Coarse-Grained Wavepacket Controllability by Free Evolution and Phase Shifts with Smooth Coordinate Dependance.

E.A. Shapiro,^{1, 2} Misha Yu. Ivanov,^1 and Yuly Billig^3 1Steacie Institute for Molecular Science, National Research Council of Canada, Ottawa, Ontario, K1A 0R6 Canada 2General Physics Institute, Russian Academy of Sciences, Moscow 117942 Russia 3School of Mathematics and Statistics, Carleton University, 1125 Colonel By Dr., Ottawa, Ontario K1S 5B6, Canada (Dated: January 13, 2004) We describe an approach to controlling wavepacket dynamics and a criterion of wavepacket controllability based on discretized properties of the wavepacket’s localization on the orbit. The notion of ”coarse-grained control” and the coarse-grained description of the controllability in infinite-dimensional Hilbert spaces are introduced and studied using the mathematical apparatus of loop groups. We prove that 2D rotational wavepackets are controllable by only free evolution and phase kicks by AC Stark shift implemented at fractional revivals. This scheme works even if the AC Stark shifts can have only a smooth coordinate dependence, correspondent to the action of a linearly polarized laser field.

I. INTRODUCTION

Facing the problem of controlling a quantum system, it is important to know whether the set of tools at hand – mathematically, the set of different Hamiltonians one can apply to the system – is sufficient to implement all desired transformations. With this kind of information, one can either look for intuitive schemes to implement the needed transformation [1, 2], or rely on numerical or experimental optimal control algorithms [3]. If, however, the set of control knobs at hand is proven to be insufficient, one can analyze why it is so and then efficiently search for additional control tools.

Controllability of a quantum system implies the ability to generate any unitary transformation, and hence any state to state transformation, with a given set of control knobs.

Here controllability also implies that any such transformation can be generated in a certain time T_f that does not exceed some boundary value T_0; for discussion of different definitions of controllability see, e.g., [4].

Geometric approach to controllability has been very successful for finite-dimensional Hilbert spaces, i.e. in analyzing the controllability of a system where the evolution is confined to a finite, pre-determined set of levels. It has been used in the areas of atomic and molecular control (see [2], [4]-[8]), as well as in the field of quantum computation ([9]-[12]). The following result is used most commonly: one can generate any unitary transformation in an N-level system, applying the set of time-independent Hamiltonians H_0, ... H_k, if the Lie algebra generated by these Hamiltonians – the space of linear combinations of H_0, ..H_k and their iterated commutators – is of real dimension N^2 [8, 13].

In the physical examples, H_0 often stands for the unperturbed hamiltonian of the system and H_1, ..., H_k include different types of perturbations one can switch on and off, one at a time, for intervals of time that can be arbitrarily short. In the context of atomic and molecular control H_1, ..., H_k are usually meant to be implemented by switching on and off laser pulses of various spectra, intensity, and polarization. It is important to keep in mind that the ability to apply H_1, ..., H_k over arbitrary time intervals implies arbitrarily flexible shaping of the external fields (laser pulses) that provide the perturbations. As a rule, for a finite number of levels two non-commuting Hamiltonians are sufficient to generate Lie algebra of real dimension N^2 [10].

Thus, for a finite-level atomic or molecular system, knowing the transition matrix elements for laser pulses at hand, one has a fairly straightforward way of telling whether the system is controllable or not.

However, most real systems are infinite-dimensional. Simple yet fundamental model involving infinite number of levels is a bound motion of a wavepacket in a system with discrete infinite-dimensional spectrum, where any superposition of states can be excited. Obvious examples include harmonic oscillator, Rydberg atom, or a rotor. A wavepacket is both one of the most basic quantum-mechanical concepts and one of the typical control entities. Experiments attempting to utilize and control wavepacket dynamics span such areas as photochemistry, intense laser-matter interaction and quantum computation (see, e.g., [1, 2, 14–16]).

Unfortunately, for infinite-dimensional systems, very little is known regarding controllability. Application of geometric methods to describe infinite-dimensional control is difficult; the theory of infinite-dimensional Lie groups is not yet well developed. In general, the prediction is negative in the sense that, using piecewise-constant controls, global controllability cannot be achieved with a finite number of operations [17]. Controllability is achieved over some part of the Hilbert space, if the initial condition and the dynamics are restricted to a finite-dimensional manifold (thus, the Lie algebra generated by all Hamiltonians at hand is finite-dimensional), see [7, 8, 17]. Only in a few cases dealing with special types of controlling Hamiltonians one can achieve control over infinite-dimensional state of the system [7, 18] (rather than the whole evolution matrix), or over an infinite-dimensional subset of all the possible evolution matrices [19].

Moreover, if the number of levels involved is finite but very large, then the general picture also looks rather pessimistic. In order to explore all the dimensions needed for controllability, as the dimension of the corresponding Lie algebra scales as N^2, one has to scale accordingly the number of control knobs: the number of piece-wise constant non-commuting Hamiltonians, or the number of different laser frequencies with controlled amplitudes and phases, etc. Alternatively, one has to apply sequences of interactions of growing length. Note that many interesting control experiments [16] are done in the non-perturbative regime, where the laser field couples and modifies many eigenstates, so that it is rarely possible to single out a small isolated subsystem controlled by the field.

We suggest and study one possible way to deal with these difficulties. Dealing with a wavepacket, one is mostly interested in the features of its localization. It is the degree and the region of wavepacket localization in the phase space that are reasonable objectives of control. In the spirit of a bulk of experiments on femtosecond control, we reformulate the question of controllability following the idea that only coarse-grained information on the wavepacket structure and localization is of interest.

We focus on wavepackets which evolve in a system with infinite-dimensional spectrum with energies depending quadratically on the quantum number, such as a rigid rotor. Given a desired degree of wavepacket localization, we use the wavepacket spreading and the socalled wavepacket revivals [20] to map complex infinite-dimensional evolution onto that of a few replicas of the same wavepacket, evenly distributed along the generalized angle variable on the corresponding classical orbit.

The number of such replicas is determined by the amount of information one wants to track. Their evolution and controllability is described using the apparatus of loop groups. The latter allows us to make conclusions about the conditions of controllability in an infinitedimensional system.

The most important aspect of our coarse-grained approach and the loop groups-based analysis is that they allow us to deal with infinite-dimensional system without specifying (or restricting) the number of levels involved in the dynamics. The coarse-grained approach allows us to introduce a finite-dimensional control basis where each basis vector is a wavepacket and is, in principle, infinite-dimensional – but is addressed as a whole.

In our control approach, the wavepackets are controlled by coordinate-dependent phaseshifts applied to the basis wavepackets. These phase-shifts can be implemented via nonresonant AC Stark shift induced by short laser pulses. As a result of such short ”kicks”, the Stark shift changes the phase of the wavefunction in a coordinate-dependent way, mixing all eigenstates.

The rest of the paper is outlined as follows. First, we introduce a model of a 2D rotor and describe the wavepacket dynamics on the spreading-revival timescale [20]. Using arguments about physical purposes of the control, we introduce the concept of the coarse-grained control and the control method based on applying coordinate-dependent phase kicks to the wavepacket. The phase kicks are applied at the wavepacket’s fractional revivals. We introduce the mathematical description of the control procedure using the apparatus of loop groups and show that rotational wavepackets are controllable by the phase shifts which smoothly depend on the coordinate. The analysis does not restrict the number of levels involved in the dynamics. Then, we discuss the conditions for limiting the amount of noise in the generated unitary transforms and possible generalization of our method to an arbitrary 1D wavepacket with weakly nonlinear spectrum. The last Section presents our conclusions.

II. PHYSICAL REASONING AND THE CONTROL MODEL.

As a main example, we consider the control of a 2D rigid rotor confined to a plane. This system allows for the easiest explanation of our ideas; generalization to other systems with nonlinear spectrum will be discussed in the Section V.

The 2D rotor’s spectrum and eigenstates are given by E_M = BM^2, M = −∞...∞ (1)

FIG. 1: Schematic view of a planar rotor

ψ_M (ϕ) = 1 √ 2π e^{iMϕ} (2) where M is the quantum number of the planar rotational eigenstate, ϕ is the orientation angle of the rotor (Fig.1).

Fig.2(a) shows the so-called quantum carpet [21] – the 2D map showing the evolution of the coordinate-dependent probability distribution |Ψ(ϕ, t)|^2 as a function of time. For this particular case the initial wavepacket is Ψ(ϕ, t = 0) = ∑ M C_M ψ_M (ϕ) with a Gaussian distribution C_M = exp[−M^2/ΔM^2], ΔM = 6.

This state corresponds to an initially oriented rotor. In practice, an oriented state of a heteronuclear molecule can be created by a strong ”half-cycle” terahertz pulse [22], or a combination of a DC electric field and an aligning laser pulse [23].

At t = 0 the wavepacket is localized at ϕ = 0 (Fig.2(b)). The initial localization is quickly lost: the wavepacket spreads along the rotational orbit ϕ = −π..π. However, the quantized nature of the spectrum leads to periodic re-localization of the wavepacket – the so-called revivals [20]. At the revival time T_{rev} = 2π/B (3) the wavepacket revives exactly in its original form. At T_{rev}/2 it revives as an exact replica placed at the opposite side of the trajectory, ϕ = π. For any odd N, at any T_{rev}/N the revival pattern consists of N equally spaced replicas with well defined relative phases, such as those shown in Fig.2(c). For even N = 2K, at T_{rev}/N the revival pattern consists of K = N/2 equally spaced replicas. These moments and their multiples are called ”fractional revivals” [20].

FIG. 2: (a): Density plot of evolution of the probability distribution for the angular wavepacket initially placed at ϕ = 0 (b,c): Probability distribution at t = 0 and t = T_{rev}/3 (dashed line on the panel (a)), in arbitrary units.

The controllability criterium which we shall use below is based on the fact that in the wavepacket experiments one is usually interested in coarse-grained measures of wavepacket localization, rather than in a complete fine evolution of all quantum amplitudes. For example, for a rotational wave packet the commonly asked questions are whether the molecular wave packet is oriented in some direction or not, whether it is aligned parallel to some direction or not, how high is the degree of alignment or orientation, etc. In the same way, one can ask whether a vibrational molecular wave packet is in the Frank-Condon region or not, whether or not a Rydberg electron is near the core where it can be ionized, etc. One is also interested in the degree of wavepacket localization in a region of interest. The approach explored below controls such integral properties of the wavepacket localization on progressively finer scales.

Figs. 3(a,b) show evolution of the commonly used measures of rotational orientation and alignment, ⟨Ψ(t)| cos ϕ|Ψ(t)⟩ and ⟨Ψ(t)| cos^2 ϕ|Ψ(t)⟩. They illustrate the fact that the characteristic features in the wavepacket localization are most distinct at the moments of fractional revivals, where the wavepacket is re-localized into several replicas.

Consider for definiteveness the case of odd N. Since the pattern on the quantum carpet at t > T_{rev}/N is determined by the relative phases of the wavepacket replicas at the moment of fractional revival t = T_{rev}/N, the intuitive idea is to control the wavepacket evolution by inducing relative phase shifts between these replicas at t = T_{rev}/N, [25, 26]. Applying phase

FIG. 3: Time evolution of the measures of orientation and alignment for the wavepacket shown on Fig.3.

shifts at fractional revivals creates superpositions of N equally spaced replicas of the original wavepacket, and thus controls the evolution with the accuracy of 1/N-th of the orbit.

By ”coarse-grained controllability”, for a given N, we shall mean that one can implement arbitrary unitary transform in the basis of N equally spaced replicas of the initial spatially localized wavepacket. Thus, arbitrary superposition of these replicas can be created. Spatial structure at the scale finer than 1/N is not resolved and is of no interest. The total number of levels involved in the dynamics is not specified – it is only relevant for structures with the scale finer than 1/N. The coarse-grained basis will remain the same even if the dynamics involves increasing number of levels, but each basis wavepacket will change its shape at the sub-1/N scale.

Phase shifts required in our control scheme can be implemented by coordinate-dependent interaction with a permanent or induced dipole moment triggered by a short pulse. Indeed, let Ĥ_0 be the field-free Hamiltonian and V (ϕ, t) = V_0(t)v(ϕ) the interaction with the external field, applied over a very short time T . If the field-free motion during T is negligible, H_0T ≪ 1, then the propagator is reduced to the coordinate-dependent phase shift: Û(T ) = e^{−i ∫ T}0^{(Ĥ}0^{+V (ϕ,t))dt} ≈ e^{−iv(ϕ) ∫ T}0^V0^{(t)dt} = e^{−iAv(ϕ)} (4)

Physically, each of the laser pulses must be shorter than the period of linear motion of the wavepacket. As shown by examples in Refs. [25, 26], this condition can be easily satisfied within the current femtosecond technology. Note that for induced dipole V_0(t) ∝ E^2(t) and thus the integral in Eq.(4) is always non-zero. In the case of a permanent dipole one needs the so-called ”half-cycle pulses” [24].

For the interaction with a permanent dipole moment v(ϕ) ∝ cos ϕ_{MR} and for the nonresonant AC Stark shifts v(ϕ) ∝ cos^2 ϕ_{MR}, where ϕ_{MR} is the angle between the molecular (rotor) axis and the polarization of the radiation. Using two orthogonal polarizations along X and Y axis, one obtains v(ϕ) ∝ cos ϕ and v(ϕ) ∝ sin ϕ for the interaction with the permanent dipole moment and v(ϕ) ∝ cos^2 ϕ and v(ϕ) ∝ sin^2 ϕ for the interaction with the induced dipole moment. The relationship 2 cos^2 ϕ − 1 = cos 2ϕ shows that rescaling the rotational constant B and a simple variable substitution reduce the second case to the first one. Thus, without loss of generality, we can limit our discussion to the case of a permanent dipole moment. In the following, we will allow two mutually orthogonal polarizations, thus having sin ϕ and cos ϕ phase profiles at our disposal.

Intuitively, it is clear that the suggested control mechanism should work if the phase is (i) imprinted onto each replica of the original wavepacket as a whole, and (ii) each wavepacket replica can acquire arbitrary phase relative to others. Such an ideal situation would be approached if either the Stark shift had a stepwise rather than smooth sin ϕ or cos ϕ shape, or if the wavepackets in ϕ-representation were infinitely narrow. This ideal case was considered in [25, 26]. Here, we focus on the realistic case of a smooth phase profile and make no assumptions about how narrow the wavepacket replicas are.

Coarse-grained control up to 1/N-th of the orbit implies the ability to generate all spatial modulations from sin ϕ and cos ϕ to sin Nϕ and cos Nϕ (or to sin^N ϕ and cos^N ϕ). Intuitively, it is clear that having sin ϕ and cos ϕ phase profiles in the exponent and the ability to adjust the strength of the interaction A in Eq.(4) should enable us to generate all required spatial modulations. Indeed, exp(−iA sin ϕ) = ΣJ_M (A)exp(−iMϕ) contains all required harmonics with amplitudes J_M (A) significantly different from zero for M ≲ A (J_M are the Bessel functions). The next two sections describe rigorous mathematical analysis that proves this intuitive statement. For the sake of simplicity we consider the case of odd N; the case of even N is slightly more cumbersome.

III. MATHEMATICAL FORMULATION OF THE PROBLEM

Suppose that the initial state in the energy basis is given by some vector C(M). Then in the ϕ-representation the initial state of the system is

Ψ_0(ϕ) = 1 √ 2 ∞∑ M=−∞ C(M)e^{iMϕ}. (5) At the fractional revival T_{rev}/N, N odd, Ψ_0(ϕ) breaks into N equally spaced replicas Ψ_0(ϕ − 2πl/N) with equal amplitudes F^{(0)}_l : Ψ(ϕ, T_{rev}/N) = N−1∑ l=0 F^{(0)}_l ∗ Ψ_0(ϕ − 2πl N ), where |F^{(0)}_l |^2 = 1/N (6)

Our goal is to be able to implement arbitrary transform acting on such superpositions, producing superpositions of the type Ψ_{transformed}(ϕ) = N−1∑ l=0 F_l ∗ Ψ_0(ϕ − 2πl N ), where ∑ l |F_l|^2 = 1 (7)

with arbitrary complex amplitudes F_l restricted only by the normalization condition. Then we will have achieved the desired coarse-grained controllability.

The transformed state in Eq.(7) is expressed in the energy basis as C(M)_{transformed} = C(M) ∗ D(M), where D(M) = N−1∑ l=0 F_l e^{2πiMl/N} . (8) Note that according to Eq.8 D(M) = D(M + N). Such periodicity in the energy basis is the consequence of our coarse-grained approach. Being able to implement an arbitrary coarsegrained transform on Ψ(ϕ) is equivalent to being able to generate arbitrary, but N-periodic unitary transform acting on D(M). Thus, in the energy basis, our goal is to be able to generate an infinite-dimensional block-diagonal matrix of the type . A_0 A_0 A_0 .

, (9)

where A_0 is an arbitrary unitary matrix of the size N × N.

To implement the control, we use the free propagation Hamiltonian H_0 = diag(. . . , E_{M−1}, E_M , E_{M+1}, . . .), where E_M = BM^2, as well as H_1, H_2 that correspond to applying short pulses of vertical and horizontal polarization, imparting cos ϕ and sin ϕ phase profiles as explained in the previous section. In the energy basis, the Hamiltonians H_1 and H_2 are tridiagonal:

H_1 = 1 2

. . . 1 0 1 1 0 1 1 0 1 . . .

, H_2 = 1 2

. . . −i 0 i −i 0 i −i 0 i . . .

. (10)

We consider the evolution operator exp(iĤ_0t), but only for discrete set of times – the multiples of τ_0 = T_{rev}/N =^{2π}_{BN} , where N is a fixed odd positive integer. The evolution operator ĝ = exp(iĤ_0τ_0) is represented by a diagonal matrix g = diag(. . . , ζ^{(M−1)2} , ζ^{M 2} , ζ^{(M+1)2} , . . .), where ζ = e^{2πi}N is an N-th root of 1.

In the next section we show that the evolution operators for H_1 and H_2 together with g are sufficient to generate an even wider group of the infinite, unitary, periodic block matrices of the type . . . . . . A_0 A_1 . . . A_{−1} A_0 A_1 . . . A_{−1} A_0 . . . . . .

. (11)

We shall also discuss the condition of remaining within the sub-group represented by the block-diagonal matrices (9).

Mathematically, all possible N × N matrices in Eq.(9) belong to the SU_N group – the group of unitary matrices with the determinant equal to unity: A^T A = I, det(A) = 1. Here A^T is the transpose of A and A is its complex conjugate. In the infinite-dimensional Hilbert space, matrices Eq.(9) describe rotations in all directions within the limits imposed by the block-diagonal nature of these matrices and the SU_N -nature of the blocks.

In the following Section we show that, having matrices corresponding to the free evolution over the 1/N fractional revival and the phase kicks, we can make (infinitesimal) steps in any direction in the infinite-dimensional Hilbert space within the limits of the group of matrices given by Eq.(11). These matrices form an infinite-dimensional matrix representation of the so-called SU_N [z, z^{−1}] loop group [27].

The SU_N [z, z^{−1}] loop group is the set of all N × N matrices A whose entries are not numbers but complex polynomials in z, z^{−1}, with the conditions A^T A = I and det(A) = 1. For the formal parameter z, there is a convention z = z^{−1}: taking conjugate of a matrix whose elements are polynomials of z, we take complex conjugates of the numerical coefficients and replace z by z^{−1}. If z is moving along a unit circle in the complex plane, the convention z = z^{−1} is natural. For every fixed value of z, the matrix from SU_N [z, z^{−1}] becomes a conventional matrix from SU_N . When we let z run over the unit circle, the corresponding matrix makes a loop in SU_N . This interpretation of loop groups is used in the string theory [28].

Alternatively, an element A of SU_N [z, z^{−1}] can be viewed as a polynomial A = ∑ k A_kz^k in powers of z and z^{−1}. In the infinite-dimensional matrix representation of SU_N [z, z^{−1}] given by Eq.(11), the A_0 blocks go on the main diagonal, A_{−1} go just below it, A_1 just above it, etc.

IV. GEOMETRIC ANALYSIS

Mathematically, our goal is to show that our physical tools allow us to make infinitesimal steps in any direction staying within the limits of SU_N [z, z^{−1}] – that is, to generate any element of the corresponding Lie algebra su_N [z, z^{−1}]. With the ability to move in arbitrary direction we should be able to approximate any element of the group. For finite-dimensional Lie groups the Lie correspondence theorem guarantees that the whole group of transformations can be generated if all of its Lie algebra is available. In the infinite-dimensional theory no analogue of such a theorem has been yet obtained. Nonetheless, we can expect that having the Lie algebra su_N [z, z^{−1}] will allow us to approximate any element of the infinite-dimensional group SU_N [z, z^{−1}].

The proof includes two theorems. Theorem 1 identifies a limited set of matrices which can be used to generate any element from SU_N [z, z^{−1}]. Theorem 2 shows how we can make (infinitesimal) steps towards any of the matrices from this set, identifying the required sequences of the free evolution and phase kicks. Thus, relying on the Theorem 1, the Theorem 2 proves that we can generate the Lie algebra su_N [z, z^{−1}].

Theorem 1. The group SU_N [z, z^{−1}] is generated by the following N subgroups, each isomorphic to SU_2: a b c d 1 . . 1

,

1 a b c d 1 . 1

, . . .

1 . . 1 a b c d

,

a bz^{−1} 1 . . 1 cz d

, (12)

with ( a b c d ) ∈ SU_2.

The proof of this Theorem is given in the Appendix.

Let us return to the Hamiltonians H_0, H_1, H_2. We see that the infinite matrix g = exp (iH_0T_{rev}/N) is N-periodic, and can be identified with an element of SU_N [z, z^{−1}]. The matrices iH_1, iH_2 are also N-periodic and belong to the Lie algebra su_N [z, z^{−1}].

Theorem 2. Let N be an odd integer. The operators {g^m(iH_1)g^{−m}, g^m(iH_2)g^{−m}} where m = 1, . . . N generate the Lie algebra su_N [z, z^{−1}].

Proof. In Theorem 1 we showed that the Lie group SU_N [z, z^{−1}] is generated by the set of matrices Eq.(12). This implies that the corresponding Lie algebra su_N [z, z^{−1}] is generated by their 2N infinitesimal generators 0 i i 0 0 . . 0

,

0 1 −1 0 0 . . 0

,

0 0 i i 0 0 . 0

,

0 0 1 −1 0 . . 0

, ...

0 0 . . 0 i i 0

,

0 0 . . 0 1 −1 0

,

0 iz^{−1} 0 . . 0 iz 0

,

0 z^{−1} 0 . . 0 −z 0

. (13)

Below we show that the infinite matrices associated with these particular generators from su_N [z, z^{−1}] can be written as the linear combinations N∑ m=1 α_mg^m(iH_1)g^{−m} + N∑ m=1 β_mg^m(iH_2)g^{−m}, with α_m, β_m ∈ R. (14)

The matrices g^m(iH_{1,2})g^{−m} are all tridiagonal, with zeroes on the main diagonal, and are determined by their upper-triangular parts, because of the condition A^T = −A. The upper-triangular parts of g^m(iH_1)g^{−m}, g^m(iH_2)g^{−m} are i 2 ∑ j_∈Z ζ^{m(−2j+1)}E_{j,j+1} and − 1 2 ∑ j_∈Z ζ^{m(−2j+1)}E_{j,j+1},

Here E_{j,j+1} is a matrix that has the entry {j, j + 1} equal to 1, and all other entries are equal to 0, and ζ = exp(2πi/N) is a complex N-th root of unity.

We use the identity that holds for odd N: N∑ m=1 ζ^{m(2k−1)}ζ^{m(−2j+1)} = { N, k = j mod N 0, otherwise

. (15)

(a sum of all the N different powers a complex root of 1, ζ^{(2k−1)}ζ^{(−2j+1)}, is equal to zero unless this root itself is equal to one).

Thus for k = 1, . . . , N, the expressions 2 N N∑ m=1 −Reζ^{m(2k−1)}(g^m(iH_2)g^{−m}) + Imζ^{m(2k−1)}(g^m(iH_1)g^{−m}) (16) will indeed give all the required generators. This completes the proof of the theorem.

In the language of laser pulses, Equations (14,16) imply that for every possible m we wait until the fractional revival g^{−m}, then apply the laser pulse of the horizontal or vertical polarization — H_1 or H_2 – and then apply g^m by waiting until the full revival. We can as well apply H_1 and H_2 simultaneously, so that Eq.(14) looks as N∑ m=1 g^m(iα_mH_1 + iβ_mH_2)g^{−m}, α_m, β_m ∈ R. (17)

These correspond to applying linearly polarized pulses, with the angle of polarization defined by α_m/β_m. To generate each of the N matrices in Eq.(13), we can use N different pulses applied at N fractional revivals, and with the polarizations defined in Eq.(16). Since N is odd, we would use N different orientations of the field polarization in the plane. Even N would lead to only N/2 different polarizations and make the mathematical proof more complicated. In particular, phase kicks at multiples of T_{rev}/2N would be needed. However, even before any proof, in practice for any N = 2K one would be satisfied with controllability for N = 2K − 1 and N = 2K + 1. Of course, in practice one also does not have to use such complex pulse sequences; we only rely on them here for the sake of the mathematical proof.

V. CONCLUSIONS AND DISCUSSION

The main result of this paper is that wavepackets are coarse-grained controllable by free evolution and phase kicks given even by smooth coordinate-dependent interactions such as non-resonant Stark shifts. The two polarizations of the laser field, creating H_1 ∼ cos ϕ and H_2 ∼ sin ϕ, suffice to approximate, for any odd N, any evolution matrix of the type (11) – and, as a subset, any evolution matrix of the type (9), which corresponds to controllability with the accuracy up to 1/Nth of the orbit.

This statement about coarse-grained controllability does not answer the question about the final shape of N basis wavepackets. Is it possible to avoid the (undesirable) change in the shape of the basis wavepackets and the uncontrollable spreading of the initial wapepacket distribution C(M), while still being to create arbitrary superposition of the wavepacket replicas such as given by Eq.(7)?

An intuitive prescription has been described in Section II: one would like to use the wavepackets which are as narrow as possible and/or phase shifts with profiles as sharp as possible.

It turns out that there is also the possibility of a general solution of this problem. Within the group SU_N [z, z^{−1}] of the evolution matrices (11) that we are able to generate, the blocks A_i, i ≠ 0, are responsible for changing the shapes of the basis wavepackets by mixing different blocks in the input state vector, while A_0 provides the desired control without changing the shapes of the basis wavepackets. It is the last two operators in the set of the generators (13) that lead to the generation of non-diagonal blocks in the evolution matrix. If one uses all the possible control generators in Eq.(16,17) except for those with k = N − 1, N, then only the finite group SU_N , represented by the block-diagonal evolution matrices (9) will be generated. There is also another potential possibility: if a control sequence has taken us to an undesired dimension, it may be possible to find a proper sequence of the type (14,16,17), which will bring us back to the block-diagonal evolution matrix of the type (9).

These geometric considerations do not give any useful practical prescription for the control sequence. Long sequences of the type (14,16,17), with ”infinitesimal” laser pulses, are not feasible. The theory only proves the possibility of noiseless control. To find a practical solution, one could use a numerical or an experimental optimization algorithm [3].

The above analysis can be extended to wavepackets in weakly nonlinear 1D systems. Consider evolution of a wavepacket Ψ(t) = ∑ n C_n(t)Ψ_n centered around n_0 in a system with quadratic spectrum, E(n) = E(n_0) + ω_0(n − n_0) + Ω(n − n_0)^2. In the semiclassical approximation this wavepacket can be viewed as a carrier Ψ_{n0} modulated by the envelope f(ϕ, t) = ∑ n C_n(t)e^{iϕ(n−n0)} [29], where the angle ϕ is the phase of the corresponding classical motion. Linear motion of the wavepacket is given by ω_0, while spreading and revivals of the envelope are defined by Ω: T_{rev} = 2π/Ω [20]. To describe the distribution on the corresponding classical orbit, one can track the shape of the envelope shifted by linear motion, f̃(ϕ̃, t) = ∑ n C_n(0)exp[−iΩ_0t(n − n_0)^2]exp[iϕ̃(n − n_0)], ϕ̃ = ϕ − ω_0t. Evolution of f̃(ϕ̃) is identical to that of the wavefunction of a 2D rotor above.

If the spreading of the wavepacket is much slower then its linear motion, then one can utilize the existence of two vastly different time scales for similar to using two different polarizations in the above analysis. Specifically, the same coordinate-dependent Stark shift can be applied at those moments of time when the original wavepacket is at ϕ = 0 and when it is at ϕ = π. This technique was used in Ref.[25] to model quantum logic gates in a vibrational molecular wavepacket.

Finally, let us comment on the connection of the control regime studied here with the field of quantum chaos. A 2D rotor, kicked periodically with the same kind of the kick – H_1 or H_2 of the fixed amplitude – is the most fundamental model system studied in that field [30]. It is well known that if the kick period is not commensurate with the wavepacket revival time, then the quantum kicked rotor follows the behavior of its classical counterpart until saturation of the diffusion due to dynamic localization [30, 31]. However, if the kicks are applied at fractional revivals, then the behaviour of the quantum kicked rotor is drastically different. In particular, average energy of the system grows quadratically rather then linearly with time.

On the one hand, the main difference between the general analysis developed here and the case of resonantly kicked rotor is that here the kicks are in general not periodic and not identical - the strengths, polarizations, and time-delay between the kicks can change.

On the other hand, to the best of our knowledge the theory of resonantly kicked rotor [32] has only been developed for kicks applied at full revivals. The role of interferences at fractional revivals, the width of the resonances and their role – all very important issues for the control of quantum chaotic systems [33] – are not known. We hope can that the geometric analysis introduced here – i.e. the knowledge of what kind of pulse sequences are responsible for the quick climbing along the momentum ladder (Eq.(16)) – could be useful in addressing these problems.

Acknowledgements

We acknowledge fruitful discussions with A. Stolow, P. Bucksbaum, C. R. Stroud, Jr., H. Rabitz, V. Ramakrishna and financial support from NSERC.

VI. APPENDIX

Let us outline the proof of Theorem 1. First of all, using standard algebraic manipulations, one can show that the group generated by these SU_2 subgroups also contains the subgroups . 1 a bz^{−k} . cz^k d 1 .

, (18)

as well as the diagonal matrices diag(z^{s1} , . . . , z^{sN} ) with s_1 + . . . s_N = 0.

Indeed, if in the first N −1 matrices in (12) we set a = d = 0, b = −c = 1, then we will be able to create an arbitrary permutation of basis vectors. Using permutations and the first matrix in (12) with a, b, c, d not fixed, we can mix any two vectors - i.e., create any matrix of the form (18) with k = 0. Adding the last matrix from the set (12), we can generate any matrix of the form (18).

Now we can prove the theorem by induction on N. To make the inductive step, we need to show that multiplying a given matrix in SU_N [z, z^{−1}] by matrices of the form (1), we can make the first column to be (1, 0, . . . , 0)^T . (19) Since the matrix is unitary, this will force the first row to be (1, 0, . . . , 0), and the problem is reduced to matrices of size N − 1. Again we shall use induction, now on the width of the column.

Dealing with a given single column, we shall sequentially use matrices of the form (18) to simplify it to the form (19).

Let us, first, define width of a polynomial f(z) =^n ∑ j=s a_jz^j as w(f) = n − s + 1 (here we assume a_n ≠ 0, a_s ≠ 0). The width w(C) of a column C = (f_1(z), . . . , f_N (z))^T is defined as the maximal width of its entries f_i(z).

If in the column we have two different lines with polynomials of the maximal width, then we shall be able to mix them together so that the width in at least one of them will be reduced. The claim below guarantees that there could not be a situation when there is only one line with polynomial of maximal width.

Claim. If the width of a column C of a matrix in SU_N [z, z^{−1}] is greater than 1, then the column contains at least two entries of the maximal width.

First, note that for a polynomial f(z) =^n ∑ j=s a_j z^j , the highest power of z in the expression

f(z)f(z) = (_n ∑ j=s a_j z^{−j} ) (_n ∑ j=s a_j z^j )

is n − s = w(f) − 1. Note that C^T C = 1, which holds since the matrix is unitary. Hence, if the width of C is greater than 1, the terms of the highest power of z, w(C) − 1, in C^T C = ∑_N i=1 f_i(z)f_i(z) must cancel out. Thus there should be more than one entry of the maximal width.

Now it is easy to see that having two entries in C of maximal width, we can apply an appropriate matrix of the form (1) to reduce the number of entries of maximal width. Continuing by induction, we complete the proof of the theorem.

[1] M. Shapiro and P. Brumer, ”Principles of the quantum control of molecular processes”, John Wiley & Sons, New Jersey, 2002.

[2] S.A. Rice, M. Zhao, ”Optical control of molecular dynamics”, John Wiley & Sons, New Jersey, 2000.

[3] R. S. Judson, H. Rabitz, Phys. Rev. Lett. 68, 1500 (1992); H.Rabitz et. al., Science 288, 824 (2000).

[4] S.G. Schrimer, A.I. Solomon, J.V. Leahy, J. Phys. A, 35, 4125 (2002). [5] S.G. Schrimer, H. Fu, A.I. Solomon, Phys. Rev. A, 63, 063410 (2001). G. Turinici, H. Rabitz,Chem. Phys. 267, 1 (2001) [6] G. Harel, V. M. Akulin, Phys. Rev. Lett., 82, 1 (1999); V.M. Akulin, V. Gershovich, G.

Harrel, Phys. Rev. A, 64, 012308 (2001).

[7] C. Rangan et. al., ”Control of trapped-ion quantum states with optical pulses”, quantph/0401032 [8] V. Ramakrishna et. al., Phys. Rev. A 51, 960 (1995). [9] D.M. DiVincenzo, Phys. Rev. A, 51, 1015 (1995). [10] S. Lloyd, Phys. Rev. Lett. 75, 346 (1995). [11] S. LLoyd, L. Viola, Phys. Rev. A., 65, 010101 (2001). [12] V. Ramakrishna, H. Rabitz, Phys. Rev. A, 54, 1715 (1996)

[13] H. Sussman and V. Jurdevic, J. Diff. Eq. 12, 95 (1972); V. Jurdevic and H. Sussman, J. Diff.

Eq. 12, 313 (1972) [14] A.H. Zewail, ”Femtochemistry : ultrafast dynamics of the chemical bond ”, World Scientific, Singapore, 1994 [15] for experiments on utilizing wavepackets for quantum information processing see Weinacht, T.C., Ahn, J., Bucksbaum, P.H., 1999, Nature, 397, 233; Z. Amitay, R. Kosloff, S.R. Leone, Chem. Phys. Lett. 359, 8 (2002).

[16] for wavepacket experiments involving strong field see, e.g., Averbukh, I.Sh. et al., 1996, Phys.

Rev. Lett., 77, 3518; J. Underwood et. al., Phys. Rev. Lett. 90, 223001 (2003); H. Niikura . et. al., Nature 421(6925), 826 (2003). K. Ohmore et. al., Phys. Rev. Lett. 91, 243003 (2003) [17] G.M. Huang, T.J. Tarn, J.W. Clark, J. Math. Phys. 24, 2608 (1983) [18] C.K. Law, J.H. Eberly, Phys. Rev. Lett. 76, 1055 (1996). B. Kneer and C.K. Law, Phys. Rev.

A 57, 2096 (1998).

[19] S. Lloyd, S.L. Braunstein, Phys. Rev. Lett. 82, 1784 (1999).

[20] J. Eberly, N. Narozhny, J. Sanchez-Mondragon, Phys. Rev. Lett, 44, 1323 (1980); I. S. Averbukh and N. F. Perelman, Phys. Lett. A 139, 449 (1989). Seideman, T., 1999, Phys. Rev. Lett., 83, 4971.

[21] M. Berry, I. Marzoli, W. Schleich, Physics World, 14(6), 39 (2001); [22] M. Machholm and M.E. Henriksen, Phys. Rev. Lett. 87, 193001 (2001). [23] S. Minemoto, H. Nanjo, H. Tanji, T. Suzuki, and H. Sakai, J. Chem. Phys. 118, 4052 (2003). [24] D. You, R.R. Jones, P.H. Bucksbaum, D.R. Dykaar, Optics Letters, 18, 290 (1993). [25] E.A. Shapiro, M. Spanner, M.Yu. Ivanov, Phys. Rev. Lett. 91, 237901 (2003); [26] M.Spanner, E.A. Shapiro, M.Yu. Ivanov, Phys. Rev. Lett., in press. [27] Andrew Pressley and Graeme Segal “Loop Groups,” Clarendon Press, Oxford (1986). [28] see, e.g., A.L. Garey and E. Langmann in ”Geometric analysis and applications to quantum field theory”, P. Bouwkneght and A. Wu, eds., Birkhauser, Boston (2002).

[29] E.A. Shapiro, Sov. Phys. JETP 91(3), 449 (2000); Laser Physics, 12, 1448 (2002); P.

Kasperkovitz and M. Peev, Phys. Rev. Lett, 75, 990 (1995); Q.L. Jie, S.J. Wang, L.Fu Wei, Phys. Rev. A 57 3262 (1997).

[30] see, e.g., R. Blumel, W.P. Reinhardt, ”Chaos in atomic physics”, Cambridge University Press, Cambridge (1997).

[31] D.L. Shepelyansky, Physica D, 28, 103 (1987) [32] F.M. Izrailev, D.L. Shepelyanskii, Sov. Phys. Dokl, 24(12), 996 (1979) [33] J. Gong and P. Brumer, Phys. Rev. Lett., 86, 1741 (2001)