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symbols of the transparent fractional transmission operators involved in Optimized
Schwarz Waveform Relaxation (OSWR) algorithms are approximated by low
order Lagrange polynomials to derive Lagrange-Schwarz Waveform Relaxation
(LSWR) algorithms based on local transmission operators. The LSWR methods
Keywords: are numerically shown to be computationally efficient, leading to convergence rates
Domain decomposition method almost similar to OSWR techniques.
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algorithm

Schroédinger equation

1. Introduction and methodology

Let us consider the following initial-boundary-value problem: find the complex-valued wavefunction u(x, t)
solution to the real-time NonLinear cubic Schrédinger Equation (NLSE) [1-3] set on R, d > 1,

10 = —Au+ V(x)u+ klul®u, xR t>0,
U(X,O) = uO(x)7 X € Rda

(1)

with initial condition ug, nonlinearity strength x > 0 and smooth potential V(x) > 0. When « = 0, (1)
refers to as the Linear Schrodinger Equation (LSE). The objective of the letter is the derivation of simple,
accurate and efficient transmission conditions for SWR-DDMs. In 1d (d = 1), the general principle consists
of approximating nonlocal fractional operators, such as ++/—1i0; + V, for V constant, which are involved in
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OSWR transmission conditions [4] by simple low order partial differential operators. For space-dependent
potentials ¥V, OSWR methods for LSE/NLSE are derived from artificial operators 9, + A% (z,d;), where
AE(2,0;) = Op()\i(aj,r)), with A*(x,7) = o(A%) where 7 is the covariable associated to t, through a
Nirenberg factorization, and o(A) is the symbol of a given pseudodifferential operator A. We also introduce

= Op(Af(z,7)), where A (z,7) = 7+ V(z) = 0,(A%) is the principal symbol of A*. We can
ShOW [5] for instance that for |7| > 1, A (l’ 7) — Mz, 7) = O(r71), and similar estimates can be established
for |7] < 1. Despite the fast convergence of OSWR methods [4,6,7], their prohibitive cost in quantum wave
problems is a consequence of the nonlocal character in time of the fractional operators A* and /1;[ [5,8].
These operators thus require the storage at all times of the solution at the subdomain interfaces which is
computationally expensive. In addition, the derivation of a stable and accurate discretization is non-trivial.
This is extensively discussed for (1) in the framework of absorbing boundary condition in [9,10]. We propose in
this letter to approximate )\i using Lagrange polynomials of degree ¢ > 1in 7, € (z,7) = ZZ:O a;t (z)7* [11].
Notice that more generally, if explicit expressions of the exact symbol AT are known, it is possible to apply
the methodology presented in this letter directly to A*. For i = 0, the corresponding transmission operator
is a Robin operator. The associated SWR algorithm was analyzed for the LSE in [4]. In a second stage,
we reconstruct the corresponding differential operators from these polynomial symbols. The interest of the
presented methodology is three-fold: (i) as the interpolation by Lagrange polynomials is performed from )\
we expect a fast SWR convergence [8], (ii) as the corresponding transmission operators are local dlﬂerentlal
operators, we expect a competitive computational complexity compared to OSWR methods, and finally
(iii) the derivation of the Lagrange polynomial is performed from )\;t without additional assumption on the
magnitude of |7|. Then for 7 € (0,7 ) and any x, we have

ng_l i
[N (2, ) — 65 ()|, < (z'+1)!||8t( TONE(z, )|,

Assuming that 7 varies between 01 and 7., we easily prove that, the Lagrange polynomial of degree one at
(0%, X (2,0%)) and (7oo, A (2, 7o) Teads

G (x,7) = <ﬁ+\/v + 7o = V() )

The corresponding first-order differential operator in time is then

(2, 8;) = (W VV() + 7o = V() ) 2)

Denoting now by 7, € (0,7s), the quadratic Lagrange polynomial at (0T, )\]:,t (z,0M)), (Tm, )\;t

(2,7pm)) and
(Toos AF (2, 7o) is given by
G (@0,7) = £(VV@) + Qo (@)7 + B o (2)72)
with
z) + T = ) + Too + (T = T2 )V V(@)

7'2 Tm T2 Too

B oo () mA/ V(T) + Too — )+ Ton + (Too — Tim) V(:r)

2 2
TE Tm — T3 Too

Om,00(T) =

The associated second-order differential operator in time is

LE(z,8,) = j:( V() — it o0(2)0s — @m,m(x)af). (3)

In Fig. 1, we report the symbols A, ¢ and (5, with V() = exp(—z2), for z € (=8,8), and 7 € (0, 7o, = 20)
(resp. 7 € (0, Top = 200)) with 7,,, = 7o0/2, in the region = ~ 0. We denote by ¢ the restriction of P o= to
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Fig. 1. Principal symbol and Lagrange polynomial approximation of degrees 1 and 2 at x ~ 0. Left: 7o = 20. Right: 7o = 200.

0F with 2F = (700,5/2), 0N- = (76/2, +oo) and € > 0 is the size of the overlapping region. For k = 0,
the OSWR method [5-8] is

PeE®) =0, in OF xRY,
¢i7(k)(.70) = ¢0i’ in Qsi’
(0 + Ti(ac,(“)t))¢i’(k) (££/2,°) = (9, + T*(x, 8t))(;5¢’(k_1)(j:(€/27 9, inRE,

with T* = A% where the following factorization occurs P = (9, 4+ A7)(0y + A1) + R, for P(x,0;) ==
i0 + A —V(x), and R € OPS™* is a smoothing pseudodifferential operator. The SWR, algorithm that we
propose consists of taking T+ = Ll-i, with ¢ = 1,2, and defined in (2)—(3) which approximate the operator
A;t = Op(/\;'t)7 where )\ij = 0,(A%). The obvious benefit is that, unlike A;,t, LE are local differential
operators. Moreover the Lagrange—Schwarz Waveform Relazation (LSWR) method is established without
any additional assumption on the time frequency magnitude, unlike OSWR methods. Indeed, although
in principle standard OSWR methods [5,8] may be derived independently of the frequency regime, to
get explicit expressions of the transmission operators, hypotheses on the frequency are usually necessary.
The LSWR method is applied in real-time for the dynamics or in imaginary-time by using the so-called
Continuous Normalized Gradient Flow (CNGF) method [2,3,8,12] for computing Hamiltonian operator
spectra. The latter needs in addition to the evolution a normalization at each imaginary time step. The
Lagrangian polynomials and corresponding differential operators can easily be obtained in imaginary-time [8]
by replacing 7 — it in Eii and 0y — i0; in L;t.

We now consider the NLSE (1), with £ > 0. In [8], we analyzed the convergence rate of the CSWR
and OSWR methods in imaginary-time. We show that a polynomial interpolation can still be used for
the NLSE to reduce the overall computational complexity of the OSWR methods, but still maintaining
a much faster convergence compared to basic CSWR techniques. A natural extension to the transmission
operators in the nonlinear case is as follows. The chosen OSWR method is derived by using A;t (x, 0 |0]) =
+0p(y/19; + V + £|¢[?) [8]. Then a natural extension of the LSWR approach to the NLSE reads for i = 1,2,

p(¢i,(k))¢i>(k) =0, in Qei x RY,
o=F(,0) = ¢F,  in QF,

(0 + L (2,01, 1050 ))) 6P (£ /2, ) = (95 + LE (2,04, [6T* D)) 6TV (£e/2,)),  in R,

where the operators L (which can be used in real or imaginary-time (t — it)) are such that

L1i(37,5t, lp|) = j:(« /V ¥ k|2 — i\/V + K¢+ Too —/V + /i|¢|2at>’

Too
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Ly (x, 04, |9])
2 /

2 2
TOO Tm — T Too

2 2
T2 Tm — T2 Too

7—m\/‘/ + K“¢|2 + Too — Too\/v + ’Q‘¢|2 + Tm + (TOO - Tm) V V+ H|¢|232> (4)
_ .

2. Discretization

At the discrete level, we solve (1) on a bounded domain {2, = (—a,a), a € R%. The subdomains of
interest are QIE = (fa,s/Q), Qe = (75/2,(1) and 2, = 2 U 2- = (—a,a), with the overlapping region
I'. = 03 N0Q- = (—e/2,¢/2), where ¢ > 0. The solution ¢ (resp. ¢~ ) in 2,7 (resp. £2,_) at time ¢, and
Schwarz iteration & (the time is also denoted by t%) for given (n, k), when necessary) is denoted ¢+"+1:(F)
(resp. ¢~ "*+1(*)). The index +¢/2 designates a function value at z = £¢/2 (such as ¢ /a(-) = ¢(-, £¢/2)
or Vi = V(£e/2)). As in [8], a Semi-Implicit Euler (SIE) scheme which is unconditionally stable and
convergent [2,3,12] is proposed to approximate (1). We denote by Az (resp. At) the space (resp. time) step.
For i = 2, Lli requires the approximation of a second-order local time derivative operator. The associated
storage at the boundary only needs the approximate solution at ¢,, and ¢,,_1.

2.1. Lagrange-SWR algorithm

In real-time, the semi-discrete LSWR method writes down

1L 02 V() — klgEmBR) FEmLE) _ _poem e
At At ’ e 5)
n—r+1,(k) F,n—r+1,(k
(0, + Lz At z)) {¢is/2 }{0<7‘<z} (8 + Lz At )) {¢ie/2 }{ogrgz‘}’

LR =0, at z = Fa,

where the operator Lf ¢ is obtained by semi-discretization in time of in. The convergence criterion for the
Schwarz DDM is set to

g™ = o= P,

Sc
I 0.r) S0 (6)

with §5¢ = 107! (“Sc” for Schwarz). In imaginary-time, At is replaced by iAt in (5). We then consider a
normalized initial guess ¢o and we set (¢ F) o= 0R)) = (¢F ¢ ) = (%\QL’%IQLE)’ for any k > 0. The
semi-discrete LSWR-SIE method for a two-domain decomposition of the CNGF is then
I +,m,(k)
(At 62—|—V( )+H|¢:I:n(k | (b:t n+1,(k) _ (rst’ in “Qj:aa

m—r+1,(k) TFn—r+1,(k) 7
(0 + LE @) {FE0 WY oy = (O L@ (G050} ey ™
pE LR =0, at z = Fa.

At each iteration (n + 1, k), the global solution 5”“’(’@) needs to be normalized
$+.,n+1,(k) +$—,n+1,(k)
[G+10) 1 G0y

For the CNGF convergence criterion for a given Schwarz iteration k of any SWR-DDM, we stop the
computation when [¢gn+h*) — (B < 5, with § small enough and |9 = sup,cq, [¢(z)]. When

¢n+1,(k) —

(8)
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the convergence is reached [8], the stopping time is: T®) = 7ove k) = pevek) At for a converged solution
V& (*) reconstructed from the two subdomains solutions ¢=°V&(*) In imaginary-time, the convergence
criterion for the Schwarz DDM is set to

[llg:oe® — gt

I I < 8% (9)

(0,76 S
At the discrete level and in real-time (resp. imaginary-time), we have 7., (At) &~ 1/At (resp. Too(At) =
—i/At) and 7,,(At) = 2/ At (rvesp. Ty (At) = —21/ At). Typically, transmission conditions, for i = 2,

(00 + L ae(x ){‘bis% T )}{0<r<2} = (00 + Ly ap(w ){qiar;? e }{0<r<2}

are semi-discretized in time at +e/2 as follows

¢:i:,n+1,(k+1) . ¢:i:,n,(k+1)
+e/2 +e/2

;n+1,(k+1) +,n41,(k+1) .
I¢i5/2 + V:l:E/Q(biE/g — 1l oo(iE/Q,At)

¢:t,n+1,(k+1) B 2‘%!} (41 ¢:i: n—1,(k+1)

_ﬁm,oo (iE/Q,At) +e/2 At22 +e/2

At

¢¥,n+1,(k+1) _ ¢¥7"7(1€+1)

n n . +e/2 +e/2
= xff)L/;l (h+1) 4 Vie/2</>L/;rl (k1) —1ozm)oo(i8/2,At) e/ e/

At
¢¥»”+17(k+1) o 2¢i177(k+1) + ¢¥,n—1,(k+l)
e/2

_ﬁm,oo (iE/Q,At) +e/2 T +e/2 ’

where
72 (A \/Vie o + T (At) — 72 (At)\/Vie 2 + Too (A) + (T2,(AL) — 72 (A)) V)2
tm,oo (£2/2, At) = T2 (At) 7 (At) — 72 (At) 7o (AY)
B oo(:b?/? At) _ T (At)\/ Ve o + Too (Al) — Too (At)\/ Vi /o + T (At) + (TOO(At) — Tm(At))\ /V:I:E/Q.
’ ’ T2 (At) T (AL) — 72, (At) Too (At)
A Finite Difference Method (FDM) is used in space.

2.2. Optimized SWR algorithm

We summarize here some elements for the discretization of the OSWR method [8]. The transparent
operator A% is approximated by a Taylor expansion assuming |7| > 1 and approximated numerically as
follows [3): 8,6+ AT (x, t,8,,0:)¢ = 0, with AT = Op(A++), where for the LSE an equivalent form of the
ABCs can be obtained (see [13], Corollary 2, page 321) as follows

A5 (0,1,0,,000 = 162202 (€7129),  AH4(0,1,0,,00)0 = 1716 — 0. (V(@)) (e *9), (10)

where we keep the same notations. The formal extension to the nonlinear case can be found again in [8].
The discretization of the nonlocal time operators is chosen as follows

0, f \FZ@L off, Lf Ath’“ (11)

where the sequence (8, )nen is such that, Gy = 1, and for n > 0, Bhy1 = (=1)"(1 — 2n)5,/(2n + 2). In
real-time, the OSWR-SIE method reads

I (k)12 | T (k) _ ¢in(k) +
<1At—|—6 V(x) — k|lp™™ >¢) ’ A in 27,
) /2 _ _ (12)
—im/4 +,n4+1,(k) _  Fn+l,(k-1) +,n,(k) F.n,(k—1)
+0; +e / m) ¢ia/2 = Y1c)2 +ais/2 YD) )

pT LR — 0 at z = Fa,
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Convergence rate comparison in real time Convergence rate comparison in imaginary time
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Fig. 2. LSE: comparison of the convergence rates (with k = 0) in real-time (left) and imaginary-time (right): OSWR, CSWR and
transmission operators with first- and second-order Lagrange polynomials.

where

:an+17(k571) _ Z|Z,n+1,(k 1 —1 4 +, ’n+1
gie/2 - iaﬂ:(biaﬂ i \/ ¢i5/2

Fom(k) _ —im/4 / k) T4 (k) .8, (k)
a:ts/Q - /- :I:s/2 Zﬂn—i—l eE:ts/2 ¢is/2 ) (13)
F,n (k) -+ n,(k) 1
E:i:e/Z = eXp( AtZ (Vaes2 + “‘4515/ | )> E:ts/Z = EI r/L KOR
e/2

Let us remark that the computational complexity for updating the transmission conditions is proportional
to the number of time iterations and needs the storage of the solution at the interface at all time. As it is
well-known, this naturally constitutes a fundamental computational complexity issue in higher dimension
and leads to possible stability problems. In imaginary-time, we refer to [8] for a full description of the
OSWR-SIE scheme for LSE/NLSE.

3. Numerical experiments

We solve (1) on (—8,8) in imaginary-time for computing the ground state of the Hamiltonian operator
and in real-time for a wavepacket evolution. Homogeneous Dirichlet boundary conditions are imposed at +8.
For the LSE, we consider V (z) = 22/24 25sin?(rz/2) and x = 0 (resp. NLSE V() = 2% and x = 100). The
initial data is given by exp(—z2)r~ /4. A semi-implicit Euler scheme approximates (1), with At = 0.1 and
Az = 16/255. In real-time, the final time is T = 5. The size of the overlapping region is fixed to e = Az. At
the subdomain interfaces, we impose the transmission operator 9, +T*(z, d;), with T+ (x, 9;) = Zi"l(m, Or)
(OSWR) see (10), T*(x,8;) = LE(z,0;) (i = 1,2, LSWR) and T*(z, ;) = +1 (CSWR). Notice that to start
the time iteration in the case i = 2, as ¢q is the unique available Cauchy data, we use L; rather than Ls.

We first consider that k = 0. In Fig. 2-left (resp. Fig. 2-right), we compare the convergence rates of
the OSWR, CSWR and LSWR methods with respect to the Schwarz iteration k, i.e. (6) in real-time and
(9) in imaginary-time. We remark that as expected OSWR provides the fastest convergence rate but the
approximation of the exact principal symbol )\;,t by low order Lagrange polynomials also leads to a fast
convergence. In both cases, the more accurate the Lagrange interpolation, the faster the convergence.

Next, we consider k = 100 in real-(resp. imaginary-)time and compare in Fig. 3-left (resp. Fig. 3-right)
the rates of convergence of the OSWR, LSWR and CSWR methods for the transmission operators, with
respectively Ti(xa O, |0]) = Zi,4(x’ 9, |91), Ti(xv O, |9]) = Lz:‘t(xv 9, |9]) (i =1,2) and Ti(xv O, |9]) =
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Convergence rate comparison in real time Convergence rate comparison in imaginary time
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Fig. 3. NLSE: comparison of the convergence rates (with x = 100) in real-time (left) and imaginary-time (right): OSWR, CSWR
and transmission operators with first- and second-order Lagrange polynomials.

As in the linear case, we observe that the LSWR approach provides almost the same convergence rate as
for the OSWR method. Let us notice that the overall convergence rate is very fast in imaginary-time, even
for the CSWR which is due to the large value of x (see [8] for further explanations).

4. Conclusion

In this letter, we have shown that approximating symbols of transparent transmission operators by low-
order Lagrange interpolation polynomials leads to the construction of efficient discrete Schwarz waveform
relaxation domain decomposition methods. Using low order Lagrange polynomials, LSWR methods almost
exhibit the same convergence rates as for the OSWR techniques for the LSE/NLSE. This promising
methodology will be analyzed and tested on larger scales and higher dimensional problems.
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