY G + GT AY)1 - 0T /N,
g(N, AY, AY)
=AY + ANBINEYN + (Ri(A1) ™" = (Ra(AY, A0 1B (A) + 4Y)
— Q/N)AY B(R1(AV)TIBT AY + (1/N —2) AY BEN BT AY
— AVBENBT AY — AVBEVBT AY +(AY G + G AY)/N,
where EN and H" are expressed as two functions of (A, Aév ) € 8" x 8" according
to (29)—(30). How this system arises will be clear from our subsequent analysis. It is
essentially derived from (10) (which implies (26)—(27) ) after imposing the additional

condition RZ(AN , AQ’ ) > 0 as required by ¥ and g».
For the first term in the expression of g2, we check

EN(AY, AY):=NEYN + (R1(AV) ™! — (Ry(AY, A )!

=(1/N)(Ro(AY, (1 = 1/N)AV) BT AY Boy(Ro(AY, AN )71
(32)

And further recalling the factor 1/N in the expression of EV in (29), we may view g
and g7 as two small perturbation terms in the system (31).

Remark3 We have ¥| : §" — S§", and ¥, g1(N, -, "), g2(N,-,-) : 8" xS — S".
The system (31) may stand alone without being immediately related to (22).

Remark 4 The third positive-definiteness condition in (31) is needed due to the corre-
sponding matrix inverse appearing in EV, g; and g;.

The inverse matrix (R +2M, (P))~! in the Riccati ODE (10) contains submatrices
E" and H" , which are highly nonlinear in AV, Aév ) according to (29)—(30). Accord-
ingly, (31) is highly nonlinear. This feature distinguishes our model from [34,35,44].

Lemma 5 (i) Suppose (10) has a solution P on [0, T, and let (AY Aév) be defined by
(22) and (24). Further assume Ro(AY, AY) > 0 for all t € [0, T1. Then (AY, AY)
satisfies (31) on [0, T'].

(ii) Conversely, if (AY, Aév) is a solution of (31) on [0, T], then (10) has a (neces-
sarily unique) solution P on [0, T'], which is related to (AN, Aév) by (22) and (24).

Proof (i) After determining (AN, AQ’ ) from P and (24), it follows from the last part

of Lemma 3 that the first and third inequality conditions in (31) are satisfied. By using
(10), we further derive the two ODEs in (31).
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(i) Let P be defined by (22) and (24) using (A}, A}') solved from (31). By the
characteristic polynomial in the proof of Lemma 3, R+2M,(P) > Oforallt € [0, T].
Using the expression of (R 4+2M »(P)~ L, we may directly verify the ODE in (10). O

Lemma 6 Suppose the social optimization problem (1)—(2) has asymptotic solvability
with N > No in (14), and let (A (t), AY (1)) be defined using P satisfying (10), (22)
and (24). Then there exists N > Ny such that (AY, Aé\') satisfies (31) forall N > N
and we further have

sup  (|AY )+ 14Y (1)) < oo, (33)
N>Ni,0<t<T
Ri(AY (1)) = eI, VN > Ny, (34)
Ra(AY (1), AN (1)) > 11, YN > Ny, (35)

forallt € [0, T, where ¢c1 > 0 is a fixed constant.

Proof Suppose (15) holds with the parameter cg. By the characteristic polynomial in
the proof of Lemma 3, we have

Ri(AY (1)) = col, Ra(AY (1), A7 (1)) — (1/N)By AY By = col ~ (36)
for all N > Ny. By (14) and the relation (22), we have

sup  (JAY (O] +14Y (1)) < co.
N>Ny,0<t<T

Hence there exists N1 > Ny such that for all N > Nj, (34) and (35) hold with
c1 = co/2 by (36). Obviously (33) holds. So for all N > Ny, (31) holds by Lemma 5

(). ]

Lemma 7 Suppose there exists N1 > O such that (31) has a solution (AY, Aév) on
[0, T] for all N > Ni, which further satisfies (33)—(35) for some constant ¢c; > 0.
Then the social optimization problem (1)—(2) has asymptotic solvability.

Proof First, after solving (31) to obtain AY, A12V ) for N > Ny, let P be defined by
(22) and (24). Then (10) holds by Lemma 5 (ii).
By (33) and (35), there exists Ny > Nj such that we have
£:=Ra(AY, AY) = (1/N)Bg AY By = (c1/2)]

forall N > N,,t € [0, T]. Now for N > N3, by the proof of Lemma 3 all eigenvalues
of R 4+ 2M;(P) are exactly the solutions of the two equations

detl —¢) =0,  [det(d — Ri(AY )1V~ =o0.

Hence R + 2 M, (P) > (¢1/2)1. By (33), P satisfies (14) by taking No = N3. There-
fore, asymptotic solvability holds. O
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When there exists N1 > 0 such that foreach N > Ny, (31) has a solution (AN , AQ’ )
on [0, T] that satisfies (33)—(35), then by (29) and (32) we obtain

sup |gi(N, AV, AN) = 0(1/N),  sup |g2N, AY, AN = 01/N).

0<t<T 0=<t<T
The system (20)—(21) may be regarded as the limit of (31). Lemmas 5 and 6 relate
asymptotic solvability of the social optimization problem to the low-dimensional sys-
tem (31).

Proof of Theorem 2 (i)-Necessity. If the social optimization problem (1)-(2) has
asymptotic solvability, by Lemma 6, there exists N1 > 0 such that for each N > Ny,
(31) has a solution (AY, AQ’) on [0, T'] that satisfies (33)—(35) for some constant
c1 > 0. From the integral form

T
ANy = AN (1) — / Wi (AY) + (N, A, AY)dr, 37
t

T
AY (@) =AY (1) —/ [ (AY, AN + g2(N, AY, A)dx, (38)
t

we have that {(AY (-), A} (-))}n=n, are bounded and equicontinuous on [0, T']. By

Arzela-Ascoli theorem [66], there exists a subsequence {(Aivj ), A;v / (-))}j=>1 that
converges to (A}, A%) uniformly on [0, T] as j — oo. Then it follows from (37)—
(38) and (34)—(35) that

T T
AX(t) = AN(T) — / U (ADdt, A1) = AN(T) — f Wy (AT, A})dr,
t t
Ri(AT(1) = c1l, Ra(AT(), A5(1)) > c1l, Vte[0,T],
where A7(T) = Qf and A5(T) = Q?. Thus (A}, A3) solves the system (20)—(21).
(i1)—Sufficiency. Step 1. Suppose (20)—(21) has a solution (A, A2) on [0, T]. Then
there exists g > 0 such that for all r € [0, T'], we have
Ri1(A1(@)) = hol, Ra(A1(t), A2(2)) = hol.
We will check a neighborhood of the solution trajectory (A1, A2) on [0, T]. Since
(A1, Ap) is continuous on [0, T'], there exists 6o > 0 such that for all (¢, Z1, Z») €
[0, T] x 8™ x 8" satistying |Z1 — A((t)]| + |Z2 — A2(t)| < 89, we have
Ri(Z1) = (ho/2D) I, Ra(Zy,Z2) = (ho/2)1. (39

Define

C:={(t,Z1,22) € [0, T1 x 8" x 8" : |Z1 — A(D)| + | Z2 — Ax(1)| < S0}

@ Springer



S1984 Applied Mathematics & Optimization (2021) 84 (Suppl 2):S1969-S2010

For the given &y, there exists a sufficiently large Ns, such that N > N, implies
Ra(Z1, Z2) — (1/N)B{ Z2Bo > (ho/4)1 (40)
forall (¢, Z1, Z) € C.By (39) and boundedness of C, there exist constants Ly and C,

depending on C but not on N such that for all (r, Z1, Z>) € Cand all (1, Z{, Z}) € C,
we have

[W1(Z1) — W (ZD| + W2 (Z1, Z2) — W (Z), Z5)| < Ly (1Z) — ZY| + | Z2 — Z5)),
and moreover, |g1 (N, Z1, Z2)| + |g2(N, Z1, Z3)| < Cg/N holds for all N > Nj, in

view of (29), (32), (39) and (40).
Step 2. Consider (31) (see Remark 3). Since

Jim (1AY(T) = A/(T)] +145/(T) = A(T))) =0, (41)

there exists N1 > Ns, such that for all N > Ny, we have

|AN(T) — A{(T)| + |AY(T) — Ax(T)| < 80/2,
RI(AN(T)) > eI, Ra(AV(T), AY(T)) > cI,
Ro(AV(T), AN(T)) — (1/N)B§ AY(T)By > I, (42)

where ¢ > 0 is a constant. Then for each N > Nj, the solution (A%, Aév) in (31)
exists on some interval [ty, T], withO <ty < T.

Step 3. Our plan is to show that there exists a sufficiently large No > Np chosen in
Step 2 such that for all N > N3, (31) has a solutlon on [0, T].

By (41), we may fix a sufficiently large N > Nj such that N > N implies

(1A (@) = A1) 4143 (T) = A2(T)] + CT/N ) exp(LyT) < 80/2.  (43)

Now it suffices to show that there exists a sufficiently large N > N such that for all
N > N, we have

AT (1) = A1) + 147 (1) = A2 (0)] < 8o, Vi €0, T, (44)
which then implies that (AN, Aév ) exists on [0, T'] by (39) and (40). Assume by
contradiction that given any [ > N there always exists some N* > [ such that
(t, A{V : (1), Aév : (1)) starting backward from the terminal time 7" exits C for the first
time at some tév* e [0,7),i.e.,

[0,T) 3 1" =sup{r € [0, T]: (r, AV (1), AY (1)) ¢ €}, (45)
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where tév : may depend on N*. Since
1AV @) = AL+ 145 (1) = 42| < o, Vieliy T,

it follows that |A11V*| and |A£V*| are bounded on [tév*, T]. On [t(])v*, T1, by Step 1 we
have

@1 AV (1)) — w1 (AL O)] + W (AY (1), AV (1)) = ¥a(A1(0), Ax(1))]
< Ly (AN (1) = A1)+ 1AY (1) = Ax(0))),
lgt(N*, AN (1), AY () + 1g2(N*, AV (1), AY" ()] < C/N*

since N* > Ns,.
It then follows that for any ¢ € [tév *, T1,

AN (1) = A1(0)] + 1A (1) = A2 ()]
< |AN(T) = A{(T)| + |AY(T) — Ax(T))

T
+/ (W1 (AN — & (AD] + ¥ (AY, AYT) — Wa(Ay, Ag)DdT
t

T
+f (g1 (N*, AV, AN + 1ga(N*, AV, AN d
t
< 1AV(T) = AL(T)| 4+ |AY(T) — A2(T)]

T * * T C
+/ Ly (|AY — Ay +|AY —Agl)dt—i—/ N—gdr.
t 0

*

By Gronwall’s lemma, we have that for all # € [téV *, T1,

1AY (1) = A1)+ 145 (1) — A2 ()]

= (141" (1) = D) +14Y (1) = A2(D)| + C,T/N*)exp(Ly T),  (46)
which combined with (43) implies that

sup (AN (1) — A1) + 1AY (1) — A2(0)]) < 80/2.

el .11

This contradicts the hypothesis in (45) that (¢, A{V : (1), Aév : (1)) exits C at tév " Hence,
there exists Na > Nj such that forall N > N», (44) holds so that (AY, AQ’ ) exists on
[0, T]. In view of (39), we further obtain

RUAY (1)) = (ho/2) 1, Ra(AY (1), AY (1)) > (ho/2)1

forall N > N, and all r € [0, T]. Then by Lemma 7, the social optimization problem
has asymptotic solvability. O
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Corollary 1 If (20)—(21) has a solution (A1, Az) on [0, T, then there exists N1 > 0
such that for each N > Ny, (31) has a solution (Ajlv, Aév) on [0, T] and moreover

sup;ero.71(1AY (1) — A1(D)] + |AY (1) — A2(0)]) = O(1/N).

Proof By Theorem 2 and Lemma 6, if (20)—(21) has a solution (A1, A2) on [0, T],
then there exists N; > 0 such that for each N > Ny, (31) has a solution (A", Aév)
on [0, T'] that satisfies (33)—(35). Then there exists a constant L > 0 such that for all
N > Nj and for all t € [0, T], we have

[ (AY) — w1 (A))| < LiAY — Ay,
[ (AN, ANy —wn (A, Ax)| < Li1AY — Ay,
lg1(N, AY, AN < Li/N, |g2(N, AY, AY) < Ly/N.

So combining (31) and (20)—(21), we obtain
T
|AY (1) — A1(0)] < 1QF /N +/ Li(|AY (s) — A1(9)] + 1/N)ds,
t
T
1AY (1) — Ay ()] sf Li(JAY (s) — A1(9)] + 1/N)ds
t

forall N > Ny, all ¢t € [0, T]. By Gronwall’s lemma, the desired result follows. 0O

Let (AY, AQ’ ) be given by (31). We further introduce the following ODE system

SNy = p1(AY, AY, SN) + go1 (N, AV, AN, SV),

SNy =0, “7)
Nt = gAY, AN, SN + goa (N, AV, AN SN, 48
rN(T) =0, (48)

where
o1 (AY, Ay SVy:=(AY + AYYB(Ro(AY, AY )~
(BTSN + Bl AV D + BY (AY + AY)Dol — (A + G)T sV,
(AN, AY SNy :=[SNT B + DT AV By + DE(AY + AY)Bol(Ra(AY, AY )71

[B" SN + Bl AY D + Bj (A} + A)) Dol
— DAV D — DI (AY + AY)Dy,

go1 (N, AV, AY SNy =AY + (1 = 1/N)AVIB[Ro(AY, AY) — (1/N)BE AY Bo1™!-

(BTS + Bl AN D + BI'[AY + (1 — 1/N)A)Y 1D}
—(AY + AN BRy(AY . ANy
[BTS + B A¥D + BL (AY + AY)Dol,
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2o (N, AN, AY SNy :i=[SNT B+ DT AY By + DL (AY + (1 —1/N)AY)Bo]-
[Ra(AY, 45) — (1/N)Bj Ay Bol ™
[B"SN + B AYD + Bj (AY + (1 = 1/N)AY) Do)
—[SNTB + DT AN By + DL (AY + AY)Bol(Ro(AY, AY )7L
(BTSN + Bl AV D + BY (AY + AY)Dol + (1/N)D{ A} Dy.

The above ODEs are constructed by substituting (23) into (11) and writing r:=N rN
in (12).

Remark 5 1f (20)—(21) has a solution (Aj, A3) on [0, T], then the following system

S =¢i1(A1, A2, S), S(T) =0, (49)
F=p2(A1, A2, S), r(T)=0, (50)

admits a unique solution (S, r) on [0, T'].

Corollary 2 If (20)—(21) has a solution (A1, Ap) on [0, T, then there exists N1 > 0
such that for all N > Ny, (i) the system (47)—(48) admits a unique solution (SN, r™);
(i) with (S¥, rN) determined in (i), S defined by (23) and r:=NrV give a solution to
(11)=(12), and (iii) sup,E[O’T](|SN — S|+ |rN —r]) = O(1/N), where (S, r) is the
solution of (49)—(50).

Proof (i) If (20)—(21) has a solution, it follows from Corollary 1 that there exists
Ny > 0 such that for all N > Ny, (31) has a unique solution (AN, AQ’ ). Substituting
(AN, Aév ) into (47)—(48) gives a first order linear ODE system of (SV, r) that admits
a unique solution.

(ii) By substituting S and r defined as above into (11)—(12), we may directly verify
the ODE system (11)—(12).

(iii) The proof follows similar steps as in the proof of Corollary 1, and we omit the
details. O

3.2 Solvability of the Limiting ODE System

Determining the solvability of the ODE system (20)—(21) on [0, T'] is an interesting
problem. For this subsection, the analysis is restricted to the case O > 0,0y > 0
while the matrix R may be indefinite.

Define A3:=A;| + A,. Adding up both sides of (20) and (21), we obtain the Riccati
ODE:

As(t) = ¥3(A1, A3), R+ BIA(1)By + BE As(t)By > 0, ¥t € [0, T,
A3(T) = Qsy,
(5D

where W3 and Q3¢ are defined as
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W3(A1, A3) = AsB(R + BT A1 By + BL A3By) ' B” A3
—A3(A+G) - (A+G) A3 - 0,
Q3=U-D'QU—-T)., Q3py=U-Tp"QsU—Ty).

Since the transformation (A, A2) — (A1, A3) is one-to-one, (20)—(21) has a unique
solution on [0, T'] if and only if the system consisting of (20) and (51) has a unique
solution on [0, T'].

We consider existence and uniqueness of the solution of (20) and (51). According
to [20, Theorem 4.6], under the condition Q > 0 and Q¢ > 0, the Riccati equation
(20) admits a solution on [0, T'] if and only if there exists a continuous S"!-valued
function K (t) > 0 for all # € [0, T] such that R + BIT/TIBl > K, where /Tl is the
unique solution of the standard Riccati ODE with K taken as a parameter:

{Zl(t):/TIBK‘IBT/Tl—XlA—AT/Tl—Q, )

AT) = Qy.

According to [62], (52) with positive definite K has a unique solution on [0, T'].

Once A is solved from (20), we continue to solve (51) as a Riccati ODE with the
time-varying coefficient R + BIT A1 B to determine A3. By [20, Theorem 4.6], for
Q > 0and Q7 > 0, (51) admits a solution if and only if there exists a continuous
S"t-valued function K (t) > O for all # € [0, T'] such that

R+ BT A\By + BY A3By > K,
where /T3 is the unique solution of the following standard Riccati ODE:

As(t) = AsBK BT A3 — A3(A+ G) — (AT + GT) A3 — 03,

~ (53)
A3(T) = Q3.

3.3 Interpretation of the Limiting Riccati ODEs

We relate the Riccati equations (20)—(21) to optimal control problems in a low-
dimensional space. Consider a single-agent optimal control problem with state X
that satisfies

dX| = (AX| + Buy)dt + Bju;dwy, (54)

where X1(0) is given. The agent chooses the control # to minimize the cost
T
Jiw) =E| [ (X113 + ilRdr + [X (D1, |.
0 1
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If (20) admits a solution Ay, then the optimal control is
ur (1) = (R + Bl A1(t)B)~' BT A1) X1 (0).

With A, obtained by solving (20), we consider another single-agent optimal control
problem with state dynamics

dX, = [(A+ G)X3 + Bujpldt + BourdWy, (55)

and the agent chooses u7 to minimize the cost

T
Ta(uz) = E[ /0 ([XaTg, + 2T, pr 4, 5 )t + [xz<T>12Q3f].

If (51) admits a solution A3, then the optimal control u; is given by

ur (1) = (R + BT A1(t) By + BE A3(t) Bo) ' BT A3(0) X2(2).

4 Closed-Loop Dynamics and Mean Field Limit

We introduce the following assumptions:
Assumption 1 The ODE system (20)—(21) has a solution (A, A7) on [0, T'].

Let {X;(0), 1 =i < N} be the initial states of the N agents. Denote the covariance
matrix X := Cov(X;(0), X;(0)), 1 <i < N.

Assumption 2 The initial states {X;(0), i > 0} are independent. There exist a mean
Mo € R" and a constant Cx, both independent of N, such that EX;(0) = uo and
| X5l < Cx foralli.

If (31) has a solution (AY, A12V ) for a finite N, by Lemma 5 (ii), we determine P in
(13) by (22) with [T} = AY and [T} = A) /N. Then we obtain the optimal control
U° = (ulT, ...,uIT\,) , where

uy =—-0Vx; —oVx™M —el 1<i<N, (56)
and

ON = HN — ENMBT(AY — AN /N),

oON = NENBT AY +(HY + (N —2)EN)BT AY,

Oy = HY + (N - DEM[BTSY + Bl AYD + BI (AY + (1 — 1/N) AY) Dy].
The control U = (u] ,...,ul)7 given by (56) is called centralized, as each agent

A; needs the state information of other agents and also the population size N.
Denote the closed-loop dynamics of X; and X) by
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dX; =[(A — BOMX; + (G — BOM)XN) — BoNd:
+[D - B (@YX, + 0N XM 1 oN)aw;
+[Do — Bo((ON + OHX™N + 0))1dWy, 1<i<N, (57
dX™) =[(A+ G — BO + o} )x™ — Bol1ar

N
+(1/N) Y ID = Bi(OVX; + O XN + 0)1d W,
i=1
+[Do — Bo(@N + 0H XN — By© 1dWo. (58)

Let (A1(t), A2(¢)) be given by Assumption 1 and denote matrix-valued functions
on [0, T]:

H=Ri(A)™", Hi =R, )", E=H —H,
©® =HB" Ay, ©,=EBT(A|+ Ay) + HB” As,
O = H, [BTS + BT AD + BT (A1 + Az)Do] .

Denote the mean field limit of (58):

dX =[(A+ G — B(® + ©1)X — BO,\dt
+ [Dg — Bo@> — By(O + ©1)X1d W, (59)

with the initial condition X (0) = 1o € R". We proceed to check the approximation
error between XM and X.

Lemma 8 Under Assumption 1, we have sup,e[O’T](|@N —O|+ |@fv — O+ |@év —
©3]) = O(1/N).

Proof 1t follows from Corollary 1. O

Lemma9 Under Assumptions 1 and 2, there exist C > 0 and Ny > 0 such that
SUp;> Ny 0<r <7 EIXi (1)|? < C, where X (t) is given by (57).

Proof By Assumption 2, we have sup;~ g<,<7 E|X; (0)]? < C for some fixed con-
stant Co. Applying Itd’s formula to | X;|? gives

t

E|X; () = E|X;(0)]> + IE/ 2(X;, (A= BOMYX; + (G — BOM XN — BoY)ds
0
t
+]E/ ID — Bi(OVX; + 0N XN 1 o) 2ds
0

t
+IE/ |Do — Bo((ON + oM XM + olV)2ds.
0
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By Lemma 8, (O (1), @fv(t), @év (#)) is uniformly bounded on [0, T'] for all large
N. So there exist Ng > 0 and constants C1, C3 and C3 such that N > Ny implies

t t
EIX;(1)]* < E[X;(0)]* + C1 + C2 f E|X;(s)|*ds + C3 / EIXM) (s)*ds
0 0

forallt € [0,T]and all 1 <i < N. Denote atN = Mmax|<k<N ]Ele(t)|2. Note that
EIXM@0)? < (1/N) XN | E|X; (r)|?. It then follows that forany 1 <i < N,
t

t
E[X;®)> < max E[Xx(0)]> + C; +c2/ aNds +c3/ alNds,
1<k<N 0 0

and therefore
t
aV < Co+C1+(Cr + C3)/ aNds.
0

Gronwall’s lemma implies that oc,N < Cforallt € [0, T] and all N > Ny, where the
constant C depends only on Cyp, C1, Ca, Cz3 and T O

Proposition 1 Under Assumptions 1 and 2, for (58)—(59) it holds that

sup EIXM (1) —X()> = 0(1/N). (60)
te[0,T]

Proof Taking the difference between (58) and (59) gives

dX™) —X) =[(A+ G - BO +0)) (XM - X)
—B@ON +0V —0 —0)xN) — BOY - 0,))dr
—[Bo(® + O)XN —X) + By + 0 —o —o)xN)
+ Bo(©y — ©2)1dWy

N
1 _
+ > ID = Bi(O"X; + O)X + 0)1dW;. (61)

i=1
We apply Itd’s formula to | XN — X|? to get
EIXM (1) =X (0
1 <
—BIX®0) ~XOF + 57 3 [ B>~ 5:0V X, + 0} + 0} )Fds
i=1
t
+ 2/ E(XM —X,(A4+ G — B@© + 0)(X™N) —X))ds
0

t
+ 2/ E(xXM X, —-BOY + 0N —0 —o)xN) — BOY — 0,))ds
0
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t
+/ E|By(® + ONXN —X) + By(ON +0) —6 —o)xN)
0
+ Bo(©) — Oy)|%ds.

By Cauchy-Schwarz inequality and Lemmas 8§ and 9, it holds that for all sufficiently
large N,

_ c 1 X
(N) 2
EXM0) -X0P =% + =5 2. 1:/0 Cds
1=

t 2
+ Cf EX™M(5) = X + 10V () — 0P + )16 (5) — Ox(s)|*ds
0 k=1

C ‘ _
<14 C/ EIXM (s) — X(s)|2ds.
N 0

The estimate (60) follows from Gronwall’s lemma. O

Below we give a closed-form expression of the individual cost under U? by assum-
ing that {X;(0) : 1 <i < N} are independent random variables with equal mean and
covariance

EX;(0) = o, Cov(X;(0), X;(0)) = %o, Vi=>1. (62)

Then the individual cost of a single agent A; is

Ji(U°) =(1/N)EV (0, X(0))
=(1/NE[XT (0)P(0)X(0) + ST (0)X (0) + r(0)]
=E[X] (0)A} (0)X1(0) + (1 — 1/N)X{ (0) A} (0)X»(0)
+ 28T 0)X1(0) + rV (0)]

=Tr[AY (0) Zo] + 25 (AY (0) + (1 — 1/N) AY (0)) o + 287 (0)pe0 + 77V (0).
(63)

5 Decentralized Control
It is desirable to find a decentralized control such that each agent only needs to know
its own state and some low-dimensional auxiliary state. Based on the mean field limit

dynamics (59), we consider a decentralized control law U d — (ﬁlT, ﬁIT\,)T, where
the individual control law is

U =—-0X;,—©0X—0,, 1<i<N. (64)
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We may view u; as the mean field limit of (56). Note that without the common noise,
X (t) becomes a deterministic function and may be computed off-line.
For the decentralized control applied to the N-agent model, we have the main result.

Theorem 3 Under Assumptions 1 and 2, let U° = (ulT, o u]TV)T be the centralized
optimal control given by (56), and U d = (u1 e, ﬁlj\})T the decentralized control
given by (64). Then 0 < J () — 1 WUy = 0(1).

Theorem 3 shows that if the decentralized control (64) is applied, the optimality gap
Js(é\cl) U — S(N) (U?) is bounded, independent of the population size N. It is easy to
show Jb(é\cl) (U?%) = O(N). This bounded optimality gap means an O (1/N) optimality

loss per agent. To prove the theorem, we will find JSOC) u d) in an explicit form.

5.1 Social Cost Under Decentralized Control

Let (A, A3) be a solution of (20)—(21) under Assumption 1.
The N-agent system (1) under the set of decentralized individual control laws (64)
has the following closed-loop dynamics

=[(A - BO)X; + GXW) — BO|X — BO,]dt
+[D — Bi(OX; + O1X + 02)]dW,
+[Do — Bo(@XM + & X + @2)dWy, 1<i <N, (65)

where )v(i (0) = X, (0) and X satisfies (59).

Let X(0) = (X7 (0),..., X% (0)T. Note that given (X(0), X(0)), the processes
X1, ..., Xy, and X have been determined on [0, T']. In order to evaluate JSOC) U,
we Con31der a family of SDEs (59) and (65) by assigning different initial conditions.
We take the initial time ¢ and assign the initial condition X (1) = X, X(@1) = .

By extending (5) to different initial conditions, we define the social cost

N T
Vit.x,3) =) {E/ [[)?i(s) — XM+ [ﬁi(s)]%]dt
t

i=1

+E[Xi(T) — Ffif(N)(T)]fo} (66)

with initial condition (X (r), X (t)) = (x, X) under the decentralized control U9 (s) =
@l (s), ..., u% )T, s € [t, T]. Recalling (64), below we write the state feedback
control U? as

Ul x, %) =@l , ... 0T = —Ox — 0% — O,
O=Iy®6, O=1y,106), Or=1y,Q . (67)
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By the Feynman—Kac formula [50, Sec. 1.3, 3.5], the equation for \7(t, X, X) is given
as

w UdT(R+M2(aX2)>Ud+<a B+M(3X2))Ud

0V Ax + 2V (7% — B()z)+xTQx—|—/\/l (axz)
+(1 /2)(Z0x — 3002 + Do)T 82 (Zox — Bo®2 + Dp) (68)
+(BoIlU? 4 Dg)7 2 Bxax Y (Zox — Bo©; + Dy),
‘V/(T, X, X) = xTQfx,

where we denote
Zyo=—Bo(® +61), Z1=A+G—B(O+06y).

Thus the right hand side of (66) is just a probabilistic representation of the solution of
(68) which v&iill be determined below.
Suppose V takes the following form

V(t,x, %) =x"P1(1)x + X Py(1)x + x Ppa(1)x + T PL(1)x
+2x7S1 (1) + 257S2(t) + ¥(0). (69)

By substituting (69) into (68) and combining like terms, we obtain for P1, P12, Pz,
Sl, Sz, and r the ODEs:

—4P) =0T R+ My(2P1)® + Py (A - BO)

+(A-BO)TP, +Q, (70)
Pi(T) =Qy.
— 4P, = BT R+ My(2P)))O; — PBO; + (AT — BTBT)P,
+P12Z; — OTT Bl P12 70, (71)
Py(T) =0,

— 4P, = OT R + M2(2P1))0; — PL,BO, — OTB Py,
—ZIPTBoIO; — OTT' B P12Zo + P2Z) + 2T P,

. 72
+2{ P12, 72
Py(T) =0,
— 481 =0T R+ My(2P1)®, — BT B8, + M[ (1))
—|—AT§1 - f’lgB@z — @TTngIv’lz(D() — By®») 73)

Si(T) =0,
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~48, = O R + M2(2P1))®, — OF BTS; + MT (P1))
—PLBO, — P,BO,y + ZTS) + ZI Py(Dy — By®) )
+ZI'PL,(Dy — Bol®s) — OTT'BI P12 (D — By©2),
S:(T) =0,
i = O (R + M2(2P1)O, — 2(8TB + M, (P)))6, — 28] BO,
+(Do — Bo®2)T (P, + 21P2)(Dy — Bo©2) + Mo(2Py), (75)
F(T) = 0.

The above is a system of six linear ODEs and has a unique solution on [0, T']. By the
following Lemmas 10 and 11, we further obtain the low-dimensional ODE systems
corresponding to the high-dimensional systems (70) and (71). The proof of Lemma 10
is similar to that of Lemma 1, and the proofs of Lemmas 11 and 12 are similar to that
of Lemma 2; we omit the details here.

Lemma 10 For (70), the solution 131 on [0, T] has the representation

S T o, moes. (76)
A A
Lemma 11 The matrix 1312(t) e RN"™" takes the form
Pia(t) = (1N (@), .., TIBT a)T, TTN () e R (77)
Lemma 12 The matrix sl(t) e RN takes the form
Si(0)=GSN@),.... SN )", SN e R (78)
Following the rescaling method in Sect.3.1, we define
AN Z iV, AV NAY, AN = Y AN = BN, S = SN, Y — N,

We give some intuition behind the scaling used to define /iévz. Take x = 0 and a large
|x| > 0 at ¢t = O; the resulting control input will generate processes {X;, 1 <i < N}
each containing a constituent component of roughly the magnitude of x. Then the social
cost will contain a component of magnitude O(N|x|?). This suggests P, increases
nearly lmearly with N. We substltute (76), (77) and (78) into (70), (71) and (73), with
N = AV, 1l = AY /N, 11}, = AY,. We further rewrite (72), (74) and (75) using
the new variables. After the change of variables, we derive

— LAY = 0TR|(AV)O + AV (A — BO)
+A =B AY + 0+ &1(N, AY, A), (79)
AY(T) = 0 + QF/N,
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— LAY = @TBI(AY + AY)Bo® + AV G + GT AV
+AY(A+G - BO)+(A+G — BOY AY (50)
+0" + (N, AY),

AY(T) = 0F,

— L AN, = 0TRy(AY, AY)o1 + 0T BI AY,Bo(6 + ©1)
—(VAIIV—l-AéV)B@l +[A+G—B(~)]TAV1NZ @D
+ABA +G — B(O1 + O)] + §na(N, A7),

AR(T) =0,

— 4% = O Ra(AY, A))or — A Boy — 0] BT A}y
+A§V2le +zT A, — ZQTA{VzTBo(H)] — ol Bl AY,z, )
+Z§ A% Zo + (N, AY),

A}(T) =0,

— L3N = OTRH(AY, AY)O, — (AV + AY + AY)B6O,

—O0T[BTSN + BT AV D + Bl (AY + AY)Do]
~0T Bl AN, (Do — Bo©@) + (AT + GT)HSY (83)
+8o01(N, AY),

$M(r) =0,

— 43V = 0T Ry(AY, Ay, + 2T SV
—@lT[leS{V + BV,TA{VD + BOT(fX{V + AYYDy]
+(ZVOTA§V2 + zEANT — @{Bg/}fg)wg — By©) (84)

) —(AY + AY)BO» + gn(N, AY),

$y(T) =0,

— 57" = O] Ra(AY, AY)0 + DT AY'D + D (AY + AY) Dy
—[(SNT + SNTYB + DT AV By + DY (AY + AY)Bo1©,
~O7 BT (SY + 8)) + Bl AY'D + BJ (A} + A7) Dol -
+(Do — Bo©2)" (A%, + A + A)(Do — Bo©2)
+803(N, AY),

N (T) =0,

with

SN, AV, ANy = (1/N){@TBOT[/{{V +(1—1/N)AY1By®
+1AY + (= 1N ANG + GTIAY + (1 - 1N A1+ 0",
§2(N, AY) = —(©7 Bf AY Bo© + AY G + GT AY)/N,
gi2(N, AY) = (—oT BL AY Byo, + AY BO)/N,
(N, AY) = —of BT AY Byo /N,
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go1(N, AY) = (0T Bf AY (Dy — Bo©2) + AY BO,1/N,
Soo(N, AYy = (=0T BT AY By, + 6T BI AY Dy1/N,
303(N, ANy = (=0T Bl AY Byo, + 2D! AY By©, — DI AY Dol/N.

Remark 6 Given (A1, A) on [0, T'], the system (79)—(85) is a linear ODE system and
has a unique solution on [0, T'] for each N > 1.

Remark 7 Let 1//N stand for any of the functions /iN, /iév, /VIVZ, /1972, 5’?’, S'év and V.
Due to the bounded coefficients in the ODE system, supy~ o<;<7 |¥"| < C for
some fixed constant C.

Remark 8 Let h" stand for any of the functions g1, g2, £12, 822, o1, 802 and go3. Then
sup (0.7 11 ()| = O(1/N).

5.2 Upper Bound of Optimality Gap

Under Assumption 1 on (Aj, Ap), for all sufficiently large N we can solve for

(AN , AjzV , SN PN ) according to Theorem 2 and Corollaries 1 and 2. For every such N,
we solve the system (79)—(85) for a unique solution (A%, /{12V, /iivz, /19’2, S‘f\’, 59’, .

The following lemmas estimate some difference terms relating the low-dimensional
functions (AY, AY, SV, rN) to (AN, AY, AN, A%, SN, SY V), which will be
used to estimate the optimality loss | JS(O]Z) wu)y— JS(OACI) (U%)] of the decentralized control

Ue.
YN Ny _
Lemma 13 sup, 0.1 lA] — Ay | = O(1/N).

Proof By Corollary 1, sup,(o 7 |Aiv(t) — A1(t)] = O(1/N), so it suffices to show

that sup, ¢, 7 |/§{V(t) — A1(t)] = O(1/N). Taking the difference of (20) and (79)

gives

4 (AN — A) = —0T Bl (AY — A1)B1© — (AY — A1) (A - BO)
—(A=BO) (A) — A —§i(N, AY, A),

AY(T) — A\(T) = QF/N.

Then it follows that for all ¢ € [0, T],
v T v v v
LAY (1) — A1 (1)) s/ {107 Bl > +2|A — BOD|AY — Ay| + 151 (N, AY, A))ds
t
+10%1/N.

By Remark 8, sup, g1 (N, AY, A})| = O(1/N). The lemma follows from Gronwall’s
lemma. o
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Lemma 14 sup, 0.7 1AY + AY — (AY + AY + AY, + AN + AY)I = 0(1/N).

Proof Define AY, := A1+A2—A{V—/§§V—/§f’2—ﬁ?’f—/i%. Since Sup,e[o,r]ﬂ/\}l\’—
A1|+|A§V—A2|) = O(1/N) by Corollary 1, it suffices to show thatsup,e[o’T] |A11Vz| =
O(1/N). We combine (79)—(82) and (21) to get the ODE

d .

ZAIIVZ = (@ +0)T[BI (AY — A By — Bf AV, Bol(© + ©)
— ANA+ G~ B(O +0)]—[A+G — BO + 0] A},
+ 8148+ 8+ 8k +in,

AN(T) = —QF/N.

Since sup, (o 77 |/iiv — Al = O(1/N) by the proof of Lemma 13 and sup, |g1 + g2+

g2+ §1T2 + g22] = O(1/N) by Remark 8, the desired result follows from Gronwall’s
lemma, in the same manner as in the proof of Lemma 13. O

Lemma 15 sup, .7 IS — SN =S¥ = O(1/N).

Proof By Corollary 2, it suffices to show that sup,c(o 7 1S — S‘fv - §év| = O(1/N).
Combining (73), (74) and (49) gives

%(S—SIN —8N)=-[A+G-B@O+6DI"(S -8 -5
+(©+ 0D Bf (Al = AV)(D - Bi16)
+(0 + 01" By AY(Do — Bo®) + AN, BO,
+ go1(N, AY) + o2 (N, AD),

where S(T) — ng(T) - S’év(T) = 0. With the estimates of A| — /HV and Aivz obtained
in the proofs of Lemmas 13 and 14, respectively, and sup, |gox (N, /iév)| = O(1/N),
k =1, 2 in Remark 8, the desired result follows from Gronwall’s lemma. O

Lemma 16 sup, ;.7 IrY — | = O(1/N).

Proof By Corollary 2, it suffices to show that sup,c[o 7} |7 — | = O(1/N), where
r is the unique solution of (50). Combining (50) and (85) gives

d 5 y

E(r — Ny = 0] [B] (AY — A)B1 — BY AY, Bo]©,
+[(ST = SNT —SNTYB + DT (A — AN)B) + D AY,By)1©,
+ ol [BT(s - SN — 8+ Bl (A; — AV)D + Bl AY, Dy)
+ DT(AY — A)D = DY AN, Dy + go3(N, AY),

r(T) — #V(T) = 0.
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With the estimates of A — /{{v s A{Vz and S — S’f\' — §£V obtained in the proofs of

Lemmas 13, 14 and 15, and sup, |go3(N, /iév)| = O(1/N), we obtain the desired
result. o

Proof of Theorem 3 We have

N d N
J( )(U )_JS(OC)(UO)

sSOC

= E[V (0, X(0), X(0)) — V(0, X(0))]
= E[XT (0)(P1(0) — P(0)X(0) + 2XT (0)P12(0)X(0) + X' (0)P,(0)X (0)]
+2E[XT (0)81(0) + X (0)$2(0) — XT (0)S(0)] + ¥(0) — r(0). (86)

The linear term on the right hand side of (86) may be written as
2BIXT(0810) + X' (08:(0) — X7 )S(0)]

N
=2 EIX] (0)5)(0) + X (08 0) — x7 (0)s 0)]
i=1

=2Nul (SN ©0) + 5V (0) — sV (0)). (87)
The quadratic term on the right hand side of (86) may be written as

ELXT (0)(B1(0) — P(0))X(0) +2XT (0)P12(0)X(0) + X (0)P2(0)X(0)]
N N
v 1 .
=D _EIX[ (A} © = A O)Xi O]+ 3 SEIXT 0)(A3 ©0) = 45 ©0)X;0)]
i=1 i#j=1

N N
+ Y EIXT 0 AR OX O]+ Y EIX' 0) AN 0)X;0)] + NEIX' (0)A3%0)X0)]
i=1 i=l
N v .
=Y Trl(AY (0) — AY 0) T+
i=1

+ Nul AN 0) + AY (0) + AN, 0) + AN (0) + A0) — AV (0) — AY (0)1po
— ud1AY 0) — AY (1o

::{év.

Substituting (87) and {({v into (86) gives
I Wy — s W) = ¢ +2Nud (SN ©0) + SY (0) — SV (0)) + #(0) — r(0).

soC

By Lemma 13 and Assumption 2, | SN | Tr[(AY (0) — AY 0» X}l = 0(1). By
Corollary 1 and Remark 7, |/iév (0)—A£V (0)| = O(1). The two upper bounds combined
with Lemma 14 imply that |§(§V | = O(1). Recalling Lemmas 15 and 16, it follows

@ Springer



S2000 Applied Mathematics & Optimization (2021) 84 (Suppl 2):S1969-S2010

that |Js(({\£) Uty — S(é\cl) (U?)| = O(1). Furthermore, the optimality of U implies that
Jg(éz) Uy — Js(é\cl) (U?) > 0, and thus the desired result follows. O

5.3 Performance Comparison with the Mean Field Game

The agents in the social optimization problem are cooperative with a common objec-
tive. A different solution notion is to solve a mean field game where each agent
optimizers for its own interest; this has been developed in a companion paper [33].
This subsection compares the two solutions by demonstrating the efficiency gain of
social optimization with respect to the mean field game.

Let U° = (ulT, o, u](,)r denote the social optimal control and U8 =

(uf L u;g\,T)T the set of Nash equilibrium strategies. For simplicity, we consider
the model with D = Dy = 0 in (1). For the comparison, we further assume the mean
and covariance matrix of the initial states {X;(0) : 1 <i < N} satisfy (62).

When all agents take the social optimal control U°, based on (63), the asymptotic
per agent cost is defined as

Jisoci= lim (1/N)EV(0, X(0))

= E[X] (0)A1(0)X1(0) + X] (0) A2(0)X2(0)]
= Tr[A1(0) Zo] + ud [A1(0) + A2(0)]uo. (88)

When U¢ instead of U? is applied, by Theorem 3, the per agent cost also tends to
J_,-,SOC as N — oo.

When all agents take the set of Nash equilibrium strategies U¢, let Vl.g denote the
value function of agent .A;. The asymptotic per agent cost is defined as

Jimtgi= lim EVF(0,X(0))
=E[X] 0 40)X:0) + X] 0)(45(0) + 45" (0) + 4§(0) X2(0)

=Tr[A§(0) Zo] + g [A5(0) + A5(0) + A5 (0) + A5(0)Ipso. (89)

The ODEs of (Ag, Ag, A§, Ai) are givenin Appendix C. We have A1 = A‘;" on|[0, T,
since A1 and A‘f satisfy the same Riccati ODE with the same terminal condition. The
per agent cost for the decentralized e-Nash equilibrium strategies (see [34]) has the
same limit J_i’mfg as N — oo. By (88) and (89), we calculate

Timte — Jisoe = ud 1A50) + A3(0) + A5 (0) + AZ(0) — A3(0)]uo.

Since (1/N)EV (0, X(0)) < EV#(0, X(0)) for each N, we have J; mg — Ji soc > 0.
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5.4 Comparison with Mean Field Type Control

We describe an application of mean field type optimal control to mean-variance port-
folio selection. The state process is given by

dX(t) =[pX (@) + (¢ — pu(t)]ldt + cu(t)dW(t),

where X(0) = xo > 0. For simplicity, we consider one bond and one stock with
constant parameters. In the above, X (¢) is the wealth; u(¢) is the amount allocated
to the stock; p is the interest rate of the bond; & > p is the appreciation rate of the
stock; and o > 0 is the volatility of the stock. The above state equation has an obvious
generalization by considering time-dependent parameters and more than one stock.
The cost is

J(u) = %Var(X(T)) —EX(T)

_ ) . Y 2
_IE<EX (T) X(T)) LEX(T)? v 0. (90)

The mean-variance portfolio selection problem has been solved for a more general
case of multiple stocks [67], [65, Chap. 6]. The method there is to solve a family of
problems by dynamic programming. Alternatively, [2] uses the stochastic maximum
principle to derive the solution as follows. Denote

(b —a)’A; — 2pA, + Ao® =0,
pCr + Ct =0,
where A7 = y and C7 = 1. Then

A, =y I =0 C, = ePT=0,

where A = (p — «)?/o2. The optimal control law is

a—p

u(t) = =

[CA" = (X(1) —EX(@))]. O

After solving EX (¢) from a linear ODE, one obtains

- 1
Q) = o 2p I:erpt 4 — AT =p(T=0) _ X(t)] ) 92)
o 14

For the social optimization problem we consider the scalar model which has the
state equations

dX;(t) =[AX;(t) + Bu;(t)ldt + Biu;(t)dW;(t), 1<i <N,
= [pXi () + (@ — p)u; (D)]dt + ou; (t)dW; (1)
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and individual costs

Ji = §E|X,~(T> — XM (T2 —EXi(T), 1<i<N. (93)

The social cost is Js(é\cl) = ZlN: 1 Ji. Suppose all agents have identical initial state x.
The mean-variance portfolio selection problem in [26] is solved by means of solving
the LQ social optimization problem and passing to an infinite population. Below we
will tailor the results in previous sections to this particular model.

To adapt to the costs (93), we slightly modify the individual costs in (2) by replacing
the terminal cost with the new one

E{1X:(T) = [y XV (D1, +2K7 X:(T),

where K € R". Accordingly, we take S(T) = [KT, ..., KT1T in (11), SN(T) = K
in (47), and S(T) = K in (49).

Matching the notation in (1)~(2), we have Q =0,I" =0, R =0, Oy = y/2, and
I'r = 1. We further set K = —1/2. By (20) we have

Ay = A{B(B1AB)"'BA; —2AA,

N2
o
where A1(T) = y /2. Next by (51), A3 = A1 + Aj satisfies

( —p)zA

Az = - A3 —2pAs,

o

where A3(T) = 0. Hence A3 = 0 and A, = —Ay. Now (49) reduces to

S = —pS,
where S(T) = —1/2.
We check (64) and determine
0=22L o =-6, 0,=2Lsa;".
o o

The decentralized individual control is

. o—p -1 5 ;

u = [-SA] —(X;(®) —X(@)], 1<i=<N, %94)

o2

where X (1) = EX; (). Clearly —S(1) A} ' (t) = C,A; ! forall ¢ € [0, T.

The two control laws (91) and (94) have the same form except for different interpre-
tations of the mean term. It is known that # in (91) is not time consistent [2]. Given the
value of X (#y) at tp > 0, the portfolio optimization problem re-solved on [fy, T'] will
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Fig. 1 Solvability of (A, Ap) on [0, T] with T = 2. Left panel: Example 1 with R > 0. Middle panel:
Example 2 with R < 0. Right panel: Example 3

generate a different strategy. However, for the mean field social optimization problem,
the set of controls is time consistent. We may think of an infinite population. Then
given the available states X (f9),7 > 1, the optimization problem on [y, 7'] will use X
as the restriction of {Y(t), 0 <t < T} on [ty, T]. The re-solved control is still given
by (94).

6 Numerical Examples

This section presents numerical examples to illustrate asymptotic solvability of social
optimization problems and examine performance of the associated control laws. The
ODE systems are solved using MATLAB ODE solver ode45.

6.1 Asymptotic Solvability
We consider three examples for (1)—(2).

Example 1 The parameter valuesare A =1, B =1, By = By =0.2,D9p =D =0,
G=20=40r=2,R=1,I"=0.1,Iy =0.1,and T = 2. Since R > 0,
(A1, Az) has a global solution on [0, 7], implying that the social optimization problem
has asymptotic solvability on [0, T']. The solution of (A, A3) is shown in Fig. 1 (left
panel).

Example 2 The parameter valuesare A= —4, B=1,By=—-2,B, =4,Dy =D =
0,G=1,0=0y=1,R=~-1,I'=4Ty =2,and T = 2. Fig. 1 (middle
panel) shows that (A1, A) has a global solution on [0, T'], suggesting that the social
optimization problem has asymptotic solvability on [0, T].

Example 3 The parameter values are A =30, B =1, B =B =02, Dy =D =0,
G=20=-30,0,=3,R=15I"=0.1,I'y =0.1,and T = 2. Fig. 1 (right
panel) shows that (A, A2) does not have a global solution on [0, T']. Thus the social
optimization problem does not have asymptotic solvability.
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Fig.2 Left panel: The difference /illv + /{év + /{{\/2 + /i{va + /iévz — (A{V + Aév) evaluated at t = 0 for

N > 1. Right panel: The difference Js(é\é)(Ud) - Js(gé)(U") for N > 1

6.2 Performance
To numerically compare Js(é\cl) (U?%) and Js(é\cl) (U4), we need to solve the system (31) for
AY, A12V ) associated with the centralized control U and next the system (79)—(82)
for (/iN s /iév , /iivz, /iévz) associated with the decentralized control U¥. By Theorem 2,
if the Riccati ODE system consisting of (20) and (51) has a solution on [0, T'], then (31)
has a solution on [0, T'] for all sufficiently large N, and so does the system (79)—(82).
Recall the necessary and sufficient condition in Sect. 3.2 for the solvability of (20)
and (51). We will take O, Q¢ > 0, and R > 0, under which (20) and (51) have a
unique solution on [0, T'] [65, Theorem 6.7.2]. With the same parameter values as
in Example 1, we numerically solve the systems (31), (20)—(21), and (79)—(82). The
initial conditions are given as X;(0) = 1 foralli > 1, and X(0) = 1.
Fig. 2 (left panel) shows that the difference (./illv2 = /HVZT for the scalar case)

LAY (0) + AY (0) + AN, 0) + AN (0) + A (0)] — [AY (0) + AY (0)]

approaches 0 as N — o0, as asserted by Lemma 14. Fig. 2 (right panel) shows that
the difference JS(OAC/)(U dy _ JS(OAC’)(U ?) remains bounded as N increases.

6.3 Comparison Between the Social Optimum and the Mean Field Equilibrium

We use the model in Example 1 to compare the per agent costs J_i,soc and .]-j’mfg for
social optimization and the mean field game, respectively. The initial states X; (0) have
mean i and variance Xy.

Fig. 3 compares A‘lg + A§ + AgT + A;‘; and Az on [0, T] (Ag = AgT for the scalar
case). Note that A3 = A + A on [0, T']. Since

Jimtg = Jisoe = (AF(0) + A5(0) + A5 (0) + A5(0) — A3(0)uid,

Fig. 3 confirms that the per agent cost of the social optimal control is lower than that
of the mean field equilibrium strategy.
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Fig. 3 Left panel: Comparison between Af + Ag + AgT + Af and Aj3. Right panel: The difference
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7 Conclusion

This paper studies asymptotic solvability for LQ mean field social optimization prob-
lems with indefinite state and control weight matrices. The analysis involves highly
nonlinear large-scale Riccati ODEs due to controlled diffusions. We derive a necessary
and sufficient condition for asymptotic solvability. We obtain a set of decentralized
individual control laws, and further show that its optimality loss is bounded. We fur-
ther check the efficiency gain of the social optimal control with respect to the mean
field game.

Acknowledgements Funding was provided by Natural Sciences and Engineering Research Council of
Canada.

A Proof of Lemma 1

Proof Write the Nn x Nn identity matrix Iy, as Iy, = diag[l,, I, ..., I,,]. Let Jij
denote the matrix obtained by exchanging the ith and jth rows of the submatrices in
Iny. Itis easy to check that J;; = Jj; and J;; = J; = JJl foralli, j.

Denote P = (P;j)1<;, j<n» where each P;; is an n x n matrix. We choose arbitrary
i # j,and denote J;P.Ii = Pz'i - In this proof we write le ) as P for simplicity of
notation. We multiply both sides of (10) from the left by Jl.§ and next from the right
by J;; to get

. —~ -1 . .
P' (1) = P'B (R n ZMz(PT)) B7P' —P'A —ATP' — Q.

where we use the following facts with & = A, ﬁ, R, or Q,
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Brer ifk #1i,J,
Ji Bre) Jij = \Bje; ifk=i,  and JiWJ;=v.
Bie;, ifk= js

Thus P also satisfies (10). It then follows that Jl.]TPJij = P for any i # j, and the
matrix P = (P;;)1<;, j<n satisfies that

P = Pj;, Pj=Pji, Py=Pj, Pui=PFP; VYk#i,j.

This implies that the diagonal submatrices {P;;, 1 <i < N} are equal and all the
off-diagonal submatrices {P;;, 1 <i # j < N} are equal. Since P is symmetric, now
P = Pﬁ = Pj; for all i # j. We denote P;; = HIN foralll < i < N, and
P;j = MY forall 1 <i # j < N.Then (22) follows. O
B Proof of Lemmas 2 and 4

Proof of Lemma 2 Existence and uniqueness holds since (11) is a linear ODE. The

remaining proof is similar to that of Lemma 1. We multiply both sides of the ODE
(11) from the left by J;; as in the proof of Lemma 1 so that

Jii8(t) = PB(R + 2M(P) ' BT J;;S + MT (P)) — AT J;;S.

Since J;;S and S satisfy the same ODE, for arbitrary i # j, we conclude that S takes
the form (23). O

Proof of Lemma 4 Let J;; be the matrix as defined in the proof of Lemma 1. Multiplying
both sides of the identity

I = R+ 2M(P)(R +2My(P))~!

from the left by Ji? and next from the right by J;;, for 1 <i # j < N, we obtain

I'=JER+2MaP) R+ 2Mo(P) ™' Jj;

= JE R+ 2Mo(P) Jij I} R + 2Ma(P) ™' ;.

Since Jl.]T. (R+2M3(P))J;; = R+2M;(P), it follows that JiJT R+2MoP) "1y =
(R 4+ 2M>(P))~ !, and thus ENT = EVN. o
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C Mean Field Game ODEs

The ODEs of (A, AS, A3, A%) corresponding to the mean field game in Sect. 5.3 are
given as follows:

Af = (A},

AS(T) = Qf, Ri(Af(1)) >0, Vt €0, T],

AS = ASBHSBT AS + ASBHSBT A + A{BHEBT A}

—A{G — A5(A+G)— AT AS + Or,

AS(T) = —Qy Ty,

A§ = ASBHSBT A + ASBHSBT A§ + AfBHEBT A}
+A8" BHS BT (AS + A%) — ASBHEBT AS B HE BT A%

—(Af + A5 BHEBY (A5 + AS + 45T + A BoHS BT (A + 45)
—A8A — (A8T + A8THG — AT AS —GT(AS + AS)—TTor,

A(T) =T} Qyly,

AS = ASBHEBT (A% + AS) + ASBHEBT A% + AS" BHEBT (AS + AS)
—(A% + ASTYBHEBY (AS + AS + AST + AD)BoHS BT (A% + A%)
(A8 4 A5G — ASA —GT(AS + AS) —ATAS —TTor,

AL(T) =T[QyTy,

where we use the notation H = (R (Af))~".

References

1. Albi, G., Choi, Y.P., Fornasier, M., Kalise, D.: Mean field control hierarchy. Appl. Math. Optim. 76(1),
93-135 (2017)

2. Andersson, D., Djehiche, B.: A maximum principle for SDEs of mean-field type. Appl. Math. Optim.
63, 341-356 (2011)

3. Arabneydi, J., Mahajan, A.: Team-optimal solution of finite number of mean-field coupled LQG sub-
systems. In: Proc. 54th IEEE CDC, pp. 5308-5313. Osaka, Japan (2015)

4. Arabneydi, J., Mahajan, A.: Linear quadratic mean field teams: Optimal and approximately optimal
decentralized solutions (2017). arXiv:1609.00056

5. Bardi, M., Priuli, E.S.: Linear-quadratic N-person and mean-field games with ergodic cost. SIAM J.
Control Optim. 52(5), 3022-3052 (2014)

6. Bayraktar, E., Cosso, A., Pham, H.: Randomized dynamic programming principle and Feynman-Kac
representation for optimal control of McKean-Vlasov dynamics. Trans. Am. Math. Soc. 370(3), 2115—
2160 (2018)

7. Bensoussan, A., Frehse, J., Yam, S.C.P.: Mean Field Games and Mean Field Type Control Theory.
Springer, New York (2013)

8. Bensoussan, A., Frehse, J., Yam, S.C.P.: The master equation in mean field theory. J. Math. Pures Appl.
103(6), 1441-1474 (2015)

9. Bensoussan, A., Sung, K.C.J., Yam, S.C.P,, Yung, S.P.: Linear-quadratic mean-field games. J. Optim.
Theory Appl. 169(2), 496-529 (2016)

@ Springer


http://arxiv.org/abs/1609.00056

S2008 Applied Mathematics & Optimization (2021) 84 (Suppl 2):S1969-S2010

10.

11.

12.
13.

14.

15.

16.

17.
18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

Buckdahn, R., Li, J., Ma, J.: A stochastic maximum principle for general mean-field systems. Appl.
Math. Optim. 74, 507-534 (2016)

Caines, P.E., Huang, M., Malhamé, R.P.: Mean field games. In: Basar, T., Zaccour, G. (eds.) Handbook
of Dynamic Game Theory, pp. 345-372. Springer, Berlin (2017)

Cardaliaguet, P.: Notes on Mean Field Games. University of Paris, Dauphine (2013)

Cardaliaguet, P., Rainer, C.: On the (in)efficiency of MFG equilibria. SIAM J. Control Optim. 57(4),
2292-2314 (2019). https://doi.org/10.1137/18M 1172363

Cardaliaguet, P., Delarue, F., Lasry, .M., Lions, P.L.: The master equation and the convergence problem
in mean field games (2015). arXiv:1509.02505

Carmona, R., Delarue, F.: Probabilistic Theory of Mean Field Games with Applications I-II. Springer,
Cham (2018)

Carmona, R., Delarue, F., Lachapelle, A.: Control of McKean-Vlasov dynamics versus mean field
games. Math. Financ. Econ. 7(2), 131-166 (2013)

Chan, P, Sircar, R.: Bertrand and Cournot mean field games. Appl. Math. Optim. 71, 533-569 (2015)
Chen, X., Huang, M.: Linear-quadratic mean field control: the Hamiltonian matrix and invariant sub-
space method. In: Proc. 57th IEEE CDC, pp. 4117-4122. Miami Beach, FL (2018)

Chen, X., Huang, M.: Linear-quadratic mean field control: the invariant subspace method. Automatica
107, 582-586 (2019)

Chen, S., Li, X., Zhou, X.Y.: Stochastic linear quadratic regulators with indefinite control weight costs.
SIAM J. Control Optim. 36(5), 1685-1702 (1998)

Chiang, M., Low, S.H., Calderbank, A.R., Doyle, J.C.: Layering as optimization decomposition: a
mathematical theory of network architectures. Proc. IEEE 95(1), 255-312 (2007)

Djete, EM., Possamai, D., Tan, X.: McKean-Vlasov optimal control: limit theory and equivalence
between different formulations (2020). arXiv:2001.00925

Elliott, R., Li, X., Ni, Y.H.: Discrete time mean-field stochastic linear-quadratic optimal control prob-
lems. Automatica 49(11), 3222-3233 (2013)

Engwerda, J.: Necessary and sufficient conditions for Pareto optimal solutions of cooperative differ-
ential games. SIAM J. Control Optim. 48(6), 3859-3881 (2010)

Ferrante, A., Ntogramatzidis, L.: A note on finite-horizon LQ problems with indefinite cost. Automatica
52,290-293 (2015)

Fischer, M., Livieri, G.: Continuous time mean-variance portfolio optimization through the mean field
approach. ESAIM 20, 30-44 (2016)

Fornasier, M., Solombrino, F.: Mean-field optimal control. ESAIM: Control Optim. Calc. Var. 20(4),
1123-1152 (2014)

Gomes, D.A., Saude, J.: Mean field games models: a brief survey. Dyn. Games Appl. 4, 110-154
(2014)

Graber, P.J.: Linear quadratic mean field type control and mean field games with common noise, with
application to production of an exhaustible resource. Appl. Math. Optim. 74, 459-486 (2016)
Guéant, O., Lasry, J.M., Lions, PL.: Mean field games and applications. In: Paris-Princeton Lectures
on Mathematical Finance, pp. 205-266. Springer, Berlin (2011)

Hajiesmaili, M.H., Talebi, M.S., Khonsari, A.: Multiperiod network rate allocation with end-to-end
delay constraints. IEEE Trans. Control Netw. Syst. 5(3), 1087-1097 (2017)

Huang, M., Yang, X.: Linear quadratic mean field social optimization: asymptotic solvability. In: Proc.
58th IEEE CDC, pp. 8210-8215. Nice, France (2019)

Huang, M., Yang, X.: Linear quadratic mean field games: decentralized O (1/N)-Nash equilibria. J.
Syst. Sci. Complex. (2021). To appear

Huang, M., Zhou, M.: Linear quadratic mean field games—part I: the asymptotic solvability problem.
In: Proc. 23rd Internat. Symp. Math. Theory Networks and Systems, pp. 489—495. Hong Kong, China
(2018)

Huang, M., Zhou, M.: Linear quadratic mean field games: asymptotic solvability and relation to the
fixed point approach. IEEE Trans. Autom. Control 65(4), 1397-1412 (2020)

Huang, M., Malhamé, R.P., Caines, P.E.: Large population stochastic dynamic games: closed-loop
McKean-Vlasov systems and the Nash certainty equivalence principle. Commun. Inform. Syst. 6(3),
221-252 (2006)

Huang, M., Caines, PE., Malhamé, R.P.: Large-population cost-coupled LQG problems with non-
uniform agents: individual-mass behavior and decentralized e-Nash equilibria. IEEE Trans. Autom.
Control 52(9), 1560-1571 (2007)

@ Springer


https://doi.org/10.1137/18M1172363
http://arxiv.org/abs/1509.02505
http://arxiv.org/abs/2001.00925

Applied Mathematics & Optimization (2021) 84 (Suppl 2):S1969-S2010 S2009

38.

39.

40.

41.

42.
43.

44,

45.

46.

47.
48.

49.

50.

5L

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

Huang, M., Caines, P.E., Malhamé, R.P.: Social optima in mean field LQG control: centralized and
decentralized strategies. IEEE Trans. Autom. Control 57(7), 1736-1751 (2012)

Huang, J., Wang, S., Wu, Z.: Backward mean-field linear-quadratic-Gaussian (LQG) games: full and
partial information. IEEE Trans. Autom. Control 61(12), 3784-3796 (2016)

Kelly, F.P., Maulloo, A.K., Tan, D.K.: Rate control for communication networks: shadow prices,
proportional fairness and stability. J. Oper. Res. Soc. 49(3), 237-252 (1998)

Lacker, D.: Limit theory for controlled McKean-Vlasov dynamics. SIAM J. Control Optim. 55(3),
1641-1672 (2017)

Lasry, J.M., Lions, P.L.: Mean field games. Jpn. J. Math. 2(1), 229-260 (2007)

Li, S., Zhang, W., Zhao, L.: Connections between mean-field game and social welfare optimization.
Automatica 110, 108590 (2019)

Ma, Y., Huang, M.: Linear quadratic mean field games with a major player: the multi-scale approach.
Automatica 113(3) (2020)

Mas-Colell, A., Whinston, M.D., Green, J.R.: Microeconomic Theory. Oxford University Press, Oxford
(1995)

Moon, J., Basar, T.: Linear quadratic risk-sensitive and robust mean field games. IEEE Trans. Autom.
Control 62(3), 1062-1077 (2017)

Moulin, H.: Fair, Division and Collective Welfare. MIT Press, Cambridge (2004)

Ni, Y.H., Zhang, J.F,, Li, X.: Indefinite mean-field stochastic linear-quadratic optimal control. IEEE
Trans. Autom. Control 60(7), 1786-1800 (2015)

Nufio, G., Moll, B.: Social optima in economies with heterogeneous agents. Rev. Econ. Dyn. 28,
150-180 (2018)

Pham, H.: Continuous-Time Stochastic Control and Optimization with Financial Applications.
Springer, Berlin (2009)

Pham, H.: Linear quadratic optimal control of conditional Mckean-Vlasov equation with random
coefficients and applications. Probab. Uncertain. Quant. Risk 1(1), 1-26 (2016). https://doi.org/10.
1186/s41546-016-0008-x

Pham, H., Wei, X.: Dynamic programming for optimal control of stochastic McKean-Vlasov dynamics.
SIAM J. Control Optim. 55(2), 1069-1101 (2017)

Rami, M.A., Moore, J.B., Zhou, X.Y.: Indefinite stochastic linear quadratic control and generalized
differential Riccati equation. STAM J. Control Optim. 40(4), 1296-1311 (2001)

Rami, M.A., Chen, X., Zhou, X.Y.: Discrete-time indefinite LQ control with state and control dependent
noises. J. Global Optim. 23, 245-265 (2002)

Salhab, R., Malhamé, R.P., Ny, J.L.: A dynamic game model of collective choice in multiagent systems.
IEEE Trans. Autom. Control 63(3), 768-782 (2018)

Salhab, R., Ny, J.L.., Malhamé, R.P.: Dynamic collective choice: social optima. IEEE Trans. Autom.
Control 63(10), 3487-3494 (2018)

Sanjari, S.S., Yuksel, S.: Optimal solutions to infinite-player stochastic teams and mean-field teams.
IEEE Trans. Autom. Control 66(3), 1071-1086 (2021)

Sen, N., Huang, M., Malhamé, R.P.: Mean field social control with decentralized strategies and opti-
mality characterization. In: Proc. 55th IEEE CDC, pp. 6056-6061. Las Vegas, NV (2016)

Sun, J., Li, X., Yong, J.: Open-loop and closed-loop solvabilities for stochastic linear quadratic optimal
control problems. SIAM J. Control Optim. 54(5), 2274-2308 (2016)

Trichakis, N., Zymnis, A., Boyd, S.: Dynamic network utility maximization with delivery contracts.
IFAC Proc. Vol. 41(2), 2907-2912 (2008)

Wang, B.C., Zhang, J.F.: Social optima in mean field linear-quadratic-Gaussian models with Markov
jump parameters. SIAM J. Control Optim. 55(1), 429-456 (2017)

‘Wonham, W.M.: On a matrix Riccati equation of stochastic control. SIAM J. Control 6(4), 681-697
(1968)

Wu, Y., Wu, J., Huang, M., Shi, L.: Mean-field transmission power control in dense networks. IEEE
Trans. Control Netw. Syst. 8(1), 99-110 (2021)

Yong, J.: Linear-quadratic optimal control problems for mean-field stochastic differential equations.
SIAM J. Control Optim. 51(4), 2809-2838 (2013)

Yong, J., Zhou, X.Y.: Stochastic Controls: Hamiltonian Systems and HIB Equations. Springer, New
York (1999)

Yosida, K.: Functional Analysis, 6th edn. Springer, Berlin (1980)

@ Springer


https://doi.org/10.1186/s41546-016-0008-x
https://doi.org/10.1186/s41546-016-0008-x

S2010 Applied Mathematics & Optimization (2021) 84 (Suppl 2):S1969-S2010

67. Zhou, X.Y., Li, D.: Continuous-time mean-variance portfolio selection: a stochastic LQ framework.
Appl. Math. Optim. 42(1), 19-33 (2000)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Linear Quadratic Mean Field Social Optimization: Asymptotic Solvability and Decentralized Control
	Abstract
	1 Introduction
	1.1 Related Literature on Mean Field Type Optimal Control
	1.2 Our Approach
	1.3 Contributions and Organization
	1.4 Notation

	2 State Feedback for LQ Social Optimization
	2.1 The Formal Derivation of the Riccati Equation

	3 Asymptotic Solvability
	3.1 Main Result
	3.2 Solvability of the Limiting ODE System
	3.3 Interpretation of the Limiting Riccati ODEs

	4 Closed-Loop Dynamics and Mean Field Limit
	5 Decentralized Control
	5.1 Social Cost Under Decentralized Control
	5.2 Upper Bound of Optimality Gap
	5.3 Performance Comparison with the Mean Field Game
	5.4 Comparison with Mean Field Type Control

	6 Numerical Examples
	6.1 Asymptotic Solvability
	6.2 Performance
	6.3 Comparison Between the Social Optimum and the Mean Field Equilibrium

	7 Conclusion
	Acknowledgements
	A Proof of Lemma 1
	B Proof of Lemmas 2 and 4
	C Mean Field Game ODEs
	References







