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Linear recurring sequences

Around 1200:
Fn = Fn−1 + Fn−2

0, 1, 1, 2, 3, 5, 8, 13 . . .

Leonardo Pisano
(Fibonacci)
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Linear recurring sequences

Throughout the years:

I integers

I reals

I complex

I integers mod p

I finite fields (1900)
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Binary linear recurring sequences are implemented in circuits
using feedback shift registers

a2 a1 a0 output

⊕
an = an−1 + an−3

a0 = 1, a1 = 0, a2 = 0
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a0a1· · · output

f

an−2an−1

Definition (q-ary FSR sequence)

A sequence a = (a0, a1, . . . ) is called a q-ary FSR sequence
generated by a n-stage FSR with feedback function
f : Fqn → Fq and initial state (a0, . . . , an−1) if it satisfies the
recursion ak+n = f (ak , . . . , ak+n−1), k = 0, 1, 2, . . .
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a0a1· · · output

f

an−2an−1

Definition (LFSR sequence)

A FSR sequence with feedback function f is called a LFSR
sequence if f is linear. That is, f is of the form

f (a0, . . . , an−1) = cn−1an−1 + cn−2an−2 + · · ·+ c1a1 + c0

with ci ∈ Fq
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Definition

Let {a}i∈N be a q-ary sequence. If there exists an r > 0
such that ai+r = ai for all i ≥ 0 then the sequence is said to
be periodic with period r .

Theorem

The period of a sequence generated by a n-stage LFSR over
Fq divides qn − 1.
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Connection with polynomials

Definition (Left shift operator)

For any sequence {ai}i≥0 = (a0, a1, . . . ) ∈ V (Fq) the left
shift operator L is defined as L(a0, a1, . . . ) = (a1, a2, . . . ).

L is a linear transformation of the v.s. of sequences over Fq
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Suppose a = (a0, a1, . . . ) satisfies

ak+n =
n−1∑
i=0

ciak+i , k ∈ Z≥0, ci ∈ Fq

Then we also have

Ln(a0, a1, . . . ) =
n−1∑
i=0

ciL
i (a0, a1, . . . ).

Equivalently,(
Ln −

n−1∑
i=0

ciL
i

)
(a0, a1, . . . ) = (0, 0, . . . )

Denote

f (x) = xn −
n−1∑
i=0

cix
i

We have

f (L) = Ln − cn−1Ln−1 − · · · − c1L− c0I

and f (L)(a0, a1, . . . ) = 0
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Definition

For any infinite sequence (a0, a1, . . . ) if there exists a
nonzero polynomial f ∈ Fq[x ] such that
f (L)(a0, a1, . . . ) = 0, then the sequence (a0, a1, . . . ) is called
an LFSR sequence. The polynomial f is called a
characteristic polynomial of (a0, a1, . . . ) over Fq. The
reciprocal polynomial of f is called the feedback polynomial
of (a0, a1, . . . ).
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Definition

Let a be a q-ary LFSR sequence and P be the set of all
characteristic polynomials of a. The lowest degree
polynomial in P is called the minimal polynomial of a over
Fq.

Theorem

Let a be an LFSR sequence over Fq and m ∈ Fq[x ] be a
minimal polynomial for the sequence a. This minimal
polynomial of a is unique and satisfies

I m(L)(a) = 0

I for f ∈ Fq[x ], we have f (L)(a) = 0 if and only if m|f

Theorem

Let a be an LFSR sequence with minimal polynomial m.
Assume that m is irreducible over Fq of degree n. Let α be a
root of m in Fqn . We have period(a) = period(m) = ord(α).
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maximal sequences

Theorem

The period of a sequence generated by a n-stage LFSR over
Fq divides qn − 1.

Definition (m-sequence)

A sequence over Fq generated by a n-stage LFSR is called a
maximal length sequence, or in short a m-sequence, if it has
period qn − 1.

We have the following important fact for such sequences.

Theorem

A LFSR sequence is a m-sequence if and only if its
characteristic polynomial is primitive.
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Definition

The linear complexity of a LFSR sequence is the degree of
its minimal polynomial. Equivalently, it is the number of
registers of the smallest LFSR that produces the sequence
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Definition

1. We define k consecutive zeros (ones) preceded by a one
(zero) and followed by a one (zero) of a binary sequence
of period N as a run of k zeros (ones).

2. For a binary sequence a of period N, the autocorrelation
function of a, denoted by ca(τ) is defined as

ca(τ) =
N−1∑
i=0

(−1)ai+ai+τ

where the indices are taken modulo N.



LFSR sequences

History and
Motivation

Basic definitions

Connection with
polynomials

Randomness
properties

Definition (Golomb’s randomness postulates)

I Balance property. In every period, the number of
zeros is nearly equal to the number of ones (the
disparity does not exceed 1, or |

∑N−1
i=0 (−1)ai | ≤ 1).

I The run property. In every period, half of the run have
length 1, one fourth have length 2, one eighth have
length 3, and so on. For each of these lengths there are
the same number of runs of 0’s and runs of 1’s.

I Two level autocorrelation. The autocorrelation
function c(τ) is two-valued given by

c(τ) =

{
N if τ = 0 mod N

k if τ 6= 0 mod N,

where k is a constant. If k = −1 for N odd, or k = 0
for N even, we say that the sequence has the ideal two
level autocorrelation function.
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Definition (Golomb’s randomness postulates)

I The ideal k-tuple distribution. In every period of a, if
each nonzero k-tuple (l1, l2, . . . , lk) ∈ Fk

q occurs qn−k

times and the zero k-tuple occurs qn−k − 1 times, then
we say that the sequence satisfies the ideal k-tuple
distribution

Theorem

m-sequences satisfy all of the above properties


	History and Motivation
	Basic definitions
	Connection with polynomials
	Randomness properties

