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Abstract

The notion of hyperdecidability has been introduced by the first author as a tool to prove
decidability of semidirect products of pseudovarieties of semigroups. In this paper we consider
some stronger notions which lead to improved decidability results allowing us in turn to establish
the decidability of some iterated semidirect products. Roughly speaking, the decidability of a
semidirect product follows from a mild, commonly verified property of the first factor plus the
stronger property for all the other factors. A key role in this study is played by intermediate free
semigroups (relatively free objects of expanded type lying between relatively free and relatively
free profinite objects). As an application of the main results, the decidability of the Krohn-
Rhodes (group) complexity is shown to follow from non-algorithmic abstract properties likely
to be satisfied by the pseudovariety of all finite aperiodic semigroups, thereby suggesting a new
approach to answer (affirmatively) the question as to whether complexity is decidable.

1. Introduction

Extending to the realm of semigroups the Burnside/Kaloujnine-Krasner decomposition theory for
groups in terms of wreath products, Krohn and Rhodes [29] proposed a measure of the complexity of
finite semigroups and asked whether the complexity function can be effectively computed. Eilenberg
[20] in turn developed a general abstract framework to deal with this and various other problems in
finite semigroup theory. Within this framework, the Krohn-Rhodes problem becomes a question of
decidability of membership for (iterated) semidirect products of pseudovarieties of semigroups, with
only two factors intervening, namely the pseudovariety G of all finite groups and the pseudovariety
A of all finite aperiodic semigroups. As announced in [1] and recently established in [37], decidability
(of membership) is known not to be preserved by the semidirect product operation and so the
problem is at least apparently nontrivial.

Motivated to a large extent by the Krohn-Rhodes problem, various techniques and results in fi-
nite semigroup theory have been obtained over the last three decades. Naturally, before evolving to
a more a less definitive form, many of them required contributions and ideas of many authors, but
this is not the time nor the place to acknowledge all of them. We rather refer briefly to the “state-
of-the-art” form of the contributions. Among them, deserve particular mention the Tilson theory
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of categories and their relevance for the calculation of semidirect products [48], the formulation of
this theory in terms of profinite objects and pseudoidentities leading to bases of pseudoidentities
for semidirect products [15], Ash’s celebrated proof of the Rhodes “type II conjecture” [18, 26],
Henckell’s proof that A-pointlike subsets of finite semigroups are computable [23], and the first
author’s recent synthesis of many of the former ideas with the theory of hyperdecidable pseudova-
rieties [5]. Recently, J. Rhodes has drawn attention to the relevance of McCammond’s work on
Burnside semigroups [30], the results of this paper adding to his arguments that in fact that work
should play an important role in completing the solution of the Krohn-Rhodes problem.

This paper builds basically on two ideas. The first, which has been the first author’s program
over the last couple of years, is to find properties of pseudovarieties V and W such that the
semidirect product V ∗W has the properties assumed for V and these imply decidability. The
first declared systematic attempts at searching for such properties were made in [5] but fell short
of the aims. Nevertheless, they led to the notion of hyperdecidability, which in turn shed new
light into the work of Ash and its relationships with the profinite topology, as appearing in the
Ribes and Zalesskĭı proof of the type II conjecture, particularly through the work of Delgado [19].
The second idea is essentially to look for proofs of the existence of algorithms rather than finding
efficient algorithms, proving that a set is recursive by showing that both it and its complement, in
a suitable recursively enumerable universe, are recursively enumerable. Although this is an old and
well-known idea, its relevance in this context was only recently emphasized by the second author
in [44] and [45]. In this paper, this idea is systematically explored, leading to many theoretical
decidability results and to a suitable choice of properties which make the first idea also work.

The properties of the semidirect factors that are introduced here are the following. On one hand,
we require the first factor V to (globally) have a recursively enumerable basis of pseudoidentities
involving only computable operations. The properties for W are expressed in terms of what we
call intermediate free semigroups. These are (relatively) free semigroups in an enlarged algebraic
signature using only implicit operations, i.e., operations which do not destroy any semigroup homo-
morphisms. We ask that W be recursively enumerable and, with respect to a suitable recursively
enumerable signature σ of computable implicit operations, that its intermediate free semigroups
have decidable word problems, and that, furthermore, W-inevitability of labelings of finite graphs
by finite semigroups may be tested by looking only at the natural relational morphism into the free
intermediate free object with respect to the signature σ. The main theorem asserts that then the
semidirect product V ∗W has the property which was required for V. Moreover, if V is assumed
to be recursively enumerable then so is V ∗W and therefore it is decidable.

Thus the first author’s program is fulfilled. And it is so in a reasonable way in the sense
that the properties required for the second factor W are fairly common. Based on the results of
Ash, we show that G has them, and many other positive examples are also indicated. To prove
complexity is decidable, it therefore suffices to show that A also has the same properties (for a
suitable signature σ).

Finally, a word of warning. In general, graphs, semigroups, and semigroupoids are considered
here up to isomorphism. So, one may, at least in theory, effectively enumerate all finite such
structures and this is repeatedly done in the algorithms throughout this paper. It is however
only fair to emphasize that such enumerations are rather impractical. For instance, the number of
semigroups of order at most 8 (up to isomorphism and anti-isomorphism) is approximately 1.8×109

[43]. Thus, our algorithms appear to be only of theoretical value, the aim being to prove decidability
of various problems rather than being able to actually solve those problems in practice. However
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one should not be surprised by a lack of efficiency in any decidability result that ecompasses such a
wide class of pseudovarieties. To obtain truly efficient algorithms, one will need to take advantage
of the fine structure available in each particular case and in fact by imposing further restrictions on
the problems, a careful analysis of the algorithms may nevertheless lead to practical algorithms. For
instance the standard efficient algorithms for Sl ∗G and A ∗G are based on the same principles
used in our general algorithms but take advantage of specialized knowledge of the structure of the
inevitable one-vertex graphs for G. We also mention the results of this paper go a long way towards
verifying the natural conjecture of [37].

2. Preliminaries

See: [3] for undefined terms and notation in general; [48, 15] specifically for graphs, semigroupoids,
pseudovarieties of semigroupoids, pseudoidentities for semigroupoids, and semidirect products;
[5] for the definition of hyperdecidability and its significance.

Bold face words such as V, W, Ab, Com will denote pseudovarieties, where appropriate of
semigroups or semigroupoids. Since we are mostly interested in pseudovarieties of semigroups,
although occasionally we do need to consider pseudovarieties of semigroupoids, whenever the word
pseudovariety is used in this paper without specifying one of the two types of algebraic structures,
we mean pseudovariety of semigroups.

Let V be a pseudovariety of semigroups. Recall that the pro-V uniformity on a semigroup S
is the least uniformity rendering uniformly continuous all homomorphisms S → T with T ∈ V,
where finite semigroups are endowed with the discrete uniformity; the pro-V topology on S is the
topology determined by its pro-V uniformity.

The free semigroup on a set A in the variety generated by V is denoted by ΩAV. Unless V
consists only of singleton semigroups, the mapping giving each element of A as a free generator
of ΩAV is injective and thus we will generally treat A as embedded in ΩAV. The pro-V completion
of ΩAV, denoted ΩAV, is the completion of ΩAV with respect to the pro-V uniformity. The
topological semigroup ΩAV may also be constructed as the projective limit of all A-generated
members of V. As such, it is a pro-V semigroup, i.e., a compact zero-dimensional semigroup which
is residually in V, and in fact it is freely generated by A as a pro-V semigroup. In particular, every
function ϕ : A → S with S ∈ V extends uniquely to a continuous homomorphism ϕ̂ : ΩAV → S.
Thus, each π ∈ ΩAV may be viewed as an A-ary operation on V whose interpretation on S is given
by

SA −→ S

ϕ 7−→ πϕ̂

It is easy to show that such an operation commutes with homomorphisms between members of V,
and is thus an entity which in the literature is known as an implicit operation (or a pseudoword).
Conversely, every A-ary implicit operation on V is of this form.

For a finite set A, denote by RatA∗ (respectively RatA+) the set of all rational languages of A∗

(resp. A+), that is the set of all languages over A which have rational expressions or equivalently
are recognized by finite state automata.

The semidirect product (of pseudovarieties) considered in this paper is what Tilson [48] calls the
wreath product. So, for pseudovarieties V and W of semigroups, V ∗W is generated by all wreath
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products S ◦ T and also by all left unitary semidirect products S ∗ T (in both cases with S ∈ V
and T ∈W). In particular, the semidirect product is an associative operation on pseudovarieties.

For a pseudovariety V of semigroups, gV denotes the global of V, that is the pseudovariety of
semigroupoids generated by the members of V viewed as one-vertex semigroupoids.

For the reader’s convenience, we gather here a list of pseudovarieties which appear in this paper:

A = {finite aperiodic semigroups}
Ab = {finite Abelian groups}

Com = {finite commutative semigroups}
CR = {finite completely regular semigroups}
CS = {finite (completely) simple semigroups}
D = {finite semigroups in which idempotents are right zeros}
G = {finite groups}

Gp = {finite p-groups} (p prime)

J = {finite J-trivial semigroups}
K = {finite semigroups in which idempotents are left zeros}
L = {finite L-trivial semigroups}

LI = {finite locally trivial semigroups}
N = {finite nilpotent semigroups}
R = {finite R-trivial semigroups}

RZ = {finite right-zero semigroups}
S = {finite semigroups}

Sd = {finite semigroupoids}
Sl = {finite semilattices}.

For a pseudovariety V of semigroups, we denote by pV the unique continuous homomorphism
ΩAS→ ΩAV which restricts to the identity on A.

3. Some connections between hyperdecidability and intermediate
free semigroups

Let σ denote a set of symbols for finitary semigroup implicit operations on subsets of a fixed count-
able set, including the binary operation of multiplication. We call such an algebraic signature an
implicit (semigroup) signature. We sometimes identify the symbols in σ with the implicit opera-
tions they represent, viewing σ as a signature for algebraic structures which we call σ-semigroups.
In particular, we view finite semigroups as σ-semigroups under the interpretation of symbols in σ
as the interpretations of the implicit operations they represent. Since the composition of implicit
operations produces implicit operations, we also view the semigroups ΩAV of implicit operations
over a pseudovariety V of semigroups as σ-semigroups in the natural way. The σ-subsemigroup
of ΩAV generated by A will be denoted by Ωσ

AV, A being identified with the set of component
projections.

For a pseudovariety V of semigroups, we denote by Vσ the variety of σ-semigroups generated
by V. The Vσ-free σ-semigroup on a set A is then the σ-semigroup Ωσ

AV (cf., e.g., [3, Prop. 3.4.2]).
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We therefore call such a σ-semigroup Ωσ
AV an intermediate free semigroup for V.

An important example is given by the canonical signature κ consisting of the multiplication
and the unary operation x 7→ xω−1 which, to an element s of a finite semigroup with n elements,
associates the inverse of s1+n! in the cyclic subgroup generated by this power, i.e. s2n!−1. The cor-
responding intermediate free semigroups for some familiar pseudovarieties are described in Table 1,
where we omit associativity of multiplication in the κ-identity bases and we write xω instead of
xω−1x.

V free κ-semigroup over V basis of identities for Vκ

G free group xω = 1

Ab free Abelian group xω = 1, xy = yx

CS free completely simple x(yx)ω = x, (xω)ω = xω = xxω−1

CR free completely regular xxω−1x = x, xω−1xxω−1 = xω−1, xxω−1 = xω−1x

J free profinite J-trivial (xy)ω = (yx)ω = (xωyω)ω, xω−1x = xω−1 = xxω−1,
(xω)ω = xω [3, Theor. 8.2.7]

D (∼) free Wilke algebra xyω−1 = yω = yω−1, (xy)ωx = (yx)ω, (xr)ω = xω

(r ≥ 2) [49], [31, Theor. II.6.1]

R x(yx)ω = (xy)ωx = (xy)ωxω = (xy)ω, (xωyx)ω =
(xωy)ω, (xy(xz)ω)ω = x(y(xz)ω)ω, xxω = (xω)ω =
xω−1 = xω, (xr)ω = xω (r ≥ 2) [14, 8]

Table 1: Examples of intermediate free semigroups and bases of identities for Vκ

In all these examples, and many others could be given,

– we have recursive or even finite bases of identities;

– it is either easily checked or well known that the free κ-semigroups have decidable word
problems;

– the finite semigroups with the standard interpretation of ()ω−1 which lie in Vκ are precisely
those in V; in fact, except for J, D, and R, the indicated identities completely determine the
interpretation of ()ω−1, whereas in the last three examples they do not even determine that
interpretation in finite structures.

The following extends a result of Evans [21] with a proof which is almost identical with Evans’
original proof.

Theorem 3.1. Let V be a recursively enumerable pseudovariety and suppose σ is a recursively
enumerable implicit signature consisting of computable operations. Then Vσ has a recursive(ly
enumerable) basis if and only if every intermediate free σ-semigroup Ωσ

AV has a decidable word
problem.
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Proof. Suppose first that Vσ has a recursively enumerable basis. It suffices to deal with a countable
set A of V-free generators. We show that the sets V, of σ-identities valid in V, and F , of σ-identities
which fail in V, are both recursively enumerable.

Let Σ be a recursive basis of Vσ, which we may assume to be written over the set of variables A.
By the completeness theorem of equational logic, we may recursively enumerate the identities over
the set A which follow from Σ. This provides a recursive enumeration of the set V.

Since both σ and V are recursively enumerable, there are algorithms P and Q that enumerate,
respectively, the σ-identities over the set A and the members of V, say with universe a set of the
form {1, . . . , n}. Let εn and Sn be the respective nth outputs of the algorithms P and Q. Then,
to enumerate the elements of F , proceed as follows: for each n, test if, for some k, l ≤ n, Sk 6|= εl,
outputting εk for all such k for which there is such an l.

For the converse, again fix a countable set A and just take for a basis the set of all σ-identities
which are valid in V. Assuming the word problem to be decidable for Ωσ

AV, it follows that this
basis has a decidable membership problem.�

We call a recursively enumerable pseudovariety V σ-recursive if Vσ has a recursive basis as a
variety of σ-semigroups. The above theorem then shows that if σ consists of computable implicit
operations, then this condition is equivalent to all the intermediate free semigroups on finite sets
having decidable word problems.

Given a labeling γ : Γ → RatA∗ of a finite graph by rational languages over a finite alphabet
(where eγ ⊆ A+ for e ∈ E(Γ)), an implicit signature σ, and a pseudovariety V, we say that γ is
(V, σ)-inevitable if there is a consistent labeling δ : Γ → Ωσ

AV such that, for every x ∈ Γ, xδ lies
in the pro-V closure in Ωσ

AV of xγpV. Denote by s the largest implicit signature, consisting of
all implicit operations over a fixed countable set. Then, of course, Ωs

AV = ΩAV for every finite
set A and every pseudovariety V. Thus, the notions of V-inevitability [5] and (V, s)-inevitability
coincide.

We say that a pseudovariety V is weakly σ-reducible for an implicit signature σ if a labeling
γ : Γ→ RatA∗ of a finite graph by rational languages over a finite alphabet is V-inevitable if and
only if it is (V, σ)-inevitable. For instance, G [18, 19, 10, 27], Ab [19], CS [7], J [2, 3], and D [13]
are all weakly κ-reducible. The relevance of weak σ-reducibility for hyperdecidability is already
evident in [18, 19]. We now state this in a more abstract setting.

Theorem 3.2. Let V be a recursively enumerable pseudovariety and σ a recursively enumerable
implicit signature such that:

i) all intermediate free algebras Ωσ
AV on finite sets have decidable word problems;

ii) V is weakly σ-reducible;

iii) there is an algorithm to test, for every rational language L over a finite alphabet A and every
u ∈ Ωσ

AV, whether u belongs to the pro-V closure of LpV in Ωσ
AV.

Then V is hyperdecidable.

Proof. We recursively enumerate both the labelings γ : Γ → RatA∗ of finite graphs by rational
languages over finite alphabets which are and those which are not V-inevitable, thereby proving
that it is decidable whether such a labeling is V-inevitable.
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First, by definition, if γ is not V-inevitable, then there is a semigroup S ∈ V and a homomor-
phism ϕ : A+ → S such that no labeling δ : Γ→ S satisfying

xδ ∈ xγϕ (x ∈ Γ) (1)

is consistent. Since V is recursively enumerable and A is finite, we may successively generate all
homomorphisms ϕ : A+ → S with S ∈ V and, since both S and Γ are finite, also all labelings
δ : Γ → S. Since the rational languages labeling Γ under γ are given, there is no problem in
testing condition (1), say by computing the intersection xδϕ−1 ∩ xγ of (respectively effectively
constructible and given) rational languages and checking whether it is empty. We successively
output the labeling γ if it is obtained in k ≤ n steps of an algorithm which generates all possible
labelings of finite graphs by rational languages over finite alphabets A and it satisfies (1) for some
homomorphism ϕ : A+ → S obtained by the above process also in at most n steps. Then we
are effectively enumerating all labelings of finite graphs by rational languages over finite alphabets
which are not V-inevitable, and in so doing, we only assume recursive enumerability of V.

Second, suppose that γ is V-inevitable. Since V is weakly σ-reducible, there is some consistent
labeling δ : Γ→ Ωσ

AV such that
xδ ∈ xγ (x ∈ Γ). (2)

Now, since σ is recursively enumerable, Ωσ
AV is recursively enumerable, and so, since Γ is finite, we

may recursively enumerate all possible candidates for such labelings δ. By the hypothesis (i), we
may effectively test for each such δ whether δ is consistent. By (iii), we may also effectively test the
compatibility condition (2). By a process analogous to the one applied in the preceding paragraph,
we may then use all these algorithms to recursively enumerate the V-inevitable labelings of finite
graphs by rational languages over finite alphabets.�

Combining with Theorem 3.1, we obtain the following result.

Corollary 3.3. In the statement of Theorem 3.2, assuming that σ consists of computable opera-
tions, we may replace the hypothesis (i) by the following obtaining a valid result:

i’) Vσ is recursively based, that is V is σ-recursive.�

We say that a pseudovariety V is σ-equational if there is a set Σ of σ-identities such that
the finite semigroups satisfying Σ are precisely those from V. Equivalently this states V consists
precisely of those finite semigroups in Vσ where the implicit operations of σ have their usual
interpretation. We say that a pseudoidentity u = v is computable if both u and v are computable
implicit operations.

We call a pseudovariety V of semigroups or semigroupoids recursively definable (respectively
finitely definable) if V has a recursively enumerable (respectively finite) basis of computable pseu-
doidentities.

We now have the following decidability result which will be at the core of the results of section 5
and in essence states that pseudoidentities are an effective tool for determining non-membership in
a pseudovariety.

Theorem 3.4. Let V be a recursively enumerable, recursively definable pseudovariety. Then V
has decidable membership.
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Proof. We need only show that we can recursively enumerate the finite semigroups which are not
in V. To do this we just need a procedure which can verify if a given finite semigroup S is not in V.
Let Σ be a recursively enumerable basis of computable pseudoidentities for V. Since the operations
are computable, we can compute both sides of each identity in S. But we have by hypothesis that
S is not in V precisely when it fails to satisfy one of these identities. Thus the procedure to check
that S is not in V is to try out all of the pseudoidentities in Σ on S. If S is not in V we will
eventually find one which it fails to satisfy.�

As a corollary we obtain the following.

Corollary 3.5. Let σ be a recursively enumerable implicit signature of computable implicit oper-
ations and V be a recursively enumerable, σ-recursive, σ-equational pseudovariety. Then V has
decidable membership.

Proof. Since V is σ-equational, a recursively enumerable basis of σ-identities is all we need to
apply Theorem 3.4.�

4. σ-reducibility

We present in this section a delicate but important refinement of the notion of weak σ-reducibility. If
σ consists of computable implicit operations, σ-reducibility will in conjunction with σ-recursiveness
give hyperdecidability. Also it turns out to be much more convenient for obtaining decidability
results for iterated semidirect products as will be shown in the next section. The underlying
philosophy is to replace uncountable topological semigroups with countable algebras of an expanded
type. When this reduction is possible, then the pseudovariety membership problem translates into
the more familiar, from the algebra viewpoint, word problem.

Let V be a pseudovariety of semigroups and let σ be an implicit signature. We say that V is σ-
reducible if, for every labeling γ : Γ→ S of a finite graph by a finite semigroup, if γ is V-inevitable,
then there is a labeling δ : Γ → Ωσ

AS such that δϕ = γ and δpV is a consistent labeling, where
ϕ : ΩAS→ S is any onto homomorphism with A finite.

4.1. Properties

We start by investigating a few basic properties of σ-reducible pseudovarieties. First, a remark
concerning the definition.

Proposition 4.1. The property of the labeling γ in the above definition is independent of the choice
of the onto homomorphism ϕ : ΩAS→ S with A finite.

Proof. Suppose ϕ : ΩAS → S and ψ : ΩBS → S are onto homomorphisms with A and B
finite. We view ϕ and ψ as being canonically extended to onto homomorphisms (ΩAS)1 → S1 and
(ΩAS)1 → S1. Suppose further that there exists a labeling δ : Γ→ Ωσ

AS such that δϕ = γ and the
labeling δpV is consistent.
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Consider the following diagram:

(ΩAS)1 � ⊃ (Ωσ
AS)1 pV- (Ωσ

AV)1

S1

ϕ
?
� γ

Γ

δ
-

(ΩBS)1

ψ
6

� ⊃ (Ωσ
BS)1

ξ

?

pV

-
ε

................-

(Ωσ
BV)1

η

?

Since the restriction of ψ to Ωσ
BS is onto S, by the universal property of Ωσ

AS there exists a σ-
homomorphism ξ : Ωσ

AS → Ωσ
BS such that ξψ = ϕ|ΩσAS. If u, v ∈ Ωσ

AS and upV = vpV, then

V |= u = v and so also V |= uξ = vξ, i.e., uξpV = vξpV. Hence there is a σ-homomorphism
η : Ωσ

AV→ Ωσ
BV such that ξpV = pVη. Again ξ and η are also viewed as homomorphisms between

the corresponding monoids ()1.
Finally, take the labeling ε : Γ → Ωσ

BS given by ε = δξ. Then clearly εψ = δξψ = δϕ = γ and
εpV = δξpV = δpVη so that εpV is consistent because δpV is and η is a homomorphism.�

A simple necessary condition for σ-reducibility is σ-equationality as stated in the following
result.

Proposition 4.2. If a pseudovariety V is σ-reducible, then it is σ-equational.

Proof. Suppose V is σ-reducible and let Σ denote the set of all σ-identities (say over a fixed
countable set of variables) which are valid in V. We show that, if S ∈ S \ V, then S fails some
identity in Σ, thereby showing that V is defined, as a subclass of S, by Σ.

Let ϕ : ΩAS → S be an onto homomorphism with A finite. Since S /∈ V, by Reiterman’s
Theorem [35], there are π, ρ ∈ ΩAS such that πϕ 6= ρϕ but πpV = ρpV, so that {πϕ, ρϕ} is a
nontrivial V-pointlike subset of S. Hence, see [5], the S-labeled graph

1 · πϕ-· ρϕ

is V-inevitable. Since V is assumed to be σ-reducible, we deduce that there are u, v ∈ Ωσ
AS such

that uϕ = πϕ, vϕ = ρϕ, and 1 · upV = vpV. We thus obtain a σ-identity u = v from Σ which fails
in S.�

To clarify the relationship between σ-reducibility and weak σ-reducibility, we first compare two
relational morphisms S → Ωσ

AV.

Lemma 4.3. Let ϕ : A+ → S be a homomorphism from a finitely generated free semigroup onto
a finite semigroup. Denote by ϕ̂ its unique extension to a homomorphism Ωσ

AS → S, where σ is
a given implicit signature. Then the relational morphism ϕ̂−1pV is contained in the closure of the
relational morphism ϕ−1pV in the product S × Ωσ

AV.

Proof. Let u ∈ Ωσ
AS. Since A+ is dense in Ωσ

AS, there is a sequence (wn)n in A+ converging to u.
Then, by continuity of ϕ̂ and pV, we have

(uϕ̂, upV) = lim
n

(wnϕ,wnpV) ∈ ϕ−1pV.�
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We may now establish the following expected result.

Proposition 4.4. Every σ-reducible pseudovariety of semigroups is also weakly σ-reducible.

Proof. Let γ : Γ → RatA∗ be a V-inevitable labeling of a finite graph by rational languages.
There exists an onto homomorphism ϕ : A+ → S with S ∈ S recognizing all the rational languages
which appear as labels under γ, that is such that each such language is a finite union of languages
of the form sϕ−1 with s ∈ S. The labeling γ may then be “lifted” to a finite number of labelings
γi : Γ→ S, at least one of which, say γ0 must be V-inevitable.

Let ϕ̂ be the unique homomorphic extension of ϕ to Ωσ
AS. Since V is assumed to be σ-reducible,

there is a labeling δ0 : Γ→ Ωσ
AS such that δ0ϕ̂ = γ0 and δ0pV is consistent. Now, in view of Lemma

4.3, for every x ∈ Γ, xδ0 ∈ xγpV, yielding that δ0 witnesses that γ is (V, σ)-inevitable.�

In general, it is not to be expected that the inclusion of Lemma 4.3 be an equality, i.e., that
ϕ̂−1pV be a closed subset of S × Ωσ

AV (which is naturally taken as the definition of continuity of
the relational morphism). We will say V is σ-full if this property holds for every homomorphism
ϕ : A+ → S with A and S finite.

The following is immediate from the definitions.

Proposition 4.5. Every σ-full weakly σ-reducible pseudovariety is σ-reducible.�

We do not know however whether every σ-reducible pseudovariety is σ-full. Note that σ-
reducibility expresses a sort of algebraic completeness of the relational morphisms ϕ̂−1pV of Lemma
4.3. We thus leave it as an open question whether this property is related with those relational
morphisms being continuous.

We next observe that, under reasonable hypotheses, σ-fullness implies the decidability property
(iii) of Theorem 3.2.

Proposition 4.6. Let V be a recursively enumerable pseudovariety and let σ be a recursively enu-
merable implicit signature consisting of computable operations. Suppose that V is σ-full and σ-
recursive. Then there is an algorithm to test, for given rational language L over a finite alphabet A
and u ∈ Ωσ

AV, whether u ∈ LpV in Ωσ
AV.

Proof. We recursively enumerate both the closure of LpV in Ωσ
AV and its complement. Since the

word problem for Ωσ
AV is assumed to be decidable, this will prove the proposition.

To enumerate Ωσ
AV\LpV, we note that, for every element u of this set, there is a homomorphism

ϕ : Ωσ
AV → T with T ∈ V such that uϕ /∈ LpVϕ. Since V is recursively enumerable, we

can recursively enumerate such homomorphisms and, since u is computable, we can effectively
compute uϕ. So, it remains to show that we can effectively compute LpVϕ, which follows from
a standard pumping argument: if the syntactic congruence ∼L of L (on A+) has m classes and
n = |T |, then for any w ∈ A+, there is v ∈ A+ such that |v| ≤ mn, w ∼L v, and wpVϕ = vpVϕ;
hence LpVϕ = (L ∩A≤mn)pVϕ where A≤r = {x ∈ A+ : |x| ≤ r}.

To enumerate LpV, we compute the syntactic homomorphism ϕ : A+ → S of L and note that

LpV = Lϕϕ−1pV =
⋃
s∈Lϕ sϕ

−1pV. Let ϕ̂ : Ωσ
AS → S be the unique homomorphic extension of ϕ

to Ωσ
AS. Then, by hypothesis, for each s ∈ S, sϕ−1pV = sϕ̂−1pV. Hence, to enumerate the elements

of LpV, it suffices to enumerate, in parallel, for each s ∈ Lϕ, the elements of sϕ̂−1pV, which can
be done as follows. Enumerate successively the elements v of Ωσ

AS. Since v is computable, we may
effectively test whether v ∈ sϕ̂−1; in the affirmative case, output vpV.�
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The following result is a variation of Theorem 3.2 giving similar but possibly independent
sufficient conditions for hyperdecidability.

Theorem 4.7. Let V be a recursively enumerable pseudovariety and let σ be a recursively enu-
merable implicit signature consisting only of computable operations such that:

i) V is σ-recursive;

ii) V is σ-reducible.

Then V is hyperdecidable.

Proof. It suffices to recursively enumerate both the labelings γ : Γ → S of finite graphs by finite
semigroups which are and those which are not V-inevitable. Since finite semigroups and finite
graphs can be both recursively enumerated, in the following we proceed as if we only had to deal
with one fixed such labeling γ. Moreover, we fix an onto homomorphism ϕ : Ωσ

AS→ S.
If γ is not V-inevitable, then there is a semigroup T ∈ V and a homomorphism ψ : A+ → T such

that there is no consistent labeling δ : Γ→ T such that the compatibility condition (xγ, xδ) ∈ ϕ−1ψ
holds for every x ∈ Γ. Since A is a finite set, Γ is a finite graph, and V is recursively enumerable,
we may recursively enumerate all possible homomorphisms ψ : A+ → T with T ∈ V and labelings
δ : Γ → T for which it is an easy algorithmic task to check consistency of δ and the compatibility
of δ with γ. Hence, using only the hypothesis that V is recursively enumerable, we may recursively
enumerate the labelings γ : Γ→ S which are not V-inevitable.

On the other hand, if γ is V-inevitable, then, by (ii) there is some labeling δ : Γ → Ωσ
AS such

that δpV is consistent and δϕ = γ. Since σ is assumed to be recursively enumerable and Γ is a
given finite graph, we may recursively enumerate all candidates for the labeling δ, for which we can
check δϕ = γ in |Γ| steps since the operations in σ are computable. In view of the hypothesis (i)
and Theorem 3.1, we may also check in |E(Γ)| steps whether δpV is consistent. We may therefore
recursively enumerate the labelings γ : Γ→ S which are V-inevitable.�

The importance of condition (i) becomes apparent in the fact if τ is the implicit signature
consisting solely of the multiplication, then V must be τ -recursive in order to be hyperdecidable
(or even to have decidable pointlike sets) as observed by Rhodes and the second author in [39]. It
is an open question whether in general hyperdecidability and σ-reducibility in conjunction imply
σ-recursiveness.

4.2. Examples

In this section, we present some examples of (σ-)reducible pseudovarieties, the most significant
of those available so far being the case of the pseudovariety G. Let κ be the canonical implicit
signature.

Fix a finite semigroup S, an onto homomorphism ϕ : ΩAS→ S with A finite, and a pseudovari-
ety H of groups in the group variety Hκ generated by H. Recall that Ωκ

AH is a relatively free group
on the set A. Elements of A will sometimes be viewed as elements of ΩAS, S (via the mapping ϕ),
or Ωκ

AH (via the mapping pH), the context making it clear where they should be considered.
Let the relational morphism θ : S → Ωκ

AH be obtained as the subsemigroup of S × Ωκ
AH

generated by the pairs of the following two forms:

11



– (aϕ, a) with a ∈ A;

– (s, a−1) with a ∈ A, s ∈ S, and sas = s.

Thus, a pair (s, w) ∈ S × Ωκ
AH lies in θ if and only if there are factorizations s = s1 · · · sr (in S)

and w = aε11 . . . aεrr with ai ∈ A and εi ∈ {−1, 1} such that, for each i ∈ {1, . . . , r}, si = ai (in S) if
εi = 1, and siaisi = si if εi = −1.

Consider also the relational morphism µ = (ϕ|ΩκAS)−1pH : S → Ωκ
AH. In other words, a pair

(s, w) ∈ S × Ωκ
AH lies in µ if and only if there is u ∈ Ωκ

AS such that s = uϕ and w = upH.

Lemma 4.8. The two relational morphisms µ and θ coincide.

Proof. We first observe that θ ⊆ µ. Since θ has been defined as the relational morphism generated
by a certain subset of S × Ωκ

AH and µ is a relational morphism, it suffices to show that every
element of the subset of θ in question is in fact an element of µ. For the pairs of the form (aϕ, a)
with a ∈ A, this is obvious. So, let s ∈ S and a ∈ A be such that sas = s. Since the restriction of
ϕ to A+ is onto S, there is a word u ∈ A+ such that uϕ = s. Then, taking w = (ua)ω−1u ∈ Ωκ

AS,
we see that wϕ = (sa)ω−1s = s and wpH = a−1, thereby showing that (s, a−1) ∈ µ and concluding
the proof that θ ⊆ µ.

For the reverse inclusion, consider an arbitrary element (uϕ, upH) of µ, where u stands for an
arbitrary element of Ωκ

AS. By the definition of Ωκ
AS, u is a term on the alphabet A constructed

using only the operations of multiplication and ()ω−1. We show that (uϕ, upH) ∈ θ by induction
on the complexity of the term u.

At the basis of the induction scheme, we have the case u = a ∈ A for which the corresponding
pair (uϕ, upH) is actually a generator of θ.

If u = u1u2 with u1, u2 ∈ Ωκ
AS, then, by the induction hypothesis applied to the simpler terms

u1 and u2, we have
(uϕ, upH) = (u1ϕ, u1pH)(u2ϕ, u2pH) ∈ θθ ⊆ θ.

For the inductive step where u = vω−1 with v ∈ Ωκ
AS, let s = vϕ, so that uϕ = sω−1.

By the induction hypothesis and the definition of θ, there are factorizations s = s1 · · · sr and
vpH = aε11 . . . aεrr with ai ∈ A and εi ∈ {−1, 1} such that, for each i ∈ {1, . . . , r}, si = ai if
εi = 1, and siaisi = si if εi = −1. We will show that there are also such factorizations for the pair
(sω−1, a−εrr . . . a−ε11 ), thereby completing the proof of the lemma.

For each i ∈ {1, . . . , r}, take bi1, . . . , bipi ∈ A such that si = bi1 · · · bipi . If εi = 1, then we take
pi = 1 and bi1 = ai. Consider the following expression in Ωκ

AS:

b̄ij = bi j+1 . . . bipibi+1 1 . . . bi+1 pi+1 . . . brpr(b11 . . . brpr)
ω−1b11 . . . b1p1 . . . bi1 . . . bi j−1.

Then b̄ijbij b̄ij = b̄ij (in Ωκ
AS) and so b̄ijpH = b−1

ij . Also this implies that

(b̄ijϕ, b
−1
ij ) ∈ θ. (3)

Using the b̄ij , define

ci =





b̄rpr . . . b̄11 if i = r and εi = 1
b̄rpr . . . b̄11b11 . . . brprarbr1 . . . brpr b̄rpr . . . b̄11 if i = r and εi = −1
b11 . . . brpr b̄rpr . . . b̄11 if i 6= r and εi = 1
b11 . . . bipiaibi1 . . . brpr b̄rpr . . . b̄11 if i 6= r and εi = −1
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We claim that the following two conditions hold

(cr . . . c1)ϕ = vω−1ϕ (4)

(cr . . . c1)pH = a−εrr . . . a−ε11 (= vω−1pH) (5)

thereby showing that (vω−1ϕ, vω−1pH) ∈ θ in view of (3).
To prove (4), observe that crϕ = vω−1ϕ and ciϕ = vωϕ for i 6= r.
To prove (5), it suffices to take into account the following calculations in Ωκ

AH:

cr =

{
b−1
rpr . . . b

−1
11 if εr = 1

arb
−1
r−1 pr−1

. . . b−1
11 if εr = −1

= a−εrr b−1
r−1 pr−1

. . . b−1
11

and

ci =

{
b11 . . . bi−1 pi−1aibi+1 1 . . . brpr · b−1

rpr . . . b
−1
i+1 1a

−1
i b−1

i−1 pi−1
. . . b−1

11 if εi = 1

b11 . . . bipiaib
−1
i−1 pi−1

. . . b−1
11 if εi = −1

= b11 . . . bipia
−εi
i b−1

i−1 pi−1
. . . b−1

11 .�

Lemma 4.8 for a special class of pseudovarieties of groups (including G and Ab) follows from
results of Delgado [19, Section 3]. The above proof makes no assumptions on the pseudovariety of
groups H.

Theorem 4.9. The pseudovarieties G and Ab are κ-reducible.

Proof. In view of Lemma 4.8, the result follows for G directly from Ash’s main theorem in [18,
Theorem 2.1], and for Ab from Delgado’s work [19].�

In fact, Delgado [19] also showed that G and Ab are κ-full. Answering a question raised
by Delgado, the second author has made an observation which, taking into account Lemma 4.8,
amounts to saying that every κ-full pseudovariety of groups must be κ-equational.

An open question of interest is whether, for some expanded recursively enumerable signature
of computable implicit operations, other common pseudovarieties of groups (for instance p-groups)
are σ-reducible. The second author has recently shown that the pseudovariety of p-groups is weakly
κ-reducible [47]. Since there is an algorithm to compute the closure of a rational language in the
free group for the pro-p topology [41], it follows that this pseudovariety is hyperdecidable.

Table 2 contains a summary of the known results about various properties for some familiar
pseudovarieties.

In [45] it is shown that if V ⊆ J and if W ⊆ CR is κ-reducible then, so is V ∨W. It is not
hard to show the same is true of κ-full and in fact one can replace κ with any implicit signature
σ as long as ()ω can be derived from the operations of σ. We will also remark that the join of
σ-recursive pseudovarieties is σ-recursive, see corollary 4.17.
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computable hyper-

κ-equational κ-full κ-recursive (κ-)closures κ-reducible decidable references

G Y Y Y Y Y Y [18, 40, 33]

Gp N N Y Y N Y [41, 47]

Ab Y Y Y Y Y Y [19]

CS Y Y Y Y Y Y [7]

CR Y ? Y ? ? ? [32]

J Y Y Y Y Y Y [3, 16, 44]

N Y Y Y Y Y Y [6, 44]

K Y Y Y Y Y Y [6, 44]

D Y Y Y Y Y Y [49, 31, 13]

LI Y Y Y Y Y Y [6, 44, 13]

Com Y Y Y Y Y Y [44]

R Y ? Y ? ?
Y for str.
conn. graphs

[14, 11]

J ∨G Y Y Y Y Y Y [44, 45]

Table 2: Various properties of some pseudovarieties

4.3. Semigroups vs. semigroupoids

Let π ∈ ΩAS be a computable operation. For any graph Γ with edge set A, the identity function
on edges induces a faithful homomorphism [4]

ηV : ΩΓgV→ ΩAV.

Since gS = Sd, this yields, in particular, a faithful homomorphism

η : ΩΓSd→ ΩAS

which is actually injective on edges since implicit operations over S uniquely determine a first and
a last letter and, therefore, as edges of Γ, an initial and final vertex. So, either π does not belong
to the image of η, or it determines a unique πΓ ∈ ΩΓSd such that πΓη = π. Choosing, for instance,
Γ to have just one vertex, we find that there is at least one such graph Γ for which πΓ is defined.
Since isolated vertices play no role, we need to consider only a finite number of possibilities for Γ,
which leads to a finite set of semigroupoid implicit operations associated with π. In fact, there is
a most general such operation π′ in the sense that all others can be obtained from it by suitable
evaluation (meaning in this context a suitable graph homomorphism [15]).

We proceed to explain how the underlying graph of π′ is obtained. The construction involved
is described in detail in [9, Section 5] and is based on results of Reilly [34].

Let S = ΩA(Sl ∗RZ) be the free 2-testable semigroup on A (cf. [3, Section 10.8]). Since π is
assumed to be computable and S is finite, we may effectively evaluate s = πpSl∗RZ in the finite,
computable, semigroup S. Then, by checking which elements of the form ab with a, b ∈ A are
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factors of s in S, we may determine which implicit operations of the form ab with a, b ∈ A are
factors of π in ΩAS.

Now, let X = A × {i, f}, where i and f denote new symbols. Let ≡ denote the equivalence
relation on X generated by the pairs of the form ((a, f), (b, i)) ∈ X2 such that ab is a factor of π.
Define a graph Γπ with set of vertices X/≡ and set of edges A where, for a ∈ A, the ends of a are
defined by aα = (a, i)/≡ and aω = (a, f)/≡.

The reader may now easily prove the following result.

Proposition 4.10. If π ∈ ΩAS is a computable operation, then there is an operation π ′ ∈ ΩΓπSd
such that π′η = π and, for any other ρ ∈ ΩΓSd over a finite graph such that π′η = π, there
is a graph homomorphism Γπ → Γ such that its extension to a semigroupoid homomorphism β :
ΩΓπSd → ΩΓSd satisfies π′β = ρ. The operation π′ is unique up to a graph isomorphism on Γπ,
the graph Γπ is effectively computable, and π′ is a computable operation.�

We note π′ is computed by mapping Γπ into a semigroupoid S, looking at the induced map of
A into the consolidation semigroup SCd (cf. [48]), evaluating π (which will not be 0 by construction
of Γπ) and pulling back to S.

Since the restriction of π′ to semigroups is precisely π, we thus have a natural way of extending
π to a semigroupoid implicit operation π′ which we therefore call the natural extension of π. From
here on, whenever we consider a computable implicit operation, we will view it as naturally ex-
tended to semigroupoids. By Proposition 4.10, applying this process to all elements of a recursively
enumerable implicit semigroup signature σ consisting of computable operations, we also obtain a
recursively enumerable implicit semigroupoid signature consisting of computable operations and,
by abuse of notation, we again denote it by σ. Furthermore any implicit semigroupoid signature has
a natural extension to one arising in this fashion and thus we only consider such implicit signatures.

Now let σ denote a semigroupoid implicit signature. We say that a pseudovariety W of semi-
groupoids is σ-reducible if, for every W-inevitable labeling γ : Γ → S of a finite graph by a finite
semigroupoid (cf. [5]), there is a labeling δ : Γ → Ωσ

∆Sd such that δϕ = γ and δpW is consistent,
where ϕ : Ω∆Sd → S is a quotient homomorphism. As in section 4.1 for the case of semigroups,
one may prove that the existence of such a labeling δ is independent of the chosen quotient homo-
morphism ϕ.

Proposition 4.11. Let σ be a semigroup implicit signature consisting only of computable oper-
ations and let V be a pseudovariety of semigroups. Then V is σ-reducible if and only if gV is
σ-reducible.

Proof. Suppose first that V is σ-reducible and let γ : Γ→ S be a gV-inevitable labeling of a finite
graph by a finite semigroupoid.1 Let ϕ : Ω∆Sd→ S be a quotient homomorphism and ξ : S → SCd

be the natural homomorphism. Consider the following diagram of semigroupoid and semigroup

1To be more precise, one should note that in such labelings we allow the vertex labels to take values in the category
Sc obtained from S by adding local identities where they are missing. To avoid the extra technical complication on
a first reading, we proceed as if this possibility were excluded and labels come from S. The interested reader will
easily provide the necessary extra details for the general case.
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homomorphisms, and graph labelings.

S �
ϕ

Ω∆Sd
pgV - Ω∆gV

Ωσ
∆Sd -
⊂

-
η

Ωσ
∆gV

⊂

-

Γ

δ

-

γ

�

ε.............
.............

..........-

ΩE(∆)S
?

pV-δ′ - ΩE(∆)V

ηV

?

SCd

ξ

?
�

ϕ′|Ωσ
E(∆)

S

γ′
�

Ωσ
E(∆)S
?

-

ε′

-
⊂

-

Ωσ
E(∆)V
?⊂

-

The onto homomorphism ϕ′ : ΩE(∆)S → SCd is defined on each generator x of ΩE(∆)S as xϕξ, so
that ϕξ = ηϕ′, and γ′ is defined by γ′ = γξ.

Since γ is gV-inevitable, there is a labeling δ : Γ → Ω∆Sd such that δϕ = γ and δpgV is
consistent. Then δ′ = δη is a labeling of Γ by ΩE(∆)S such that δ′ϕ′ = δηϕ′ = δϕξ = γξ = γ′

and δ′pV = δηpV = δpgVηV, so that δ′pV is consistent since δpgV is consistent and ηpV is a
homomorphism. This shows that the labeling γ ′ : Γ→ SCd is V-inevitable. Since we assumed that
V is σ-reducible, there exists a labeling ε′ : Γ→ Ωσ

E(∆)S such that ε′ϕ′ = γ′ and ε′pV is consistent.

Now, for each x ∈ Γ, xε′ϕ′ = xγ′ = xγξ is nonzero in SCd. Since ϕ is a quotient homomorphism
and zero appears in SCd by multiplication of non-consecutive edges, by the interpretation of the
elements of σ as semigroupoid implicit operations, it follows that ε′ assumes values in the image of η
and so it factors through a labeling ε : Γ→ Ωσ

∆Sd as ε′ = εη. The labeling ε satisfies εϕξ = εηϕ′ =
ε′ϕ′ = γ′ = γξ and so εϕ = γ since ξ is injective on E(S). Moreover, εpgVηV = εηpV = ε′pV is
consistent, which implies that εpgV is consistent since ηV is faithful and the coterminality condition
is automatically verified by definition of a labeling of a graph by a semigroupoid. This completes
the proof that gV is σ-reducible.

Conversely, assume that gV is σ-reducible and let γ : Γ → S be a V-inevitable labeling of
a finite graph by a finite semigroup. As observed in the proof of [5, Prop. 10], γ is also gV-
inevitable. Hence there is a labeling ε : Γ → Ωσ

∆Sd such that εϕ = γ and εpgV is consistent,
where ϕ : Ω∆Sd → S is a quotient homomorphism (and therefore ∆ is a one-vertex graph).
Then η : Ω∆Sd → ΩE(∆)S is an isomorphism and ε′ = εη : Γ → Ωσ

E(∆)S is a labeling such that

ε′η−1ϕ = γ, and ε′pV = εηpV = εpgVηV is consistent. Hence V is σ-reducible.�

Now we wish to relate the other properties we have been discussing to semigroupoids.

Proposition 4.12. Let V be a pseudovariety. Then V is recursively enumerable if and only if gV
is recursively enumerable.

Proof. If gV is recursively enumerable, then V clearly is, one just enumerates gV and ignores the
semigroupoids with multiple vertices. For the converse, first note that we can recursively enumerate
one finite semigroupoid S of each isomorphism class in some fixed, recursively enumerable, countable
universe. But since V is assumed recursively enumerable, we can clearly enumerate all relational
morphisms of any such S with a semigroup in V. If any such is a division we will eventually find
it.�
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We note Theorem 3.1 holds in the semigroupoid setting. For the global of a pseudovariety of
semigroups, this follows from the semigroup case together with the following two propositions. For
the general case, a version of Birkhoff’s completeness theorem for equational logic is needed for
semigroupoids; see, for instance, [22, 42] for more general results.

Proposition 4.13. Let σ be an implicit signature. Then V has decidable word problems for all
intermediate free semigroups on finite sets if and only if gV has decidable word problems for all
intermediate free semigroupoids on finite graphs.

Proof. First if gV has decidable word problems for all intermediate free semigroupoids on finite
graphs, then it has this property in particular for one vertex graphs. But such intermediate free
semigroupoids are precisely the intermediate free semigroups for V. For the converse just note
that the natural map η : Ωσ

ΓgV → Ωσ
E(Γ)V is faithful. Hence since a σ-term in Γ is completely

determined by its image as a σ-term in E(Γ), and furthermore we can decide if two such terms are
equal in Ωσ

E(A)V by assumption on V, it follows that we can decide the word problem for Ωσ
ΓgV.�

Proposition 4.14. Let σ be a recursively enumerable implicit signature consisting only of com-
putable operations and let V be a recursively enumerable pseudovariety of semigroups. Then V is
σ-recursive if and only if gV is σ-recursive.

Proof. First if gV is σ-recursive, then clearly V is since, if Σ is a recursively enumerable basis of
σ-identities for gV, then the collection Σ′ obtained by identifying all the vertices in each σ-identity
of Σ is a recursive basis of σ-identities for V. For the converse one can just use all σ-identities
satisfied by gV over finite graphs. Since we can recursively enumerate the graphs and σ is recursively
enumerable, we can recursively enumerate all possible σ-identities. Thus we just need to show we
can decide which σ-identities are valid in gV. To do this it suffices to show that we can solve the
word problem for Ωσ

ΓgV for any finite graph Γ. But this follows from Proposition 4.13 in view of
Theorem 3.1.�

We have thus established that the properties with which we are concerned are stable under
the operation of taking the global of a pseudovariety. We also note Theorem 3.4 clearly holds for
semigroupoid pseudovarieties as well.

4.4. Behavior under products

We start by noting that recursive enumerability is preserved under join and semidirect product.

Proposition 4.15. Let V and W be recursively enumerable pseudovarieties. Then V ∨W and
V ∗W are recursively enumerable.

Proof. One can clearly recursively enumerate all products, respectively semidirect products, of a
member of V and a member of W. But since any semigroup has only finitely many divisors (all of
which can be effectively computed), it follows we can recursively enumerate the join, respectively
semidirect product.�

Next, we observe that, say by Birkhoff’s variety theorem, Ωσ
A(V ∨W) is just the σ-subalgebra

of Ωσ
AV×Ωσ

AW generated by the diagonal embedding of A. This immediately yields the following
proposition and corollary.
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Proposition 4.16. Let σ be an implicit signature such that V and W have decidable word problems
for all intermediate free semigroups on finite sets. Then so does V ∨W.�

Corollary 4.17. Let V and W be recursively enumerable pseudovarieties which are σ-recursive
for some recursively enumerable implicit signature of computable implicit operations. Then V∨W
is σ-recursive.�

Recall a pseudovariety V is locally finite if ΩAV is a finite semigroup for all finite sets A. If, in
addition, the semigroups ΩAV can be effectively computed, then we say that V is order-computable.

We now show that the property of being σ-reducible is preserved under joins with locally finite
pseudovarieties.

Theorem 4.18. Let V be a σ-reducible pseudovariety for an implicit signature σ and W be a
locally finite pseudovariety. Then V ∨W is σ-reducible.

Proof. Let S be a finite A-generated semigroup. Let Γ be a finite graph and δ a labeling of Γ
over S. Let ϕ : S → ΩAW be the canonical relational morphism. We denote the graph of this
relational morphism #ϕ. Then the slice theorem of [45] implies that δ is V ∨W-inevitable if and
only if there is a labeling δ′ of Γ over #ϕ which is V-inevitable, projects to the original labeling in
the first coordinate, and projects to a consistent labeling in the second coordinate. So suppose we
have such a δ′. Then since #ϕ is a finite A-generated semigroup and V is σ-reducible, we can find
a labeling γ of Γ over Ωσ

AS which maps to δ′ and has consistent image in Ωσ
AV. But by tracing the

adjunction of [45], we see that γ maps onto δ and has consistent image in Ωσ
A(V∨W) (since it has

consistent image in each coordinate). The result follows.�

Hence recursive enumerability, σ-recursiveness, and σ-reducibility are all preserved under joins
with order-computable pseudovarieties. For semidirect products with order-computable pseudova-
rieties, there is a basic difficulty to start with: the signature may have to change in the process.
This difficulty is absent for the canonical signature, which has throughout the theory been the most
important. However, since every order-computable pseudovariety has a recursive basis of identities
and therefore it is σ-recursive and σ-reducible for any implicit signature σ, for the purposes of
proving decidability of semidirect products with the techniques described in the next section, it is
of no use to study the preservation of σ-recursiveness and σ-reducibility.

5. Iterated semidirect products

We now wish to apply the above results to the decidability of iterated semidirect products. A first
step in this direction is to lift the vertex bound from [5, Theorem 12] under some mild hypotheses.
Note that if V is a pseudovariety containing B2 (the five-element aperiodic Brandt semigroup) then
the arguments of [9] and Proposition 4.10 show that V is recursively definable if and only if gV is.

We will need the following theorem [15, Theorem 5.3].

Theorem 5.1. Let V and W be pseudovarieties of semigroups. If Σ is a basis of pseudoidentities
for gV, then V ∗W is defined by the pseudoidentities of the form

πuα · uε = πvα · vε (6)
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where (u = v; Γ) ∈ Σ, πq ∈ (ΩAS)1 (q ∈ V (Γ)) and ρs ∈ ΩAS (s ∈ E(Γ)), W |= πsαρs = πsω for
all s ∈ E(Γ), and ε : ΩΓSd → ΩAS is the continuous homomorphism of semigroupoids such that
sε = ρs for all s ∈ E(Γ).

Theorem 5.2. Let V be a recursively enumerable pseudovariety such that gV is recursively defin-
able and let W be a hyperdecidable pseudovariety of semigroups. Then V ∗W is decidable.

Proof. First note since V and W are recursively enumerable (recall hyperdecidable implies de-
cidable) we can recursively enumerate V ∗W. We now show we can recursively enumerate the
complement. That is we must show that we can check if a finite semigroup S is not in V ∗W.

Let Σ be a recursively enumerable basis of computable pseudoidentities for gV. As observed
in the proof of [5, Theorem 12], a finite semigroup S satisfies the pseudoidentities in Theorem 5.1
precisely if, whenever we have (u = v; Γ) ∈ Σ and a labeling γ of Γ by S which is W-inevitable,
then

uαγ · uγ = vαγ · vγ, (7)

where we blur here the distinction between γ and its unique extension to (ΩΓSd)c. But since Σ
is recursively enumerable and W is hyperdecidable, we can recursively enumerate each such W-
inevitable graph. Furthermore since the pseudoidentities in Σ are assumed to be computable, we
can check equation (7). Hence if S is not in V ∗W we will eventually find a W-inevitable labeling
for which equation (7) fails.�

In [15], an extension of the semidirect product of pseudovarieties of semigroups is already con-
sidered by defining the semidirect product of a pseudovariety of semigroupoids by a pseudovariety
of semigroups, leading to an extension of Theorem 5.1. A recent result of L. Teixeira has further
extended Theorem 5.1 to the pure semigroupoid setting where the semidirect product of pseudova-
rieties of semigroupoids is defined say via derived semigroupoids (as in Tilson’s “derived category”
theorem [48]). The changes to Theorem 5.1 are to allow A to be a graph and the end vertices of the
implicit operations appearing in the pseudoidentities should be such that the compositions make
sense and both sides of the equal signs are edges between the same vertices. Theorem 5.2 then
clearly holds in this setting where we replace gV with any pseudovariety of semigroupoids V.

Theorem 5.3. Let V be a recursively enumerable, recursively definable pseudovariety of semi-
groupoids and let W be a hyperdecidable pseudovariety of semigroupoids. Then V ∗W is decid-
able.�

It is shown in [46] that g(V ∗W) = gV ∗ gW.2 Since hyperdecidability of gW is equivalent to
hyperdecidability of W [5, Proposition 5.9], we have the following corollary.

Corollary 5.4. Let V be a recursively enumerable pseudovariety such that gV is recursively de-
finable and let W be a hyperdecidable pseudovariety of semigroups. Then g(V ∗W) is decidable.�

While these results expand the power of hyperdecidability in deciding semidirect products, the
hypotheses do not appear to be strong enough to allow decidability of iterated semidirect products.
To do this we need to add the assumption of σ-reducibility to W.

2This was first asserted in [28] but with an incorrect proof, and later confirmed in [36], also with an incorrect
proof. Errors in both proofs have been pointed out by L. Teixeira.
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Theorem 5.5. Let V be a pseudovariety of semigroups such that gV is recursively definable and
let W be a recursively enumerable, σ-reducible, σ-recursive pseudovariety of semigroups for some
recursively enumerable implicit signature σ of computable implicit operations. Then V ∗W is
recursively definable. Hence if V is in addition recursively enumerable, then V ∗W is decidable.

Proof. Let Σ be a recursively enumerable basis of computable pseudoidentities for gV. Let Ξσ

be the set of all pseudoidentities of the form (6) with the πq ∈ (Ωσ
AS)1 and the ρs ∈ Ωσ

AS. Then
since Σ and Ωσ

AS are recursively enumerable and we can decide the word problem for Ωσ
AW for

any finite set A (and hence check that the consistency condition in W of Theorem 5.1 is satisfied),
we see that Ξσ is recursively enumerable. All the pseudoidentities in Ξσ are computable since Σ
consists of computable pseudoidentities, σ consists of computable operations, and the composition
of computable operations is computable. We now show that Ξσ is a basis for V ∗W.

Clearly if S ∈ V ∗W, then S satisfies Ξσ. Conversely suppose S satisfies Ξσ. Suppose further
that S is generated by a finite set A. We see from the argument of the proof of Theorem 5.2 that
S ∈ V ∗W if whenever we have (u = v; Γ) ∈ Σ and a W-inevitable labeling γ of Γ by S, then
equation (7) holds. But by σ-reducibility for such a labeling we can choose for each vertex q ∈ V (Γ)
an implicit operation πq ∈ (Ωσ

AS)1 and for each edge e ∈ E(Γ) an implicit operation ρe ∈ Ωσ
AS such

that if ϕ : (Ωσ
AS)1 → S1 is the canonical homomorphism, then qγ = πqϕ, eγ = ρeϕ, and

(πeαpW)(ρepW) = πeωpW,

that is W |= πeαρe = πeω. But then checking equation (7) reduces to checking that

πuα · uε = πvα · vε,

where ε is as in Theorem 5.1, is satisfied by S. But this is true since S satisfies Ξσ. So S ∈ V ∗W.�

The following application of the above results at least partially answers a question raised by
Weil and the first author in [15], namely to use the description of Type II elements to obtain a
basis of pseudoidentities for V ∗G with V local.

Corollary 5.6. Let V be a local pseudovariety. Let Σ be a basis of pseudoidentities for V. Then
a basis of pseudoidentities Σ′ for V is obtained by, for each pseudoidentity in Σ, substituting for
the variables κ-terms on some set X with no nested ()ω−1’s (we call such terms non-nested terms)
and which reduce to 1 in the free group on X. In particular if Σ is a recursively enumerable basis
of computable pseudoidentities, then so is Σ′.

Proof. Indeed the proof of Lemma 4.8 shows that not only is G κ-reducible but we only need to
use non-nested terms. Following the proof of the above theorem, we see that V ∗G is defined by
the aforementioned pseudoidentities.�

The above corollary remains true replacing G by Ab and the free group by the free abelian
group. In particular we having the following computations of bases of pseudoidentities.

Examples 5.7.

i) A ∗G is defined by [[πω = πω+1]] where π ranges over all non-nested κ-terms which reduce to
1 in the free group.
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ii) Sl ∗G is defined by [[π2 = π, πτ = τπ]] where π and τ range over all non-nested κ-terms
which reduce to 1 in the free group.

The second example has a nice finite basis [17], the above one being shown only to illustrate what
basis our proof generates, but the first example is, as far as the authors know, the first demonstration
that A ∗G is κ-equational.

As before, the above theorem also extends to semigroupoid pseudovarieties.

Theorem 5.8. Let V be a recursively definable pseudovariety of semigroupoids and let W be a
recursively enumerable, σ-reducible, and σ-recursive pseudovariety of semigroupoids for some recur-
sively enumerable implicit signature σ of computable implicit operations. Then V ∗W is recursively
definable. Hence if V is in addition recursively enumerable, then V ∗W is decidable.�

We are now ready for the main results of this paper.

Theorem 5.9. Let V be a pseudovariety of semigroups such that gV is recursively definable and
W be a recursively enumerable, σ-reducible, σ-recursive pseudovariety of semigroups for some re-
cursively enumerable implicit signature σ of computable implicit operations. Then g(V ∗W) is
recursively definable. In addition if V is recursively enumerable, then g(V ∗W) is decidable.

Proof. This follows immediately from Theorem 5.8, from g(V ∗W) = gV ∗ gW [46], and from
that the properties assumed for W are stable under the global operator (cf. subsection 4.3). Of
course this theorem is immediate from Theorem 5.5 if V ∗W contains B2.�

The following theorem then allows us to decide many iterated semidirect products.

Theorem 5.10 (Iterated Semidirect Products). Let C be a collection of recursively enumerable
pseudovarieties of semigroups such that for every U ∈ C, there exists a recursively enumerable
implicit signature σ of computable pseudoidentities such that U is σ-recursive and σ-reducible.
Suppose further W is a semidirect product of finitely many members of C and V is recursively
enumerable and has recursively definable global. Then the membership problem is decidable for
g(V ∗W) and hence V ∗W.

Proof. We first prove that for any such semidirect product, the global of that product is recursively
definable. We proceed by induction on the number of factors in W. The result holds for zero factors
by assumption on V.

Suppose the claim holds for n factors from C and we are given W = V1 ∗ · · · ∗Vn+1 with the
Vi ∈ C. Then by induction, g(V ∗V1 ∗ · · · ∗Vn) is recursively defined. But by associativity of the
semidirect product

g(V ∗W) = g(V ∗V1 ∗ · · · ∗Vn+1) = g((V ∗V1 ∗ · · · ∗Vn) ∗Vn+1)

and so g(V ∗W) is recursively defined by Theorem 5.9.
Since any semidirect product of recursively enumerable pseudovarieties is recursively enumer-

able, the result then follows by Theorem 3.4 for both pseudovarieties of semigroupoids and semi-
groups.�
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We make some remarks on the above theorem. First of all if the semidirect product contains B2,
then Theorem 5.9 comes for free. Thus in many important cases of Theorem 5.10, we do not need
that g(V ∗W) = gV ∗ gW. Also we observe that if one were to try the above techniques for the
double-semidirect product, one would only obtain decidability if the parentheses are left-balanced,
i.e., always taken in the form ((U ∗∗V) ∗∗W).

The above theorem of course has its semigroupoid analog.

Theorem 5.11 (Iterated Semidirect Products - Semigroupoid Version). Let C be a collection of
recursively enumerable pseudovarieties of semigroupoids such that for every U ∈ C, there exists
a recursively enumerable implicit signature σ of computable pseudoidentities such that U is σ-
recursive and σ-reducible. Suppose further W is a semidirect product of finitely many members of
C and V is a recursively enumerable, recursively definable pseudovariety of semigroupoids. Then
the membership problem is decidable for V ∗W.�

5.1. Applications

Our primary application is to obtain a reduction theorem for the decidability of complexity. Namely
we show the following.

Theorem 5.12 (σ-Reduction Theorem for Complexity). Suppose A is σ-reducible and σ-recursive
for some recursively enumerable implicit signature of computable implicit operations. Then com-
plexity is decidable.

Proof. This is a special case of Theorem 5.10 with C = {A,G} noting that we already know G is
κ-reducible, by Theorem 4.9.�

We make some observations on this theorem. First we note that since B2 ∈ A, we do not need
the result g(V ∗W) = gV ∗ gW for the theorem. Current work of Rhodes seems to indicate that
A is κ-reducible as well [38]. The word problem for Ωκ

AA should not be too difficult since a normal
form is known for Ωκ

AAn, where An = [[tn = tn+1]], see for instance [30], for sufficiently large n, and
the normal forms are enough related that it should be possible to solve the general word problem
using some sort of Ramsey theory argument. Current work of Rhodes is also in this direction [38].
On the other hand, if this approach to complexity is going to work, the pseudovariety A should in
particular be hyperdecidable. Henckell [23, 24] has shown that A is strongly decidable and has also
recently announced [25] that he can decide stabilizers with respect to aperiodics, which amounts
to saying that A is 1-hyperdecidable. Finally we note that A is of course κ-equational. We view
all of this as evidence consistent with the possibility of verifying the hypothesis of Theorem 5.12.

As it is we can now compute, in theory, for instance any iterated semidirect product of J’s and
G’s or any of the other pseudovarieties indicated earlier as being σ-reducible for some recursively
enumerable implicit signature of computable implicit operations. Also by the above observations
we see that A ∗G ∗ J is decidable since A is decidable and has finitely defined global.

Addendum. Since this paper was submitted, there have been various developments based on it.
The authors’ paper [12] surveys some of them. In the International Conference on Algorithmic
Problems in Groups and Semigroups held in Lincoln in May, 1998 (where [12] was presented),
J. Rhodes announced that, in collaboration with J. McCammond, they could prove that A is
κ-reducible and κ-recursive (compare with Theorem 5.12).
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