Modules for a sheaf of Lie algebras on loop manifolds.
Yuly Billig!

Abstract. We consider a central extension of the sheaf of Lie algebras of maps from
a manifold C* x X into a finite-dimensional simple Lie algebra, together with the sheaf of
vector fields on C* x X. Using vertex algebra methods we construct sheaves of modules for
this sheaf of Lie algebras. Our results extend the work of Malikov-Schechtman-Vaintrob
on the chiral de Rham complex.

0. Introduction.

Two most interesting examples of infinite-dimensional Lie algebras, affine Kac-Moody
algebras and the Virasoro algebra, are associated with a circle as an underlying geometric
object. In this paper we are going to make a transition from the circle to more general
manifolds. To construct an analogue of (untwisted) affine Kac-Moody algebra in this case
we start with the algebra of functions on a manifold with values in a finite-dimensional
simple Lie algebra g, then take its central extension and add the Lie algebra of vector fields
on the manifold, acting as derivations.

Our goal is to develop a representation theory for this class of Lie algebras. Since
we would like to retain the features of the theory of the highest weight modules, we still
need the concept of positive/negative Fourier modes, and for this reason as the underlying
manifold we take X = C* x X , where X is a smooth irreducible complex algebraic variety
of dimension N. The punctured complex line C* here is a complex analogue of a circle.
We choose to work with complex manifolds only as a matter of technical convenience, and
one could just as well consider X = S! x X, where X is a real manifold.

When we look at functions on an algebraic manifold, taking the algebra of globally
defined functions may be inadequate (for example, in case of complex projective manifolds
this algebra contains only constant functions). Instead, it is natural to use the language
of sheaves.

We begin by taking the sheaf Map()A( ,g) of functions on X with values in g, or,
equivalently, functions on X with values in the loop algebra C[t,t7!] ® g. As the space

. =1 . . .
of the central extension we take the sheaf (1% associated with the quotient of 1-forms

by differentials of functions Q% /dO%. There is a 2-cocycle on Map(X, g) with values in
ﬁ% that naturally generalizes the central cocycle on loop Lie algebras. Finally we take a

A~

semidirect product G of this central extension with the sheaf Vect(X) of vector fields on
X.

To get a representation theory for this sheaf of Lie algebras we need to construct the
sheaves of modules. This is done using vertex algebras. We introduce a sheaf of vertex
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algebras ¥V on X and show that the sheaf of Lie algebras G acts on V. We then construct
sheaves of modules for V, which automatically become modules for G.

If we take g to be a trivial Lie algebra, g = (0), we get representations for the sheaf
of vector fields on X. We would like to point out here a connection with the important
construction of the chiral de Rham complex. Chiral de Rham complex was introduced by
Malikov-Schechtman-Vaintrob in [9]. It is a sheaf of vertex superalgebras on X with a
Z-grading and a differential. Malikov and Schechtman [8] show that the chiral de Rham
complex admits the action of the sheaf of Lie algebras C[t,t~!] ® Vect(X). Our result
yield a stronger statement that in fact a larger sheaf Vect()? ) acts on the chiral de Rham
complex. In addition to this we note that the chiral differential is a homomorphism of
Vect(X)-modules.

In classical differential geometry the Lie algebra of vector fields acts on modules of
tensor fields of a fixed type, and modules of differential forms appearing in the classical de
Rham complex are a special case of this. Likewise the modules that we construct here for
Vect(X) could be thought of as chiralizations of tensor modules and we get a wider class
of representations than those appearing in the chiral de Rham complex.

In case when X is a torus, the representation theory of toroidal Lie algebras and Lie
algebra of vector fields was developed in [10, 4, 6, 1, 2, 3]. Since (C*)" can be covered
with a single chart, there was no need to work with sheaves of Lie algebras. In the toroidal
case one gets strong results on irreducibility of the modules [2, 3].

In the present paper we work with the algebraic varieties, however, this theory also
works if X is taken to be an analytic or a C'*® manifold. The loop component C* should
be still viewed in the algebraic setting with the ring of Laurent polynomials as the algebra
of functions.

The structure of this paper is as follows: in Section 1 we introduce the sheaf G of
Lie algebras, generalizing the construction of affine Kac-Moody algebras, in Section 2 we
construct a sheaf V of vertex algebras on X and in Section 3 we define the sheaves of
the generalized Verma modules M and their quotients £. In Section 4 we prove that the
sheaves V, M and L are modules for the sheaf G of Lie algebras. In the final section we
consider a version of our construction in the setting of rational functions on a manifold.

Acknowledgements. [ am grateful to Fedor Malikov for the helpful discussions.
This work is supported in part with a grant from the Natural Sciences and Engineering
Research Council of Canada.

1. A sheaf of Lie algebras.

Let X be a smooth irreducible algebraic variety over C of dimension N. Let X =
C* x X. Fix a finite-dimensional simple Lie algebra g with a symmetric invariant bilinear
form (-|-). We consider the sheaf Map(X g) of locally regular functions on X with values
in g (or, equivalently, functions on X with values in the loop algebra C[t,t~!] ® g). This
becomes a sheaf of Lie algebras over X with pointwise multiplication.

Even though our base manifold is X , all sheaves that we consider throughout the

paper are over X, and for each open set U C X, we will consider functions defined over
U=C"xU.



Next we are going to model in this setting the construction of affine Kac-Moody
algebras from the loop Lie algebras. Let ﬁi’g be the sheaf associated with the presheaf
Q%(\ /dO¢, where O is the sheaf of rational functions on X and Q%(\ is the sheaf of 1-forms

on X.
We define a central extension sheaf of Lie algebras

Map(X, g) @ 0%,
where ﬁ%g is central, while the new Lie bracket on Map()? ,g) is defined by

[f1® g1, f2® g2] = f1fo ® 91, 92) + (91]92) f2df1,

where f1, fo are functions on an open set U , 91,92 € g, and  is the canonical projection
Q% — Q%/d(’)}?.

The sheaf of vector fields Vect()/(\' ) acts on Map()? ) @ﬁ% and we can form a semidi-
rect product sheaf

A~

(Map(f(, g) D ﬁ}) x Vect(X).

Here the action of Vect on Map()/(: , 8) is the natural action of vector fields on functions,

. . =1 . . . .
while the action on 23 is via Lie derivative

n(frdfz) = n(f1)dfz + frdn(f2),
for n € Vect)/(\(ﬁ), fi, f2 € 05(\([7)
The variety X admits a finite covering by open affine sets {U;} where each U; has local
(uniformizing) parameters x1, . ..,rn € Ox (U;) such that QL (U;) is a free Ox (U;)-module

of rank N with generators dx1,...,dxy [11].

An open covering {U;} of X yields an open covering {U;} of X. We fix a local
parameter ¢ on C*, and we identify functions on C* with C[t,¢!], so that

O¢(U;) = Clt,t ') ® Ox (Uy).

Let G be a sheaf of Lie algebras on X and let M be a sheaf of vector spaces on X.
Definition. A representation (p, M) of G is a sheaf morphism

p:GxXM—=M,
such that for every open set U C X, the map
pu = GU) x M(U) = M(U)

is a representation of the Lie algebra G(U).



The main goal of this paper is to construct representations of the sheaf of Lie algebras

g = <Map()A(,g) ® ﬁ%g) x Vect(X).

2. A sheaf of vertex algebras.

We will construct representations using the vertex algebra techniques. Our main
object will be a sheaf V of vertex algebras. Locally this sheaf will be defined as the space
of functions with values in a certain vertex algebra V.

Let us recall the basic notions of the theory of the vertex operator algebras. Here we
are following [5] and [7].

Definition. A vertex algebra is a vector space V with a distinguished vector 1
(vacuum vector) in V, an operator D (infinitesimal translation) on the space V, and a
linear map Y (state-field correspondence)

Y(-,2): V — (EndV)[[z,27"]],

a—Y(a,z)= Z a(n)z_"_l (where a(,) € EndV),
nGZ

such that the following axioms hold:

(V1) For any a,b €V, a(,)b =0 for n sufficiently large;

(V2) [D,Y(a,2)] = Y(D(a),z) = LY (a,z) for any a € V;

(V3) Y(1,z2) =Idy;

(V4) Y(a, 2)1 € V][[z]] and Y (a, 2)1|.,—0 = a for any a € V (self-replication);
(V5) For any a,b € V, the fields Y (a, z) and Y (b, z) are mutually local, that is,

(z—w)"[Y(a,z),Y(bw)] =0, for n sufficiently large.

A vertex algebra V' is called a vertex operator algebra (VOA) if, in addition, V' contains
a vector w (Virasoro element) such that
(V6) The components L(n) = w,11) of the field

Y(w, Z) = Z w(n)zfnfl = Z L(n)zfﬂ*Q
nel nel,

satisfy the Virasoro algebra relations:

TLS

[L(n), L(m)] = (n —m)L(n+m) + (5n7_m%(rank V)Id, where rank V € C; (2.1)

(V7) D = L(-1);
(V8) V is graded by the eigenvalues of L(0): V = @ V,, with L(0) ‘V = nld.
nGZ "
This completes the definition of a VOA.
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As a consequence of the axioms of the vertex algebra we have the following important
commutator formula:

Y (a,21), Y (b, 20)] = 7;) %Y(a(n)b, 25) {zll (%)n 5 (i—j)} . (2.2)

As usual, the delta function is

nEZ

By (V1), the sum in the right hand side of the commutator formula is actually finite.
All the vertex operator algebras that appear in this paper have the gradings by non-

negative integers: V = ?.S V. In this case the sum in the right hand side of the commu-
n=0

tator formula (2.2) runs from n = 0 to n = deg(a) + deg(b) — 1, because
deg(a(,)b) = deg(a) + deg(b) —n — 1, (2.3)

and the elements of negative degree vanish.
Another consequence of the axioms of a vertex algebra is the Borcherds’ identity:

; k Kk
(a(k)b)(n)c = Z(—l)k—H—H ( ) b(nJrk,j)a(j)C + Z(—l)J ( ) a(k,j)b(nﬂ»)c, k, n € Z.
: J 5 J
Jj=0 720
(2.4)
Let us list some other consequences of the axioms of a vertex algebra that we will be
using in the paper. It follows from (V7) and (V8) that

w(ya = D(a) (2.5)

and
w(ya = deg(a)a, for a homogeneous. (2.6)

The map D is a derivation of the n-th product:
D(amyb) = (Da)m)b + ag)Db. (2.7)
It could be easily derived from (V2) that
(Da),y = —nag,-1)- (2.8)
The vertex algebra V' that we need for the construction of the sheaf V), is the tensor
product of four well-known vertex algebras:
V= Ve @ Vg1, ® Vg ® Vigie. (2.9)

Let us describe each tensor factor.



Consider a Heisenberg Lie algebra $ei with the basis {u,(j), vp(J), Cmi‘izi...w} and
the Lie bracket
[up(m), vg(5)] = Mbpgdm,—sCgpei
[up(m), uq(s)] = [vp(m),v4(s)] =0, pg=1,...,N, m,s € Z,

and the element Cg,; being central. The vertex algebra
. N p=1,..,N
Varei = Clup(=7), vp(=5) ;=157 ]

is a Fock space module for this Heisenberg algebra, in which Cg, acts as an identity
operator and the raising operators wu,(j),v,(j) with j > 1 annihilate the highest weight
vector 1. The generating fields for this vertex algebra are

up(2) = Y (up(=1)1,2) = > up(j)z 77,
jel

up(2) = Y(op(=1)1,2) = S v, ()2 7Y, p=1,...,N,
jel
with u,(0) and v,(0) acting on Vi, trivially.
The Virasoro element in Vi, is

and rank (Vi) = 2N.
Consider next the affine Lie algebra

~

gly =Clt,t '] @ gly & CCy,
with the Lie bracket

(1" @ A,t° @ B] =t @ [A, B] + mb,, _Tr(AB)C,

(NS
where A, B € gl (C) and Cy is central.
The second tensor factor Vi in (2.9) is the universal enveloping vertex algebra for

g[N at level 1. It is a highest weight module for gA[N, with the highest weight vector being

annihilated by the subalgebra C[t] ® gl and CB[N acting as the identity operator. As a

vector space, it is realized as
Vo, = U Tl @ gly) @ 1

The generating fields of this vertex algebra are

Eab(z> = Y(Eab(_l)]-? Z) = Z Eab(j)'z_j_l? a, b= 17 ) N7
jel
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where F,; is a matrix with entry 1 in position (a,b) and zeros elsewhere, and F,;(j) =
t! @ Eqp. It follows from this formula that (FEe(—1)1) ) = Eap(n).
The commutator relations between the generating fields are encoded in n-th products:

Eab(())Ecd(_l)]- = 5bcEad(_1)]- - 5adEcb(_1)]—7

Eab(1>Ecd(_1>]— == 5ad56617
Eu(n)Eeq(—1)1=0 for n > 2. (2.10)

We consider the following (non-standard) Virasoro element in Vi :

1 a 1
wiv = VT I(-1)I(-1)1 + a’bzﬂ Eap(=1)Epa(=1)1 | + 51(=2)1,

where I is the identity matrix. The rank of Vi is —2NV (see [2] for details).
The third tensor factor is the universal enveloping vertex algebra for the affine Kac-
Moody algebra
g=C[t,t7'|®gd CCy

at level c. As a vector space Vy; = U(t7'C[t7!] ® g) ® 1 with C[t] ® g annihilating the
vacuum vector 1.
For g1, g2 € g, the n-th products in this case are:

91(0)g2(=1)1 = [g1, 2] (1)1, g1(1)g2(—=1)1 = c(g1|g2)1, g1(n)g2(~1)1 =0 for n > 2.

When the level ¢ is non-critical, ¢ # —h", where h" is the dual Coxeter number of g, the
vertex algebra Vj has a Virasoro element w? and its rank is

cdimg

I‘ank (%) = m

To define the last tensor factor, consider the Virasoro Lie algebra Uit with the basis
{L(j), Cyic|j € Z} and Lie bracket

me —m
12

5m,fSCQ]it7 m, s € Z,

and Cy;, being a central element.

The vertex algebra Vi, is the universal enveloping vertex algebra for the Virasoro
Lie algebra where the central element Cy;, acts as a scalar — Cﬁ?vg. It is a highest weight
module for the Virasoro algebra in which the operators L(j) with j > —1 annihilate the

highest weight vector 1. As a space, it is realized as

Vagie = U(Tit 7)) @ 1,
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where Tit™) is the subalgebra spanned by L(j) with j < —2.
The generator of this vertex algebra is w¥% = L(—2)1 and the generating field of this
vertex algebra is
Y (WP 2) = Z L(j)z—772.
jel
The Virasoro element of V' is the sum of the Virasoro elements of its tensor factors:

w = w4 W8N 4 8 4 YU

The rank of the Virasoro tensor factor was chosen in a way to make the total rank of V'
to be 0.
The n-th products for the rank 0 Virasoro element are:

wow = Dw, wiw=2w, wrw=0 for n>2.

We begin the construction of the sheaf V with its local description. We have fixed a
covering of X with open affine sets admitting local parameters. Let U; be one of these
open sets with local parameters z1,...,xnN.

We set

V(U;) =V @ O0x(Uy). (2.11)

The fields v, (2), uq(2), Eqp(z) are the “chiralizations” of the vector fields, 1-forms and
(1, 1)-tensors on X respectively, and transform under the changes of coordinates (see (2.17)
below).

Let us define the vertex algebra structure on the space V ® Ox(U;). The vertex
algebra V' is embedded as subalgebra V®1in V® Ox (U;). The state-field correspondence
map Y on the elements of V is defined as above, with the only difference that the action
of v,(0) is now defined as

0
Up(o) = O’
p

while wu,(0) still acts as zero.
We define the state-field correspondence map on 1 ® Ox (U;) as

1 0°
Yo = Y S e s,

N
SGZ+

where %, (z) is an antiderivative of u,(z):

and in general,



for f € Ox(U;), v € V. Here and throughout the paper we use the multi-index notation,
s S1 SN
for s = (s1,...,8Nn) € Zﬂ\r] we set s! = s1!...sn5], % = <a%1) <%) ,u(z)® =
up(2)% .. un(2)®N, ete.
Note that for f,h € Ox(U;),

Y(1®@ fh2)=Y(1® f,2)Y(1®h, 2).

Proposition 2.1. V ® Ox(U;) is a vertex algebra.
Proof. We are going to apply the Existence theorem ([5], Theorem 4.5). The in-
finitesimal translation map D on V ® Ox (U;) is defined in the following way:

N af
Dv®f)=D)®f+ Y up(-1)r® T
p=1 P

where v € V, f € Ox(U;).
One has to verify that the generating fields for V' ® Ox (U;) are mutually local. The
only non-trivial relation is between v,(z) and Y (1 ® f, z). It is easy to check that

J
— Z
o (21) W (22)] = Sapzit Y (ﬁ)
jeZ\{o}

which implies
J
_ 2z
[Ua(zl)’ﬂ(ZQ)S] = SaH(ZQ)Sieazl ! Z <_2) ’
21
J€Z\{0}

while
of
0y

[Va(21),1d® f] = 2, ' 1d ®

In the above, €, is an element of Z" with 1 in position a and zeros elsewhere. Combining
these, we get

[va(21), Y(1 @ [, 22)]

— S_“— S—€q 8Sf —1 ﬁ J l_ s 1 0* ﬁ
B Z S!u(z) ®8xszl Z (zl) i Z s!u(z) @A 0x% Oz

+ +
=Y lapype L0902 of (2
— ZZ:N S!u(z) ® 9 6va1 ) (z1) =Y(1® Ga:a’z2)zl ) - ) (2.12)
seluy

which implies locality. Verification of other conditions of the Existence theorem is straight-
forward.



As a corollary of (2.12) we obtain
of
) Sl = (52) (213)
Oq (m+k)

up(—1)1 = Dux,,. (2.14)

Clearly, for any open subset U C U; we have a natural restriction homomorphism of
vertex algebras

Also note that

resy; U - V® Ox(UZ') -V ® Ox(U).

Over the intersection U; N U; we have defined two vertex algebra structures on V ®
Ox (U;NU;). We are now going to construct the gluing isomorphism between these struc-
tures. Let x1, ...,z N be the local parameters on U; and 1, ..., Zx be the local parameters
on Uj. In order to emphasize the fact that the fields v,(2), u4(2), etc., transform under the
change of the local parameters, we will denote them as ©,(2), @,4(2), etc., when working in
coordinates Z1,...,Tn.

Under the coordinate changes, the partial derivative operators Jr = %, Dy = 2
transform in the standard way:

Do = (0a2)0y,  Op = (OpT4)0s.

Throughout this paper we use Einstein notations on summation over repeated indices.
The product of the jacobians of the coordinate changes is the identity:

6ab = 81).73(1 = (81)3%5)(5533(1), 5ab = éaib = (5amp)(8p53b).
Further differentiating the last equality, we get
0= 0y0ap = (040a,) (DpEs) + (Daty)(040pTs) = (840ap)(Bpii) + OOy (2.15)

The operators 0, and 5p do not commute and their commutator may be expressed as
follows:

8, 0] = (8,0p14)0y = —(DpDy5)Ds. (2.16)

We now define the gluing isomorphism ®;; : V ® Ox(U; NU;) — V ® Ox (U; N Uj),
where in the first copy we use local parameters Z1,...,Zy, while in the second we use
Z1,...,xn. This map will be first defined on the generators of this vertex algebra and

then extended as a vertex algebra homomorphism. In order to simplify notations we will
drop from now on the tensor product symbol, as well as the symbol 1, and write v,(—1) f
instead of v,(—1)1 ® f, etc.

"(f) =f, feOx(UnUj),

-11) = Up( 1)0pq,

—1)1) = vp(=1)dup + Esp(—1)0sawyp,

Eab< 1)1) = Egp(—1)(0sia) (Opp) + t1s(—1)0p0sq (2.17)
= ESP(_l)(asja)(ébxp) - (56%0)(72)(610@(1)7

ij(g(=1)1) =g(-1)1, geg,

Q]it) _ w%it_
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Lemma 2.2. The map ® = ®;; extends to a homomorphism of vertex algebras.

Proof. We need to show that the fields corresponding to the images of the genera-
tors satisfy the same relations as the original generating fields. Taking into account the
commutator formula (2.2), we need to show that

®(a) (n) ®(b) = (I)(a(n) b)

for any pair a, b of the generators and all n > 0.

The relations between ®(v,(—1)1) and ®(uy(—1)1) have been established in ([9],
Theorem 3.7). Let us verify other relations.

Let us check that

(0 (=1)1)(0)®(f) = 2(0m (0)f)-
In the proof of this lemma we will use extensively the Borcherds’ identity (2.4):

(T (~1)1)0)®(f) = (9 (~1)Imp + Ep(~1)0,0, ) of

= (Omp) _1yUp(0)f = Omwp)3pf = O f = ®(5(0) ).

The relations
q)(f)m(_l)l)(n)q)(f) =0

for n > 1 follow from the degree considerations since the degree of the left hand side is
—n.
Let us show now that

D (3 (—1)1) (yP(Epe(—1)1) =0 for n > 0.

We have .
q)({)a(_l)l)(O)(D(Ebc(_1>1)

- (Up(—1)5ax,, + Esp(—1)@séaxp) o <Eqr(—1)(8q£b)(5cwr) + uq(—l)écﬁqib>

= (0ap) (~1)p(0) Egr(—1)(94@6) (Ocr) + (950ap) (~1) Esp(0) Eqr(—1)(0gZs) (Der)
+(Dap) (—1)0p(0)tug(—1)0eDyip + (Dawp) (—2yvp(1)tug(—1)0eDyds
+(050ap) (~2) Bsp(1) Eqr(—1)(84) (De,)
= Eqr(=1)(0ap) 0 ((04) (Dctr)) + Esp(—1)(050ap) (0pTp) (Do)
—Eqp(—1)(0:0ap) (9gFp) (Dcts)
g (= 1) (Dawp) (0p0c04Es) + g (=1)(9g0u) (0cDpis) + ttg(—1)(Dg050ay) (Bpds) (Des)
= Eqr(—1)0a((0,7 )(8 ) + Egr(=1)(0404p) (0p0) (Dctr) — Eqr(—1)(DeDar) (D)
F 11y (—1)000:0,Fy + g (—1)(0,00,) (0e0pFp) + Ug(—1)(0ey0aty) (DpEy) = 0.

11



In the above we used the relation (2.15).
q)(ﬁa(_l)l)(l)q)(Ebc(_l)l)

- (vp(—néaxp n Esp(—l)ﬁséaxp> N <Eqr(—1)(6q£b)(5cxr) + uq(—1)écaqu,,)

= (8a33p)(—1)Up(1)uq(_1)568q55b + (8séamp)(—1)E8p(1)EqT(_1)(8qu)(écwr)
= (5003719)(5061@1)) + (6séaxp)(6pib)(écx8) = 50 ((azxp)(apjb)) =0.

The relations )
D (Ta(=1)1) () @(Epe(—1)1) =0 for n>2

follow trivially from the degree considerations (2.3).
Let us now consider the analogues of (2.10):

(I)(Eab(_l)1)(0)(1)(Ecd(_1)1)
- (Esp(—n(a@a)(ébxp) + us(—1)5bﬁsgza)(o) (Eqr(—l)(ﬁqfcc)(édwr) + uq(—l)édﬁq:ic>

= ((0s24) (Dsp)) _y) Eisp(0) Eqr(—1) (D) (Oaar)
+((05a) (Opp)) oy Bsp(1) Eqr(—1)(Ogc) (Oazr)
= Eor(—1)(05&a) (Opp) (OpTe) (Datr) — Eqp(—1)(0s5a) (Do) (0 ) (Duws)
+uu; (—1)0;((95Fa) (D)) (Dpiic) (Das)
= Ope Bor(—1) (058 0) (0a2r) —0aFqp(—1) (0 e) (Opp) — Sadtij (—1)0p0j e+ Opeti; (—1)DgdiZq
= 0pe®(Eqa(—1)1) = 60a®(Eep(—1)1),

and

(I)(Eab(_l)1)(1)¢(E0d(_1)1) = ((asia)(ébxp))(,1)E8p(1)Eqr(_1)(6q3~70)(5dxr)

= (0s74) (Opp) (OpTe) (Das) = Saddpe-

Verification of the remaining relations is trivial.

Lemma 2.3. Over the triple intersection U; N U; N Uy, we have ®;; 0 @, = Oy

Proof. Let us denote Z1,...,2Zy the local parameters on U,. We need to verify the
equality ®;;0®;; = ®;;, on the generators of the vertex algebra V ® Ox (U NU; NU;). For
the functions f € Ox (U NU;NU;) this equality holds since the functions do not transform
under the coordinate changes. Let us carry out the calculations for the generators of V.
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= (US(_l)asjp)(—l)épja = US(_l)(asjp)(épja)

= 0y (—1)(8p2q) (Dup) + (Dpg)(—2y0g(0)0ap + Erg(—1)(8r0p4) (8ay)
+Epg (—1)(0,5) () (D50ap) + tr(—1)(p0riEs) (D500 )
= 0y(—1)Bazq + tr(—1)(0,0p) (DyBaip) + tr(—1)(DpOrts ) (DsDaity)
+Erg(—1)(0,0p4) (Daty) + Erg(—1)(3p) (0, 0aFp)
= 0y (= 1)0awy + Erg(—1)0r0azq = ®ip(64(—1)1).

In the above one can use (2.16) to see that the terms with u,(—1) cancel.

~ A

o, (q>jk(Eab(—1)1)) _y (Esp(—1)(55:za)(éb:5p) + as(—1)8b55:2a>

_ (Erq(_1)(argzs)(5pxq) + ur(—1)5pms) (Dsa) (o) + (ur(—1)0,2) () DpDsa

(=1

= Erq(_l)(aer)(épxq)(ésja)(ébjp) + ur(_l)(ébarjsxésja) + ur(_l)(arjsxébasia)

= BErg(=1)(0r24)(Op2q) + tr(—1)8p8ydq = Do (Eqp(—1)1).

Corollary 2.4. The map ®;; is an isomorphism.
Proof. Setting £ = ¢ in the previous Lemma, we get <I>;j1 =&y

As a result of our construction, we get the following
Theorem 2.5. The local data (2.11) together with the gluing maps ®;; define a sheaf
V of vertex algebras over X.

3. A sheaf of modules of chiral tensor fields.
In this section we will construct sheaves of modules for the sheaf V of vertex algebras.
First let us discuss the local situation. Let U be an open set contained in U;, and let

M= & M,, be a module for the vertex Lie algebra V(U). The module M is a module for
n=0

the Lie algebra R
s = Nei @ gly © gD Vir.
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This Lie algebra has a natural Z-grading s = @& s, and a triangular decomposition
nGZ
s =5, P sy D s_ associated with this grading.

Using the standard methods of vertex algebras, we get the following
Proposition 3.1. (i) M is a module for the commutative algebra Ox (U) with the
action

fm=f_ym, feOx({U),me Mo.

(ii) My is a module for the Lie algebra so. The actions of Ox (U) and s¢ on M are
compatible in the following way:

vp(0)fm — fup(0)m = (Gpf)m,

while the remaining basis elements of s9 commute with Ox (U).
(iii) For f € Ox(U) introduce the operator T'(f, z) on the space U (s_)Mjy:

1_
N
kel
where y € U(s_), m € My. If M is generated by My as a V(U )-module then
Y (f,z)ym =T(f,z)ym.

(iv) If M is generated by My as a V(U)-module then M = U(s_)M,.
Proof. Part (i) follows from the relation

Y(f,2)Y (h2) = Y(fh,2)

and the fact that f,ym = 0 for n > 0, m € M. Part (ii) is a consequence of the statement
that M is a graded s-module and (2.13).

We shall prove part (iii) by induction on the degree of y. For the basis of induction,
deg(y) = 0, so that y = 1, we need to show that

Y(f, z)m = Z —71(2)k (0" fym, (3.1)

for m € M. It is clear that both sides involve only non-negative powers of z. Let us reason
by induction on n the equality of terms up to 2" in (3.1). The coefficients at 2° in (3.1)
coincide by the definition of the action of Ox (U) on Mj. The equality of the coefficients
at 2" in (3.1) will follow from the equality of 2™ terms in

o 0
.Y (f.2)m = T (f, z)m. (3.2)
Note that
9 N
oY (Fam = up(2)Y (9,f, 2)m,
p=1

14



and also

0

N
5T 2)m = up(2)T (0, z)m.

Since in the above terms in wu,(z) with the negative powers of z act trivially (note that
up(0) acts trivially on M since u,(z) = LY (z,,2)), the equality of 2" terms in (3.2)
follows from the induction assumption.

Let us now complete the induction on the degree of y € U(s_). Suppose y = y'y”,
where y' € s_,y" € U(s_). If y' is one of uy(—n), Eq(—n) or L(—n), then both operators
Y(f,z) and T(f, z) commute with ¢y’ and we get

Y(f,2)y'y"m =y'Y(f,2)y"m=y'T(f 2)y"m=T(f,2)y'y"m.
The only non-trivial case is y" = v,(—n). However it follows from (2.12) that
[/Ua(_n)7 Y(f’ z)] = Z_nY(aaf7 Z)?

and also

[UG(_n)7 T(f7 Z)] = Z_nT(aaf7 2)7

thus
Y(fa Z)Ua(_n)y//m = Ua(_n)y(fv Z)y//m - Zﬁny(ﬁafa Z)y”m

=va(—n)T(f, 2)y"m — 27" T (s f, 2)y"'m = T(f, 2)ve(—n)y " m.

Part (iv) follows immediately from (iii).

Corollary 3.2. Let M’, M" be two V(U)-modules, M’ = & M, M" = & M,
that are generated by M|, and M{ respectively. Let 1) : M’ — M" be a homomorphism

of s-modules preserving the grading, such that ¢ : M} — M{ is a homomorphism of

Ox (U)-modules. Then 1 is a homomorphism of V(U )-modules.

The previous Proposition essentially tells us how the vertex algebra V(U) may act on
its modules. Let us now give an explicit construction.
Let W be a rational finite-dimensional simple G Ly (C)-module and let My (W) be

the generalized Verma module at level 1 for gly, induced from the gly-module W. Let
Mjg(S) be the generalized Verma module for g at level ¢, induced from an irreducible g-
module S, and Mgy (h) be the Verma module for the Virasoro Lie algebra of rank — ciir]?vg
with the highest weight vector v;, such that L(0)v, = hvp, h € C .

For an open set U C U;, the space

M(U) = Viei @ My (W) @ My(S) © Myie(h) ® Ox (U)
has a natural structure of a module for the vertex algebra V(U).

15



In order to construct the sheaf of modules M, we need to define the gluing isomor-
phisms
\Ifz'j : M(U] N Uz) — M(UZ N UJ)

Both M(U;NU;) and M(U;NU;) are the modules for the vertex algebra V(U;NU;), where
the action on the second module is defined via the isomorphism ®;; of vertex algebras.
The isomorphism ¥;; of modules that we need to construct must be an isomorphism of
V(U; NU;)-modules. The map ¥;; will be constructed using Corollary 3.2. Note that both
M = M(U; NU;) and M” = M(U; NU;) are Z-graded and their top components are:

b=WaS®u,®0x(U;NU,),

32W®S®Uh®OX(UZ'ﬁUj).

We first construct the map ¥,;; : M — My, which is an isomorphism of Ox(U; N
U;)-modules. Note that the jacobian matrix J#) = J = (9,%s)E,s is an element of
GLN(Ox(U;NU;)). We set

Ui @s@uef)= D) es2u, f. (3.3)

We claim that this is a homomorphism of sp-modules. Indeed, the action of g on both Mj
and M( is the natural action on S, while L(0) acts as multiplication by h on both spaces.
To see that ¥;; : M{y — M{ is a homomorphism of gly-modules, we need to check that

D (Eap(0) Wi (0 @ s @ v, @ f) = U5 (Eap(0)0 @ 5 @ vp, @ f).
Applying (2.17), we see that the left hand side equals
Ep(0)J0 @ 5 @ vp @ (0s¥a) (D) f

and to compute the right hand side we use the connection between the action of the group
G Ly and its Lie algebra gl on W:

JE,(0)0 ® s @, @ f = (JE(0)J NJo®@s®@uv, @ f

= By (0)J0 @ 5 @ vy, @ (0sTa)(Dp) -
Since u,(0) acts on both M{ and M trivially, the last thing to check is the equality

q)ij (f)a(()))\lfw(ﬁ) ® s, & f) = \Ifij (6a(0)u~1 ®Ss® Uy & f) (34)
In the right hand side #,(0) acts as d,, which gives
J @ s @ vy, @ O f,

while in the left hand side ®;;(,(0)) acts as 9, + Ep(0)050ax,. The left hand side then
becomes

JO @@, @0af + (0a))0@s@ vy @ f+ Fep(0)J ® s @ vy, @ (050ap) f.
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In order to evaluate the action of d,J we note that (5aJ )J ! belongs to the Lie algebra
gly, and we get

Dad = (02 )T 1) T = (0a0s7k) (Opp) Esp(0).J.

Since (9,0s71) (Opxp) 4+ 0594z, = 0, we establish (3.4).

Having established the homomorphism ¥,; : M{ — M as both so- and Ox (U;NU;)-
modules, we note that M’ is a generalized Verma module for the Lie algebra s, generated
by Mg,

M =U(s_) @ My,

thus, ¥;; extends uniquely to a homomorphism
\Ifij . MI — MN

of s-modules. By Corollary 3.2, this is a homomorphism of modules for the vertex al-
gebra V(U; N U;). One can immediately see that ¥;; o W;; is the identity map on
M(U; NU;), so ¥;; is in fact an isomorphism of modules.

The V(U;)-module M(U;) has a unique maximal submodule that trivially intersects
with Mo (U;). The quotient module £(U;) can be written as a tensor product

L(U;) = Vaei @ Ly (W) @ Lg(S) @ Lgie () ® Ox (Us),

where Lg (W), Lg(S) and La(h) are the simple quotients of the corresponding

g[N—, g- and Virasoro modules. It is clear that taking this quotient is compatible with
the coordinate change map V¥;;, and we obtain a sheaf £ of modules for V.

We established the following

Theorem 3.3. Let Ly be an irreducible highest weight module for the Lie algebra

g[N at level 1, such that its gly-submodule W generated the the highest weight vector of
Lg . is a finite-dimensional rational GLy-module. Let Lq be an irreducible highest weight

module for g at level ¢ # 0, —h", and let Ly be an irreducible highest weight module for
the Virasoro algebra with central charge —Cjiirfvg. There is a sheaf £ of modules for the
sheaf V of vertex algebras, where for an open set U; with a system of local parameters, the

module L£(U;) is defined as
L(Ui) = Viei ® Ly, @ Lg ® Legie ® Ox (Us),

and the coordinate change map V;; is defined on the top graded component by (3.3) and
extended to L(U; NU;) as a homomorphism of s-modules.

4. Representations of the sheaf G of Lie algebras.

In this section we are going to show that the sheaf V of vertex algebras admits an
action of the sheaf G of Lie algebras. As an immediate consequence we get representations
of G on the sheaves of modules M and L.
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Let U C U;. For f € Ox(U) we set the following formal generating series which
coefficients span G(U):

g(f,2)=> tfogz 7!, geg,
jeZ

=)t fdtz
jeZ

= Z t fdrgz"771,
jel

= thfaaz*jfl, a=1,...,N,
jel

do(f,2) = = S BT

The negative sign in the last formula is chosen to conform with the Virasoro algebra

conventions.
Theorem 4.1. Let V = Vi, @ Vi ® Vg ® Vg be a tensor product of vertex operator

algebras, where Vy(  is the universal enveloping vertex operator algebra for é\[ N at level
1 and rank —2N, Vg be the universal enveloping algebra for g at a non-zero, non-critical
level ¢, and Vi, be the universal enveloping Virasoro vertex algebra of rank —Cjiirfvg, SO
that the total rank of V is zero. Let V be the corresponding sheaf of vertex algebras on

X. There is a representation p of the sheaf of Lie algebras
G = <Map()/(\',g) <) ﬁ%) x Vect(X)

on the sheaf of vertex algebras V, given locally by the correspondence:

p(g(fvz)) :Y(g(_l)fvz)7 (4 1)
pko(f,2)) = Y (f,2), 4.2
p(ka(f,2)) = Y (ua(=1) [, 2), (4.3)
N
p(da(f,2)) =Y (va(=1) 1, 2) +ZY(Epa( 1)0pf, 2), (4.4)
p=1
N N
pldo(f,2)) =Y (W) f,2)+ Y Y(u D05 f,2) = )Y (up(=2)0,f,2). (4.5)
s, k=1 p=1

Proof. We need to prove that everything is well-defined and that the Lie brackets
of the vertex operators in the right hand sides of (4.1)-(4.5) match the Lie brackets of the
left hand sides.

18



Note that the relation

N

Y10 = Y (-8, 1.2)

p=1

ensures that the elements of d(Cl[t,t~|Ox (U;)) act trivially.
We need to show that both sides of (4.1)-(4.5) transform in a compatible way under
the coordinate changes in U; NUj, i.e.,

Pop=po0,

where © is the coordinate transformation © : G(U; NU;) — G(U; NU;). For (4.1) and
(4.2) this holds trivially. Let us verify this for (4.3)-(4.5).

O(p( Yt fdiaz77")) = (Y (lia(—1)f, 2)) = ¥ ((up(—1)0pa) (—1) [, 2)
jel

= p( Y f(Opia)dryz 1) = p(O(Y ¥ fditaz"71)).
jel el
Since @(ZjeZ tjféaz*jfl) = ZjeZ tj(éaars)fasz*jfl, the verification of compatibility
for (4.4) amounts to checking the equality

(I)(ﬁa(_l)f + Eqa(_l)éqf) = Us(_l)(éaxs)f + Eks(_l)ak((éaws)f)' (46)

Let us prove this equality: _ .
O(Ta(—1)f + Eqa(—1)0,f)

= (0p(=1)(Qap) + Eis (~1)04Daws ) 1) [+ (Brs(—1)(0kg) (Daws) + 15 (~1)DadsFg) 1) 0a f
= (0ap)(~2)0p(0) f + vp(—1)(0ap) f + Eks(—1)(0k0axs) f + Eis(—1)(Okiq)(Das)(Dgf)
g (—1)(0a054) (9g f)
= s (—1)(050ap) (Fpf) + ts(—1)(0a05Fq) (g f) + vp(—1) (Dawy) f
+Eps(—1)(0k0as) f + Eio(—1)(9as) (O f)
= 0p(—1)(Batp) [ + Es(—1)0((azs) f).

Here we used (2.16) in the last step.
Finally, for (4.5) we need to show that

q)(@(fl)f + ﬂk(—l)Esk(_l)ésf - ﬂs(—2)63f)

= w1y f +up(—1)Eap(—1)0af — ua(—2)0a f- (4.7)

Lemma 4.2. ¢,;(©) = w.
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Proof. The Virasoro element in V(U) is the sum of the Virasoro elements for the

tensor factors: ) .
w = e + w8+ WO + w‘Blt.

The coordinate change map ® does not affect the components Vi and Vi, so
(@f) = wd, @) =W,

One can verify that

(@Y%) = W — (93, () (Opar) — Esm(—1)(9sia) (—2)(Dam)

and
Q)(QQIN) = Wil + (Gki*p)(,g)(@pxk) + Esm(—l)(asia>(—2)(aa$m)-

Adding (4.8), (4.10) and (4.9) together we get the claim of the Lemma.
Let us check (4.9). Recall that

W = vp(—=1up(=1)1 = Up(_D(xp)(fQ)l-

Then .
(@) = ®;5(Ta(—1)(F4) (~2)1)

= (U (=1 (Gazm)) (-1) (Fa) (~2)1 + (B (=1)(0s0azm)) (1) (Fa) (~2) 1
= U (= 1)ty (—1) (Dam) (0rFa) + (0am) (—2)0m (0) (Fa) (~2)1
F(Bam) (—3)0m (D) (Fa) (—291 + B (1)t (—1) (35000 ) (3 4)
= W% 4 (Do) (—2) (Omia) (~2)1 + (Fatm ) (—3) (Omia)(~1)1
=B (= 1)t (—1)(0am) (950ra)

= W% — (3am) (—1)(OmTa) ()1 — Esm(—1)(05%0)(—2)(Bam)-

Next let us derive (4.10). The Virasoro element in Vg is

2(N +1) e

N
oy — _ (1(1)1(1)1+ Z Eab(l)Eba(l)].) + %I(—Q)l.

We have

®(I(—1)1) = Eop(—1)(0Fa)(Dap) — (Datp) (—2) (Opia)
= I(~1) = (Dap) (—2)(Dpa),
O([(=2)1) = I(=2)1 = (DJap) (—2)(FpFa) — (atp)(~2)(DIpa)
= 1(=2)1 = 2(0atp)(~3) (OpTa) — (Datp) (~2)(OpTa) (-2)1.

20
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and

B ﬁ ( <I(_1)1 B (5”1’)(2)(31)%))(_1) (I(—l)l - (513%)(72)(535:1)))

+(Bap(—1)(05%a) (Oop) = (02p) (~2) (0pFa) ) 1) (B (1) (00 (Oarm) — (8aq) (—2) (3qu))>

5 1(-2) — (Bury) (D) —

(Oarp)(—2)(OpTa)(~2)1

N —

1 3 ~
TN +1) (I(_l)l(_l)l — 21(=1)(0ap) (~2)(OpTa)

+(0ap)(~2) (51,365)(_2) (OpZa)(0sTy) + Esp(—1) B (—1)(0520) (517331)) (OrZs) (5a33m)
+((8sia) (ébxp))(—%Esp(O)Ekm(_l) (816551)) (éawm)
+((8sia) (ébxp))(—B)Esp(l)Ekm(_l) (816551)) (éawm)

—Erm (= 1) (0pp) (—2)(0pFa) (OZ6) (Daim) — Esp(—1)(0awq) (—2)(Dpp) (0gdin) (DsFa)

+(8bwp)(—2) (8axq)(—2) (8pi°a) (8qu)

%](_2)1 - (éaxp)(—S)(apja) -

+ (Oap)(—2)(OpTa)(—2)1

N —

1 = -
= SN 1 1) (I(—l)[(—l)l — 2I(=1)(0ap) (—2)(OpTa)

+(Dap) (~2) (p5) (~2) (OpTa) (D5s) + Esp(—1) Eps(—1)1
+Eom (—1)(05%a) (~2) (0p) (Dawm) (Bpn) + B (—1)(0pp) (—2) (DsTa) (Dawm) (D)
—Erp(—1)(0sa) (—2) (Dpp) (0as) (OnFp) — Erp(—1)(Dpp) (—2)(0sFa) (Fas) (Onis)
—2Ekp(—1)(pp) (—2)(On) + (sTa) (—3) (Do) (Dpiy) (Dazs)
+(Opp) (~2) (Dsa) (~2) (OpT0) (Duws) + (Do) (—3)(DsFa) (DpTp) (Dats)

+(5bwp)(—2) (5axq)(—2) (8pi°a) (8qu))

+%](_2)1 - (éawp)(—3)(8pja) -

(Oap)(—2)(OpTa)(—2)1

N | —
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1 ] i
:w%“*<N+D(—2H4xm%mQx@%»+N&mewwﬁw<m@ww

+1(— 1)(5b$p)(72)(6p3~76) - I(_l)(asia>(f2)(5ax8)
—N Ejp(—1)(0pp) (—2) (OnFp) — 2B (—1) (Do) (~2) (On) + N (9sfa) (~3) (Dats)
)

(abxp (- 2)((asiﬁa)(éaxs»(fm(apib) + N(ébx@(f?u)(apiﬁb)

_(517331))(—2)(8p3~5a)(—2)(5a$q)(8qib)) - (5a33p)(—3)(8p55a) - %(5(1331,)(_2)(31,:%(1)(_2)1

—_

= W + Bon(~1)(06F0) (-2) (0azm) = 5 (Oatp) (-2) (Opa) (-2 1

~ B 1 -~ B
—(0ap)(-3)(OpZTa) — 5(8axp)(—2)(8pwa)(—2)1

= wg[N + Esm(_l)(as-i:a)(72) (5a$m) + (613'%@)(*3) (5(13:17)'
Now let us establish (4.7):

P (‘D(—l)f + fLlf(_l)ﬁjsk(_l)ésf - fLs(_2)5$f>

= wn f + (w(=1)(Bir)) (1) (Eac(—l)((‘)ais)(ékxc) n ua(—1)5kaa:zs) (Bsf)

—(ta(=1)(8afs)) (~2) (05 f)
= Wiy f + up(—1) Bac(=1)(0F) (0as) (Ore) (Ds f) + up(—1)ta(—1)(Opix ) (ODas) (Os f)
—t1q(—=2)(0as) (05 f) — ta(—1)up(—1)(060as) (05 f)
= wen)f 4 u(=1)Eap(=1)(8af) + up(—1)tta(—1) (004 ) (D5 )
~ta(=1)up(=1) (000 (s f) = ua(~2) (D f)
= w(-1)f + up(=1)Eap(—=1)(0af) — ua(—2)(0af)-

To complete the proof of Theorem 4.1, we need to show that locally (4.1)-(4.5) define

a representation of the Lie algebra G(Uj;).
The Lie bracket in G(U;) may be encoded using the commutators of the generating

series:

[91(f, 1), g2(h, 22)] = [91, go] (fh, 22) 27 10 (z_i)
Hatlga)kolfh, 22)2 186 5( ) (91192) ékp hdp f, z2) 2115( 1) (4.11)

WAﬁa%MMQﬂng%m@ﬂg%(%), (4.12)
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[da(f, 1), ko(h, 22)] = ko(fOuh, z2)27 10 (i—j) (4.13)

[da(f, 21), (B, 22)] = ko (fOah, 22)27 0 (_)

N
+oapko(fh, z2)z118%5 (z—j) +0u Y kyp(hOyf, 22)21 16 (z—j) (4.14)
p=1
[da(f,21), dp(h, 22)] = (dp(fOuh, 22) — da(hOyf, 22)) 21 10 (j—j) (4.15)
[kz(fa Zl)akj(h722)] = 07 (416)
[g(f7 Zl)aki(hazQ)] = 07 (417)

ol 20 gt z2)] = (ot ) o0 (2) + gt oo (2), (aay

Zal

N

[do(f,21), ko(h, 22)] = Y kp(fOph, 22)27 "6 (z—j) (4.19)

p=1

[do(f, 21), ka(h, 22)] = (%ka(fh,@)) ) (Z—j) + ka(fh, zQ)zlla%a (@) (4.20)

[do(f,21),da(h, 22)] = (882 (fh, 2 )zl 15( )
&

0
+d,(fh, zg)zfla—@(5 (j—j) — do(hOuf, 22)2] *0 ) (4.21)

[do(f, 21), do(h, 22)] = ((%do(fh zQ)) 15( ) + 2do(fh, 22) 2] ga (Zl) (4.22)

where g, 91,92 €9, f,h€ Ox(U;),a,b=1,...,N,i,7=0,...,N.

We will use the commutator formula (2 2) in order to prove that p preserves these
relations. For (4.11) we need to verify in V(U;) the following relations for n-th products:

(91(=1) )0y (g2(=1)R) = [g1, g2](=1) fh + (91]g2) cup(—1) 10, £,

(1(=1)f)1)(g2(=1)h) = c(g1|g2) fh
(91(=1)f)(ny(g2(=1)h) = 0 for n > 1.

Let us check these equalities:
(91(=1)f)0)(92(=1)Rh) = f(=1)91(0)g2(—=1)h + f(—2)91(1)g2(—1)h
= [91, 92](=1) fh + c(91]92)up(—1)h0, f,
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(g1(=1)f)ay(g2(=1)h) = f=1)91(1)g2(—1)h = c(g1|g2) f .

The last relation holds trivially since the degree of the left hand side becomes negative.
We verify (4.12) in an analogous way:

(Ua(_l)f + Epa(_l)ﬁpf)(o)g(_l)h = f(—l)va(o)g(_l)h = g(_l)fﬁah-
It is easy to see that
(va(=1)f + Epa(—l)apf)(n)g(—l)h =0 for n > 0.

For the remaining n-th products we will verify only those that have a non-negative
degree. For (4.13) we have

(Ua(—l)f + Epa(—l)ﬁpf)(o)h = f(_l)va(())h = fO,h.
To prove (4.14), we compute
(Ua(—l)f + Epa(—l)apf> (O)Ub(—1>h = f(,l)va(())ub(—l)h + f(,g)va(l)ub(—l)h

= up(—1) fOuh + Sapup(—1)h0, f,

and
(Ua(—l)f + Epa(—l)apf)(l)ub(—l)h = f(,l)va(l)ub(—l)h = ap fh.

Let us now verify (4.15):
(Ua(—l)f + Epa(—l)apf) 0) (Ub(—l)h + Ekb(—l)ﬁkh)

= f(=1)va(0) (vs(=1)h + Epp(—1)0kh) + va(—1) fioyvs(—1)h
(O f) (—1) Epa(0) Exp(—=1)0kh + (Op f) (—2) Epa (1) B (—1)Okh + Epa(—1)(9pf) 0)vs(—1)h
= f1yvo(=1)0uh + Egp(—1) f0uOkh — va(=1)(Opf)(~1)h
+(Opf) (1) Epp(=1)0ah = (06 f ) (—1) Eka(—1)0kh + (O f) (—2)0alt — Epa(—1)(060p f )1
= vp(—1) fOsh — (Obf)(~2)0ah + Epp(—1) fOaOrh + Eip(—1)(0k f)(0uh)
—0a(=1)(Obf)h — Eka(=1)(0f)(9kh) — Era(—1)(0s0k )1 + (Obf)(—2)(0aht)
= vp(—1) fOuh + Eip(—1)0k (fOuh) — va(=1)(Opf)h — Era(—1)0k((06f)h),

and for n = 1:
(Ua(—l)f + Epa(—l)apf>(1) (Ub(—l)h + Ekb(—l)ﬁkh)

= f(o)va(O) (Ub(—l)h + Ekb(—l)ﬁkh) + (8pf)(_1)Epa(l)Ekb(—l)ﬁkh
= foyvo(=1)9ah + (O f)(=1)0uh = — (O f) (=1)0uh + (Opf) (=1)0uh = 0.
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Relations (4.16) and (4.17) hold trivially.
For the commutators involving dy( f, z), we will be using the properties (2.5) and (2.6)
of the Virasoro element. We will also need the following commutator relations (see [2]):

[Winys fem)] = —(n + M) frnym—1),

[Wny, g(m)] = —mg(n+m —1),
[W(n), Ua(m)] = —mua(n +m — 1),
[w(n)a Ua(m)] = —mva(n +m — 1),
-1
[W(n), Eap(m)] = —mEq(n+m — 1) — 5ab5n+m_1,0%1d,

[Winy, Wim)] = (N — M)w(nrm-1)-

For (4.18) we get
(w1yf + up(=1)Es(—1)0s f — uk(—2)3kf)(0)g(—1)h

= f-ywg(—Dh+ f—aywmg(-1)h
= [D(g(=1)h) + g(=1)(Df)(-1)h = D(g9(=1)fh)

and
(W(_l)f + Ukz(_l)Esk:(_l)asf - ukz(_z)@kf)(l)g(_l)h

= f(,l)w(l)g(—l)h = g(=1)fh.
For (4.19) we have

(W) f +ue(=1) Esk(=1)0s f — ur(=2)0k f) )P

= fenwoh + feowah = fnDh = uy(=1) f,h,
and
(W) f + ue(=1)Eg(=1)8s f — Uk:(_z)@kf)(l)h

= fowoh+ fywmh =0.
To verify that (4.20) holds for p, we calculate:

(w(,l)f + uk(—l)Esk(—l)asf — uk(—2)6kf) (O)ua(—l)h

= fenwoyta(—1)h + feaywayta(—1)h + f_zyw@)ta(—1)h
= fcyyD(ua(=1)h) + (Df)(—nyua(=1)h + f(_3)ua(0)h = D(ua(=1)fh),
for n = 1:

(w(,l)f + uk(—l)Esk(—l)asf — uk(—2)6kf)(1)ua(—1)h
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= foywoyua(—=1)h + fcnywayua(=1)h + faywe)ua(=1)h
= foyD(ua(=1)h) + f—nyua(=1)h + f—2)ua(0)h = ua(—1) fh,
and for n = 2:

(w(_l)f + uk(—l)Esk(—l)ﬁsf — uk(—2)8kf) (2)ua(—1)h

= f(,l)w(g)ua(—l)h = f(,l)ua(())h =0.
To establish (4.21) we need to compute the corresponding n = 0,1 and 2 products:

(w(_l)f -+ uk(—l)Esk(—l)ﬁsf — uk(—2)8kf) 0) (Ua(—l)h + Epa(—l)aph)

= fe1)w(0) (va(—=1)h + Epa(—1)0ph) + f(_oyw(1) (va(—1)h + Epe(—1)8,h)
+f—awez) (Va(=Dh + Epa(=1)0ph) + w1y foyva(-1)h
H(Baro(=1)0s f) (—ayur(Dva(=1h + up(=1)(Esi(=1)0s f) (0) (va(=1)h + Epa(—~1)9ph)
ug (=2) (Esk(—1)0s ) (1) Epa(—1)Oph + 2(0k ) (—3yur (1) va(—1)h — ug (=2) (Ok f) (0)va(—1) P
= fyyD(va(=1)h + Epa(=1)0ph) + (Df)(—1)(va(=1)h + Epa(—1)3ph)
+f(3)va(0)h — f(_5)0ah — w(_1)(Oaf)h + (D(Epa(—1)9y f))( nh
g (—1) Eg(—=1) (95 f) 0y va(—1)h + ur(—=1) (05 f) (~1) Esk (0) Epa(—1) 9y
Fup(—=1)(0sf) (—2) Esk (1) Epa(—1)0ph + ui(=2)(0s f) (—1) Esi (1) Epa(—1)Oph
+2(0af)(—3yh + ur(=2)(0a0k )
= D(f(—l)va(—l)h) + D(f(—l)Epa(_l)aph) + f(—3)8ah - f(—3)8ah - w(—l)(aaf)h
H(D(Epa(=1)8pf)) _yyh = we(=1) Es(=1)(0a0s )b+ i (=1)(0sf) (-1) Esa(—1)0h

—ug(— )( F) 1) Epe(=1)0ph + u(—=1)(9a f) (—2) Okl
Fu(=2)(9af)(Okh) +2(0af)(—3)h + ur(—2)(Okaf)h
= D(va(=1)fh) = D((0af)(-2)h) + D(Epa(—1) fOph) — w(—1)(0af)h

+(D(Epa(=1)0p1)) _1yh + Epa(=1)(9, ) D(h) = ur(=1) Egp(=1) (9504 f )
—up(—1) B (—1)(0af)(0sh) + (Daf)(—2) Dl + wk(=2)0k((Daf)1) + 2(0uf)(—3)h
= D(va(=1)fh + Epa(=1)0,(f1))
—(@1) (Paf)h + ur(=1) Bor (1) ((Daf 1) — un(=2)0k((9af)h)).
For n =1:

(w(,l)f + uk(—l)ESk(—l)Gsf — uk(—2)6kf)(1) (Ua(—l)h + Epa(—l)aph)
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= foyw©) (va(—=1)h + Epo(—1)0ph) + f—nyw(1)(va(—=1)h + Epe(—1)dph)

+f—aywe) (Va(=1)h + Epa(=1)0,h) + (Esk(—1)0s f) (—1yur(1)va(—1)h
g (= 1) (Bsk(=1)0s f) (1) (va (=1 + Epa(=1)3ph) + 2(0k f) (—2yur(1)va(—1)h

= Jova(=2)h + fioyva(=1)Dh + f—1yva(=1)h + f—1) Epa(=1)0ph
+f—2)va(=0)h — f(_2)0uh + Eso(=1)(0s f)h
+uk(—1)(0s ) (—1) Esk (1) Epa(—1)0ph + 2(0af) (~2)h
= —(0af)(~2)h = (Oaf)(~1)Dh + va(=1) fh — (Daf) (~2)h + Epa(—1) fOph
+f(-2)0ah — f(~2)0ah + Epa(=1)(0p f)h + ue(=1)(0a f) (Okh) + 2(0af) (—2)h
= va(=1)fh + Epa(—1)0p(fh),

and for n = 2:
(@ f 4w (D B~ D)0 — us(~2)04f) ) (va(~Dh + Epu(~1)9,h)

= fyw©)(Va(=1)h 4+ Epa(—1)0ph) + foyw)(va(—=1)h + Epe(—1)0ph)
+f—1ywe) (va(=1)h + Epa(—1)0ph) + (Esk(—1)0sf) 0y uk (1)va(—1)h
+2(0k f) (—1yur()va(=1)R
= fyva(=2)h + fyva(=1)Dh + foyva(=1)h + f(—1)va(0)h — f(—1)0ah + 2(0a f)h
= —(0af)h = (0af)©)Dh — (Oaf)h + fOuh — fOuh + 2(0a f)h =0,

which proves (4.21).
In the following computation, which establishes (4.22), we will be using (2.8) and the

Borcherds identity (2.4).
We begin with calculating n = 0 product of the elements of the vertex algebra corre-

sponding to do(f, z) and dg(h, 2):
(w(—l)f+uk(_1)Esk(_1)asf_Uk:(_Q)akf)(o) (w(—l)h+up(_1)Emp(_1)8mh_up(_Q)aph)

= feywo) (W1l + up(=1) By

(- (—
+Hf—ow) (W + up(=1) Bmp(—
+feawe) (Wnh + up(=1) Epp (=
+fcowe) (Wnh + up(=1) Enp(=1)0mh = u
Fwn fow-nh +wes fowenh
+H(Esk(=1)0s f) (—2yur(D)w—1yh + (Esk(=1)0s f) (—3yur (2)w—1)h
+up(—1) (Esk(=1)0s f) 0) (W= 1y h + tp(=1) Epp(=1) 9 1)
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g (=2) (Bak(=1)0s f) (1) (w(-1) o + up(—1) Epnp (= 1) O )
Fuk (=3) (Esi(—=1)0s f) 2) (w(—1)h + up(—1) Epp(—1) 0 h)
+3(0 f) (—ayun(2)w—1)h + 2(0k f) (—3)ur(L)w(—1)h
—uk(=2)(Okf) oyw-1)h — 2ur(=3)(Of) yw-1)h
= [ D(w(-1yh + tp(=1) By (—1)0mh — up(=2)0ph)
+2(Df) (1) (W) + up(=1) Ernp(=1)0mh — up(—2)0,h)
+3fnywoyh + f(=3)up(0) Emp(—=1)0mh + f—3yup(—=1)w o) Emp(—1)0mh
—2f(3yup(—1)0ph + 4f —yywayh + f(—ayup(1) Emp(—1)0mh — 2f(_4yu,(0)Oph
w1y feyh + (Esk(=1)0s f) () un(—1)h + 2(Es(—1)0s f) (—3)ux (0)
+up(=1)(9s ) (—1) B (0) (w(—1)h + up(=1) Ernp(=1) 0 1)
Hup(=1)(0s f) (—2) sk (1) (w(—1y b + 1y (= 1) Emp (= 1) O ) + i (=1)(0s.f) (—3) Esr(2)w(-1)h
Fur(—1) Esk (1) (05 f) ) w(-1h + ue(—1) Esp (=2) (05 f) (yw(-1)h
+ui(=2)(0s.f) 0) sk (0) (w-1)h + up(—1) Emp(—1) O )
Fuk(=2)(0sf) (- 1) B (1) (w—1y b + up(=1) Ep(—1)0m ) + wi(—2)(0s f) (—2) Es(2)w(-1)h
Fur(=2)Eg(—1)(0s f) (1yw(-1)h
+ur(=3)(9sf) 1) Esk(0) (wi—1)h + up(=1) Emp(=1)0mh)
+ur(=3) (05 £) (0) Bt (1) (w—1yh + up(=1) Enp (= 1)) + ur(=3)(3s ) (—1) Esk (2)w(—1yh
+6(0k f ) (—ayur(0)h + 2(0k f) (—3yur(—=1)h + up(—2)(Or f) (—2)h
= D(f(-nywn)h + tp(=1)Emp(=1) fOmh — up(=2) fOph)
+f—ownh + up(=1) Epp(=1) f—2)0mh — up(=2) f(—2)Oph
+3(_3)Dh — f(_syup(—1)ph — 2f(_3Dh
—w(—1)f—2)h + (D(Eer(=1)0s f)) (—1yur(—1)h
Fup(=1)up(=1) Esp(=1)(0s.f) (Okh) — ur(=1)up(—=1) Epi(—1)(0p.f) (Omh)
Fur(—=1)(0s f) (—2) Esk(=1)h + ur (—1)(0s f) (—2yus (1) Okh + up(—=1)(Or f) (=3)
—Uk (1) B (=1)(9s f) (—2)h + ur(=2)(0s f) (—1) Esk (= 1) h + ug (=2)us (=1) (05 f ) (Orh)
U (=2) (O f) (—2)h + ur(=3) Ok f)h + 2up (=1)(Ok ) (—3)h + uk(—=2)(Ok f) (—2) 1
= D(w1)fh+ up(=1) Epnp(=1) fOmh — up(~2) fO,h)
—2D(f(—3)h) = 3f(—a)h
F(D(Esk(=1)05.f)) (—1yur(=1)h+up(=1) Esp(—1)(0s f) Dh+ (Dug(—1)) (—1) Esk (1) (05 ) 1
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+us(—1)(0sf) (—2) Dh + 3uk (1) (Ok f) (—3)h + 2up (—2) (O f) (~2)h + uk(=3)(Ox f) 1
= D(w(—1) [+ up(=1) By (=1) fOh — up(=2) fOph)
+D(up(=1) Esp(=1)(0s f) 1) = 3(Df)(=3)h — (Df)(—2)Dh + up(=1)(Opf) (~2) Dh
+3up(=1)(0pf) (—3)h + 2up(=2) (Op f) (—2)hr + up(=3)(Opf )
= D(w(1)fh + tp(=1) Epp(=1)0m (fh) — up(—2) fOph)
—3(up(=1)0pf) 3y — (up(=1)0pf) (~2)Dh + up(=1)(0p.f) (~2) Dh
+3up(=1)(Opf) (—3)h + 2up(=2) (Op f) (—2)h + up(=3)(Opf) 1
= D(w(1)fh + tp(=1) Epp(=1)0m (fh) — up(—2) fOph)
—3up(=3)(Op.f)h — 3up(=2)(0pf) (—2)h — Bup(—=1)(0p.f) (—3)h
—tp(=2)(Opf)Dh — up(=1)(Opf) (—2)Dh + up(=1)(0pf) (—2) Dh
+3up(=1)(0pf) (—3)h + 2up(=2) (Op f) (—2)hr + up(=3)(Opf )
= D(w(-1)fh+up(=1) Epp(=1)0m(fh) — up(=2) fOph) — D(up(—2)(pf)h)
= D(w(—1)fh + tp(=1) Epnp(=1)0m (fh) = up(=2)0,(fh)).

Let us do the computations for n = 1 product in (4.22):
(w(,l)f+uk(—1)Esk(—1)68f—uk(—2)6kf)(1)(w(,l)h+up(—1)Emp(—1)6mh—up(—2)6ph)

b4 up(—=1) Epp(—1) 0 b — up(—2)0ph)
1)0mh — up(—2)0,

= foyw(o) (w
)ph)
)ph)

(w

+fnyway (Wb + up(=1) Eny
(
( 1 up(—2)9,h)

(—1)
+fowe) (Wenh + up(=1) Enp(=1)0mh — up(=2)0),
+f(,3)w(3) w(— 1)h+up —1)Epp(—1)0m

Fur (= D)(Bsr(=1)0s f) 1) (W1 + tp(=1) Epnp(=1) O )
+ur(=2)(Bsr(=1)0s f) 2) (W 1)+ tp(=1) Epnp(=1) O )
+3(0kf) (=3 ur (2)w—1)h + 20k f) (—2)ur (Dw(—1)h — ur(=2) (O f) yw(-1)h
= foweh+ fowenDh+ 2fnwenh
421y tp(—1) B (—1)Oh — 21yt (—2)Dph + 3 f(—2ywoyh + f(—2ytp(0) Epp(—1) O
+F () tp(—1)w(2) Enp (—1)Omh — 22yt (—1)0ph+ 4 f 500y h+ F(—3ytp(1) Enp(—1) D
—2f (5 tp(0)0ph + (Ber(—1)0s f)(—1yts(—1)h + 2( Eai(—1)0s f ) (—2yur (0)h
(1) (s ) 0) Bk (0) (- 1yh + (1) Ernp(~1)Dyah)

twenfowEnh + (Ea(=1)0s ) 1yus (1w )h+( H(=1)0s ) (—2yun(2)w-1)h
(-1
(—1
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Fur(=1)(0s f)(-1) Esr (1) (w(—1)h + up(=1) Epp(—1)Om h)
+uk(—1)(0s f) (—2) Esk (2)w(—1)h + ur (1) Esk(—1) (05 f) (yw(-1)h
Fuk(=2)(9s ) (1) B (0)w (1) + ur(=2) (05 ) (0) Esu (w1 P
Fur(=2)(0sf) (—1) Esk(2)w—1yh + 6(9k f) (~3)ur(0)h + 2(Ok ) (—2yur(—1)h
= —2f(_3h — f(_ayDh + 20(_1)fh — Af_3)h
+2up (—1) By (—1) fOmh — 2up(—2) fOyh + 3f(_) Dh
—up(=1) f(—2)0ph = 2up(=1) f(—2)Oph + Esp(=1)ur(=1)(ds f)h
Fup(=1)(0sf) (—1) Esk (=) + u(=1)(0s ) (— 1) us (1) Ih + ur (1) Ok f) (~2)h
Fup(=2) (O f)h + 2uk(=1)(Ok f) (—2) h
= 2w(_1)fh+ 2uk(—1) Es,(=1)05(fh) — 3(Df)(—2)h
2up(—2) fOeh + wue(=2) (O )k + 3uk(—1) (O f) (_ayh
= 2w(—1)fh+ 2up(=1)Esk(=1)0s(fh) — 3ur(=2)(Or f) N
—3uk(=1)(Okf)(—2yh — 2uk(=2) fOrh + ur(=2)(Ok f)h + 3ur(—=1)(Ok f) (—2)h
= 2(wn)fh+ up(=1)Esp(=1)05(fh) — ur(—2)0k(fh)).
For n = 2:

(w(_l)f+uk(—1)ESk(—1)8Sf—uk(—2)8kf) ) (w(_l)h—|—up(—l)Emp(—l)ﬁmh—up(—Q) D )

+f-nwe) (@-nh + tp(=1) Enp(=1)dnh — up(—2
+f—oyw@) (W h + up(=1) Epp(—1) 9 h — uy(—2)0,
T (Esk(—=1)0s f) 0yur(L)w—1)h + (Esk(=1)0s f) (—1yur(2)w(—1)h
Fup(=1)(Esk (=105 f) 2) (w(—1)h + tp(=1) Ernp(=1) D 1)
+2(0kf) (—1yur(D)w—1yh + 3(0kf) (—2yur(2)w—1)h

= fowenh+ foywen Dh+ 2fowenh + 3f-nweh

1) (0) Epp (1) h + fi—1ytp(—1)w2) Bonp(—1)Omh — 2f( 1y, (—1)8ph
T4 f—wayh + f(—2)up(1) Emp(—1)0mh — 2 f(_2)up(0)Oph
+(Esk(=1)0s f) (0yur(—=1)h + 2(Eex(=1)0s f) (—1yur (0) b
g (—1) (05 £) (1) B (0) (W 1) + tp(—1) Epp(—1)3ph)
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+uk (—=1)(8s f) (0) Bsre(1) (w—1)h + tp(—1) By (—1) 0 1)
Fuk(=1)(0s f) (—1) Esk(2)w—1yh + 20k f) (—1yur(=1)h + 6(Ok f) (—2)ur (0) 1
= —f_ayh — 2f_ayh + 3f_1yDh — f(_1yup(—1)h
~2f(_1yDh + ur(~1) (O F)1yh + 2 _2h = 0.
And finally for n = 3:

= fiw© (@ + tp(=1) Emp(=1)0mh — 1y (—2)9, 1)
+fayw) (Wb + tp(=1) Epp(—1)0mh — uy(—2
+foywe) (W h + up(—1) Epp(—1)0mh — up(—2)0,
+fcnwe) (W h + up(=1) By (—1)0mh — up(~2)0ph)
+(Esk(—1)0s ) (yur(Dw(-1)h + (Esk(=1)0s f) (0)ur (2)w (1)1
F2(0kf) 0y ur(Dw—1)h + 30k ) (—1yur (2)w(-1)h
= foweEnh + fowenDh+2fhw-nh + 3fowoh +4f-nwmh
F(Esk(=1)0s ) (1yue (=1)h + 2(Esk(—1)0s f) 0)ur (0) h
+2(0kf) 0y ur(=1)h + 6(0k f) (—1)ur (0)h
= foyDh + 3f0)Dh + (9s f) 0) Esk (0)ur(—1)h + (05 f) (=1) Esk (1)ug(=1)h = 0.

This completes the proof of Theorem 4.1.

Let us discuss some applications of our results to the chiral de Rham complex, con-

structed by Malikov-Schechtman-Vaintrob [9, 8]. Here we specialize to the case g = (0).
Under this assumption, the sheaf  has a local description

V(Ui) = Vie @ Vgr,, @ Vigie ® Ox (Us),

where Vi, is the universal enveloping vertex algebra for Uit of rank 0. The sheaf V) is a
module for the sheaf Vect(X) of Lie algebras. The chiral de Rham complex is a sheaf .,
of vertex superalgebras on X with a local description

Qch(Uz’) = Vﬁei X VZN ® Ox(Ui),

where V,~ is a vertex superalgebra associated with the standard Euclidean lattice zN.
Malikov-Schechtman-Vaintrob use a fermionic realization of V,~ with V,~ being Z-graded
by fermionic degree,



Each component VZQC\,) is an irreducible highest weight module for gA[N at level 1. This in-
duces a Z-grading on the chiral de Rham complex, 2., = &5 Qf}’,? The chiral differential
k=—oc0

is a map
d: QW) b
(see [9] for details).

Theorem 4.3. (i) Each component Qg;;) of the chiral de Rham complex is a module
for the sheaf Vect()? ) of Lie algebras of vector fields.

(ii) The differential d : Qg;;) — Qf}’;fl) is a homomorphism of modules for the sheaf
Vect(X).

Proof. Applying Theorem 4.1 with g = (0), Lg, = VZ%) and Lgjy, being trivial
1-dimensional module for the Virasoro algebra, we obtain that QEIZ) is a module for the
sheaf of Lie algebras ﬁ% x Vect(X), from which the first claim follows.

The proof of the second claim is completely analogous to Theorem 10.3 in [3], where
the case of a torus is considered.

Remark. Note that although d : ng) — QgIZH) is a homomorphism of Vect(X)-

. . . —1
modules, it does not commute with the action of Q5.

5. Lie algebras associated with the field of rational functions on X.
In conclusion of the paper we outline a version of our construction in the setting
of rational functions. Let C(X) be the field of rational functions on X and let R =

Clt,t7!) @ C(X). Consider the corresponding R-modules Q1, of 1-forms on X, and Vectp

of vector fields on X. Formally these objects may be defined as direct limits over non-empty
open subsets U C X:

QO =lmQL(U),  Vectp = lim Vect 5(U).
U U

We consider the Lie algebra
Gr=R®g® (Q/dR) & Vectp,

where the definition of the Lie bracket is completely analogous to one given in section 1.
Alternatively, Gr may be defined as a direct limit

Gr = limG(U).

The field C(X) is a finite extension of a purely transcendental extension of C, C(X) =
C(z1,...,xN;Y1,---,Ys), where {z1,...,xN} are algebraically independent and y;’s are
algebraic over C(z1,...,zy). Note that QL is a free R-module with the free generators
dt,dxq,...,dxy, and Vecty is a free R-module with the generators %, 8%1, cee %.

We can use {x1,..., 2y} in place of the local coordinates to define the vertex algebra

Vir = Vﬁei & VEI[N ® Vg @ Vigir ® (C(X)
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Our construction yields the following result:
Theorem 5.1. Let Vi = Vi @ Vi ® Vg ® Vigie ® C(X) be the vertex algebra with
the central charges of the tensor factors the same as in Theorem 4.1.
(i) Vg is a module for the Lie algebra Gr, where the action is given by (4.1)-(4.5).
(ii) Let Lg,, Lg, Ly be irreducible modules for the vertex algebras Vg, Vg, Vigic
respectively. Then
Lr =V @ Ly, ® Lg ® Lgie ® C(X)

is an irreducible module for the Lie algebra Gpg.
Proof. The only claim that requires a proof here is the irreducibility of Lr. Every-
thing else follows immediately from Theorems 4.1 and 4.3 by passing to the direct limit.
To show that L is irreducible as a Gg-module, we note that the fields in (4.1)-(4.5)
that define the action of Gr on Vg generate the vertex algebra Vg. Since Ly, Lg, Ly
are irreducible modules for the vertex algebras Vg, Vg, Vigic respectively, and the vertex
algebra Vg ® C(X) is simple, we conclude that L is an irreducible Gr-module.

References:
[1] S. Berman, Y. Billig, Irreducible representations for toroidal Lie algebras.
J.Algebra 221 (1999), 188-231.
[2] Y. Billig, A category of modules for the full toroidal Lie algebra. Int. Math. Res. Not.,
(2006), Art. ID 68395, 46 pp.
[3] Y. Billig, V. Futorny, Representations of Lie algebra of vector fields on a torus and
chiral de Rham complex. arXiv:1108.6092 [math.RT].
[4] S. Eswara Rao, R.V. Moody, Vertex representations for n-toroidal Lie algebras and a
generalization of the Virasoro algebra. Commun.Math.Phys. 159 (1994), 239-264.
[5] V. Kac, Vertex Algebras for Beginners. University Lecture Series, 10, Amer. Math.
Soc, Providence, 2nd Edition, 1998.
[6] T. A. Larsson, Lowest-energy representations of non-centrally extended diffeomorphism
algebras. Commun.Math.Phys. 201 (1999), 461-470.
[7] H. Li, Local systems of vertex operators, vertex superalgebras and modules. J.Pure
Appl.Algebra 109 (1996), 143-195.
[8] F. Malikov, V. Schechtman, Chiral de Rham complex. II. Differential topology, infinite-
dimensional Lie algebras, and applications, 149-188, Amer. Math. Soc. Transl. Ser. 2,
194, Amer. Math. Soc., Providence, RI, 1999.
[9] F. Malikov, V. Schechtman, A. Vaintrob, Chiral de Rham complex. Commun. Math.
Phys., 204 (1999), 439-473.
[10] R.V. Moody, S.E. Rao, T. Yokonuma, Toroidal Lie algebras and vertex representations.
Geom.Ded. 35 (1990), 283-307.
[11] D. Mumford, The Red Book of Varieties and Schemes. Lecture Notes in Mathematics,
1358, Springer-Verlag: Berlin/New York, 1988.

33



