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Finite dynamics

Let X be a finite set and f : X — X.

@ For x € X, let n> 1, m > 0 be the smallest integers such that
Firtm)(x) = £F(M)(x). Then, per(x) = n, pper(x) = m.

>
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x
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Finite dynamics

Let X be a finite set and f : X — X.
@ For x € X, let n > 1, m > 0 be the smallest integers such that
frm(x) = fM(x). Then, per(x) = n, pper(x) = m.
e Functional graph: directed graph G(f/X) with vertex set X and
edges (x, f(x)) for x € X (indeg(x) = #f~*(x) and outdeg(x) = 1). )
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Chebyshev polynomials

The Chebyshev polynomial T, of degree n is the only degree-n polynomial
with integer coefficients verifying

To(x +x71) = x" 4+ x7", for all non-zero x € Z.

This is a family of multiplicative polynomials: T,o T, = Tpm
for all m,n € Z™. In particular, T,Sk) = Tk, where £(k) denotes
the composition of f with itself k times.

Examples:

To(x) =1, Ti(x) = x, Ta(x) = x2 — 2,
Ta(x) = x> —3x, Ta(x) =x* —4x® +2,....

!Another way: T,((x +x71)/2) = (x" + x~")/2, for all:non-zero x-€ Z.
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Chebyshev and Dickson polynomials

Chebyshev polynomials are closely related to Dickson polynomials. Let n

be a positive integer. For a € Z, we define the n-th Dickson polynomial of
the first kind Dp(x, a) by

Ln/2)

Da(x,a)= Y — ( n—i ) (—a)ix"~2.

- n—i I
i=0

Dickson polynomials are related to the Chebyshev polynomials through the
connection 2

Dp(x,1) = Th(x).

2With the other definition this becomes D,(2x, 1) = 2 Tx(x).
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The functional graph of Chebyshev polynomials

Describing the dynamics of the Chebyshev polynomial T,, acting on the
finite field Fg is equivalent to describing the Chebyshev's graph G(T,/Fq).

Iterations of Chebyshev polynomials over finite fields have been treated in
Gassert (2014). He gives the graph and periodicity properties for
Chebyshev polynomials over finite fields when the degree of the polynomial
is a prime number.

We study the action of Chebyshev functions of any degree over non-binary
finite fields. We give a structural theorem for the functional graph from
which it is easy to derive many periodicity properties of these iterations.
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Example: the functional graph of T3 on Fy3 3

@\. )N

®

Figure: The graph G(30,13) = Cyc(1, T) & Cyc(3, T').

3T30(x) = x*® — 30x*® + 405x%° — 3250x>* 4 17250x** — 63756x°° + 168245x'% —
319770x*°4+436050x** —419900x*2+277134x°—119340x° +30940x° —4200x% +225x% =2
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Example: the functional graph of T3g on Fqg

Figure: The graph G(30,19) = Cyc(1, T).
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Example: the functional graph of T3g on o3

Figure: The graph G(30,23) = Cyc(1, T) & Cyc(5, T').
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Example: the functional graph of T3g on 39

Figure: The Chebyshev functional graph G(T30/F739).
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Description of the Chebyshev polynomial graph

Notation.

For n,d € Z* with gcd(n, d) = 1 we denote the order and the semiorder
of n modulo d by

@ o4(n) the least positive integer satisfying n%(") =1 (mod d).
@ 34(n) the least positive integer satisfying n%(") = 4+1 (mod d)
For n,m € Z* we denote by

e rad(m) the radical of m (product of the distinct primes divisors of m).
(Example. m=2%.52.11-17° = rad(m) =2-5-11-17)

@ The n-decomposition of m is m = vw, where rad(v) | rad(n) and

ged(w, n) = 1.
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Description of the Chebyshev polynomial graph

Isomorphism theorem for Chebyshev polynomial graph
Let g — 1 = vowo and g + 1 = 1w be the n-decomposition of g — 1 and
q + 1, respectively. Let B={acF, T(k) +2 for some k > 0} and

A=Tg\ B. Then G(T,/Fq) = G( ,,/A)@Q( T,/B). For the non-binary
component A we have the following isomorphism formula:

g(Tn/A) = ;e % XCyC (6d(n)7 TVo(n)) ;e 2(2((1((1,)1) XCyC (6d(n)7 Tul(n))

d>2 d>2

For the binary component B we have the isomorphism

B 2><Cyc( LATm + 3 Tum) if n is odd.
G(T,/B) = { CyC( AT + 3T — (o)) if nis even.
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Estimates on N, Ty, C and T of Chebyshev iterations

We apply our structural theorem to deduce explicit formulas for the
parameters N, Ty, C and T for Chebyshev polynomials, where

e N is the number of cycles (that is, the number of connected
components),

To is the number of cyclic (periodic) points,

°

@ C is the expected value of the period,

@ T is the expected value of the preperiod, and
°

R is the expected rho length.

The average rho length can be obtained from R=C+ T.
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Parameters of Chebyshev iterations

Estimates on N, Ty, C and T of Chebyshev iterations

Let n be a positive integer. Let g — 1 = vywp and g + 1 = rjw; be the
n-decomposition of g — 1 and q + 1, respectively. Let 64(n) be the least
positive integer satisfying n%(") = +1 (mod d), v(n) = (a1,...,ap) and
vi(n) = (bo, ..., bpr). Then, the following holds:

e the number of cycles in g(T /Fq) is

N, ) = 3o BB + Sapr 2F):

84(n)
e the number of periodic points is given by Ty(n, q) = %

e the expected value of per(a) where a runs over the elements of Fy is
1 1 ~
C(n,q) = S (55 X 9()8a(n)) + SH(Z; Xy ©(d)8a(n));
o the expected value of pper(a) where a runs over the elements of Fy is
~1 D-1 1
T(n )= S2(E Y07 a1 a) + SEE X2 by ).
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Sketch of isomorphism theorem proof

Ingredient 1: Splitting the graph in two components: the non-binary
and the binary component

Consider B = {a € Fy : T\ = +2 for some k > 0} and A=TF, \ B.
o If nis even T,(—2) = T,(2) =2 and B is the (backward) orbit of the
fixed point 2. If nis odd T,(—2) = —2 and T,(2) = 2. In this case B
is the union of the (backward) orbit of the fixed points 2 and —2.
Thus, B is T,-invariant.
@ A is the complement of a T,-invariant set, thus A is T,-invariant.

@ Then

G(Tn/Fq) = G(Tn/A) @ G(Ta/B).
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Sketch of proof (for the non-binary component)

Ingredient 2: Splitting of the non-binary component G(T,/A)
Let H be the multiplicative subgroup of IE‘ZZ with order g + 1 and
n: HUF, — Fq be the map given by n(a) =a+a L
e For a e F,\ {£2}, n71(a) = {a, a1}, the roots of x2 —ax +1 = 0;
a® —4is a square = 1 !(a) = {a, a1} CF;\ {£1}; «— F/
a®> — 4 is a non-square = 1~ !(a) = {a, a1} C H\ {1} «+—F_.
n~H(2) = {1}, n7'(-2) = {-1}.
o From above we decompose Fy = F} UF, U {£2}.

o We also prove that AN IF';F and ANF, are Ty-invariant which gives
us the following decomposition:

G(Ta/A) =G(Ta/ANFL) & G(T,/ANTF,).
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Sketch of proof (for the non-binary component)

Ingredient 3: Restricting to the periodic points

Consider again the map n: HUF; — Fq , n(a) = a + a .
Let P be the set of T,-periodic points, o € HUTF, and a = n(a) € F,.
@ We prove that a € P if and only if ord(«) is coprime with n. In this
case:
If o € Iy, then ord(a) | g — 1 = vowo = ord(«) | wo.
If « € H, then ord(e) | g + 1 = rqw1 = ord(a) | wy.
@ For d |wo,d | wy we define Py = {a € HUF : ord(a) = d}.
@ We prove the following decomposition in T,-invariant sets:

AOF;Q [P = Lﬂd|w0 Py and AﬂFg = E’Jd\uﬂ Py.
d>2 d>2

Let GP®" be the restriction graph to the periodic points.
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Sketch of proof (for the non-binary component)

continuation...

@ From which we obtain:
GPe(T,/AN F;) = @d|wo G(T,/Pq) and
d>2

>
GPeN(T,/ANFy) = EBZ'“% G(Tn/Pg)-
>

@ We use a counting argument to prove that #Py = ¢(d)/2 for d > 2
and that the period of the points in Py is exactly 64(n). Therefore,

GPEI(T,/A ﬂIF;) — @leg % x Cyc (64(n), ) and
>

GPeN(T,JANTF,) = GBZ'“% 28 x Cyc (84(n), o).
>

Claudio Qureshi The graph of Chebyshev polynomials 18 / 27



Sketch of proof (for the non-binary component)

Ingredient 4: Description of the trees

Let r,(x) = x" and A = 71(A). The following diagrams commute:

HNA—~F . nA and FiNA—>FinA

,n] tr o tr
~ n _ 3 ~ n

HNA—TF,;NA IquA—>IF;rmA

where in both cases 7 establishes a 2-1 correspondence. We prove:
@ «a is ry-periodic if and only if a = n(«) is T,-periodic;

and the following results relating to the trees:
o To(To/Fg NA) = Tarn/HNA) = To(ra/H) = To(mn/Zg+1) and
o To(Tn/Fy NA) = Talra/Fy N A) = Talrn/Fy) = To(mn/Zg-1),

where m,(x) = nx is the multiplication-by-n map.
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Sketch of proof (for the non-binary component)

Ingredient 5: Trees associated with v-series

In the paper “Rédei actions on finite fields and multiplication map in cyclic
groups”, SIAM Journal on Discrete Mathematics 29 (2015), 1486-1503; we
prove the following result about the functional graph of the
multiplication-by-n map on the cyclic group Z,,, (with rad(v) | rad(n)
and ged(w, n) = 1):

g(mn/Zyw) - @{ Sp(d) X CyC(Od(n), Tu(n))} :

d|w Od(n)

If g—1=1pwp and g + 1 = vw; are the n-decomposition of g — 1 and

g + 1, we conclude that all the trees attached to cyclic points in
G(T,/AN IE‘;F) are isomorphic to T, and all the trees attached to cyclic
points in G(T,/ANT) are isomorphic to T, (n).

v
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Sketch of proof (for the non-binary component)

Ingredient 5: Trees associated with v-series (continuation)

If rad(v) | rad(n), we define the following sequence: v; = ged(v, n)

14

1/,~+1=gcd< ,n), for i > 1.

muvy...v;

Let D = max{i > 1:v; > 1}, then v(n) := (v1,12,...,vp) is the v-series

relative to n. By convention, for v = 1 we define v(n) = (1) for all n.
The tree Ty, ,,....p) associated with the v-series is defined as:

T = o
{ Th = (e x T Lo @ (v — vig1) x T for 1 < k < D,

and

o)

il
Twramwo) = (0 = 1) x TP @ P (i —vig1) x T'7H).

i=1

By convention T(;) =e.
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Sketch of proof (for the non-binary component)

Figure: Inductive definition of Ty for V = (v, 15,13, 14).

Ta' T 2 -|-1 1
YIVEWY VT,
V3 -1y Vy—113—14 1a-13
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Sketch of proof (for the non-binary component)

Ingredient 5: Trees associated with v-series (continuation)
Given that
o GPI(T,/ANTFY) = @alu, 354 X Cyc (8a(n), ») and
d>2
o GPEN(T,/ANF,) = EBZ'“ 2 % Cyc (84(n), @),
>2
we obtain
® G(To/ANTFE) = Bluy 2005 * Cyc (8a(n), Tyy(m) and
d>2
® g(Tn/A N ]Fc?) = @dkul % X Cyc (5(/(”)7 Tul(n))r
d>2
and using that

G(Tp/A) = Q(T,,/Aﬁ}Fq*) ®G(Ta/ANTF,),

we conclude the proof.

Claudio Qureshi The graph of Chebyshev polynomials

23 /27



Chebyshev polynomial graph

Example: the functional graph of T3q on [F739.

@ 30-decomposition of 738 and 740: 739 — 1 = 738 = rpwqg with
vg = 18,wg =41, and 739 + 1 = 74Q = 1wy with 11 = 20, w7 = 37.
Since ¢(41) = 40, 641(30) =20 (30" # £1 (mod 41) for 1 < i < 20
and 30%° = —1 (mod 41)), ¢(37) = 36, 637(30) = 9 (30" # +1
(mod 37) for 1 < i < 9 and 30° = —1 (mod 37)), the non-binary
component of G(T30/F739) is given by:
g“on'b'"(T3O/IF739) = Cyc(20, T18(30)) @ 2 x Cyc(9, T20(30)).
We have 18(30) = (6,3) and 20(30) = (10,2). Therefore

GOMPIN (T3 /F739) = Cyc(20, T6,3)) ® 2 x Cyc(9, T(102))-
The binary component is given by

: 1 1
GPin(30,739) = Cyc <1, 5763 1 5 T(02) — <°>) :
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Example: the functional graph of T3g on 39

Figure: The non-binary component
gnon_b'n(T30/F739) = Cyc(20, T(e,3)) @ 2 x Cyc(9, T10,2))-
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Example: the functional graph of T3g on 39

JOSRY-
K\U@ _

Figure: The binary component graph
gPin(30,739) = Cyc (1,3 T3 + 3 Tao) — (o).
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Example: the functional graph of T3g on 39

Figure: The Chebyshev functional graph G(T30/F739).
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Example: the functional graph of T3g on 39

Figure: The Chebyshev functional graph G(T30/F739).

Thanks for your attention!
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