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ABSTRACT. The goal of this paper is to study the representation theory of a classical infinite-
dimensional Lie algebra — the Lie algebra VectTN of vector fields on an N-dimensional torus
for N > 1. The case N = 1 gives a famous Virasoro algebra (or its centerless version - the
Witt algebra). The algebra VectT? has an important class of tensor modules parametrized by
finite-dimensional modules of gl. Tensor modules can be used in turn to construct bounded
irreducible modules for VectTV*1 (induced from VectT¥ ), which are the central objects of our
study. We solve two problems regarding these induced modules: we construct their free field
realizations and determine their characters. To solve these problems we analyze the structure of
the irreducible Q! (TN+1) /dQ° (TN+1) x Vect TV +1-modules constructed in [2]. These modules
remain irreducible when restricted to the subalgebra VectTVt1, unless they belongs to the chiral
de Rham complez, introduced by Malikov-Schechtman-Vaintrob [20].

1. INTRODUCTION.

In this paper we study the representation theory of a classical infinite-dimensional Lie algebra
— the Lie algebra VectT" of vector fields on a torus. This algebra has a class of representations
of a geometric nature — tensor modules, since vector fields act on tensor fields of any given type
via Lie derivative. Tensor modules are parametrized by finite-dimensional representations of gly,
with the fiber of a tensor bundle being a gly-module.

Irreducible gly-modules yield tensor modules that are irreducible over VectTV, with exception
of the modules of differential k-forms. In the latter case, the gly-module is irreducible, yet the
modules of k-forms are reducible, which follows from the fact that the differential of the de Rham
complex is a homomorphism of VectT"-modules. In the present paper we give a vertex algebra
analogue of this result.

In case of a circle, a conjecture of Kac, proved by Mathieu [21], states that for the Lie algebra of
vector fields on a circle an irreducible weight module with finite-dimensional weight spaces is either
a tensor module or a highest/lowest weight module. There is a generalization of this conjecture
to an arbitrary N due to Eswara Rao [7]. The analogues of the highest weight modules in this
case are defined using the technique introduced by Berman-Billig [1]. These modules are bounded
with respect to one of the variables. It follows from a general result of [1] that irreducible bounded
modules for the Lie algebra of vector fields on a torus have finite-dimensional weight spaces,
however the method of [1] yields no information on the dimensions of the weight spaces. This is
the question that we solve in the present paper — we find explicit realizations of the irreducible
bounded modules, using which the dimensions of the weight spaces may be readily determined.

A partial solution of this problem for the 2-dimensional torus was given by Billig-Molev-Zhang
[3] using non-commutative differential equations in vertex algebras. The algebra of vector fields
on T? contains the loop algebra sly = Clto, ty 1] ® slo. This subalgebra plays an important role
in representation theory of VectT2. According to the results of [3], some of the bounded modules
for VectT? remain irreducible when restricted to the subalgebra slo. Futorny classified in [11]
irreducible generalized Verma modules for sly. Such generalized Verma modules admit the action
of the much larger algebra VectT2.

This relation between representations of sly and VectT? suggests that for the Lie algebra of
vector fields on TV, an important role is played by its subalgebra sly. An unexpected twist
here is that it is not the generalized Verma modules for sl that admit the action of VectT™ for
N > 2, but rather the generalized Wakimoto modules. The generalized Wakimoto modules are
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sly-modules that have the same character as the generalized Verma modules, but need not to be
isomorphic to them.

The generalized Wakimoto modules for sl that we use here were constructed in [2] in the
context of the representation theory of toroidal Lie algebras, however their special properties with
respect to the loop subalgebra sly were not previously recognized.

Let us outline the result of [2] that we use here. Since one of the variables plays a special role,
it will be more convenient to work with an (V4 1)-dimensional torus. To construct a full toroidal
algebra, one begins with the algebra of g-valued functions on TN*+!:

Map(TV 1 g) = C[tE! ¢, ..., 5! @ g,

where g is a finite-dimensional simple Lie algebra. Next we take the universal central extension
of this multiloop algebra, with the center realized as the quotient of 1-forms on the torus by
differentials of functions [14]:

K =ab (TN+1) /dQ0 (TV+1).
Finally, one adds the Lie algebra of vector fields on the torus:
(Cltg",... 151 ® § @ K) x Vect TN T,

Irreducible bounded modules for this Lie algebra were constructed in [2] using vertex algebra
methods. Note that the results of [2] admit a specialization to § = (0). The multiloop algebra then
disappears, leaving behind, like the smile of the Cheshire Cat, the space of its central extension:

K x VectTN L.

It turns out that it is easier to study representations of this Lie algebra, rather than of vector
fields alone, because of the duality between vector fields and 1-forms. Representation theory of
this larger Lie algebra is controlled by a tensor product of three vertex algebras:

V+

Hyp ® VqlN ® Vir,

a subalgebra of a hyperbolic lattice vertex algebra, the affine gAl N vertex algebra at level 1 and the

Virasoro vertex algebra of rank 0. The tensor product of the first two components, Vf}yp @ Vgiy is

one of the bounded modules for K x VectTV*!, and in fact it is a generalized Wakimoto module
for the subalgebra sl 1 C Vect TN+, Then the results of [3] suggest that there is a chance that
K x Vect TN *1-modules constructed in [2] remain irreducible when restricted to VectTV*1. The
study of this question is the main part of the present paper. The answer that we get is remarkably
parallel to the classical picture with the tensor modules. We prove that a bounded irreducible
KC % Vect TV 1-module remains irreducible when restricted to the subalgebra of vector fields, unless
it belongs to the chiral de Rham complex, introduced by Malikov-Schechtman-Vaintrob [20] (for
arbitrary manifolds).

It is only in very special situations an irreducible module remains irreducible when restricted to
a subalgebra. A prime example of this is the basic module for an affine Kac-Moody algebra, which
remains irreducible when restricted to the principal Heisenberg subalgebra. This exceptional
property of the basic module leads to its vertex operator realization and is at heart of several
spectacular applications of this theory.

The space of the chiral de Rham complex is the vertex superalgebra

V+

Hyp ® V2r

where V.~ is the lattice vertex superalgebra associated with the standard euclidean lattice Z%.
The vertex superalgebra Vz~ is graded by fermionic degree:

Vgv = @ Vi,
kEZ

and the components

+ k
Vi © Von
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are irreducible K x VectTV+1-modules. Yet for these modules the restriction to the Lie algebra of
vector fields is no longer irreducible since the differential of the chiral de Rham complex

. + k + k+1
d: VHyp ® Vyn — VHyp ® Von

is a homomorphism of VectT™Nt!'-modules.

In fact it was noted in [18] that these components admit the action of the Lie algebra Clto, t; '] ®
VectT¥, but here we prove a much stronger result.

In conclusion, we make two curious observations. The Lie algebra of vector fields on a torus
has a trivial center, yet its representation theory is described in terms of vertex algebras Vl}ryp and
Vg1 that involve non-trivial central extensions. The central charges of these tensor factors cancel
out to give a vertex algebra of total rank 0.

The final remark is that the chiral de Rham complex is an essentially super object, whereas the
Lie algebra of vector fields we started with, is classical.

The structure of the paper is as follows. We introduce the main objects of our study in Sections
2, 3 and 4. We discuss vertex algebras and their applications to the representation theory of
VectTN*! in Sections 5 and 6. In Section 7 we introduce the generalized Wakimoto modules for
the loop algebra sly. We construct a non-degenerate pairing for the bounded modules in Section
8. We prove the main result on irreducibility in Section 9 and make a connection with the chiral
de Rham complex in the final section of the paper.

2. LIE ALGEBRA OF VECTOR FIELDS AND ITS TENSOR MODULES

We begin with the algebra of Fourier polynomials on an N-dimensional torus TV. Introducing

the variables t; = e®i j =1,...,N, we realize the algebra of functions as Laurent polynomials
C[tEY, ..., t5Y]. The Lie algebra of vector fields on a torus is
N 0
VectTVN = Der C[tF!,... t51 = @ Cltf', ... 5 —.
p=1 8tp
9

It will be more convenient for us to work with the degree derivations d, = t,5:- as the free
P

generators of VectTV as a C[tf!, ..., tE!]-module:
N
VectTV = pGjl CltEY, ... 5 d,.

The Lie bracket in VectT¥ is then written as
[t"dy, t™dp) = mat"™ " dy — rpt" d,, a,b=1,...,N.

Here we are using the multi-index notations t" = 7' ...t} for r = (r1,...,7y) € ZV.

The Cartan subalgebra (di, ..., dy) acts on VectT" diagonally and induces on it a Z"-grading.

The Lie algebra of vector fields (on any manifold) has a class of representations of a geometric
nature. Vector fields act via Lie derivative on the space of tensor fields of a given type. The result-
ing tensor modules are parametrized by representations of gly. Let us describe the construction
of tensor modules in case of a torus T,

Fix a finite-dimensional gly-module W. In case when W is irreducible, the identity matrix acts
as multiplication by a scalar a € C. Let v € CV. We define the tensor module T' = T'(W, ) to be
the vector space

T=qClg",....q5' oW

with the action given by

N
t"do(¢" @ w) = pog" T @ w+ Z rpg" " @ EPw, (2.1)
p=1
where r € ZN, p € v+ 7N, a=1,..., N and EP® is the matrix with 1 in (p, a)-position and zeros

elsewhere.
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Theorem 2.1. [[6], cf. [26]] Let W be an irreducible finite-dimensional gln-module. The tensor
module T(W,~) is an irreducible VectT™ -module, unless it appears in the de Rham complex of

differential forms

0oy L parryy L4 v,
The middle terms in this complex are reducible VectT™-modules, while the terms
@ Q%TN) and QN (TVN) are reducible whenever v € ZN .

Note that de Rham differential d is a homomorphism of VectTV-modules. Let us specify
irreducible gl y-modules that correspond to the tensor modules in de Rham complex. The modules
of functions Q° and the module of differential N-forms Q% correspond to 1-dimensional giy-
modules W on which the identity matrix acts as multiplication by o« = 0 and a = N respectively.
The remaining modules QF, k = 1,..., N — 1, are the highest weight modules for sly with the
fundamental highest weights wy and @ = k (see e.g. [6]). Even though they correspond to
irreducible gly-modules, tensor modules of differential forms are reducible since the kernels and
images of the differential d are obviously the submodules in QF.

3. BOUNDED MODULES

Our goal is to generalize to an arbitrary N the category of the highest weight modules over
VectT¥ . In our constructions one of the coordinates will play a special role. From now on, we will
be working with the IV 4 1-dimensional torus and will index our coordinates as tg, t1, . . ., ty, where
to is the “special variable”. We would like to construct modules for the Lie algebra D = VectTNV 1
in which the “energy operator” —dp has spectrum bounded from below.

Let us consider a Z-grading of D by degrees in ty. This Z-grading induces a decomposition

D=D_&Dy® D,

into subalgebras of positive, zero and negative degrees in ty. The degree zero part is
N
Dy = @OC[tlﬂ, o 5N d,.
p=

In particular, Dy is a semi-direct product of the Lie algebra of vector fields on TV with an abelian
ideal C[t£!, ..., t5']do.

We begin the construction of a bounded module by taking a tensor module for Dy. Fix a
finite-dimensional irreducible gly-module W, 3 € C and v € C. We define a Dyp-module T as a
space

T=q¢Clg",....¢i" oW
with the tensor module action (2.1) of the subalgebra VectTV <C Dy and with
C[ty?,. .., t5)do acting by shifts

t"do(¢" @ w) = B¢"T" @ w.
Next we let Dy act on T trivially and define M (T) as the induced module
M(T) =Indp op, T = U(D-) & T.

The module M (T") has a weight decomposition with respect to the Cartan subalgebra (do, ..., dn)
and the (real part of) spectrum of —dy on M(T) is bounded from below. However the weight
spaces of M(T) that lie below T are all infinite-dimensional.

It turns out that the situation improves dramatically when we pass to the irreducible quotient
of M(T). One can immediately see that the Lie algebra D belongs to the class of Lie algebras
with polynomial multiplication (as defined in [1]), whereas tensor modules belong to the class of
modules with polynomial action. A general theorem of [1] (see also [4]) yields in this particular
situation the following

Theorem 3.1. ([1]) (i) The module M(T) has a unique mazimal submodule M7?.
(ii) The irreducible quotient L(T) = M(T)/M"*® has finite-dimensional weight spaces.
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This leads to the following natural questions:

Problem 1. Determine the character of L(T).
Problem 2. Find a realization of L(T).

In [3] these problems were solved for some of the modules L(T") in case of a 2-dimensional torus
(N =1). In the present paper we will give a solution in full generality for any N.

4. TOROIDAL LIE ALGEBRAS

For a finite-dimensional simple Lie algebra g we consider a multiloop algebra
Ctst,. .. ,t]i\,l] ® g. Its universal central extension has a realization with center X identified
as the quotient space of 1-forms by differentials of functions [14],

K = QYTN+1) /aQl (TN +1).
The Lie bracket in
CltEt,.. i ege Kk

is given by

[f1(t) ® g1, f2(t) ® g2] = fif2 @ [91, g2] + (91]92) fodfr,

where g1,92 € @, f1, f2 € (C[tf)tl, e ,tﬁl], (+|-) is the Killing form on g and — denotes the projection
Qb — Ql/d0C.

We will set 1-forms kq = ¢, 'dts, a = 0,..., N as generators of Q' (TV*1) as a free (C[tgﬂ, .. ,tﬁl]—
module. We will use the same notations for their images in K.

The Lie algebra D = VectTV ! acts on the universal central extension of the multiloop algebra
with the natural action on (C[tgl, . t]ivl] ® @, and the action on K induced from the Lie derivative
action of vector fields on Q1:

[r®)da(f2(O)k) = frda(f2)ks + bap f2d(f1), a,b=0,...,N.
The full toroidal Lie algebra is a semi-direct product
g=(Cltg',....tx'|®@g®K) x D.

In fact [2] treats a more general family of Lie algebras, where the Lie bracket in g is twisted with a
2-cocycle T € H2(D, Q' /dQ°). However for the purposes of the present work we need to consider
only the semi-direct product, i.e., set 7 = 0.

A category of bounded modules for the full toroidal Lie algebra is studied in [2] and realizations
of irreducible modules in this category are given. The constructions of [2] admit a specialization
g = (0), which yields representations of the semi-direct product

Dx K.

The approach of the present paper is to look at the representations of this semidirect product,
constructed in [2], and to study their reductions to the subalgebra D of vector fields on TN+
Surprisingly, as we shall see below, most of the irreducible modules for D x I remain irreducible
when restricted to D.

In order to describe here the results of [2], we will need to present a background material on
vertex algebras.

5. VERTEX SUPERALGEBRAS: DEFINITIONS AND NOTATIONS

Let us recall the basic notions of the theory of the vertex operator (super) algebras. Here we
are following [12] and [17].
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Definition 5.1. A vertex superalgebra is a Zo-graded vector space V with a distinguished vector
1 (vacuum vector) in V, a parity-preserving operator D (infinitesimal translation) on the space
V', and a linear map Y (state-field correspondence)

Y(,2): V— (EndV)[[z,zil]],

a—Y(a,z)= Z amyz """ (where a(,) € EndV),
nez
such that the following axioms hold:
V1) For any a,b €V, a)b= 0 for n sufficiently large;

)
V3) Y(1,2) = Idy 2%

V4) Y(a,z)1 € V[[z]] and Y(a, z)1|,—¢0 = a for any a € V (self-replication);
V5) For any a,b € V, the fields Y (a, z) and Y (b, z) are mutually local, that is,

(z—w)"[Y(a,2),Y(b,w)] =0, for n sufficiently large.

A vertex superalgebra V is called a vertex operator superalgebra (VOA) if, in addition, V
contains a vector w (Virasoro element) such that
(V6) The components L, = w(,41) of the field

Y(w,z) = Zw(n)zfnfl = Z Lpz"""2

nez neEZ

satisfy the Virasoro algebra relations:
n®—n
[Ln, Lm] = (n — m)Ln+m + 57?:,—MTCV¢T7 (51)
where Cy;, acts on V' by scalar, called the rank of V.
(V7) D=L_y;
(V8) Operator Ly is diagonalizable on V.
This completes the definition of a VOA.

As a consequence of the axioms of the vertex superalgebra we have the following important
commutator formula:

1 -1 0 " 22
[Y((I,,Zl),Y(b, 22)] = nz;()ﬁY(a(n)b,Zg) |:Zl (8_2;2> 1) (z—1>:| . (52)
As usual, the delta function is

0(z) = Z 2",
nez
By (V1), the sum in the left hand side of the commutator formula is actually finite. The commu-
tator in the left hand side of (5.2) is of course the supercommutator.
Let us recall the definition of a normally ordered product of two fields. For a formal field

a(z) = Y ag;)z 77! define its positive and negative parts as follows:
jez

a(z)- = Za(j)z*jfl, a(z)y = Z agyz 7t
3=0 j=—1

Then the normally ordered product of two formal fields a(z),b(z) of parities p(a),p(b) € {0,1}
respectively, is defined as

ca(2)b(z) = a(z)1b(2) + (—1)PDPOp(2)a(z)
The following property of vertex superalgebras will be used extensively in this paper:

Y(a—yb,z) =:Y(a,2)Y(b,2z):, forall a,beV.



REPRESENTATIONS OF LIE ALGEBRA OF VECTOR FIELDS ON A TORUS 7

6. VERTEX LIE SUPERALGEBRAS

An important source of the vertex superalgebras is provided by the vertex Lie superalgebras.
In presenting this construction we will be following [5] (see also [8], [12], [24], [25]).

Let £ be a Lie superalgebra with the basis {u,),c—1lu € U,c € C,n € Z} (U, C are some
index sets). Define the corresponding fields in £[[z, z71]]:

u(z) = Zu(n)zfnfl, c(z) = c(_l)zo, ueU,ceC.
neEZ

Let F be a subspace in L[[z, 27 !]] spanned by all the fields u(z), c(z) and their derivatives of all
orders.

Definition 6.1. A Lie superalgebra £ with the basis as above is called a vertex Lie superalgebra
if the following two conditions hold:
(VL1) for all z,y € U,

[(21),y(22)] =

]+
o)
—
N
[\v]
S—

L — |
N
=

—
7N
Q
N‘QJ

()

~_

<.
>
7N
N|N

- [ V]

"

| IS
—~
(=)
=
N—

Jj=0

where f;(z) € F,n >0 and depend on z, y,
(VL2) for all ¢ € C, the elements c¢(_;) are central in L.

Let L4 be a subspace in £ with the basis {u(n)‘u € U,n > 0} and let £_y be a subspace
with the basis {u), c(_1)|u €U,ceC,n<0}. Then L= L) ® Ly and L4y, Ly are in fact
subalgebras in L.

The universal enveloping vertex algebra V, of a vertex Lie superalgebra £ is defined as the
induced module

Ve =Indg , (C1) = U(L))®1,

where C1 is a trivial 1-dimensional £y module.

Theorem 6.2. [[5], Theorem 4.8] Let L be a vertex Lie superalgebra. Then

(a) V7 has a structure of a vertex superalgebra with the vacuum vector 1, infinitesimal transla-
tion D being a natural extension of the derivation of L given by D(u(,)) = —nu(,—1y, D(c(—1)) =0,
u €U, c € C, and the state-field correspondence map Y defined by the formula:

1 k—1 k
Y (a(—l—nl) e a(—l—nk,l)a(—l—nk)]la Z)

_. <ni1' (%)m al(z)> <ﬁ <%>nk_la’<—1(2)) (nik' (%)nk ak(z)) L (6.2)

where a? € U,nj >0 or al € C,n; =0.
(b) Any bounded L-module is a vertex superalgebra module for V.
(c) For an arbitrary character x : C — C, the quotient module

Ve(x) = UL )W U L)) {(e-1) = x())

is a quotient vertex superalgebra.
(d) Any bounded L-module in which c(_yy act as x(c)Id, for all ¢ € C, is a vertex superalgebra
module for Ve(x).

The value x(c) is referred to as central charge or level.

The vertex algebra that controls representation theory of D x I is the tensor product of three
VOAs: a subalgebra ngp of a hyperbolic lattice vertex algebra, an affine é\l ~ vertex algebra Vg
at level 1, and the Virasoro vertex algebra Vy;,. of rank 0. In order to apply the results of [2] to
representation theory of D x K, we use specializations g = (0) and 7 = 0. In this specialization
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one has to fix the following values for the various central charges appearing in ([2], Theorems 5.3
and 6.4):
c= ]-7 Csiy = 1; CHei:Na
E, Clv,i,,. =0.
Let us briefly review the constructions of these three vertex algebras.

Hyperbolic lattice VOA. Consider a hyperbolic lattice Hyp, which is a free abelian group on 2V
generators {u®,v%|la = 1,..., N} with the symmetric bilinear form

CVH =

() : Hyp x Hyp — Z,

defined by
(u®|v?) = 0y, (u®u’) = (v*0°) =0, a,b=1,...,N.
We complexify Hyp to get a 2/N-dimensional vector space
H=Hyp®yzC

and extend the bilinear form by linearity on H. Next, we affinize H by defining a Heisenberg Lie
algebra

H=Clt,t"'|®H®CK
with the Lie bracket

[T(n)s Ym)] = n(2|Y)On,—m K, x,y €H, (6.3)
(K, H] = 0.

Here and in what follows, we are using the notation z(,) = t" ® .

The algebra H has a triangular decomposition H=H_a 7:20 3] ﬁ+, where 7:20 =19 H®CK,
and H = t*!1C[t*!] @ H.

Let Hypt be an isotropic sublattice of Hyp generated by {u®la =1,...,N}. We consider its
group algebra C[Hyp™'] = (C[eiul, cey ei“N] and define the action of Hy & 7:Z+ on C[Hyp™] by

zye? = (z]y)e?, Ke¥=eY, ﬁ+ey =0.

To be consistent with our previous notations, we set ¢ = ¢*", a =1,..., N.
Finally, let V;}yp be the induced module

H
ngp = Indﬁ0®ﬁ+ (C[Hprr]) .

We coordinatize Vf}yp as a Fock space over H:

+1 +1 =1,..,N
Vi =Clat - an' 1 ® Clugg, v 721057 ]
where H acts by operators of multiplication and differentiation:
A P
U(—jy = TUpjs Uy = 5> Ug) =0,
pj
0

P P P 2
Yea) T3 Vo) T gy Y0 T Mgy
forp=1,...,N, j=1,2,....
The space V;}yp has the structure of a vertex algebra - it is a vertex subalgebra in the vertex

algebra corresponding to lattice Hyp. We give here the values of the state-field correspondence
map on the generators of this vertex algebra:

Y (up1,2) = uP(z) = Zufj)z*jfl,

Y(op1,2) = 07(z) = 3 o297t p=1.. N,
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N ooz- N (e’
Y(q",2) = q"exp Z Z7<J> exp 2_: 270)

The Virasoro element of VHyp

N

H;

w P = g Up1Vp1
p=1

and the Virasoro field is

The rank of Vf}yp is 2N.

Fix v € CN. The space
N
Mptyp(y) = "Clat", .. a5'] @ Clupg, v P15

has a natural structure of a simple module for Vl}—yp (see e.g. [1] for details).

Affine gAl ~ VOA. The second vertex algebra that we will need is the affine gAl N vertex algebra at
level 1. Since gly is reductive, but not simple, it has more than one affinization. Here we consider
a particular version of gl N

gly =Clt,t7 | @ gly ® CC
with the Lie bracket
"X, t" Y] =t""" @ [X,Y] +nbn_nTr(XY)C, X,Y € glx. (6.4)

We note that gAl n 1s a vertex Lie algebra and consider its universal enveloping vertex algebra
Vyin at level 1 (ie., x(C) =1).

Let us give the value of the state-field correspondence map on the generators of this affine
vertex algebra:

YV(X(_pl,z2) => Xzl for X €gly.
JEZ

Slnce glny has a decomposition gly = sly @ CI, Where I is the identity IV x N matrix, the affine
gl N vertex algebra is the tensor product of the affine sl n~ vertex algebra and a Heisenberg vertex
algebra. The Virasoro element wIlN of Vg1 can be thus written as a sum of the Virasoro elements
wIN for the affine sl ~ vertex algebra and wf¢ for the Heisenberg vertex algebra. The usual
formula for the Virasoro element in affine vertex algebra gives the following explicit expression:

1
sly L i
=Ny Z B By 1= I<—1>I<—1>]' ' (65)

,j=1

The rank of the affine sl N~ vertex algebra at level 1 is V — 1.
For the Heisenberg vertex algebra we choose a non-standard Virasoro element (see [2], (4.33)):
1
Hei
we QNI( 1) (,1)]1 + 5[(,2)]1 (66)
The rank of this Heisenberg VOA is 1 — 3N.
Adding the two Virasoro elements, we get the Virasoro element for Vg, :

1 1
l 4
ST} ) Z ELyByt+ Ienlnl | + 5lpl (6.7)
The corresponding Virasoro field is
1 al 1d
V(I 2) = — PEY ()BT (z) s+ I(2)I(2) | + 2 —1(2). :
@0 = gy | 2 BRI |+l 68

i,j=1
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The rank of Vg, is —2N.

Let W be a finite-dimensional simple module for gly. Let C' act on W as the identity operator
and set (tC[t] ® glx) W = 0. Construct the generalized Verma module for the Lie algebra gl N as
the induced module from W, and consider its irreducible quotient Ly, (W). Then Ly, (W) is a
simple module for the vertex algebra Vi, .

Virasoro VOA. The last vertex algebra that we need to introduce is the Virasoro vertex algebra
Vyir of rank 0. The Virasoro Lie algebra (5.1) is a vertex Lie algebra with & = {w""} and

C = {Cvyj,}, where
WVir(z) =S WV =S L
jez JEL
Let V. be its universal enveloping vertex algebra of zero central charge, x(C'yy.) = 0.
Let Ly;.(h) be the irreducible highest weight module for the Virasoro Lie algebra with central
charge 0 with the highest weight vector vy, satisfying Lovy, = hvy,.

The vertex algebra that controls representation theory of D x K is the tensor product of the
sub-VOA V;[ryp of the hyperbolic lattice vertex algebra, affine gl vertex algebra Vg, at level 1,
and the Virasoro VOA Vy;,. of rank 0

+
VH yp

® VglN ® VVir
with the Virasoro element
w= wHyp + wglN + wVi'r.
The rank of this VOA is 2N — 2N 4+ 0 = 0. Now we are ready to present a result of [2] (Theorems
5.3 and 6.4):

Theorem 6.3. (2]) (i) Let Mpy,, Mg, My be modules for Vl}ryp, Vgin and Vy,, respectively.
Then the tensor product

M :MHyp®MglN®MViT

is a module for the Lie algebra D x K with the action given as follows:

> tit ko= = ko(r.2) = Y(q', 2), (6.9)
JEZ
Ztét%az_j_l =ko(r,2) — u®(2)Y(¢", 2), (6.10)
jez
4 N
Z 7 daz I = dy(r, 2) v (2)Y (", 2) + + ZTT,EP“(Z)Y(qT, 2), (6.11)
JEZL p=1
' N
ZtétTdoz_j_Q =do(r,z) — —: Y(w,2)Y(q",2) : — Z riud (2)EY(2)Y (q", 2)
JEL i,j=1

+ i% (iup(Z)) Y(q", 2), (6.12)

fora=1,...,N.
(i) The module

L(Wa Y h) = MHyp('Y) ® LglN (W) ® LVir(h)

is an irreducible module over the Lie algebra D x K.
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7. GENERALIZED WAKIMOTO MODULES.

In [3] the structure of irreducible modules L(T") over the Lie algebra of vector fields was deter-
mined in case of a 2-dimensional torus (N = 1). It turned out that the situation was analogous
to the case of a basic module for an affine Kac-Moody algebra, which remains irreducible when
restricted to the principal Heisenberg subalgebra [16], [13]. For the Lie algebra of vector fields on
T2 this role is played by its loop subalgebra sly = Clto, ty 1] ® sly. Indeed we have sl embedded
into VectT!:

sly & <t;1d1, dl,t1d1> C C[tl,tfl]dl.
This extends to an embedding
sly 2 Clto, tg '] @ (t7'dy, d1, tady) C VectT?.
The following theorem was proved in [3]:

Theorem 7.1. ([3]) Let W be the I-dimensional gli-module in which the identity matriz acts
as multiplication by « € C. Assume a ¢ Q, [ = @, and let v € C. Then the module
L(T) = L(a, 3,7) over the Lie algebra VectT? remains irreducible when restricted to subalgebra
SZQ.

Note that [3] uses a different convention for the sign of a.

The loop algebra sly = Clto, tal] ® slo is Z-graded by degree in tg. This gives its decomposition
sly = sl @ sl @ sly . The zero part sl 2 sly is a subalgebra in C[t1,t;"]d; and thus acts on T.
The positive part sl acts on T trivially. We can form the generalized Verma module over sly:

I+ T, 6,7) 2 UGly) © T(a, ,7).
By the results of [11], this generalized Verma module is irreducible over sl if and only if a ¢ %Z.
This gives the following

Corollary 7.2. ([3]) Let « € C,a ¢ Q, 8 = @ Then the VectT?-module L(c,3,7) when
restricted to sly is isomorphic to the generalized Verma module over sls:

L(a, B,7) 2 Usly) @ T(ev, 3, 7).

These results show that the loop subalgebra sls plays a crucial role in representation theory of
the Lie algebra of vector fields on T2. It is natural to conjecture that in the representation theory
of D = VectTN*! such a role is played by the loop algebra sly 1. Indeed, Dy has VectTN as a
subalgebra and VectT™ contains slyi1 (see e.g. [22]). Thus VectTV*! contains the loop algebra
§1N+1 = Clto, tal] ® slnt+1. The modules T'(W, 3,~) may be viewed as sly1-modules, and we can
form the generalized Verma module over sl N41:

Ulsly41) ® T(W, 5,7).
It turns out, however, that in general, the action of sl N+1 on the generalized Verma module can
not be extended to the action of the bigger algebra VectTVN*!. Instead one should use certain
generalized Wakimoto modules. We define the generalized Wakimoto modules in the following
way:

Definition 7.3. Let T' be an siyii-module. A generalized Wakimoto module M with top T
is an sl x4 1-module that contains T' as an sly1-submodule with gl} 41 acting on T trivially and
having the property that the character of M coincides with the character of the generalized Verma
module for QN+1:

char M = char (U(glf\,ﬂ)) x charT.

The generalized Verma module is by definition a generalized Wakimoto module. In case when
the generalized Verma module is irreducible, it is the only generalized Wakimoto module with the
given top T. As we mentioned above, for sl this happens for the tops T(«a, 8,v) with a & %Z
[11]. For N > 1 and any top T (W, 3,~) with a finite-dimensional gly-module W, the generalized
Verma module over sl ~N+1 is always reducible.
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_ We shall now see that Theorem 6.3 yields a construction of a generalized Wakimoto module for
sly+1. These modules admit the action of the whole algebra of vector fields on TN+,

Proposition 7.4. Let My, (W) be the generalized Verma module for gAlN at level 1, induced from
an irreducible finite-dimensional gly-module W. Then the module

M = Q’YC[‘I%lv e »qffl] ® Clupj, vpj] ® Mg, (W)
is a generalized Wakimoto module for the loop algebra sly1.
Proof. Applying Theorem 6.3 with a trivial 1-dimensional Virasoro module, we see that M as a

module for the Lie algebra VectTN+1, By restriction, view M as an sl ~+1-module. The top of
the module M is the tensor module

T(W,7) =q"Clgi™",....q5' ] @ W.
To show that M is a generalized Wakimoto module for sl N+1, we need to compare the characters
of Clup;, vpj] ® U(gly) and U(sly41)- We have

char Cluy;, vp;] X chaTU(é\lX,) = H(l — )72 %
k=1 k

(1—s"=N NE = charU (s ZN+1)

3

1

This completes the proof of the proposition.
O

Theorem 6.3 describes irreducible D x -modules. We would like to study their reductions
to subalgebra D. In general, when reduced to a subalgebra, modules become reducible. Here,
however, the link with generalized Wakimoto modules for sly. 1 and the result of [3] for N = 1,
give us hope that the situation may be better than one would expect a priory.

8. DUALITY FOR MODULES OVER THE LIE ALGEBRA OF VECTOR FIELDS

In this section we will establish a duality for the class of modules described in Theorem 6.3 (ii),
that will be useful for the study of their irreducibility as modules over Lie algebra D. We begin
by looking at this question in a general setup.

Let £ be a Z-graded Lie algebra £ = 69 L, with an anti-involution o such that o(L,) = L_,.

€z

Extend o to the universal enveloping algebra U(L) by o(ab) = a(b)o(a). Let Ly = 690 Lin.
n>

Suppose 11, T be two Lo-modules with a bilinear pairing

T1 X T2 — C (81)
such that

(zw1,we) = (wr,o(x)ws)

for all x € Lo, w1 € Ty, wo € T5.

For an Ly-module T we let £ act on T trivially and construct the generalized Verma modules
for L: M(T)=U(L_)®T.

The generalized Verma module M (T') inherits the Z-grading (assuming degree of T to be zero).
Define the radical of a generalized Verma module M (T') as the maximal homogeneous submodule
trivially intersecting with the top 7. If T is an irreducible £o-module then the quotient L(T') of
M (T) by its radical is an irreducible module for L.

Consider the Shapovalov projection

S:UL)— U(Ly)

with kernel L_U (L) +U(L)L.
Define a bilinear pairing
M(Th) x M(T») — C,
defined by
(awy, bws) = (w1, S(o(a)b)ws) (8.2)
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for a,b e U(L_), wi € Ty, we € Th.

Proposition 8.1. (i) The pairing (8.2) is contragredient, i.e.,
(zu,v) = (u, o(x)v)

forallz e L, ue M(Ty), ve M(Ts).

(i) If n # k then (M(T1)pn, M (T2);) = 0.

(i4i) The radicals of M(Ty), M(T3) are in the kernel of the pairing.

(iv) Assume that Ty, Te are irreducible Lo-modules and the pairing (8.1) is non-zero. Then the
contragredient pairing factors to the simple modules

L(Ty) x L(T») — C,
on which it is non-degenerate.

This proposition is standard (cf., [23], Proposition 2.8.1) and its proof is left to the reader as
an exercise.

Next we will apply this proposition to establish the duality for the bounded modules described
in Theorem 6.3 (ii).

We consider the following anti-involution on D x K:

o(tht"dy) =ty 7t "da,  o(t)t"ke) = t5 7t ke, a=0,...,N.

For a finite-dimensional simple gly-module W, on which the identity matrix I acts as multipli-
cation by a € C, let W* be the dual space to W with sly-module structure of the dual module,
but with I acting as scalar N — a. The natural pairing between W and W* satisfies

(Ew|w*) = (w| — E®w* + dgpw™).

Theorem 8.2. There exists a mon-degenerate contragredient pairing of simple D x K-modules
defined in Theorem 6.3 (ii):
L(W,~v,h) x L(W*,~,h) — C, (8.3)
satisfying
(xu,v) = (u,o(x)v),
forallz € Dx K, ue L(W,v,h), v e LW* ~,h).

For the proof of this theorem we will use an alternative construction of the simple D x -module
L(W,~, h), which is discussed in [2]. These modules may be abstractly defined using approach of
Theorem 3.1. The top of the module L(W,~, h) is the space

T =TW,v,h)=q"Clgi",....q5" ] @ W @ vy,

which is a module for the zero degree component Dy x Ko of D x K with respect to its Z-grading
by degree in ty. The positive part of D x IC acts on T(W,~, h) trivially, and we can consider the
induced D x K-module M(T). The induced module has a unique irreducible quotient, which is
isomorphic to L(W,~, h).

The action of Dy x Ko on T(W, v, h) can be derived from Theorem 6.3 (i) (see Theorem 6.4 in
[2] for details) and T is essentially a tensor module that we discussed above:

t"ko(¢" @ w @ vp) = " @ w @ vy, (8.4)
k(¢ @ w@vy) =0, (8.5)
N
t"da(q" @ w @ Vi) = paq" ©w @ vy + Z 7" T @ EPw @ v, (8.6)
p=1
tdo(q" @ w @ vy) =B ¢ @ w @ vy, (8.7)

where
Qw ala— N)

6:_h_2(N+1)_ 2N

(8.8)
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a=1,...,N,r € ZN, p€~v+7ZN. Here Qy is the scalar with which the Casimir operator of slx
acts on W.
The claim of Theorem 8.2 follows from Proposition 8.1 and the following lemma.

Lemma 8.3. Let W be a simple finite-dimensional glx-module on which the identity matriz acts
as scalar o, and let W* be a gl,-module which is dual to W as a sly-module, and on which the
identity matrixz acts as scalar N — «. Then the pairing

T(W,y,h) x T(W*,v,h) = C,
given by
(" @wevalg" @ w" @ vh) = bpn(w|w”)
is a non-degenerate contragredient pairing of Dy X Ko-modules.
Proof. Using (8.4) we get
(t"ko(q" @ w @ vn)lq" @ w" @ Vi) = Opgrn(wlw)
= S (0]w™) = (" © W @ Valo (ko) (q" & w* @ Vi),

In case of t"k,, a =1,..., N, both left and right hand sides are zero. Let us verify the contragre-
dient property for the action of t"d,, a =1,..., N:

{t"do(¢" @ w @ vy)|q" @ w* @ vp)
N
= (U @"TT @ W R vy + erq"“ ® EP'w @ vi|q" @ w* @ vi)

p=1

N
= Outrn (ua<w|w*> + er<Ep“w|w*)>
p=1

N
= Opmr <Ma<w|w*> + Y rplw] = EPw + 5paw*>>
p=1

N

= Oun— r<(n —ra){wlw*) =Y rp(w P w") + rofww’ >>

p=1

N
=0un—r <na (w]w™) er (w|EP*w* )
p=1

= (¢" @w @ vplo(t"da)(¢" ® w* @ vp)).
Finally, to check the case of t"dy, we note that the constant 5 in (8.8) is the same for T'(W, v, h)
and T (W*,~, h). This follows from the fact that the Casimir operator for sl acts with the same
scalar on W and W*, while the last term in (8.8) is invariant under the substitution a — N — .
Thus the computation in the case of t"dy is analogous to the case of t"kg. This completes the
proof of the lemma. O

Remark 8.4. The pairing (8.3) is in fact a product of contragredient pairings of tensor factors
MHyp(’Y) X MHyp(’Y) - (Ca LglN (W) X LglN (W*) - (C’ LVZT(h) X LVZT(h) - Cv
with respect to appropriate anti-involutions of corresponding Lie algebras.

Remark 8.5. The duality of Theorem 8.2 can be alternatively constructed via vertex algebra
approach, using the definition of the contragredient module over a vertex algebra (see section 5.2

n [10]).

One of the goals of this paper is to analyze which of the modules defined in Theorem 6.3 (ii)
remain irreducible after restriction to D. First of all, let us look at the question of irreducibility
of the top T'(W,~, h) as a module over Dy.
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Lemma 8.6. Let W be an irreducible finite-dimensional gly-module. The module T'(W,~,h) is
reducible as a Dy-module if and only if it is reducible as a VectT™ -module (see Theorem 2.1) and
h=0.

Proof. Clearly, if T(W,~, h) is reducible as a Dg-module, it must also be reducible as a VectT™ -
module. By Theorem 2.1, all such modules appear in the de Rham complex. Note that

D() = VECtTN D (C[tlilv cee 7tﬁ1]d0a

and by (8.7), t"dy acts on T (W, v, h) as multiplication by 8¢". It is well known that in the modules
of differential forms there are no proper submodules that are (C[qfﬂ, N qlf,l]—invariant. Thus for
T(W,~,h) to be reducible as a Dy-module it is necessary and sufficient that it is reducible as a
VectTN-module and the value of 3 given by (8.8) is zero. Let us analyze the values of 3 for the
modules in the de Rham complex. For the modules Q°(T¥) and Q¥ (T¥) the sly-module W is
trivial, so the Casimir operator acts with constant 2y = 0, while the identity matrix acts on W
with scalars & = 0 and o = N respectively. Simplifying the expression in (8.8) we get in this case
that 8 = —h. In case of the modules of k-forms QF(TV), k = 1,..., N — 1, the highest weight of
the corresponding sly-module W is the fundamental weight wy. A standard computation shows
that in this case the Casimir operator acts with the scalar

N+1
Since the identity matrix acts with the scalar o = k, the formula (8.8) again simplifies to 8 = —h.

This implies the claim of the Lemma.
O

Consider now an irreducible D x K module L(W,~, k) described in Theorem 6.3 (ii), and assume
that its top T (W, v, h) is irreducible as a Dp-module. To show that L(W,~, h) remains irreducible
as a module over D, it is sufficient to establish two properties:

(C) Every critical vector of L(W,~, h) (i.e., annihilated by D, ) belongs to its top T(W,~, h).

(G) L(W,~, h) is generated by its top T'(W,~, h) as a module over D_.

The following standard observation will be quite useful:

Lemma 8.7. Condition (C) holds for the module L(W,~, h) if and only if condition (G) holds for
L(W?*,7,h).

Proof. We use the existence of a non-degenerate contragredient pairing of D x K-modules:
L(W,%,h) x LW*,7,h) — C.

If L(W,~,h) has a vector annihilated by Dy, which does not belong to the top, it also has a
homogeneous vector with this property. Suppose u is a critical vector of degree s € ZV*+1. Since
the pairing is non-degenerate, there exists a vector v in L(W™* ~, h) of the same degree, such
that (u|v) # 0. If property (G) holds for L(W*,v,h), v can be written as v = ), z;v;, where
x; € D_,v; € L(W*,~,h). Applying the contragredient property, we get

(ulo) = (ul 3 v = 3o ulvs).
2 3
The last expression is zero since o(x;) € Dy and w is a critical vector. This gives a contradiction,
which implies that property (G) does not hold for L(W™*,~, h).

To prove the converse, assume that the component of degree s in L(W™*, v, h) is not generated
by D_ acting on the top. Let V be the intersection of that homogeneous component with the
space U(D_)T(W™*,~,h). Since the pairing is non-degenerate, we can find a non-zero vector u in
the degree s component of L(W,~, h), such that (u|V) = 0. If property (C) holds for the module
L(W,~,h), there exists a homogeneous y € U(Dy), such that z = yu is a non-zero vector in
T(W,~,h). Let 2z’ € T(W,~,h) be such that (z|z') # 0. Then

(22) = (yul?) = (ulo(y)2").
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But o(y) € U(D-), thus o(y)z’ € V, which leads to a contradiction. The lemma is now proved.
t

Lemma 8.7 reduces the question of irreducibility of the family of modules L(W,~,h) to the
question of existence of critical vectors. If both L(W,~, k) and L(W*,~, h) satisfy condition (C),
then they are both irreducible as modules over D.

9. CRITICAL VECTORS

In this section we will establish a necessary condition for the existence of non-trivial critical
vectors in the modules L(W, v, h), which together with Lemma 8.7 will give a sufficient condition
for the irreducibility of such modules.

Theorem 9.1. Let W be an irreducible finite-dimensional gly-module, v € CN,h € C. Every
critical vector (i.e., annihilated by D ) in the module L(W,~, h) belongs to its top, unless h = 0 and
W is either a trivial sl -module with identity matriz acting with scalara = N—mN, m=1,2,...,
or the highest weight of W is a fundamental weight wy, k = 1,..., N — 1, with identity matriz
acting by scalar a =k —mN, m=1,2,....

We will call a module L(W,~,h) exceptional if h = 0, the identity matrix acts on W by an
integer k € Z and W is a trivial one-dimensional sly-module when & = 0 mod N or has a
fundamental highest weight wy with 1 <k < N —1 and k=% mod N.

Theorem 9.2. Let W be an irreducible finite-dimensional glyx-module, v € CN h € C. Every
non-exceptional module L(W,~, h) is irreducible as a VectT™ -module.

Theorem 9.2 is an immediate consequence of Theorem 9.1 and Lemma 8.7. The proof of
Theorem 9.1 will be split into a sequence of lemmas.

Lemma 9.3. Let g € L(W,~,h) be a critical vector. Then g does not depend on variables {uy;},
i.e., g belongs to the subspace

‘IVC[%ﬂ’ R qN ] ® Clup,; |j 1.2, ] ® Lgiy (W) @ Lyir(h). (9.1)
Proof. The algebra D, contains the elements t{)dp with p=1,...,N, j > 1, which act as auipj.

The condition (£d,)g = 0 implies the claim of the lemma.
O

For a formal series a(z) we denote by a(z)- its part that only involves negative powers of z.
Recalling that d,(r,z) = > t)t"da27771, we have (zd,(r,z))—g = 0. Using (6.11) for the action
jEL
of d,(r, z) and taking into account that g does not depend on {u,;}, we get

N )
q" | exp erzupjzj <Zwmz —|—qa +ZTPZE$) k)

p=1 j=1 p=1 kezZ

X exp ZTPZ 7 81},,] g=0.

p=1 7j=1

Let us project to the subspace (9.1), setting u,; = 0 in the above equality. Also, since the
operator of multiplication by ¢" is invertible, we can drop it. We then get

P,(r,z)—g=0, a=1,...,N, (9.2)
where

N 0o i
<Z“"“Z+qﬂ +Z%ZEU€> )exp ZTPZZTJ%

p=1  k€Z
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At this point we find it convenient to make a change of variables x,; = jva;. In these notations
P,(r, z) takes form

00 N 00
z) = <Z Taiz' + qa + er Z E ) exp | — er Zz‘j 85 - |- (9.3)
i=1 ; pj

p=1  keZ p=1  j=1
Let us expand P, (r, z) in a formal series in variables r = (r1,...,7n):
s
P,(r,z) = E 7% Pos(2).
sezl

It is easy to see that for any j € Z and any vector ¢’, there are only finitely many s € Zf such
that the coefficient at 27 in P,4(2)g’ is non-zero. Thus the coefficient at 27 in Y. r*P.s(2)g is a
sEZf
polynomial in . Since for each j < 0 these polynomials vanish for all » € Z", we conclude that
forallser, a=1,...,N,
Pys (Z),g = 0.

Note that for s = 0 this equation is trivial. Let us consider the case s € Z¥, with s, = 1 and
s; =0 for 7 # p. This gives us an equation

()

k=1
— . 0
(Z <Z Taiz' + Qo — ) o ) 9. (9:4)
k=1 \i=1 da pk
Substituting (9.4) into (9.3) we get
Py(r,2)-g =0, (9.5)
where
oo N 00 N 00 (9
Pé(?“, z) = <Z Taiz' + qaa— + Z Tp Z El(‘mk)zk> exp | — Z Tp Z P P
i=1 @ p=1 k=0 p=1 j=1 pj

N o) N [e%s)
+exp erzza (erz<2xmz - ) kafk)
=1 j=1 p=1 — Ga pk

Our module is ZV +1—graded via the action of operators dy, . . ., dn, and without loss of generality
we may assume that g is homogeneous relative to Z¥*!-grading. We will call the eigenvalue of
B1d — dy the degree of g. We use the negative sign here to make the degree non—negative. In fact
the Z-grading by degree may be defined on each of the tensor factors (C[xpj|j 19 N], Ly, and
Ly by

deg(zp;) = deg(E( ;) = deg(L(—j)) = j,
deg(W) = deg(vy) = 0.

On the space C[z), |§ii2N] we will also consider a refinment of Z-grading by degree, where we
will compute the degree in each of the N families of variables. For each a = 1,..., N, define

deg, (:ij) = jlap-

Then for a monomial y € C[z), |J 13 "N we have

deg(y Z deg,(y

In addition to the degree of monomials, we will consider another ZV-grading by length, where

leng (2p;) = dap
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and define the total length to be

len(y Z len, (y

n

Let us fix homogeneous bases {y;}, {y;}, {y;'} in the spaces C[mm|j 13
respectively. Then we can expand g into a finite sum

9= Zaz‘jkq“% QY Dy - (9.7)
ijk

N]’ LglN and Ly,

Note that in the above decomposition deg(g) = deg(y;) + deg(y}) + deg(y’). Since equations
(9.2), (9.4) and (9.5) do not involve any operators acting on the component L y;,., we conclude
that these must be satisfied not only by g, but also by each of the components

1"

gk = Y aikd"y; @y @ yyl.

Lemma 9.4. Let g be a homogeneous non-zero critical vector. Then in the decomposition (9.7)
there exist yj € W and y;" € Cvp, with cijx # 0 for some i.

Proof. Let us rewrite (9.7) as

g=) vy <Zawky”/>.
—

Consider the smallest degree ng of y; for which a;j; # 0 for some i,j. We claim that ny = 0.
Otherwise, since Ly, is irreducible, there exists a raising operator w(VZ)T, n > 2, such that

winy Z airyy # 0.
deg(y;g') ng
Consider now the Virasoro operator acting on all three factors of the tensor product: w,) =
w{ff{p ?fl’)v 4w VZ)T The part of w(,,)g involving the terms of the smallest degree in the component
Ly, will be

> vyl ewly Z aijeyi’ # 0.
deg(y;‘”) ng
Thus w(,)g # 0. However operator w,) represents —to’_ldo € D4 and must annihilate g since g

is a critical vector. This is a contradiction, which implies that ng = 0.
Let § = g* Zz‘j ;Y @ y}’ ® v, be the projection of g to the space

q”(C[prb 1.2, ] ® L1 (W) ® v

We just proved that g # 0, and it was noted earlier that it satisfies equation (9.4). Let ny be the
smallest degree of y}' such that a;; # 0 for some . To complete the proof of the lemma, we need
to show that n; = 0. If n; > 0 using the same argument as above we see that there exists a raising
operator E(), n > 1 such that E(;)g will have a non-zero component with terms in Lg,, (W) of
degree n; — n. However the equation (9.4) implies that all factors from Ly, (W) that appear in
Efs)g have degrees at least n;. This contradiction implies n; = 0, and the lemma is proved.

O

Let g be the projection of the critical vector g to the space
M(C[xpjb 1.2, MeW . (9.8)

By the above Lemma, g # 0. Let us take the projection of the equation (9.5) to the space (9.8).
This yields
P(;,I(T.7 2)75 = O’ (9.6)
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where
N [eS) P
7 _ —J
Re) = (Somie e + ety o - Lo i
p=1 Jj=1
N oo 0 9
rom (-3 ) (L3 (S ra ) 5 ).
p=1 j=1 p=1 k= da O
Again we decompose P/ (r, z) in a formal power series in r, P/(r,z) = > r°*P! (z), and we

sEZf
have P/ (2)_g =0 for all s € Z¥.

Next we will consider the grading of g by (total) length. Note that the operator P/ (z) has two
homogeneous components with respect to the length grading — one that decreases the length by
s$1+ ...+ sy — 1 and the other (that contains terms involving qa8 )by $1+...+ sn. Let f be
the maximum length component of § and suppose len(f) = £. Denote by Qas(2) the component of
P! (2) that reduces the length by s1+...+sy—1. Then the component of length {+1—s1—...—sy
in P/ (2)_7is Qqs(z)— f. Thus

Assembling back the generating series Q,(r,2) = > 7°Qus(2), we get
sEZf
N oo )
pa _ —j
(Z Taiz + Z rpE(O)> exp ;::1 Tp jzz:l z e

N oo N 9 N © .0
+ <Z rpEfg) —Ta Z Z(k - 1)rpz_kaxpk> exp | — er Z z7 2y | (9.10)

Our goal is to solve the system of equations (9.9) in the space C[z,; |J 12, ]®W The solutions
we are looking for are homogeneous in both degree and length. Let deg(f) m, len(f) = ¢. The
equation (9.9) has trivial solutions with £ = 0. These correspond to the critical vectors in the top
of the module. We are going to show that non-trivial solutions of (9.9) must have length ¢ = 1.

To establish this claim we will first analyze the equation (9.9) in cases N = 1 and N = 2. The
case of the general NV will follow from the following simple observation. Consider a proper subset
S C {1,...,N}. Let us take a solution f of (9.9) and specialize all variables z,; with p & S to
scalars, we will get a solution for (9.9) with a smaller N. To see this, set in (9.9) r, = 0 for all
p € S and restrict a to the set S. The information about the solutions of (9.9) with N = 1 and
N = 2 may be used to establish properties of solutions of this equation for a general N.
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Lemma 9.5. Let N =1, and let W be a 1-dimensional gli-module with identity matriz I = E'!
acting by scalar « € C. Let f be a non-constant homogeneous (in both length and degree) solution
of (9.9) with N =1. Then len(f) =1 and a =1 — deg(f).

Proof. First of all, let us rewrite (9.10) for the case N = 1. To simplify notations we will drop
redundant indices and write z; instead of z,;, etc.,

<szz +ri<2xz ) ’i—kroz—rQi(k—l)z_kaixk) exp —riz‘ja%j

k=1 j=1
(9.11)
Let f satisfy Q(r,z)_f = 0. We may view [ as a polynomial of length £ > 0 and degree m > ¢
in Clz1,22,...]. Choose a natural number s such that
s+1
» 2 — f=0 (9.12)
T (9.231‘
j=1
but s
(e’ i a
oz — | f#o. (9.13)
,_ 8a:j
j=1

Clearly 1 < s < /.
Let us consider the coefficient at 7**! in the equation Q(r,z)_ f = 0:

() i )’ <Z <Zx7 ) -k 8k> R(z) + (_Sll)sozR(z)

=1

s—1

Thus

(f: (Z Tz ) -9 ) R(z) + aR(z) — Z%R(Z) — sR(z) = 0. (9.14)

k=1
Consider an expansion R(z) = R,z "+ Rp112 " 1+ ... + Rz~ ™ with R,, # 0. Let us look at
the coefficient at z~" in the above equation:

aR, +nR, —sR, =0,

which impliesa =s—n € Z_.
Applying the operator z-L to (9.12) we get

<Zkzkaik> R(z)=0.

Let us prove by induction that for all j >0

(i ijk%) R(z) = 0. (9.15)
k=1

Suppose (9.15) holds for all j* < j, j > 1. Applying the operator Y ;- kiz=F 6& to (9.14) and
using the induction assumption, we get

%) . (9 o) k—1 . . (9 P 8 d
o= (S (5 () am)re (e an )i

k=1 \i=1

“(Br) ) o ()
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() (S e

s
which establishes the inductive step. In the above calculation we used the fact that > p’ is a
p=1
polynomial in £ with the leading term ];JJ: .
Using the Vandermonde determinant argument we conclude from (9.15) that
0
—R(z)=0
92, )

for all k. This implies that all R; are scalars, but since they can’t have equal degrees, we conclude
that R,, is a non-zero scalar, while all other coefficients are zero. Without the loss of generality

we may thus assume
S

oo ;) .
=1 9

Thus s = len(f) = £ and n = deg(f) = m, and then o = len(f) — deg(f). It remains to prove that
len(f) = 1. We will reason by contradiction. Let us suppose that £ =len(f) > 1 and consider
-1

Since every term in S(z) has length 1, we can write

S(2) = frrrz™ ™ 4 Bomoz ™™ £ 4 B 1Tm_er12 T
Now we look at the coefficient at ¢ in the equation Q(r,z)_f = 0:
¢

Taking out the factor of (}})E we get
m—1 00 k—1 9
— —mAi i -k Y
O—;xzz E(; (szz>z 8xk>5(z)
+€Z%S(Z) +4(l—1)S(z) +£(m —£)S(2)
m—1 m—_0+1
= Z xiz_m"'i —/ Z <Z Tiz ) ﬂkz_m
i=1 k=1 \i
m—_L+1 m—~0+1

+/ Z (—m + k)Brxrz™ m+k—|—€ —1) Z Brprrz™ ™"

k=1
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m—1 m—~L [/m—L+1 m—~_0+1
:Zmiz_mH—(Z( Z ﬁk>xz mti gy g Z k—1)Brxrz" mtk
i=1 i=1 \ k=i+1

We stress that the above calculation is only valid when ¢ > 1. If ¢ > 2 we immediately get a
contradiction since the coefficient at z~! yields x,,_1 = 0. It only remains to rule out the case
¢ = 2. In the latter case the equation simplifies to the following:

Z xR 2 Z (Z Tz ) Brz™ ™+ 2 Z — 1) Brarz" mtk — .

k=1 =1
Let us spec1ahze this equation to x1 = ... = z,;,—1 = 1, 2 = 1. Then we get

—1—22 —15k+2z 0,

which implies m = 1, which is 1mp0851b1e since m = deg(f) can not be less than ¢ = len(f). Thus
¢ =len(f) =1 and the lemma is proved.
([

Next we are going to show that for a general N, a homogeneous non-trivial solution of (9.9)
must have total length 1. The previous lemma implies that such a solution may have only two
components with respect to len, grading for each a, where len, may be either 0 or 1. To prove
the general case, it is sufficient to consider N = 2, since if a monomial has len, + len; at most 1
for any pair of distinct indices, then its total length does not exceed 1.

Lemma 9.6. Let N = 2 and let W be a finite-dimensional gla-module. Then any homogeneous
(in both length and degree) non-constant solution f of (9.9) has total length 1.

Proof. It is sufficient to consider the case of W being irreducible since the equation (9.9) is compati-
ble with the gly-module homomorphisms. Let us fix a  Dbasis
{wn,wp—1,...,w_p} of W, where n € %Z+ and (B! — E??)w; = 2iw;. Assuming that the
identity matrix acts on W by scalar «, we get

EYw,; = (% + z) w; and FXw,; = (% — z) W

It follows from the previous lemma that every monomial in the decomposition of f has length
at most 1 with respect to each of the two indexes. Thus we only need to prove that f can not
have total length 2. We will reason by contradiction. If len(f) = 2 then for each monomial in f
both len; and lengy are 1. Suppose deg(f) = m. Let us write

=3 fow.

By Lemma 9.5 we have
deg(fi) =1— (% +i) , degy(fi) =1- (% - Z) )
so m = deg(f) = 2 — a. Let b; = deg,(f;) = % — i and ¢; = degy(fi) = & + i. Then f may be
written as "
=" Biwy,wae @wi, (9.16)
where we set 3; = 0 whenever b; < 0 or 76_1 §nO.

Let us take the equation derived from (9.9) by taking the coefficient at rqre with @ = 1 and
substitute (9.16) in it. We get

n m—1 b;—1

0=> 5 2T gy Z Bi Zz "y | @wi

i=—n Jj=1 i=—n
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c;i—1
_Zﬁv ZZ —Hxl Zﬁv C; bxlb X w;
- Z Bi(1 = bi)z™ "y, @ w; — 27]: Biz" M iny o @ B2 w,. (9.17)

Note that only the last sum contains variables z3 ;. By equating this sum to zero, we conclude
that 8; E*'w; = 0 for all i = —n,...,n. It follows that 3; = 0 for all i # —n. Similarly, taking
the same equation with a = 2, we will get that 8; = 0 for all i # n. Thus the only possibility for
a non-zero solution is when n = 0, which means that W is 1-dimensional and m is even. In this
case bp = ¢ = % and f = 71 mr2 m @ w, and the equation (9.17) becomes

l\vIS

-1
> rz " ew -2 2 j@w =0,
] J=

,_.

which gives a contradiction. Thus the total length of f must be 1 and the lemma is proved.
O

Now we return to the general case. We proved that a non-trivial homogeneous solution f of
(9.3) must have length 1. Suppose deg(f) = m. Then f can be written as

N
f:prm@)wp, w, € W.

p=1

The equation (9.9) then simplifies as follows:

N
= Z Z ry EP%wy + 14 (m — 1) Z TpWy
p=1  b=1 b—1

N N
= > rors (B + 6pa(m — 1)) wp. (9.18)

p=1b=1
Consider a new action p’ of gly on W:
P (EPYw = EPw + (m — 1)dgpw, w € W.

This gives the same structure of W as an sly-module, but now the identity matrix acts with scalar
o =a+ (m —1)N. Then (9.18) is equivalent to the system of equations

o (E““Ywy + p'(E*)w. = 0 (9.19)

where a,b,c=1,..., N.
We will also use a third gly-action p” on W:

p"(EPY)w = p'(EP*)w + apw = EP%w + mbgpw, w € W.

The identity matrix here acts with scalar o/ = a +mN. For this action the equation (9.19) may
be written as

0" (E“Ywy, + p" (E*")w, = Seqwp + Spatwe. (9.20)
We also have
N N N
) PRVILE TSyt o2
p=1 b=1 b=1

We are going to classify gly-modules W for which the system (9.19) has non-trivial solutions.
We will do this indirectly, linking this system with reducibility of tensor modules.
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Lemma 9.7. Let (W, p") be a finite-dimensional irreducible gln-module. Let P be the set of all
solutions (w1, ...,wn) € W X ... x W of the system of equations (9.20). Then the subspace

75:{ P qf’®(r1w1—l—...erN)‘(wl,...,wN) GP}
reZN

is a VectT™ -submodule in the tensor module T(W) = C[qlil, ... ,qﬁl]@)W, associated with (W, p'").

Proof. Let (w1,...,wy) € P. Then using the tensor module action and (9.21) we get

N N N N
t%d, <qr ®y rbwb> =1 @Y mwy + > syreg” T @ p (EP)wy
b=1 b=1

p=1b=1

N N
= Z quH—s ® Z(Tp + Sp)p/l(Epa)wb-
b=1 p=1

Fix 1 < a,i < N. Set w, = p"(EP*)w;, p =1,...,N. To complete the proof of the lemma, it
is sufficient to show that (wi,...,wy) € P. Instead of working with (9.20), it will be easier to
check an equivalent condition (9.19). Note that w, = p'(EP*)w; + dpsw;. Then using the fact that
(w1, ..., wn) satisfies (9.19), we obtain
p/(Ecd)wb + p/(Ebd),wc
= (B! (B, + B (B + /(BP0 (B + B! (B,
= —p/(B)p (B )wy + davp' (B Yw; — p' (B")p (E™Ywe + Sacp’ (B wi
_ _p/(Eia)p/(Ecd)wb o 5idP/(Eca)wb + 5acpl(Eid)wb + 5abP/(ECd)wi
_pl(Eia)pl(Ebd)wc _ 5idl)/(Eba)wc 4 5abpl(Eid)wc 4 5acl)/(Ebd)wi —0.
Thus (w1,...,wy) € P. Lemma is now proved.
O

Corollary 9.8. Let (W,p) be a finite-dimensional irreducible gln-module. If
L(W,~,h) has a critical vector of degree m > 1 then either W has a fundamental highest weight
wi, 1 <k < N-—1, with respect to sly-action, with identity matriz acting with scalar o = k—mN,
or W is a I-dimensional module with identity matriz acting with scalar « = N — mN.

Proof. If the system (9.20) has a non-trivial solution then the submodule P in the tensor module
T(W) corresponding to (W, p) is non-zero. It is a proper submodule since its component at ¢°
is trivial. Using the classification of reducible tensor modules (Theorem 2.1), we conclude that
T(W) is one of the de Rham modules Q¥(TV), k = 1,..., N. Taking into account the relation
a =o'’ —mN, we obtain the claim of the corollary.

t

To complete the proof of Theorem 9.1 it remains to establish the following
Lemma 9.9. If L(W,~,h) has a critical vector that does not belong the top then h = 0.

Proof. Our strategy will be the same as in derivation of equation (9.9). A critical vector g is
annihilated by t}t"dg for j > 0. Thus

(2%do(r, 2))_g = 0.
We will project this equation to the subspace (9.8) in order to derive an equation on f. Finally, we
will take 7,-component of the resulting equation. The action of dy(r, z) is given by (6.12), which

has three summands. We will analyze the contribution of each summand in z2dy(r, z) separately.
Consider the first summand

—| 22 Zw(_j)zj_l Y(q",2) + 22V (q", 2) Zw(j)z_j_l g. (9.22)
j=1 j=0

We have
wig =0 for j=>2,
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since —w(;) represents tgfldo. Thus the corresponding terms in the above expression may be
dropped. We also recall that
Hyp l Vi
w(j) = W) —|—w(g)” +wiy
We further split (9.22) into three summands corresponding to this decomposition. For the case of
the Virasoro field of the hyperbolic lattice component we have

= 0 0
H f— _ —k—
YP(z g g Jup; 2t <§ k2"t + 2 1qpa—qp—k E 8upkz 1)
k=1

p=1 \j=1

N 00 00
0 0
+ E E kg2t + 27 g, — + E . (9.23)
p=1 (k—l ! " Ogy k=1 8“”’“ 8vm

The first summand in (9.23) does not contribute to the projection to (9.8) since it contains multi-
plications by wu,;, while Y'(¢", z) does not involve differentiations in these variables. Note that we
are only interested in powers 27 in w¥P(z) with j > —2. Thus the only terms that will contribute
are:

N 9] oo
Z (I; k'l)pkzk1> Z%zfl
= j=1

In operator Y(¢", z) we may then drop the factors containing u,; when taking the projection to
(9.8). The contribution that we get will be

22 k—j—2 Yoo
> 2 ew (=) n ) ]S

ov
p=1 \ k=3 j=1 p=1 3:13 Py

oo k—2

— | exp ZTPZ ; 81},,]

_ j=1

> =320+ Mg+ i | |
Upj =1 Pj

p=1 Jj=1 _

Let us now take the r,-coefficient of the expansion in powers of r:

N co k—2

,O"ﬂ‘a
S (X kg ) (X i

p=1 \ k=3 j=1 j=1 _
o0 Zﬁj P N oo
+ Z 731)@ Z Z(] + 1)UP,J+1 + ZJUPJ vy, f - (9.24)
Jj=1 p=1 j=1 _
Since f is linear in vy,
N
f:vam@)wp@vh, wy € W,

p=1

the first summand in (9.24) vanishes, while the second simplifies to

m =9 —m = 9
T 0 T B
7j=1 7j=1

=22""1 @ wg ® V. (9.25)

Next, let us consider the contribution of the Virasoro field of Vg, :

— gly r r 1 gl o gly
Zw?f’;)z] Y1Y(q",2)+ 2*Y(q", 2) (z 1wa§V + 272w ?1) ) g. (9.26)
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The operators wf;f’ with j < 0 increase the degree in the component Ly, and thus do not

contribute to the projection to the space (9.8), and only the term with w?lf’ will contribute. The

Virasoro field of gl N is a sum of the Virasoro fields of sly (6.5) and the Heisenberg algebra (6.6).
Using (6.5) we can write

o = ey (3 2 Bt + 35 3 Bl

k=114,5=1 k=01,5=1

1 & 1 &
N D Iwln - N Zﬂ—kﬂ(k)) ;
k=1 k=0

and the terms that contribute to the projection are

N
1 1
’LJ j’L
D | 2 FeFe - ylolo |
i,j=
which is a multiple of the Casimir operator for sly. If W corresponds to the tensor module of
k-forms, k = 1,..., N, this operator will act on the space (9.8) with scalar k(gj\_,k) (see (8.9), this
also includes the case of a trivial sly module W when k = N).
Analogously, for the Virasoro field (6.6) of the Heisenberg algebra wHeZ will be acting on f with
the scalar

1 1 (k—mN)®> k—mN
aniolo —slo ="y "5
Going back to (9.26), we get the contribution of the Virasoro field in Vi, .

2 -m o >z
_(k(N—k;)+(k—mN) ok N)exp —Z%Z . a‘ f

2N 2N 2

and its r,-term will yield

2™ (k(N — k) n (k —mN)? _k—mN
2N 2N 2

) 1®w,  vp,. (9.27)
m

Now let us deal with the Virasoro field of Lyy,.. The corresponding term is

Z‘”(@)Zj_l Y(q’",z)+z2Y(qT,z)( w4+ 2~ Qw(‘{g’”) g. (9.28)

Since the operators w(‘;ir with j < 0 increase the degree in the component Ly, the only term
that contributes to the projection to (9.8) is w(‘f)””, which acts on (9.8) with scalar h. Thus the

rq-term of (9.28) gives the contribution

o0

) —-m
S0 el =t s w e (9.29)
j=1 J Vaj m

N
Next we shall look at the the summand — > 7,u’(2)E®(2)Y (q", 2) in (6.12). Its 7,-term is
b=—1

a’7

N 0o
— Z 22 Zjum Z 8’Up X <Z E?]f)z—k—1> g.
p=1 j=1 kEZ
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When we consider the projection to (9.8), we can drop terms with multiplications by u,; and E(k)
with & < —1, while for E(“,f) with k > 1 we may use (9.4), which yields

N 0o
_Z Zé)v K (O)f
p=1 \j=1" P
gy o\ " o
_;:1 Z_:av (; (;wmz ‘HIPa )T@wm)f

Taking into account that f is linear in vy, this can be simplified to the following

N ) e e )
_ —J ap ; -
> (S (S (30) o )1

j=1 k=1 \i=1
N m—1
=—2""Y 1@ E%w, @ v, — 2 "N——1 8w, ® Vh. (9.30)
2
p=1
Lemma 9.7 provides a relation between components (wi,...,wy) and submodules in the tensor

modules QF(T). Using computations in the tensor module of k-forms one can show that
ZE‘”’U} (N —k—m+ 1w,

thus (9.30) reduces to
- m—1
—z m((N—k—m+1)+NT)1®wa®vh. (9.31)

The r,-coefficient of the last summand

i <22 (%U”(Z)) Y(q", z)) K

p=1

is

— 1Dug -1 P
EJJ uJZ+§ —J )8% g
j=1 j=1

and its projection to (9.8) yields

oo

0
> (=i-1)
=1 6vaj
Finally, collecting (9.25), (9.27), (9.29), (9.31) and (9.32) together, we get

B 1 (K(N-—k) (k—mN)*> k—mN\ h
o_(2+m< TR 5 +o = (N —k—m+1)

2= —(m+ 1)z Qw, @ v, (9.32)

-1 h
—NmT —(m—|—1)) Wa = —Wa.

Since a is arbitrary, we can choose it so that w, # 0. Thus h = 0, which was to be demonstrated.
O
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10. CHIRAL DE RHAM COMPLEX

Chiral de Rham complex was introduced by Malikov et al. in [20]. In case a of torus TV the
space of this differential complex is a tensor product of two vertex (super) algebras

+
VHyp ® VzN .

Here Vi~ is the lattice vertex superalgebra of the standard euclidean lattice Z~. Before we define
the differential of this complex, let us review the structure of V;~. The vertex superalgebra Vzn~
has two main realizations — the bosonic realization and the fermionic one, with boson-fermion
correspondence being an isomorphism between the two models. For our purposes it will be more
convenient to use the fermionic realization of Vy~.

Consider the Clifford Lie superalgebra Cly of “charged free fermions” with basis

of its odd part and a 1-dimensional even part spanned by a central element K. The Lie bracket
in Cly is given by
[@?m),lﬂ?n)] = 5ab5m,—n—1K7 [@?my @?n)] = [w?m)v w?n)] =0.
Define formal fields
©(z) = Z Sﬁ?j)z_ja Y(z) = Z¢Elj)2_j_1, K(z) = K2°
JEL JEZ
With this choice of fields Cl becomes a vertex Lie superalgebra since the only non-trivial relation
between these fields is

o), 0 en)] = Gk ) [+ (2]

21
The lattice vertex superalgebra V;~ is isomorphic to the universal enveloping vertex algebra of
Cly at level 1. As a vector space it is the unique Cly-module generated by vacuum vector 1,
satisfying
Kl=1, @f’j)]l:wfj)]l:()for >0, p=1,...,N.
In its fermionic realization Vz~ is the exterior algebra with generators {(pf’j),lbf’j) |§’;1_1N} and is
irreducible as a module over Cly. The state-field correspondence map Y is given by the standard
formula (6.1).
We fix the Virasoro element in Vn:

N
D DL
p=1

The rank of this VOA is —2N. R
It is well-known that vertex superalgebra V;~ contains a level 1 simple gl vertex algebra. The
fields generating this subalgebra are

E®(2) = ¢ (2)9"(2) : -
It is easy to check that these satisfy relations (6.4) and the central element of é\l N acts as identity
operator. It is also straightforward to verify that the Virasoro element (6.7) in the gl vertex

algebra maps to w/®" under this embedding.
Let us define two Z-gradings on Vz~. The fermionic degree is defined by

degfer(‘to;?j)) =1, degfer(w@)) = -1, degfer(K) = degfer(]l) =0.
The bosonic grading is defined as follows:
degbos(@%‘)) =-Jj—1 degbos(w@')) = —j, degpys(K) = degjyg(1) = 0.
Let VZkN be the subspace of the elements of fermionic degree k. We have a decomposition

kEZ
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Note that each subspace V v 1S a gl y-submodule, which is graded by the bosonic degree. Its
structure is described by the following well-known result (see e.g. [9] or [15]):

Theorem 10.1. For each k € 7Z, VZkN 1s an irreducible é\lN—module at level 1. Let VZkN be the
non-trivial component of VZkN of the lowest bosonic degree. If k = 0 mod N then fkaN is 1-
dimensional. Ifk =k mod N with1 <k’ < N, then as an sly-module ‘N/Zk'N has the fundamental
highest weight wyr. The identity matriz of gl acts on vk v oas k1d.

Combining this result with Theorem 6.3, we get

Corollary 10.2. The space
MHyp(rY) ® VZkN
has a structure of a module for the Lie algebra VectTNT! of vector fields.

For these modules the Virasoro tensor factor Lyy.(h) is 1-dimensional (b = 0). The modules
in this family are precisely the exceptional modules L(W,~,h) for which Theorem 9.2 does not
claim irreducibility. We are going to see below that these modules are in fact reducible.

Let us express the action (6.11), (6.12) of the Lie algebra VectTN™! on My, () ® Vi using
the fermionic realization:

do(r,2) — Y (do(r),z), do(r,z) — Y(do(r),2),

where

N
da(r) = Uﬁil)qr + Z Tp@’(’,l)wﬁl)qr,
p=1

N
H; r T
do(r) = — (ylp)q +wfer1)q + Z Tall 1)50 1)1/)( 1) _erul()ﬂ)q
a,b=1 p=1
N
Zu N +Z<P< y¥-nd + Z rati{_1) {1 ¥{-1)q"
a,b=1

Here we used the relatlon

Hyp r
Wi —ZW e +Z7”p“< 24

Following [20], let us now introduce the differential
d d d
LL— MHyp('y) ® VZkN—> MHyp('y) ® VZkz\Jrrl—’

of the chiral de Rham complex.
Let

] =

Q=) vl yepl

p=1

M=

and set d = Qg), i.e., d is a coefficient at z=! in Y(Q,2) = vP(2)¢P(z). Vanishing of the

1

p
supercommutator

YV(Q,21),Y(Q,22)] =0
impliesdod = 0.

Theorem 10.3. The map
d: Mpy,(7) © Vv — Mpyy(7) © VZkJ\Jfrl

is a homomorphism of VectTN 1 -modules.
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The statement of this theorem is equivalent to the claim that the following operators on
M yp(y) ® Vzn commute:

[d,d.(r,2)] =0,
[d, do(r, 2)] = 0.
The proof of these relations will be based on the following simple observation:

Lemma 10.4. Let V be a vertex supemlgebm and let a,b € V. Suppose that aigyb = 0. Then
Proof. Since a ()b = 0, the commutator formula (5.2) yields
0N (=
[Y(a,z),Y (b, 22)] ; Y (agjb, z2) [21 1 <8—z2) ) <Z—1>1 .

However the right hand side does not contain terms with z; " and the claim of the lemma follows.
O

Let us continue with the proof of the theorem. We need to show that

Q(O)da(r) =0 and Q(O)dO (7") =0

Since Y (Q, z) =

' (2)¢t(2) 1, we have

s

Q
Il
-

Qo) = Z Z% i- 1U(J)+ZU( HPl-1)

=1 =

It is easy to see that véj)da(r) =0for j > 1 and wzj)da(r) =0 for j > 1. Thus

N
Quyda(r) = 3= (¢l -1yvioy +v{1)%lo)) dalr)
i=1
= rinind = DY oy ey Pio ¥
i=1 i=1 p=1
N ) N
= 2wl = Y rv{oyelnd =0
i=1 p=1

Let us now show that Qgydo(r) = 0. Since Ufj)do(r) =0 for j > 2 and wzj)do(r) =0forj>1,
we get
N

~Quydo(r) =) (ﬁﬂ)“f@) + PV T ”@1)‘4@) (=do(r))-
i=1
Let us compute each of three terms in the right hand side separately:

N . .
(Z saznvzm) (~do(r)
) N N

N N
=D eyl yv-1d" + D] D PVl a V1"
=1 p=1

i=1 p=1

N N
7 7 b a b r
Z > el ny o u{-1y el n¥l-14
i=1 a,b=1
N N

N N
=22 eyt + 2D ity el g ¥{-nd’
=1 p=1

i=1 p=1
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N N N
2D IP DI S A (10.1)

i=1 a=1 b=1
The last summand in (10.1) vanishes since it is antisymmetric in {a,}. Next,

N . .
<Z S07('—2)U2'1)> (—do(r))

=D PV ul_yyd + D> Pl g ¥lnd

i=1 p=1 i=1 p=1
N N
Z D S e
=1 b:
N . .
=D A ay{nd + Z Z ra(—2)P(-) ¥~ (10.2)
p=1 =1 a=1

And finally,

N
(Z UE1)<P20)> (=do(r))
N N ] -
=D VPl ulyd +ZZ”< D02 V{1

=1 p=1 i=1 p=1
N N ‘ ‘
D0 D T Ploy Uyl ¥{-1)d
i=1 a,b=1
N N
1 3 1 b r
== D vyl a Pl e —Z Z ra¥(_1)U(—1)P{_1)¥(0)¥(-1)q
i=1p=1 i= la,b 1
N
:_ZU( 1) 2)q erav( nu )<P( 1) . (10.3)
=1 a=1

Combining (10.1), (10.2) and (10.3) we get Q(0)(—do(r)) = 0, and the theorem is proved.

Let us present here a diagram of the Chiral de Rham complex for NV = 2. On the diagram, the
fermionic degree increases in the horizontal direction and bosonic in vertical.

0o ot 02

k=0 k=1 k=2

k=—1 d d k=3

_—
k=-2d '
_— —>
k—fsd [ [ d k=5

R

The tops of the modules M, (7) ® QVE v with 0 <k < N are the spaces q"QF(TN) of differential
k-forms that form the classical de Rham complex. Non-trivial VectTV-submodules in these tops
generate non-trivial VectTV+! submodules in corresponding modules M Hyp(7) ® VZkN.

It was proved in [20] that the cohomology of the chiral de Rham complex coincides with the
classical de Rham cohomology. This implies, in particular, that for k¥ < 0 or & > N the short
sequences

1 d d
MHyp('V) ® VZkN b MHyp('Y) ® VZkN - MHyp('V) ® VZkI\Jfrl



REPRESENTATIONS OF LIE ALGEBRA OF VECTOR FIELDS ON A TORUS 32

are exact. Using this fact, we get

Corollary 10.5. (i) For k < 0, VectTN*!-modules Mpy,(v) ® Vi have non-trivial critical
vectors.
(it) For k > N, Vect TN*1-modules My, (v) ® V¥ are not generated by their top spaces.

Proof. We can see from the above diagram that for k& < 0 the images of the top vectors in
M pyp(y) ® VZkN are non-trivial critical vectors in My, (v) ® Vijj'l. For k > N, the top spaces of
M pyp(v) @ Vfy are in the kernel of d. Thus the submodules generated by the tops are annihilated
by d as well. Since the map d is non-zero, these submodules are proper. O

As a result we see that all modules that belong to the chiral de Rham complex are reducible.
The claim of Corollary 10.5 is consistent with the existence of the contragredient pairing given by
Theorem 8.2:

(MHyp(V) ® VZkN) x (MHyp(V) ® sz\lfvik) —-C

For the chiral de Rham complex this duality was constructed in [19].
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