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Abstract: In this work a large number of irreducible representations with finite dimensional
weight spaces are constructed for some toroidal Lie algebras. To accomplish this we develop
a general theory of Zn—graded Lie algebras with polynomial multiplication. We construct
modules by the standard inducing procedure and study their irreducible quotients using the

vertex operator technics.
0. Introduction.

The purpose of this work is to construct a large class of irreducible representations,
with finite dimensional weight spaces, for some toroidal Lie algebras. Let T be a toroidal
Lie algebra. The representations of this type which were investigated up till now appear in
the context of studying some particular representations by vertex operators for . Indeed,
the works [F], [MRY], [EM] were the first to study vertex representations for toroidal
Lie algebras and these use the homogeneous Heisenberg subalgebra while in [B1], [B2],
and [T] a representation is studied using the principal Heisenberg subalgebra of ¥. This
principal representation leads to an irreducible module with finite dimensional weight
spaces. (Here, and throughout the paper, we use the term ”weight space” to refer to the

various homogeneous spaces in our algebras or modules. Most of the time this notation
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is transparent but when necessary, we will specify the grading in question. Often these
spaces are, in fact, weight spaces relative to a Cartan subalgebra of the algebra in question,
but there is no need to stress this.) Moreover, this principal vertex operator representation
has the property that the image of the center of the core of ¥ (the core of ¥ is just the
subalgebra generated by the non-isotropic root spaces) under the representation is infinite
dimensional. We let I denote the center of the core of . Besides these vertex operator
representations some work has been done from the more abstract, Verma module, point
of view. In [BC] (see also [CF]) Verma type modules, obtained as induced modules, were
investigated and conditions were given to determine when such modules are irreducible.
However, these Verma modules do not have finite dimensional weight spaces and their
irreducible quotients are not integrable and seem very hard to work with. Moreover, for
these modules, K is represented by a single scalar ¢ (the central charge) so the image of
IC under this representation is one dimensional if ¢ # 0. In the present paper we combine
these two approaches using ideas from the known vertex operator representations as well
as the basic Verma module approach of obtaining modules by first inducing and then
factoring. In the end we obtain modules with finite dimensional weight spaces and where
most of IC acts non-trivially.

Before we go on to describe this work in more detail we recall some of the relevant
results from the work [B1]. Thus we let

T=goCt!,. . tteoke D

be a toroidal Lie algebra where g is any finite dimensional simple Lie algebra over the
complex field C and C[z%l, ..., tF1] is the algebra of Laurent polynomials in n+ 1 variables.
Also assume n > 1. Here K is the Kéhler differentials of C[tE!, ... '] modulo the exact
forms and D* the Lie subalgebra of the full derivation algebra of C[ta—Ll, ..., tF1] given by
D* = D** @ Cdy where

D** — {pr(t(),‘_’tn)dp‘fl,.,fn E C[t(:)t]',_.’t’r:ll:l }
p=1

and d; is the degree derivation associated to the variable ¢; for 0 < ¢ < n. The algebra D*
is denoted by DT in [B1] but here it is more convenient to use D*. Also, in [B1] there is
a cocycle which comes into play and so the usual multiplication in D* is adjusted by the
cocycle

n
Tt da, gt dy) = —mary{ Y rpted O™k, ],
p=0



which maps from D* x D* to K. Here we are using the usual notation fk; for the element
of K corresponding to the differential fti_ldti for f € C[t(jf,tf, ...,t*]. This is the very
same toroidal Lie algebra which arose in [MRY] and [EM].

Let v = K @ D*. The algebra v has a (degenerate) Heisenberg subalgebra s with
basis {tf)dp,t%k:p,ko} , 1 €Z, p=1,...,n Indeed, ko is its central element and the

multiplication in s is given by
[t da, ko] = i0apdi, ko,

[tida, thdy) = 0, [thka, thks] = 0,

where i,5 € Z,a,b,p = 1,...,n. This subalgebra is degenerate as a Heisenberg algebra
since [d,, kp] = 0.

The Heisenberg algebra s can be represented on the space

- +1 p=1,....n
F—C[Qp 7upiavpi]i€N

by differentiation and multiplication operators as follows.

i 9 —i ,
@(todp) = —6upi7 Sp(to dp) = WWpi,
1 6 —q .
@(tokp) = —5%17 So(to kp) = WWpi,

where i > 1land p=1,...,n.
We give the module F' a Z-grading by assigning degrees of the variables in the following
way,

degu,; = degvy,; = —1, degg, = 0.

One extends this representation from s to v using vertex operators. Indeed,using the

usual notation from [FLM] consider the following elements of Endg,.(F)[[z, z71]] :




n

n

—a '

k(z,r) = q"exp Tp E 2 up; | exp | — E Tp
p=1 j=1 p=1

0

j>1 J aUpj

Here q" = ¢|* ...q,*. Then from [B1] we have the following result.
Proposition. The mapping ¢ : v — End(F') given by

Z O(thtTko)z ™7 = k(z,1),
jeli

Z @(t%trkp)z_j = kp(2)k(z, 1),

jels
Z e(thtTdy) 277 = :dy(2)k(z,1):,
jels
n oo ' 8 a
pldo) =~ ZZZ (Upi Oup;  Upe avpi) ’

p=1i=1
defines a representation of v.
This proposition is part of the statement of Theorem 5 from [B1l]. The following

factorization property also holds and is very important for our purposes.
kp(z,r +m) = k,(z,r)k(z, m), p=0,...,n. (0.1)

The module F' served as a model for all of the modules which we construct. Moreover,
it is the factorization property which plays a crucial role in our construction. That this
representation is irreducible is easy to see. Indeed, from the action of dy,...,d, we see
that every submodule is homogeneous with respect to ¢, ...,q,. Then, the action of the
Heisenberg subalgebra on Cluy,, vp;] is irreducible, thus every non-zero submodule contains
a vector g™ for some m € Z". The action of C[t, ..., tE]ky on such a vector generates the
space (C[qf[, ...,qF] and finally considering again the action of the Heisenberg subalgebra
we recover the whole module. Clearly this module has finite dimensional homogeneous
spaces in the obvious Z""!-grading. Thus, in the language introduced above, we simply
say it has finite dimensional weight spaces.

Note that in this construction the variable ¢ty plays a special role. However the ap-
pearance of a “distinguished direction” is inevitable. Indeed, in an irreducible module with
weight decomposition every central element of weight zero must act as a scalar operator.
Thus a subspace of codimension 1 in the span of kg, k1, . .., k, must be represented by zero

operators. This makes one direction special. All of the modules we study in this paper
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also have this property. They are defined with a specified “distinguished direction” singled
out. Later, in the body of the paper, we will give a general argument showing that, in
fact, the intersection of the kernel of the above representation with K is just of dimension
n.

Our construction will work for algebras, T, slightly more general than the one de-
scribed above. We will work with more general cocycles, but still with values in K, and
we can use the algebra D*, as above, or also (for most of the paper) the full derivation
algebra of C[t%l, ..., tF1]. However, at one point, we do need to restrict ourselves to the
case of D*.

Essentially our construction begins with a finite dimensional module, W, for the Lie
algebra gl,,(C). We then construct a module, T'(W), from this which is a module for the
Lie algebra Der ((C[tfl, ..., tF1). As a vector space T(W) = Clgi!,..., ¢ ® W, where
C[qfﬂ, ...,q>" is the algebra of Laurent polynomials in the variables qi,...,qg,. We then
notice this is in fact a module for the zero component, vy, in the Z-grading, of the algebra
v. Here, the Z-grading corresponds to the grading in the variable ty3 so by eigenspaces for
the degree derivation dy. Thus, in our work it is the ”zero direction” which is chosen as
special. We call T (W) a tensor module and note here it has been investigated in [L1] and
[R] and is related to the modules studied in [Rud]. Noting that we have the decomposition
b =0, Py dv_ we then extend the above action to v @ vy by letting v, act as zero
and form the induced module

M :=Indy 4y, (T).

As usual, it turns out that among the submodules of M, intersecting the top T'(W) trivially,
there exists a unique maximal one which we denote by M"%?. Moreover, if W is irreducible
as a gl,-module then the factor module L = M/M"%? is an irreducible v-module. Also,
we are able to show that, in the obvious Z-grading of L, the homogeneous spaces are
finite dimensional. This fact is quite non-trivial and follows from a more general result (of
independent interest) that we establish in Section 1.

The next step in our construction is to take an irreducible highest weight module for
the affine Kac-Moody Lie algebra

g ® Clto, ty '] © Cko @ Cdy

and tensor this with the module L above and show the result can be made into a module
for our toroidal algebra €. Here, we need to assume that the central charge is the same
for both modules. It is in doing this that we need to assume we are working with D*. The
factorization property, mentioned above, also comes into play here and we need to show

the module L has this property.



The structure of this paper is as follows. In Section 1 we begin by presenting the
basic results on Z-graded Lie algebras which we will need later. In particular, we define
a certain completion for the universal enveloping algebra of a Z-graded Lie algebra and
show how it is possible to exponentiate certain elements when the Lie algebra is abelian
so the universal enveloping algebra is just the symmetric algebra. We then go on to define
the notions of a Lie algebra with polynomial multiplication and of a module, for such an
algebra, to have polynomial action. Working in great generality, we show, in this setting,
how certain quotients of induced modules will have finite dimensional homogeneous spaces.
This result is, no doubt, of independent interest and can be used for algebras other than
toroidal Lie algebras. It is for this reason that we have presented these results in the first
section.

In Section 2 we introduce the toroidal Lie algebras which will occupy us for the rest
of the paper. As mentioned above we work with a general 2-cocycle from a 2-dimensional
cohomology group and allow, until Section 4, either derivation algebra D* or D. We also
introduce the tensor modules for our algebra v and show how the results of Section 1
apply to these algebras and modules. In particular, we show that we have a large supply
of v-modules, L, with finite dimensional homogeneous spaces. At the end of this section
we make some comments on this construction when an algebra with a smaller I is used.
Finally, we close the section by showing that if the central charge is non-zero then the
kernel of the action of our I on the above module is spanned by the elements k1, ..., k,.

Section 3 deals with the factorization property (0.1). The goal here is to show the
above modules have this property. This factorization property suggests that there is an
exponential at play in our construction and indeed, to prove what we need, we must
introduce a certain exponential of a generating series. Our motivation here came from
[B1]. To do this in a mathematically sound way we need to work in a completion of
a twisted version (twisted by automorphisms) of the universal enveloping algebra of v
tensored with Laurent polynomials in n variables. The factorization property follows by
showing that the moments of certain of our generating series, which now make sense thanks
to the above mentioned completion, when acting on the module L, act as zero. Here, since
L = M/M"* it is enough to show the moments in question take M to M"*?. Tt should
be noted here that the completed algebra which we have to introduce seems to be of
independent interest.

In the final section, Section 4, we just need to put our previous results together. To do
this we need to assume the derivation algebra is D*. Using this, as well as the factorization
property, we show how to get a module for our toroidal Lie algebra ¥ from a highest weight

irreducible affine Lie algebra module V', and one of the v-modules L above. Finally we see

6



that this module is irreducible and has finite dimensional weight spaces.

After completing this work we learned of the preprints of Larsson, [L2], and Iohara et
al., [[ISW] where related problems are addressed. Larsson considers an algebra to = D @& M
where M is an abelian ideal of w (containing K), and o/ M = D is the algebra of vector
fields on an n + 1-dimensional torus. He constructs explicit realizations for a class of
representations of 1w and has an analog of Theorem 4.2 for the algebra tv. It is clear that
these modules can be also presented via an induction procedure similar to ours here. In
[ISW] an analog of Theorem 4.2 is presented for 2-toroidal Lie algebras. Besides this,
there is a lot of recent work dealing with different aspects of toroidal Lie algebras, see
[IKU],[L3],[STU],[VV], and the references therein.

We thank Prof. Shaobin Tan for some useful discussions and in particular, for calling
our attention to one of the cocycles from [L2]. Thanks also go to Prof. Jacek Szmigielski

for helpful discussions.

1. Lie Algebras with polynomial multiplication.

In this section we work in a fairly general setting and establish some basic results about
Z-graded Lie algebras which will be used later. We then go on to introduce Lie algebras
and modules which have multiplication (or action) tied to polynomials. The major result
of this section says that a certain irreducible quotient of an induced module has finite
dimensional homogeneous components. All of our vector spaces and algebras will be over
the complex field C.

We will use the notation in [FLM] throughout. In particular, if V' is a vector space

we let V[[z, 271]] denote the formal Laurent series with coefficients in V' so that

Vil 2 =4 > @z "zn €V
nGZ
If 2(z) = > zp2z~" we say that x_,, is the n-th moment of the series x(z).
nGZ
If V= & V,is a Zgraded vector space we let V,.[[z,27!]] be defined by
nGZ

Vgr[[za Z_l]] = Z .C(an_n‘.j(,‘n S Vn
nGZ
We will say a Laurent series > x,z~" is restricted if and only if there is some N such
nEZ
that j > N implies that x; = 0. Also, if G = @& G, is a Z-graded algebra (either Lie or

nGZ



associative) and if V is a G-module then for g(z) = > g,27" € G[[z,27!]] and x € V we
nGZ
let g(z)x be defined by

g(2)e = Y (gar)= "
nGZ

We say that the G-module V is restricted if
V veV 3 peZ such that V i>p, Giv = 0.

It is clear that a G-module is restricted if and only if for any g(z) € G,.[[z,27']] and any
v € V the series g(z)v € V|[z,271]] is restricted. For later use we record the following
simple lemma.

Lemma 1.1. Let V (respectively W) be a restricted module for the Z-graded algebra
G(respectively H). Then for all g(z) € Gy[[z,271]] and h(z) € Hgy[[z,271]] there is a
well-defined mapping

9(2) @ h(z) : VW — (Ve W)z

given by
g(2)@h(2)(vew) = Z Z (giv ® hjw) 27",
iel jel.
Proof. The Lemma follows from the fact that the product of two restricted Laurent
series is well-defined and restricted. Q.E.D.
A standard way of constructing restricted modules is via the inducing procedure. Let

G be a Z-graded Lie algebra and let T" be a Gy-module. Let G = & G; and G_ = & G;
i>0 i<0
so that G4,G_ and Gy are subalgebras of G. We extend the action of Gg on T' to an

action of Gy & G+ by letting G act trivially and then consider the induced module
M =Indg o, (T) = U(G) ®u(concs) T = U(G-) ®¢ T.

The module M is a restricted U(G)-module and is Z-graded with My = T and M, = (0)
for s > 0. We often call T the top of M.

We define the radical of M, denoted M7%¢ to be the maximal Z-graded submodule
of M that intersects with T trivially. It is a standard result that M7?¢ is unique and its

Z-graded components are given by the following condition.

M4t = {v e M_,

w=0 for all ue U(G+)k} . (1.2)
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Due to the Poincare-Birkhoff-Witt theorem, the components of the Z-grading of the

universal enveloping algebra U(G) can be written as

UGr= @ UG-);®U(Gy)®U(GY);.

For later use we define a certain completion of U(G) which we denote by U(G). Thus let

UGr= ][] UG-):i®U(G)®U(G,);, (1.3)

iti=k

and then let U(G) = @& U(GQ)g. It follows from the Poincare-Birkhoff-Witt theorem that
keZ
U(G) becomes an algebra in the natural way and moreover this algebra acts naturally on

any restricted U(G)-module. In particular it acts on M above.
We now assume that G is an abelian Lie algebra so that U(G) is just the sym-

metric algebra S(G). Note if we have elements g(z) = > gnz™ ™, h(2) = > hpz™" €
n>0 n>0
S(G4)grllz71]] then their product is a well-defined element in S(G4 )4 [[z71]]. In fact, if
go =0even exp (g(z)) = Y. -5g(2)™ is a well-defined element in S(G )y [[z7]]. Similar
m>0
remarks hold for series in S(G_ )4 [[2]].

For g(z) = 3 gnz™™ € S(G4)gr([z 7], h(2) = Y hnz™ € S(G-)4[[2]] the product

n>0 n<0
g(2)h(z) is defined to be the element > ap2™™ € S(G),[[z, 27 !]] where for each m € Z
mGZ
am is the element of [T S(G-);S(G4)m—j C S(G)m specified by saying a,, =
J<0,m—35=>0
2> hjgm—j- Thus g(2)h(2) € S(G)gr[[z, 271]]-
J<0,m—35=>0
Now let d(z) = Y dnz™" € Gyrllz,27Y] C S(Q)grl[z,27Y]] and assume dy = 0.
nGZ
Let dt(2) = > dpz",d (2) = Y. dpz~™. Then letting e™(2) = exp (d7(2)),e (z) =
n>0 n<0

exp (d™(z)), we find that the product e~ (2)e*(2) is defined, from what we said above, and
is in S(Q@)4r[[2,271]]. We then define exp (d(z)) by the formula

exp (d(z)) = e (2)e" (2) = exp (d™(2)) exp (d¥(2)) . (1.4)

Later we will need to multiply certain elements in S(G)4[[2,271]]. The following
result allows us to do this.
Proposition 1.5. Under the natural product S(G),.[[z, 27 ]] is an associative algebra

with identity.In fact,we can multiply elements of the form z°f(2),27g(2),4,j € Z where
both f(z), g(z) belong to S(G)4.[[z,271]] .



Proof. We represent an element in S(G), = [ S(G_)n_5(Go)S(G4y) as a

function

foiZ— | S(G-)nrS(Go)S(Gy)

k>0,k>n

where f,,(k) is in S(G_),—kS(Go)S(G4 )k for all k € Z and where we use the convention
that f,,(k) =0 if either £ < 0 or if & < n.
Let f(2) = Y faz7™,9(2) = Y. gnz™™ be two elements in S(G),.[[z, 27!]] where
nGZ nGZ

frs Gn € S(G),. We would like to define f(2)g(z) = > h,z~" where for each n € Z the
nel

hn = Z fn—igi~
icZ
To do this we must see that for fixed k,n € Z the sum

> (Famig) (k) =D > fuilk = §)gi(4)

icZ, il jel,

element h,, is defined by

has only a finite number of non-zero terms.

Clearly if k < 0 all terms are zero so suppose k > 0. We have that f,,_;(k—7)g:(j) =0
unless both j > 0 and j < k. Thus, there are only a finite number of indices j where there
is some ¢ for which f,,_;(k — j)gi(j) is non-zero. For each such j we have f,_;(k— 7)g:(j)
can be non-zero only when j > i and k — j > n —i. But these conditions imply that j >4
and ¢ > n+j—k so there are only a finite number of indices ¢ € Z with f,,_;(k—j)g:(j) # 0
for some j. All in all it follows the product on S(G),[[z, 27]] is well-defined and makes
S(@)4rl[z, 271 into an associative algebra with identity. The statement about shifts in
powers of z is clear. Q.E.D.

We now begin to describe algebras with polynomial multiplication. For this purpose
we let G be a Z"-graded Lie algebra.

G= & Gm.
mGZn
Definition 1.6. The Z"-graded Lie algebra G is said to be an algebra with polynomial

multiplication if G has a homogeneous spanning set {g;(m)} 7n such that g;(m) €

i€l me
Gm, and there exists a family of polynomials in 2n variables {pfj} where i, 7,8 € I and

where for each i, j € I the set {s|pj; # 0} is finite, and satisfies

l9i(k), 9;(m)] = > pj;(k,m)gs(k+m) for all k,meZ" (1.7)
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If this is the case we say the spanning set {g;(m)},_ [.meZ" 1S distinguished.

Notice that in the above definition we used a spanning set and not a basis and that
when n = 0 the above definition says nothing, as then the polynomials are just constants
and the definition expresses that we have a spanning set. Thus, we are usually interested
only in the case that n > 1.

Definition 1.8. Let GG be a Lie algebra with polynomial multiplication and with the
notation as above. We will say a Z"-graded G-module V is a module with polynomial
action if V' has a basis {v;(m)};es such that v;(m) € V3, for j € J, and there exists a
family of polynomials in 2n variables {f7;} where i € I,j,s € J and for each i € I,j € J
the set {s|f;; # 0} is finite and satisfies

Z (k,m)vs(k+m) for k,meZ".

Notice that in this definition we used a basis instead of a spanning set. Again we say
the basis used is distinguished. Most of the modules we will consider will be induced, and
hence have a specified special variable (we will later denote this ty) and so in the next
definition we need to consider both a Z" and a Z-grading of our Lie algebra G. We then
have

G= & Gm and G= & G;.
meZ” icZ.
We will say these gradings are compatible if each space Gy, is homogeneous in the Z-grading
and each space G; is homogeneous in the Z"-grading. In this case we write G; m for the

intersection G; N Gm. Thus G is Z"-graded so G = &) Gim.
(i,m)eZ" !
Definition 1.9. An algebra GG with polynomial multiplication is called extragraded if

it has an additional Z-grading compatible with the Z"-grading such that the distinguished
spanning set is homogeneous in the Z"*!-grading and for fixed i € I, g;(m) has the same
degree in the Z-grading for any m € Z". We write this degree as deg(g;) and call it the
degree of g;. Thus,

gi(m) € Gaegg,,m for meZ".

For G to be extragraded we also require that the number of 7 € I, with g; of a fixed degree,
is finite.

We now assume that G is a Lie algebra which is extragraded and use the notation
as above so that the decomposition G = G4 & Gg & G_ refers to the Z-grading. It
is clear from the definition that the subalgebra Gy = & . Go,m is a Lie algebra with

me

polynomial multiplication whose distinguished spanning set is {g;(m)|degg; = 0,m € Z"}.
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Let T be a Ggp-module with polynomial multiplication and let the distinguished basis be
{vj(m)|j € J;m € Z"}. We can define an action of Gy on T' by G4+T = (0) and then

consider the induced module
M =Tndg o0, T=U(G-)®T.

Proposition 1.10. For a sequence v = (iy,...,47) of indicies from I such that
¢
> degg;, = 0, there exists a family of polynomials p5;, with s, j € J, such that
b=1

iy (ml) -+ YGip (mg)’l}j(mo) = pry](m()a mi,..., mg>’03(m0 +my +...+ mﬂ)a (111)

where the set {s|p, # 0} is finite.
Proof. We prove this by induction on ¢. If / = 1 then degg;, = 0 and then

gi, (my)v;(mg) = > f3(my, mg)v,(mg + my)
s
because T is a Gp-module with polynomial action. Here we have used the notation from
Definition 1.6.
Next consider the case of ¢ > 2. If degg;, = ... = degg;, = 0 then, by iteration of the
previous case, we see that our hypothesis immediately implies the result. Otherwise, by

the usual type of Poincare-Birkhoff-Witt argument, any expression of the form

gi, (my) ... g;, (my)

can be rearranged so that the terms of positive degree appear to the right, and thus applied
to v;(myg) gives 0. However in doing this rearranging process, we must also add terms
involving commutators. Notice that the terms involving commutators can be replaced
using (1.7) by expressions of the form (1.11) of length shorter than ¢ with coefficients
given by polynomials. Thus, by induction, the result follows. Q.E.D.

The main result about extragraded Lie algebras is the following Theorem. Notice that
we need to use a basis for our module here, but that the distinguished spanning set for the
algebra need not be a basis. Also, towards the end of the proof of the theorem we use a
Vandermonde type argument. Here is what we mean by that. If a polynomial a,(y)z™ +
an_1(y)x" 1 + ... + ag(y) assumes zero values for all x then a,(y) = an_1(y) = ... =
ap(y) = 0. One way of proving this is to evaluate this polynomial at n + 1 distinct values

of x, which gives a homogeneous system of linear equations on a,(y), an—1(y),---,ao(y)
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with a Vandermonde matrix. Then a,(y) = an—1(y) = ... = ao(y) = 0 follows from the
fact that the Vandermonde determinant is non-zero.

Theorem 1.12. Let GG be an extragraded Lie algebra with polynomial multiplication.
JjeJ
meZ"
in which the set J is finite. Then the homogeneous components of L = M /M are

Let T be an Gp-module with polynomial action and with distinguished basis {v;(m)}

finite-dimensional. Furthermore if 7" is an irreducible Gg-module then L is an irreducible
G-module.

Proof. Because M7 is the sum of all graded submodules intersecting trivially with
T then the statement about irreducibility is clear.

To prove that the homogeneous component Lg ,, s < 0 is finite-dimensional, we will
show that M srﬁﬁ may be described inside of M, ,, by a system of finitely many linear
equations.

Define the following finite sets, for s < 0 let

la
Of = {a = (i1,...,i1,)|ip € I, deg (g;,) > 07Zd€9 (9:,) = _S}

p=1
and
lg
Q=< pB= (il,...,ilﬁ)‘ip € I,deg (gip) < O,Zdeg (gip) =5
p=1
For v € QF and a sequence m = (my, ..., m; )€ Z™ we define

U’Y(m) = Giy (ml) <G (ml.y> € U(G:t>:!:s-

ls
The set {ug(M)v;(mp)} with 8 € Q5 € Jme Z", 3> m, = m, is a spanning set
p=0
for Mg m. Thus a vector v € My, can be written as

v=>Y > > c(j, B, mg, o) ug () v; (my).
€T BEQT  (mmmg) e Z" 18D
m0+m1+...+m15:m
A vector v € M, m, belongs to the radical M"? if and only if for every u € U(Gy)_s we
have uv = 0. The space U(G,)_, is spanned by the set {uy(F)} with a € QF,F € Z".
Thus v € M™*? if and only if for all a € QF and all F € Z™ we have

> > > c(j, B, mo, M) uq (F)us (M)v; (mo) = 0. (1.13)
Jed Beqy (ﬁ,mo)eZ"(lﬂJrl)
m0+m1+...+mlﬁ:m
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By Proposition 1.10 there exists a finite family of polynomials {p* ;1 such that

ua(T)u,g(ﬁ)vj(mO) = Zpgﬁj(mo,ﬁ, f)Uk(mQ + mq + ...+ mlB -+ Ir 4+ ...+ I‘la).
keJ

Since the set {vi(m)} forms a basis of T' then we can rewrite (1.13) as follows:

> 2 > c(j, B, mo, M)pf. 5, (mo, M, ) = 0 (1.14)

J€J geq; (E7m0)€Zn(l5+1)
m0+m1+4.4+m16=m

for all o € QF, F e Z™ and k € J.

For a fixed s, the above expression involves a finite number of polynomials

pgﬁj(mo,ﬁ,f)z Z pfigja(mo,ﬁ)TE,
acZy'>

where the summation on the right hand side has finite range.
Since (1.14) holds for an arbitrary T, we can apply a Vandermonde type argument to

see that it is equivalent to the system of linear equations:

Z Z Z c(4, B, mo,m)Pigﬁ(mo,ﬁ) =0.

J€J peqs (ﬁ,mo)eZ"(lﬁJrl)
m0+m1+...+m15:m
The number of these linear equations in {¢(j, 5, mp, m)} is determined by the ranges of
k, o and a and is finite.

Hence, M ;“fl‘g is determined inside M y, by a system of finitely many linear equations,
thus the dimension of Ly m = My m/M43 is finite.  Q.E.D.

2. Toroidal Lie Algebras.

In this section we introduce the toroidal Lie algebras which will concern us for the
rest of the paper. We also introduce their associated v algebras as well as some modules
for these algebras. The results from [B1], recalled in the Introduction, serve as a model
for our further constructions. The reader will find here numerous examples of algebras to
which the results of Section 1 apply.

Let g be a simple finite-dimensional Lie algebra over C. The algebra of Fourier poly-
nomials on a torus of rank n + 1 is isomorphic to the algebra of Laurent polynomials
C[t(jf, tf, ...,tF]. Thus the tensor product § = § ® C[t(jf, tf, ...,tF] can be interpreted as

the algebra of g-valued polynomial functions on a torus. Since the algebras g are involved
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in all the algebras we construct the name toroidal Lie Algebras is used. The algebra g
itself may be called the loop toroidal algebra associated to g since if n = 0 then g is just
the untwisted loop affine Kac-Moody Lie algebra associated to g. The algebra g is perfect
so has a universal central extension. When n = 0 the universal central extension is well-
known to have the loop algebra of co-dimension 1 but in the general case the co-dimension
is infinite. We give its description following [Kas| and [MRY].

Let K be the free C[tZ,¢T, ..., tF] module of rank n+1 with basis {ko, k1, ..., k,} and
let dK be the subspace (not submodule) spanned by all elements of the form
rot0t ko + rit0t k... rat0ttk, for (ro,r) € Z"T. We let

K =K/dK,

and we again denote the image of of fk; in I by this same symbol. Thus K is spanned
by the elements ¢,°t"k,, where o € Z,r = (r1,...7,) € Z", and t* =t ... t]», 1 <p <mn
subject to the the defining relations

rolo t ko + ritg"t Tk 4 ...+ itttk = 0. (2.1)
We let
Gg=a@ClH .. tfHaeK (2.2)

with the bracket

n

[91® filto- - -tn), 92 ® falto .. tn)] = [g1, 2] @ (fif2) + (g1lg2) D (dp(f1) f2) kp  (2.3)

p=0
and
g, K] =0. (2.4)
where (| ) is a symmetric invariant bilinear form on g and d,, is the degree derivation
of (C[toi, tI—L, ..., t*] corresponding to the index p so that
d, p=0,...,n. (2.5)

=t,—,
Pdt,

Now we turn to the description of the v algebras of rank n+1 which should be thought
of as generalizations of the Virasoro algebra. One of these, using the algebra D* below,
arose naturally in the study of vertex operator representations in [EM]. Let D be the Lie
algebra of derivations of C[toi, tf, ..., ], so that

D= {pr(to,...,tn)dp}fo,...,fn e@[téﬁ,tf,...,tf]}.
p=0
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It is a general fact that a derivation acting on a perfect Lie algebra can be lifted, in
a unique way, to a derivation of the universal central extension of this Lie algebra [BM] .

Here, the natural action of D on g is

f1dy (9 ® f2) = g ® f1dp(f2) (2.6).

This has a unique extension to g. Its action on the subspace g is unchanged, while the

action on K is given by the formula (see [EM] ),
frda(faks) = frda(f2)ks + 6ap Y Fadp(f1)kp- (2.7)
p=0

The space D@ K can be made into a Lie algebra in several ways which we now describe.
These will use (2.7) above to obtain the product of an element from D with an element
from K so that,

[f1da, f2kp] = fida(f2ks). (2.8)

KC is to be an abelian ideal in D @ K while the product of two elements from D can be

either the usual product of two derivations
[0t dy, 1y 0t ™ dp] = Mgt Tt Ty — rytp0 Tt T, (2.9)
or can be the usual product adjusted by a 2-cocycle 7: D xD — K:
[t  dy, Ly 0t ™ dp] = Mgt Ot ™ dy — rpte0 T, 4 T (H0E g, Ly 0t ™ dy) . (2.10)

The algebra D admits two non-trivial 2-cocycles with values in KC:

n
Tt do, 10t dy) = —mary { Yt O, (2.11)
p=0
and .
T (t0 7 da, £ 0™ dy) = ramp{ > rpt0 Tt} (2.12)
p=0

for all rq,mg € Z,r,m e Z",0 < a,b < n.

The reader should see [BGK],[Dz],[EM],or [L2] for more on these cocycles. In fact,
A. Dzhumadil’daev has informed us, in a private communication, that any cocycle with
values in C is a linear combination of 7y and 7. This can be derived from the results in
[Dz]. It is straightforward to see that in each case we obtain a Lie algebra structure on

D & K. To give some notation for this we fix 7 : D x D — K to be an arbitrary linear
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combination of 71 and 7. We then let v(D,7) denote the resulting Lie algebra so that
o(D,7) =D @ K with multiplication given as above using the cocycle 7.
Next we note that D has an interesting subalgebra which will be denoted by D*. This

is defined as follows.
D {Z Foltoy - tu)dy| f1, .o, fn € ClET, 1, ..,t,ﬂ;]} (2.13)
p=1

D* = D** @ Cdy. (2.14)

We note that this subalgebra arose naturally in the study of toroidal Lie algebras.
Indeed D* appeared in [EM] in connection with an untwisted vertex representation of g
and in [B1] in connection with the principal vertex representation. In both of these works
the authors denoted this algebra by D but since we need to make use of various positive
(and negative) subalgebras we have chosen the notation D*. Any linear combinations of
cocycles (2.11) and (2.12) can be used with this algebra of derivations so this now gives
us two families of algebras v(®,7) where © can be either D or D* and 7 is a linear
combination (perhaps trivial) of 71 and 7. We call all of these v-algebras and will work
with all of them simultaneously when possible. We usually just denote any of these algebras
by v. Notice that for each of these algebras v we get an associated toroidal Lie algebra
g C[tE,t1, ..., tF] @ v with multiplication given as in (2.3),(2.4),(2.6),(2.8),(2.10),(2.11)
and (2.12). For notation we let ¥(v) denote this toroidal Lie algebra so that

(o) = g CltE, tf,.. . tT @ (2.16)

Again we just use T to refer to any of the algebras in this family. Note that the algebra
g of (2.2) is a subalgebra of ¥ and that all of the degree derivations dy, ds, ..., d, are also
in €. With the obvious abuse of notation we will write T(®, 7) for the algebra T(v(®, 7))
where © € {D, D*}. We will be most concerned with the algebra T(D*, 1) where 7 is one
of the cocycles. It seems that these algebras are the most natural ones for a satisfying
representation theory. Besides [EM] one should see [B1] and [B2] for more on this algebra
when (2.11) is used. This particular algebra was discussed in the Introduction. We note
the following result.

Proposition 2.17. Assume n > 1. All the algebras T(D, 1) as well as the algebras
v(D, 1), where ©® € {D,D*} and 7 is a linear combination of 2-cocycles (2.11) and (2.12),
are algebras with polynomial multiplication which are extragraded.

Proof. This is easy to see by looking at (2.3),(2.4),(2.6),(2.8),(2.9),(2.10),(2.11) and
(2.12). Indeed the tg-direction gives the Z-grading while the Z™-grading comes from the
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variables t1,...,t,. For example, for the algebra v = D @ K with any of our cocycles one
may use the elements
dgi(m) = tit™d,, a=0,...,n,

kpi(m) = tht™k,, p=0,...,n,

where deg d,; = deg ky; = 7 as our distinguished spanning set. The rest is straightforward.
Q.E.D.

Remark. It is because of the central relations (2.1) that we have chosen to use a
spanning set, rather than a basis, in Definition 1.9. This helps to make the previous result
quite transparent.

Our next goal is to construct irreducible restricted v-modules with finite-dimensional
weight spaces (recall from the Introduction that by weight spaces we just mean the homo-
geneous spaces relative to the specified grading) and non-trivial action of . As a starting
point for our construction we take the tensor modules [L.1] which are realized as the ten-
sor product of a module for the Lie algebra gl,,(C) with the Laurent polynomial algebra
C[qlﬂ, cee q,;—Ll]. We will eventually see that these modules have a factorization property
similar to that discussed in the Introduction. We begin by recalling some results from [L1].
The reader should also see [R] for this.

Let D,, be the Lie algebra of derivations of the Laurent polynomial ring C[tlﬂ, ot
SO

D, =
P

C[tf,. .., t5]d,.
1

1Ps

An obvious family of modules for D,, consists of the the loop modules
Clg™, .y 1@ W,

where W is an arbitrary vector space and D,, acts only by derivations on the first factor,
the Laurent polynomials in ¢y, ..., q,.

This family admits an interesting non-trivial generalization (see [L1], [R], [Rud]). Let
(W,4) be a finite dimensional gl,,(C)-module. We define an action of the algebra D,, on
the space C[g, ..., ¢ @ W by

o(t"dy)q™w = myq ™ w + Z riq" T (Eip)w. (2.18)
i=1

Here, as usual, E;; is the matrix with (i, ) entry 1 and zeroes everywhere else. Notice
that the loop modules correspond to the trivial gl,,-action on W. The following result is

known.
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Lemma 2.19. ([L1]) The action (2.18) defines a representation of the algebra D,,
on the space C[qf, LT e W,

For notation we let T(W) = C[¢T, ..., ¢ ® W denote the above module with action
given by (2.18) associated to the module W and call this the tensor module associated to
W. When no mention of W is necessary we will just let T denote a tensor module.

Remark. One can give a further generalization by considering shifts of these modules:
Cla - qnla* ®@W

where a = (a1, ...,a,) € C", and where (2.18) is replaced with

n

P(t7dp) ™ w = (my, + )T w4 Y g TG (Ey ) w,

=1

All further constructions in the present paper work for these modules, but for the sake of
simplicity we set a = 0.

Rao [R] classified the irreducible tensor modules (see also [Rud]). Obviously, a nec-
essary condition for the irreducibility of a tensor module, T'(W), is the irreducibility of
W. Recall that an irreducible gl,,(C)-module W is determined by a pair (A, b), where A is
the highest weight with respect to the s, (C)-action and where the identity matrix acts as
multiplication by b. Rao proved the following result.

Theorem 2.20.([R]) Let W be the finite dimensional irreducible g¢l,,(C)-module
associated to the pair (A, b). The tensor module T'(W) is irreducible if and only if (X, b) #
(0,0), (0,n), (wk, k), k =1,...,n — 1, where wy,...,w,_1 are the fundamental weights of
sl (C).

Rao also describes the composition factors for the tensor modules in the above result
which are not irreducible. Note that none of the proper submodules of these exceptional
reducible D,,-modules is C[¢T, ..., ¢F]-invariant.

We now consider one of the algebras v = v(®, 7) where 7 is any of our cocycles and

© € {D,D*}. Then v is extragraded so we have the decomposition

bV=0b_P oy Do,
This was done according to the degree in £y so that

n
by =94 ® Ztoc[to,tf, oty Tk,
p=0
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oo =D @Y t5 Cltg' 15, tilky,

p=0
g = D Z(C[tit, - ,ti:]k‘p.

p=0
Here if ® = D* then we have

n
Dy =Y toClto, 15, ...t ]da,

a=1

n
D= t'Cltgt it da,
a=1

Do=» Clti', ..., t5d, @ Cdy,
a=1
while if ® = D then we have

Dy =Y toClto, t5, ..., 5" ]da,
a=0

n
D= 'Cltgt it da,
a=0

Do =Y Clti',... t5]da.
a=0

In all cases, vy contains the algebra D,,. Let W be a finite-dimensional irreducible
gl,,-module and let T' = C[qli, ...qF]® W be the corresponding tensor module for D,,. We
write aw for the element a ® w of T'. For arbitrary constants ¢,d € C, we can extend this

action to all of vy as follows:

o(t"ko)q™w = eq" ™ w, (2.21)

P(t"kp)q™w = 0, (2.22)

o(do) =d1Id, and (2.23)

tMdo(q*w) = dq"™w for rrmeZ"1<p<n. (2.24)

We call the scalar ¢ the central charge of T.
It is straight-forward to see that this produces a well-defined vg-module structure on

T. Indeed, from (2.22) we see that the particular cocycle which we use makes no difference
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here. Also, vy has polynomial multiplication since the algebra v is extragraded and this
vo-module has polynomial multiplication as the formulas (2.18),(2.21),(2.22),(2.23) and
(2.24) show. As the dimension of W is finite we see all of the hypothesis of Theorem 1.12
hold. We state this as follows.

Proposition 2.25. Let v be any of the Lie algebras v(®,7) considered above and
let W be any finite dimensional irreducible gl,,-module. Let T'(W) be the tensor module
for D,, constructed using (2.18). Then there is a unique vg-module structure on 7'(W)
satisfying (2.21), (2.22),(2.23) and (2.24). Moreover, the vg-module T'(W) has polynomial
multiplication. If the central charge c is non-zero this module is irreducible as a vp-module.

Proof. We only need to see the module T is irreducible as a vp-module when ¢ # 0
(even though it may not be irreducible as a D,-module (see Theorem 2.20)). Indeed (2.21)
shows that when ¢ # 0 the algebra vy will generate all operators of multiplication by
qfﬂ, ce q,;—Ll. Thus, as W is irreducible so is T. Q.E.D.

We let v, act on T by 0 and so we have the induced module for v:

b
M = Indno@mr (T)

It is easy to see that the module M has a Z""!-gradation. Note that most of its
homogeneous spaces are infinite-dimensional. The only non-trivial finite-dimensional ho-
mogeneous spaces correspond to the tensor module 7' = C[qlﬂ, .. .qfl] ® W, which is
the top of M. Since the Z-grading of M, by degrees in ty, contains only non-positive
components, the module M is restricted.

We now apply Theorem 1.12 to our situation. This gives us the following result.

Theorem 2.26. Let M be the above v-module. There is a vector space isomorphism
M=U(_)oClg, .. .¢F o w.

(i) Among the submodules of M intersecting the top trivially there exists a unique
maximal one which we denote M7,

(i) If W is an irreducible as a gl,,-module then the factor-module L = M/M"*? is an
irreducible v-module.

(iii) The v-module L = M/M7"*? has finite-dimensional weight spaces.

Remark 2.27. The basic v-module F' described in the Introduction is obtained as
the irreducible factor of the module constructed above from the D,-module ClgE!, ... ¢F!]
with trivial gl,,-action and with choice of constants ¢ =1,d = 0.

The construction of Theorem 2.26 can also be done for the algebra g = §®C[tE, ..., t]
@v. Again for the Z-grading we use powers of to. One can see that g, = g@C[t], ..., t5]®
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vg. To construct a gy-module, we take a vp-module 7" as above and a finite-dimensional
g-module P. Then T'® P admits the structure of a g,-module by using (2.18), (2.21)-(2.24)
together with

e(t"g)q™w @ p = q"T™w @ (gp). (2.28)

It is easy to check that this defines a gy-action. Since g is an extragraded algebra and
the action of g, on T'® P is polynomial then by Theorem 1.12 the irreducible factor of the
g-module induced from T'® P has finite-dimensional homogeneous spaces. We will recover
this result later in Theorem 4.9 by constructing a realization for this irreducible g-module.

It is interesting to compare the above case with the case of a toroidal algebra with
a smaller center. As in [BC]|, one can also consider a finite-dimensional central extension
of § = § ® C[tT,...,tF] with center K having basis {ko,...,k,} of degree zero and with

multiplication given by

n
[t6°t7 g1, 15t go] = t6° Tt ™ g1, go] + (91192)8rg,—mo e, —m D Tpkp.
p=0

We construct a module for § & K in the following way, using the induction procedure.

The space C[qli, ...,qF] has a gy @ K-module structure defined by
p(t'g)q™ =0,

p (kp) ™ = 6, 09™

We let g, act on C[qli, ..., @] trivially and consider the g @ K-module M induced from
Clai's - -, 4it]-

We are going to show now that in contrast to Theorem 1.12, some homogeneous spaces
of the irreducible factor of M are infinite-dimensional. Indeed, let h be a non-zero element
of a Cartan subalgebra b of g. Then the vectors {p(tglt_rh)qr}rezn belong to the same
homogeneous space of M. We claim that the images of these vectors in the irreducible
factor are linearly independent. To prove this, we need to show that only the trivial
linear combination of these elements belongs to the radical of M. Consider such a linear
combination:

Z arp(ty 't Th)q" € M™%,
reZ"

Let b/ € b satisfy (h/|h) # 0. Then for an arbitrary m € Z"

p(tot™ ') > arp(ty 't TR)q" € M.
rGZn
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However

p(tot™ ') D arp(ty 't TR)q"

rEZ"
= > aep ([tot™H tg 't 77h]) o
re”
+ Z arp(ty 't 7Th) p(tot™ R ).
rel”
The second term is zero since g, acts trivially on C[qli, ..., qF], while the first equals
> el (W) p(ko + maky + ...+ mpkn)Q"
reZ”
=amq™.
Since M7 intersects C[qli, ..., @] trivially, we conclude that ay = 0 for all m € Z".

Thus the irreducible module M /M"*? does have infinite-dimensional homogeneous spaces.

However notice the following. Since g, @ K is the zero component of the extra-graded
Lie algebra g @ K then if we knew that the g, ® K-module C[¢i, ..., ¢E] were a module
with polynomial action then by Theorem 1.12 M/M rad would have finite-dimensional
homogeneous spaces. Thus, (C[qit, cee q,jf] is not a gy @ K-module with polynomial action.
Intuitively, ko should be part of a family ko(m) where ko(m) = 0 for m # 0. However,

then ko(m)q" = dm,09" and dm o is not polynomial in m.

We finish this section with a result which shows that in the modules we constructed
the space K acts “almost faithfully” when the central charge ¢ is non-zero. (If ¢ = 0 then
K does act trivially on L, see Remark 3.27.)

Proposition 2.29. If the central charge c is non-zero then the kernel N of the action
of IC on L is spanned by k1, ..., k,.

Proof. The idea of the proof is to show that if the kernel N of the action of I is
larger than the span of k1, ..., k, then N should contain kg which acts on L as cId. Since
the module L is Z"'-graded then so is the kernel N. Clearly, No,0) = Span(ky, ..., ky)
when ¢ # 0.

We are going to show that N, ) = (0) for (ro,r) # (0,0) using the fact that N is
D*-invariant. Indeed, let i apty’t k, be a non-zero element of Nro,r)- Let us consider

p=0
first the case when ry # 0 or g # 0. Then the matrix

To T e T'n (2 30)
oy o1 ... Qp )
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has rank 2 and its first column is non-zero.

Note that
[90 (taTOt—rda) y P <Z Oéptgotrkjp>] =7, Z apgp(k;p) — Qg Z rpgp(k;p)
p=0 p=0 p=0
= (roao — roca) (ko). (2.31)

Since not every column in matrix (2.30) is a multiple of the first column then there
exists 1 < a < n such that r,ag — rgag # 0. Thus kg € N which is a contradiction.

We reduce the case 1o = ag = 0 to the above case by a similar argument. Let
n

> aptTk, be a non-zero element of N(g ). Then the matrix

p=1
T e T'n
<a1 co. O ) (2.32)

has rank 2. Choose 1 < a < n such that r, # 0. Then

© (toda) , (Z ozptrk:p>] =1, Z app(totky) + aqp(tot ko). (2.33)
p=1

p=1
Deleting the first column of the matrix
( 1 1 Tn ) (2.34)
Qg TaQl .. Tl
and comparing with (2.32) we see that the rank of (2.34) is also 2. Thus agtot ko +
n
Ta Y ptotTk, is a non-zero element of N(; ;) which is not possible from the first case.

p=1

Q.E.D.

Remark 2.35. In fact it is not hard to show, by an argument similar to the one

above, that the span of k1, ..., k, is the kernel of the action of the entire algebra v on L.
3. Factorization property for the modules L(T).

In this section we show that the factorization property (0.1) holds for the modules
L(T) constructed from the tensor modules T'. This is important for our purposes since in
the next section we use this property to show that the tensor product of the module L(T')
with a module for affine Lie algebra g ® Clto, t, 1@ Cky @ Cdp is a module for the toroidal

algebra under consideration.
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In order to prove our factorization property we need to show certain formal fields
behave essentially as if they were exponentials. One problem here is to just write down
this exponential in a well-defined manner and it is for this reason that we use a certain
completion of a twisting, by Laurent polynomials, of the universal enveloping algebra U(v).
We call the twisted algebra we need U,(v) and let U,(v) denote the completion we work
with. We begin by defining these algebras.

As before we let v = v(D, 7) where © € {D*, D} and where 7 is a linear combination
of the cocycles from (2.11) and (2.12). Then v = ® & K where K is an abelian ideal of v so
that in the universal enveloping algebra of v we have that U(v) = U(D)U(K). Throughout
this section we fix a non-zero constant ¢ € C. We are going to make the vector space
U(v) ® C[qli, ...,qr] into an associative algebra via a twisting process similar to what is
found in [Lam]. For this we need a supply of automorphisms of U(v) which we get by
exponentiating some derivations. We do this on the level of v and then extend to all of
Ul(v).

Proposition 3.1. (a) For each a = 1,...,n, there is a derivation A, of v which
satisfies (for mg € Z,m € Z" )

Aa(tgnotmdb) = —5abt6n0tm]€0, for 1 S b S n,
Ay (tg0t™dy) = t7"°t™ kg,
Ay (K) = (0).

(b) For a,b=1,...,n, we have A,(D) C K and A,A;, = 0.

(c) For each r € Z" there is an automorphism o* of v (and hence of U(v)) which
n

preserves the Z"!-grading and satisfies o* =1+ A forr = (ry,...,m) € Z".

i=1

(d) We have g¥c™ = ¢"t™ for r,m € Z".

Proof. (a) To prove this one can directly verify that the given formulas lead to a
derivation of v. Another, somewhat enlightning argument goes as follows. We can enlarge
the algebra v by allowing arbitrary real powers of the variables tg,...,t, instead of just
integers. This corresponds to replacing the algebra of Laurent polynomials C[ta—L, =l
with the group algebra C[R™"']. (This was actually necessary to do in [B2] to get con-
tinuous families of soliton solutions to partial differential equations). Thus, in such an

extension of v we can consider the inner derivation A§ = —ad(tfk,), for e e R, 1 < a < n.
Then for 1 < b <n,my € Z,m € Z", we obtain that (using (2.1))

n
ATt dy) = Sap Y mpty Tk, = —edapt] 0Tt ko,
p=0
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AS(H0t™dg) = ety t™k,.

From these formulas we see that the derivations A,, determined by saying
A, = —AS

are well-defined on v and satisfy the formulas in (a).
(b) This is clear from the formulas given in (a).
(c) For 1 < a < n we have A2 = 0 so let 0, = exp(2A,) = 14+ 1A,. Then

1

ols =1 —|— 2 A, and so we let, for r € Z",0" be defined by " = o7'...0]". Clearly

o' =1+ Z La A, and 0™ = o*t™ for r,m € Z". Q.E.D.
a=1

We now let U,(v) = U(v) ® C[¢i, ..., ¢F] where Cl¢f,...,¢F] is just our algebra of

Laurent polynomials. We write uq® for u ® q* when u € U(v),q" € Cl¢f,...,¢"] and

define a multiplication, extending the usual multiplications on both U (v) and (C[qli, g

by defining
q'u=o0"(u)q" forany we€U(v),reZ". (3.2)

Here q" represents ¢i* ...q,» and we extend this definition linearly to all of U,(v). This
is similar to the twisting process found in [Lam| and it is easy to see that this process
makes U, (v) into an associative algebra with identity. Clearly this algebra is Z-graded
with C[gi, ..., ¢F] being of zero degree and where U, (v); is just U(v); ® ClgT, ..., ¢F).

Moreover the following formulas, which are straightforward to verify, hold.

i Ta /i, m r
[tht™d,, q"] = ?(tot ko)d", a=1,...,n, (3.3)
[tot™do, q] = —= ZTb tot™ks)q", (3.4)
[tit™k,, "] =0, p=0,...,n. (3.5)

Here i € Z,r,m € Z". Notice that U(K) ® C[¢T, ..., ¢F] is a commutative algebra.

Next we let T = T(W) = Cl¢T, . .., ¢X] ® W be one of the tensor modules constructed
in the previous section from a finite-dimensional g/, -module with central charge non-zero
and equal to the constant ¢ we fixed at the beginning of this section. Clearly C[qf, o @]
acts on T' by the natural action of multiplication on the left factor. We recall that M =
M(T(W)) = M(T) = Indg gp, (T) = U(0)@u(ye0,)T and L = M/M"%. These modules
have Z and Z"-gradings.
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Proposition 3.6. (a) The action of U(v) on M can be extended to an action of U,(v)
on M which satisfies

(u1q") (ug ® q™w) = uo"(uz) ® ¢""™w  for wy,up € U(v),r,m € Z".

Thus, M is a U,(v)-module.
(b) The U(b)-submodule M"%¢ of M is a U,(b)-submodule.
(c) L is a Uy(v)-module and dim L, ;) = dim L gy for all r € Z", s € Z.
Proof. (a) In order to show that the above action is well-defined it is enough to check

that

o"(z)q"Sw = " (rq®w) for x€v9Po,, r,seZ".

If z € v, then both sides of the equality are zero since o preserves the grading and v
acts on 7' trivially.

Next we check the above equality for the basis elements t™d,, t™k, of vg:
o (8™ da) g w = (8™d, — Lt ko)q" P w =
c
n
_ (Ta + Sa)qr-i-s-i-mw + Zmiqr+s+m¢(Ei )w o Taqr—i—s—i—mw _

=1

n
_ Saqr-i-s-i-mw + Z miqr+s+m¢(Em)w _

=1
:qr(tmda(qsw))7 a = 17"'7”7
1
o_r(tmdo)qr—i—sw — (tmdo + E ZTatmka)qr—i—sw _
a=1
— dqr—l—s—l—mw — qr(tmdo(qSZU)),
o (t™ky)q S w = t™k, (" Sw) = " (t™ky(q*w)), p=0,...,n.

Finally, we verify that the action of U,(v) on M agrees with the associative product
(3.2) in Uy(v):

p(u1q u2q™) (us ® *w) = p(urq”)u(uzq™)(us ® g°w).
However, both sides are equal to

uy 0" (uz)o" ™ (ug) @ gt TS,

27



(b) A vector v € M_g, s > 0 belongs to M7 if and only if U (v, ),v = 0. If v € M
then for u € U(v)s we have

uq™v =qMo" ™ (u)v =0

since o™ (U(v4)s) = U(vy)s. Thus q™v € M7 which shows that M"? is a U,(b)-
submodule.

Finally notice that (c) is clear since q"L,,0y € L(s ) for all r € Z™ and " is invertible
in U,(v). Q.E.D.

Next we recall that we have the completion U(K) = S(K) = @ U(K) of the abelian
keZ

Lie algebra K which was given by (see (1.3))

UKk= [] UK-UK)UKL);.
i<0,7>0
it+i=k
We also have the completion, U,(v), of our Z-graded algebra U,(v) and clearly U(K) is a
subalgebra of U,(v). This lets us define the subalgebra

Uy(0) = UD)T(K)Clgi' - .-, 4. (3.7)

Recalling that K is an ideal in v and also taking into account (3.3)-(3.5), we conclude that
the subalgebra U, (K) = U(K)C[¢i, ..., ¢ ] in ﬁq(n) is ad(v)-invariant.
We know U, (v) acts on M and hence so does ﬁq(n).

We now define some elements of l/jq(n)[[z, 27 1] we need to deal with. These are as

follows,

ko(z,r) =) (tit"ko)z™,  reZ”, (3.8)

i€l
ko(z) = ko(2,0), (3.9)
kp(z,r) = (tht*ky)z™",  r€Z', 1<p<n, (3.10)

e
kp(z) = ) (thkp)z™',  1<p<n, (3.11)
i

Thus ky(z,0) =k, + kp(2) for 1 < p < n. Notice that we have

kp(z,1) € Kgrl[2,271)], 0<p<mn, reZ" (3.12)
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and that since thkg = 0 in K (by (2.1)) if i # 0 then
ko(z) = k‘o(Z, O) = ko. (313)
We will also use the element

1. .
= > (thky)e T € Kypllz,27), 1< p<n,
=/
1720
and for notation we let (as usual) for 1 < p < n,
kp(z) 1, .
——=dz denote — —tok L 14
[*22a: denote >t (314
i€

i#0

Because [ k”T(Z)dz is in Ky [[2, 271]] and has its zero moment equal to zero then this is also

1 E Tp/kp(Z)dZ.
C z
p=1

It follows from (1.4) that then we may exponentiate this to get the element, for r € Z",

true for the series

exp (1 S | ’“—”d) € T()gelz, =) € Do) gll2, 2]
p=1

Thus, we have the element k(z,r) € ﬁq(n)gT[[z, 27 1] defined by

%irp/ kpiz) dz) . (3.15)

p=1

k(z,r):= q"exp (

The reader should also note that by (1.5)

~

kp(2)k(z,r) € Uy(v)gr[2, z_l]], 0<p<n. (3.16)

We know that the moments of these series act on the restricted modules M, M"* and L

and we let ¢ denote the representation of v on L. If g(2) € ﬁq(n)[[z, 2 Hisg(z) = > giz™"

icZ,
we then let
g(z) = Z ©(g:)2~" € End(L)[[z, 27 ']). (3.17)
ieZ
Our goal is to show that for 1 <p <n,r e Z"
ko(z,1) = ck(z,1), (3.18)



kp(2,1) = ky(2)k(z,1). (3.19)

To do this we consider the differences ko(z,r) — ck(z,r) and k,(z,r) — ky(2)k(z, 1)
in U,(0)[[z,271]]. Now let U(K)C[g, ..., ¢F] be denoted by U, (K) C Uy(v). Uy(K) is a
commutative subalgebra of l/jq(t)). Recalling Propositionl.5 we see that U, (K)4[[z, 2]

is an algebra since (C[qlil, ..., g1 is in the degree zero space of U,(K). Also, we will need
the derivation D, which acts by D, (>  foz7")=— > nf,z"".
icZ iel

Definition 3.20. For r € Z" let by(z,r) = ky(2,r) — kp(2)k(z,r) for 1 < p < n and
let bo(z,1) = ko(z,1) — ck(z,r). Let I be the ideal of U,(K)4[[2,27!]] generated by all
the series D% (b,(z,r)) for i € Z,i > 0,0 < p < n,r € Z". Also, let R be the subspace of
U,(K) spanned by all moments of the series in I.

Note that from the definition we have that R is a homogeneous ideal of U,(K) in the
Z" 1 grading. In particular, as R is homogeneous in the Z-grading we write R = EBZ R;.
Also note that we have, by (3.13), that by(z,0) = ko —c and that D®(bg(z,0)) = 0 foéei > 1.
Thus, we have kof(z) = cf(z) mod I, for any f(z) € Uy(K)4r[[z,271]]. Moreover, the
moments of D (b,(z,r)), for i > 1, are just multiples of the corresponding ones of b,(z, ).
Notice that we have that I is invariant under D,. We are going to show that RM C M"¢,
From this it will follow that (3.18) and (3.19) hold. The factorization property (0.1) will
then follow easily from properties of the exponential map. To accomplish this we need
several Lemmas.

Lemma 3.21. The zero component of R, Ry, acts trivially on the tensor module T
That is, RoT = (0).

Proof. Since U,(K) is commutative and KT = (0) then to show that Ry acts on
T trivially, it is sufficient to check that the 0-moments of ko(z,r) — ck(z,r) and k,(z,r) —

ky(2)k(z, 1) annihilate T Indeed, if we let b(2) = > b;z~* be one of the series D’ (b,(z,1))
icZ
from Definition 3.20 and let g(z) = . g;27% be an arbitrary series in U,(K),.[[2, 271]]
icZ,

then the zero component in the product can be written as the function »_ g_xby in

kel
[T Ug(K2)—xUq(Ko)Uqg (K4 ). If k > 0,then by, acts as zero while if k£ < 0, g_rbr = brg—x
k>0
and g_j acts as zero.

The 0-moment of ko(z,r) is t"kp, which acts on T" as cq”. Since tik, act trivially
on T for s > 0 then the 0-moment of k(z,r) acts on T as ", hence the 0-moment of
ko(z,r) — ck(z,r) annihilates T". Since t"k,, p = 1,...,n act on T trivially then the
O-moments of both k,(z,r) and k,(z)k(z,r) act trivially on 7. Q.E.D.
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Lemma 3.22. For any mog € Z, m € Z" and a,p = 0,1,...,n we have
[t t™dgz"™0 by(z,1)] € 1.

Proof. In the following proof we work with shifts in z of series from U, (K)4.[[2, 271]]
so will work with [ty"°t™d,, by(2,r)] rather than with [t("°t™d,z~"°,b,(2,r)]. Also, we
will replace bg(z,r) by ko(z,r) — kok(z,r) = ko(z,r) — ko(2)k(z,r) to achieve uniformity
of notation and not affect the conclusion. Indeed, if we know that [tot™d,27™°, ko(2, 1) —
kok(z,r)] € I then we get that [tot™d,2"""°, ko(z,r) — ck(z,1)] € I because [tgt™d,, ko] =
[tot™dg, ] = 0 and so ko[tot™da, k(z,1)] = c[tot™dq, k(2z,r)] mod I. Furthermore, we note

that we will freely use the central relations (2.1). For a = 1,...,n we have

(oot ™ da, kp(2,1)] =) [tg’“’tmda, tgt‘"k:p] Z7

J

n
=7q D BT 2T 6, > 0>yt Ot M 2
J b=0 j

n
=1q2" 0k, (2, + m) + 0gp2""° Z mpkp(2z,r + m).
b=0

To compute the commutator with k,(z)k(z,r), we use the fact that [ X, exp(Y)] =
[X,Y]exp(Y), provided that [[X,Y],Y] = 0:

(16"t da, kp(2)k(2,1)] =

= [t0"0tMdg, kp(2)] k(2, 1) + kp(2) [t50t™dg, k(2,1)] =

= Ogpz"™® Zmbkb(z, m)k(z, 1) + ky(2) [t70t™d,, q*] exp (1 ZTb/ ky(2) dz)
c

z
b=0 b=1
r | ymosm 1 kb(2>
+k,(2)q [to °t™d,, exp (E ;rb/ . dz)] =

= 5upz™ > myks(z, m)k(z, 1) + k;p(z)%“ (tmot™ ko) k(z, 1)
b=0

a 1 ] —q
thy(2) |00t dy, ST ka2 | k() =
¢ (=)

= Gapz™ Y mpky(z,m)k(z, 1) + k:p(z)%a (tot™ ko) k(z, T)
b=0
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a 1 moymy, —
—Z—— YTt gz (2, 1) =
c;é(

g 1
= 0gp2™"° Z mpky(z, m)k(z,r) + 1,2k, (2)—ko(z, m)k(z,r).
c

Thus
[to"°t™dy, kp(2, 1) — kp(2)k(2,1)] =
7oz (kp(z,r +m) — %kp(z)ko(z,m)k:(z,r)) +
Sapz"™® Z my (kp(z,r +m) — kp(z, m)k(z,r)).
b=0
But

k(2w m) = Ly (2)ko (2 m)k(z,T) =

= kp(z,r +m) — ky(2)k(z,r +m) + k,(2)k(2,r) (k:(z, m) — %k:o(z, m)) ,

and
ky(z,r +m) — ky(z, m)k(z,r) =

= ky(z,r + m) — kp(2)k(z,r + m) + k(z,r) (kp(2)k(z, m) — kp(2z,m)) .

Hence the commutator [ty"°t™d,, ky(z, 1) — kp(2)k(z,r)] can be written in the required
form. That is, we have that [t)"°t™d,z""°, k,(z,1) — kp(2)k(z,1)] €
The computation for [t5"°t™do, ky(z,1) — kp(2)k(z,1)] is analogous but we need to

make use of D,.

[torot™do, ky(z, 1)) =) [tg”%mdo, tgt“k:p] 2=
J

= Z]t]+m0tr+mk 27 4 5POZZm t‘7+m°tr+mkbz J =
J b=0 j

=—D, (2™ky(z,r +m)) + 6,02™° Z mpky(z,r + m).
b=0

[to*t™do, kp(2)k(2,1)] =

£ 6o, Ky (2)] k(2 ¥) + iy (2) 65747 do, o exp <1 nf kbiz)dz)

b=1
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r | mopm 1N kb (2)
+kp(2)q [to °t™dp, exp (Ebz_;%/ . dz)] =

=—D, (2™k,(z,m)) k(z,r) + dpoz"° Z mpky(z, m)k(z,r)

b=0
1 [ 1< : :
—kp(2)- (Z rbtgmtmkb> k(2 1) = p(2) - (ZZrbtg+m0tmkbzﬂ) k(z,r) =
b=1 b=1 j#0

— D, (z™ky(z m)) k(z )

g 1
+0p02™° Z mpky(z, m)k(z,r) — 2"k, (z)— Z rpky(z, m)k(z,r).
c

b=0 b=1
Finally,
[t t™do, kp(z,v) — kp(2)k(z,1)] =
—D, (2™ kp(z,r+m)) + D, (2™k,(z,m)) k(z,r) + 2"k, Z roky(z, m)k(z, r)+

+6,02™° Z my (kp(z,r +m) — kp(z, m)k(z,r)) =
b=0

—D, (2™ (kp(z,r +m) — ky(2)k(z,r + m)) + D, (2" (kp(2z, m) — ky(2)k(z,m)) k(z,r)

n

—2"ky,(2)k(2,m)D k(z,r) + zmokp(z)% Z roky(2)k(z,r)k(z, m)

b=1

+2M0 ke ( Zrb {ky(z,m) — ky(2)k(z, m)} k(z,1)

+6,02™° Z mp (kp(z,r +m) — ky(z, m)k(z,r)) .
b=0

Adding and subtracting the same term and using that k(z,r+m) = k(z,r)k(z, m) we find

that the above becomes

—D, (2™ (kp(z,r +m) — kp(2)k(z,r +m)) + D, (2"°(ky(z,m) — ky(2)k(z,m)) k(2,r)
+2M0 K ( Z ry {kp(z,m) — ky(2)k(z, m)} k(z, )
—2"ky, (2)k(2, m) D, k(z,r) + 2™ k,( Z rokp (2 Vk(z, m)
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+6,02™° Z my (kp(z,r +m) — kp(2)k(z,r + m))
b=0

—0p02 k(2 Zmb (kp(z,m) — kp(2)) k(z, m).

Here we note that since

n

k:(z,r) — qrexp (1 Z T’bt k‘b z)

=1 i#0

o

then we obtain

n

1 [+ T 1
D.k(z,r) =k(z, r)E Z Z rotokpz " | = k(z, r)E Z roky(2).

b=1 i£0 b=1

Canceling terms we get the above equals

= =D (2" (kp(z,r + m) — ky(2)k(2,x + m)))+ D (2" (kp(z, m) — kp(2)k(z,m))) k(2, 1)

+2"0k,( Zrb {kp(z,m) — kp(2)k(z,m)} +
+6,02™° Z my (kp(z,r +m) — kp(2)k(z,r + m))
b=0
—0p02 k(2 Zmb (kp(z,m) — kp(2)k(z,m)) .
Clearly it follows from this that
(L0t ™ doz™ ™0 ky(z,1) — kp(2)k(z,1)] € 1,

and this is what we want. Q.E.D.

Corollary 3.23 The space R, in ﬁq(n), is ad(v)-invariant.
Proof. Since U,(K) is ad(v)-invariant then

2 *ad(vs) Uy (K) grll2, 27 1] € UG(K)gr[l2, 2]
Also, the previous Lemma implies that for any s € Z,0 < p,a < n,m,r € Z", we have

[tot™dez" %, by(2,1)] € 1.
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We show, by induction on i € Z,i > 0, that [t5t™d,2"%, D1b,(z,1)] € I. We have
[t5t™d,z", Db, (2, 1)) =

(tst™d,z"5) Db, (2, 1) — Db, (2, 1) (H51™ d 2™ %) =
D ((t5t™daz"")Diby(z, 1)) — (D (t51™da2"%)) Diby(2, 1)
—D.((DLby(z, ) (5t dez™") + (DLby(2, 1) (D, (L5t daz ™) =
D, ([t5t™da2"%, Diby(2,1)]) + s[tit™dez"%, Dib,(z,1)].

This is in I, by induction, since clearly, by its very definition, [ is invariant under D,.
Thus, it follows from what we said above, and the fact that ad(v) acts as derivations,
that
2z %ad(vs) C I. (3.24)

We conclude from this that R is ad(v)-invariant. Q.E.D.

We can now prove our main result about R.

Lemma 3.25. RM C M7,

Proof. Recall from Theorem 2.26(c) that M = U(v_)T where T is our tensor module.
Thus, a general element of M is a sum of terms of the form x; ... x,,w where w € T,m >0
and z; €v_,1 <7< m.

Let f be a homogeneous element in R, say f € R and let w € T. If s > 0 then
clearly fw = 0 since M has trivial positive graded components. If s = 0 then Lemma 3.21

gives us that fw = 0. For s < 0 we need to show that ufw = 0 for all u € U(vy)_g. It is

enough to take u of the form u = y; ...y, with y; € vy, k; >0, > k;j = —s. We have
j=1

Y1 Ym0 = Y1 Ym1[Ym, Flw = [y1, - Y1, [y f]] - - Jw.

Using Corollary 3.23 and Lemma 3.21 we see this expression is zero since
(Y1, Wm—1, [Ymf]] .. Jw € ReT = (0). Thus, fw € M.
We now show if z1,...,2,m € v_, w € T and f € R then fz,...z,w € M. We

use induction on m where the case m = 0 has just been done. For m > 0 we have

fri...xpw=2xfre...cpw — |1, flTe... THw.

By induction the term fzs...z,w € M™% as is the term [z, f]os ... 2,,w because we
know that [z, f] € R. Q.E.D.
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We now have the following result.
Theorem 3.26. Let v = (D, 7) be as above and let T'= T'(IW) be a tensor module

for vy with non-zero central charge c. Then on L we have
kp(z,1) = ky(2)k(z,r) for 0<p<n,reZ"

Moreover, k(z,r)k(z,m) = k(z,r + m) for r,m € Z" and hence we have

kp(z,r +m) = ky(z,r)k(z, m).

Remark 3.27. If ¢ = 0 then, by arguments similar to the above, one can see all of K

acts trivially on L.

4. Modules for Toroidal Algebras.

In this section we use our previous construction of modules L, for b = v(®, 1), to
obtain modules for toroidal algebras. Our method is to take a tensor product of a module
for the affine Lie algebra §®Clto, t; ']©Chko®Cdy with one of our v-modules L. In showing
that this is a module for the toroidal algebra we need to make use of the factorization
property in Theorem 3.26. Moreover, it is here that we need to assume the derivation
algebra ® equals D*.

We let V' be a restricted module for the affine algebra g ® Clto, t, 'l ® Cko @ Cdy and
let p denote the corresponding representation. Moreover we assume the central element

ko acts as the scalar ¢ so the central charge is ¢. For g € g we let g(z) the formal series
S p(thg)z~". Note that g(z) € End(V)[[z, 271]].
iel
For a restricted representation (F, ¢) of the algebra v = D* @ K we define k,(z,r) and
da(z,1) by
ky(2,1) = Z w(tétrkp)z_j,p =0,...,n.
jeZ
dy(z,1) = Z o(thtTdy)z ™ a=1,...,n.
jel

These series are in End(F)[[z, 27!]]. If the central charge ¢ of F is non-zero then we set

k(z,r) = %EO(z, r).
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Note that (2.1) can be rewritten as
n
cDk(z,r) = erk:p(z, r).
p=1
Also note that since F' is restricted the seemingly infinite sum of endomorphisms
> ot k) (ty ™ ko)
jeL

is a well defined element in End(F) for any i € Z and hence the product k,(z,r)k(z, m)
makes sense in End(F)[[z, 271]]. Also since both modules V and F are restricted we may
use Lemma 1.1 to get series of the form g(z) ® h(z).

We need to make use of the formal analog of the delta-function so will use the series
i(z) = Z 2.
jel
For the differential operator D = zd% consider also the series
Dé(z) = Z j7.
jeZ
The following result is well-known.

Lemma 4.1. (cf. Proposition 2.2.2. in [FLM]) For a formal Laurent series X (21, 22)
the following equalities hold provided the products on the left hand sides exist.

(i) X(21,22)0 (zﬁ) = X(29,20)0 (zﬁ) = X(21,21)8 (@) :

zZ1 zZ1 Z1

<2
zZ1=2Z22 Z]-

Note that our products, in the proof of the following result, will exist since we are working

<2 <2

Z1 Z1

(i7) X(z1,22) D4 < ) = X (22, 22)Dd < ) + (D, X (21, 22))

with restricted modules.

Theorem 4.2. Let (V, p) be a restricted representation of the affine algebra
g ® Clto, t5 '] ® Cko ® Cdy
and let (F), ) be a restricted representation of the algebra
v=D"a K.
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Suppose that both modules V' and F have the same central charge ¢ # 0. Moreover we

require that the module F' satisfies the factorization condition

kp(z,r +m) = ky(z,r)k(z, m) (4.3)

foralt,meZ",p=0,...,n.
Then the following defines a representation, p, of the toroidal algebra ¥ = g & K & D*
on the space V ® F' .

> ultittg)z = g(z) @k(z,x) for geg,
jel

=ld® ¢

(do) = p(do) ® Id +1d ® ¢(do).

D*@]C?

Proof. The relations that we must check can be written down as the following

equalities for our generating series:

D onltotrg)zr Y ptgt™ge) 2 | =Y 0wl [tétrgla 0t™g2|)z 'z, (44)

ieZ jel i€l jel
>ttt g)z Y p(tht k)27 | =0, (4.5)
i jel.
p(tot™da), Y - p(tht™g)z™7 | =ma > plty 7 mg)27, (4.6)
jel jeZ
[M(d0)7g(27r)] = —Dg(Z,I'), (47)
[11(do), da(2,7)] = —=Ddo(2,1), [p(do), kp(z,1)] = —Dky(2,1), (4.8)

for all g,91,920€9,p=0,....,n,a=1,...,n.

To get this we have just used (2.3),(2.4), (2.6), and (2.8) from the definition of the
toroidal algebra ¥.

First we establish establish the relation (4.4). The right hand side of (4.4) can be

transformed as follows:
DIV {tétrgh tétmgz] )21tz =
i€l jel.
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= Dty e ™ g1, gal) o 2y

iel jel.
+(g1lg2) D ) in(te T k)2 257 4 (g1l92) D Y D> mlte 6 )2 25
ieZ jel. p=1 " 7 el
= Z Z (t5t™ ™ (g1, go]) 2] 25 5T + (g91]g2) Z Z (Lt ™ k) 2y fay T
zEZs ’L+]€Z zEZs Z+]€Z

+(g1/92) Z T'p Z Z N(t(s)tr+mkp)zl_i'z2_s+i

p=l el s=it+jel

=) u(tgtT ™ g, g2))25 6 (@)
Z1

SEZ
+(g91]92) Zu (t5t" ™ ko) 2 _sDé( ) (91192) erz (t5t" ™k,) 2 _86<Z )
sel. p=1  scZ !
z
= g1, 92](22)k (22, r + m)é (i)

Horlg e+ D5 (2) + (110 3oy ear ) (2).

z
p=1 !

Analogous calculation carried out for the representation (V) p) for the affine algebra

gives (see e.g. [Kac])

11 2()] =l el (2) + (lan)es (2.

We use this together with Lemma 4.1 and assumption (4.3) as well as (2.1) to establish
(4.4).

D ulthtTgn)zr Y p(tgt™gs) 2

icZ jed.
= [91(Z1)E(z1,r)792(22)E(z2, )} [91(21), g2(22)] E( E (22, m) =

Z1

— l91, 92](22)0 (—) F(21, 1)R(22,m) + (g1]g2)cDd (— (o1, 1)(20, m) =

z

= 91,22 e 1) 10)8 (22 ) 4 30 g2) e 1) ) 08 (2

<1
k(zz, m)é (z—Q) =
Z1=Zz2 ,Zl
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z2> (91\92)0k(z27r+m)D6( ) (91192 Z o (z_j)

= [91, 92](22, r+m)é <z1

This establishes (4.4).

Relation (4.5) follows immediately from
[ka(z1,1), kp(20,m)] =0 and [g(2),ke(21,7v)] =0 for all a,b=0,...,n

We now verify (4.6):

p(tot da), Y p(tht™g)z77 | = g(2) [p(tht da), k(z,m)] =
jGZ

= g(2)2'mgk(z,r + m) = m,2'g(z,r + m).

From (2.6) and (2.7) we have

[p(do), 9(2)] = —Dg(2), [p(do), k(z,1)] = —Dk(z,r).

Thus,
[1(do), g(2,1)] = — (Dg(2)) k(2,x) — g(2) (Dk(2,1))

which establishes (4.7).

Finally, (4.8) follows immediately from (2.7) and the definition of our cocycle 7.
Q.E.D.

Notice that the cocycle 7 does not enter into the above computations. However, we
are only working with D* here so have only needed to check (4.6). If we tried to use D in

place of D* we run into difficulties (as the reader can easily verify) in trying to see if

[(t5tdo), > p(tht™g)] = p([tht*do, Y  tht™g]
jGZ ]EZ

It seems that to solve this problem one may need to enlarge v by replacing K by a bigger
algebra. See [L2] for some particular incidences of this.

The following result summarizes the main results of our work.

Theorem 4.9. Let (V,p) be an irreducible highest weight module with non-zero
central charge c for the affine algebra g ® Clto,t5'] @ Cko @ Cdy and let (L, ) be one
of the restricted irreducible representations with the same central charge of the algebra
v = D* & K constructed in Theorem 2.26. Then the module V ® L, for the toroidal algebra
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T = g® K & D*, constructed in Theorem 4.2, is irreducible and has finite dimensional

homogeneous spaces in the Z"

-grading.

Proof. We need to show that the submodule generated by an arbitrary nonzero
vector is the whole space V ® L. Indeed, acting on a nonzero vector by operators from
the positive part of affine algebra g ® Clto, ¢, 1] @ Cky, we can obtain a vector of the form
vo @w, where vg is the highest weight vector in V' and w is some nonzero vector in L. Since
L is irreducible and the v-subalgebra D** @ K acts only on the second factor in the tensor
product, (recall that D* = D** @ Cdy and dj acts as a scalar on vg) then the v-submodule
generated by vy ® w is vg ® L. Finally, applying the action of the affine subalgebra again,
we generate the space V & L.

Q.E.D.
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