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Chapter 1

Solutions Manual

1.1

1.2

10.
11.
12.

13.

14.

S o W=

Exercise Set 1 (page 13)

-2,-1,2, 1.

(r 4+ 1)3sin(x + 1). Use the Box method.

z — 24 2sin(z — 2) — cos z.

—2cos(z + ct).

f(m/2) = sin(cos(m/2)) =sin0 = 0.

22 + h. You get this by dividing by h since h # 0.

h—1 inh
cosh= 2 . + cos (t + 3) 512

a) —m2, (b) 472

(a) — )
(a) f(0) =1, (b) f(0.142857) = 0.857143, (c) Since 0 < z < 1 we see that 2 < 3z +2 < 5. So,
3z +2) = (3z +2)% =92% + 122 + 4.

f(F(x) =z, F(f(z)) = [x].
The Box method gives that g(z +1) = (z +1)? = 2(x + 1) + 1 = 22.

sin (t + 3)

Again we use the Box method with the quantity (z—1)/(2—x) inside the Box. Since h(O) = (20+1)/(1+0),
we use some simple algebra to see that the right-hand side becomes just x.

8. Observe that f(z + h) —2f(z) + f(z — h) = 8h?, so that, for h # 0 the cancellation of the h*-terms gives
the stated result.

The definition of the funcion tells us that (using the Box method), f(z + 1) = (x + 1) — 1 = « whenever
0 <z +1 <2, which is equivalent to saying that f(z + 1) = x whenever —1 < z < 1. We use the same
idea for the other interval. Thus, f(z + 1) = 2(x + 1) = 22 + 2 whenever 2 < x + 1 < 4, equivalently,
f(z +1) = 22 + 2 whenever 1 < z < 3. Since the interval {1 < = < 2} is contained inside the interval
{1 <z < 3} it follows that f(z + 1) = 2z + 2 for such z.
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1.3 Exercise Set 2 (page 23)

1.
z? -1, r>lorzx < —1,
f(x)—{ 1—-22, —-l<z<l
2. /
. 3x+4, ifx>-4/3,
) = { —3x — 4, otherwise.
3. 2y
ze, ifx >0,
h(x) = { —22, otherwise.
4. ;
1—t¢, ift>0,
f(x)_{lﬂ, if t < 0.
5.
sinw for w in any interval of the form [27n, 27n + 7],
gw) =19 _ )
sinw otherwise,
where n is an integer.
6.
B x\/xl271’ ifx>1,
J@ =y A e <
V221" '
7.
1, ifz >0,
() =\ _1, e <o,
8. ;
2¢, ifx >0,
f(x)_{ 0, ifz<0.
9. ;
0, ifz>0,
f("”){m, if 2 < 0.

1.4 Exercise Set 3 (page 24)

1. Correction: If A < 0, then —A < B implies —1/4 > 1/B.

2. This is false. To see this, let A =1 and B = 0.

3. Correction: 0 < A < B implies A% < B2.

4. Correction: A > B > 0 implies 1/A < 1/B.

5. Correction: A < B implies —A > —B.

6. Correction: If A> < B? and B > 0, then A < B.

7. This statement is correct. There is nothing wrong!

8. (0,7). (Note: To complete our argument we need sinz > 0, which is guaranteed by 0 < z < 7.)

9. It’s values are less than or equal to 6. Actually, its largest value occurs when x = 2 in which case

£(2) ~ 5.8186.
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10.

11.

12.

13.

14.

15.

16.
17.

¢ is unbounded: This means that it can be greater than (resp. less than) any given number. The problem
occurs at x = 0.

From z > 1 we see that both x and x — 1 are positive. Hence we can square both sides of the inequality
x > x—1 to arrive at 22 > (x —1)2. (Alternately, since both z and x — 1 are positive, 22 > 22—z —(z —1) =
2?2 =2z +1=(z—-1)2%)

From p < 1 we see that 1 —p > 0. Since z > 1 (certainly this implies the positivity of z), we have
2P > 1P or 2P > 1. Now z!7P = =1 = Ip—l,l So the last inequality can be rewritten as mp%l > 1.
We can multiply both sides of this inequality by sinz because 1 < z < 7 guarantees that sin x is positive.

Since both z and 2% are > 0, we can apply the AG-inequality to get ‘”g’”z >V 22 =23, Since z+22 > 0,
we have z + 22 > 3”;2. So z + x2 > V3. Yes, we can square both sides since x > 0, and so both terms in

the inequality are greater than or equal to 0.

Yes. Under no further conditions on the symbol, since it is true that (O — 1)?> > 0 for any symbol, [J.
Expanding the square and separating terms we get that 02 > 200 — 1.

Since 1 —p > 0 and |z| > 1, we have |z|'™P > 117P = 1, or |z| |z|™P > 1, which gives |z| > |z|P. Taking

reciprocals, we get %I < |m1|p. (The last step is legitimate because both |z|P and |z| are positive.)

|v| < c. This is because we need 1 —v?/c? > 0. Now solve this inequality for v.

If n = 2, the result is clear, because 2 < (1.5)? < 3. So let’s assume that n > 2, now. We use (11.9) with
the quantity “1/n" inside the box symbol (or replacing the box by 1/n, if you like). We’ll see that

(1+)” :1+n+n<n27!—1>2+...+%"

=14+ n(%) + "(7;'—1) (%)2 et "(”—1)(”—‘2)"‘(2)(1)(%)n.

n:

=14+ n(%) 4 M(%) Lot ”(nfl)("*f)'“@)(l) (L)

n2 n n!

Now, we regroup all the terms in the above display in the following way .... Note that the following term is
not apparent in the display above, but it IS there! See Equation (11.9 ).

(252) (29
- ) ()

A similar idea is used for the other terms. Okay, so using this rearrangement of terms we can rewrite
(14 L) as

(1+4)" =...
=1+1+(1-HH+01-H(1-2)%+...

HI-D -2 -2 b

(where there are (n + 1) terms in the right hand side). Now, notice that for every integer n > 2, each term
of the form “1 — (something)/n" is less than 1 and bigger than zero, because we’re subtracting something

positive from 1. So,
1
<1 - ) <1
n

3
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(02) < o2 e

where we have used Figure 242 with A =1—2/n, 0=1—1/n (or with the symbols “1 — 1/n" inside the
box), and A =1 (or with “1" inside the triangle). Using these estimates we can see that we can replace
every term inside the “large brackets" by 1 so that

(1+4H)" =...

N L Rt () FE) S ) ERCRRE) A (R

n n n

< I4+145 45+ +4

1
n!

We're almost done! Now we use the following inequalities ...

31=3x2x1 > 2x2x1=22
Al =4x3%x2x1 > 2x2x2x1=23
Fl=5x4x3x2x1 > 2x2x2x2x1=2%

n!l > 2n1

Now since we must “reverse the inequality when we take reciprocals of positive numbers" (Table 1.1,
Table 1.2) we get that for every integer n > 2,

1 1
| n—1 : :
nl > 2 implies o < o1

Combining this estimate with Equation (11.1) we get a new estimate, namely,

I+4)" <141+ +4+ -+

n!

< 1414349+ + 5t
Now, the sum on the right above is a finite geometric series and we know that, if n > 2,

_(1lyn+1
1 e £ i )

1
-1 ="

Now you can see that, when we combine this latest estimate with (11.2) we find

I+H)" < 1+1+3+5++ 5

< 1+2=3

which is what we wanted to show. Okay, this looks a bit long, but we did include all the details, right?
Eventually, you’ll be able to skip many of the details and do them in your head, so to speak, and the whole
thing will get shorter and faster, you'll see.

NOTE: It looks tough, but we’ll be using this 200 yr old inequality later on, in Chapter 4, when we define Euler’s number,
2.7182818284590.
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1.5 Chapter Exercises (page 26 )

3_ 11
1.6, 1,2 23 =1
2. (22 +1)3cos(x? +1).
3. 24+ 3+ 2sin(z + 3) — cos(z + 5).

sinh . cosh—1
4, ———sinx + ——— cosx.

h h

5. From % > 6 we see that x must be positive: x > 0. So we can rewrite it as 3 > 6z, which gives x < % Thus
the solution is 0 < z < %

T > —%, since we an subtract 4 from both sides ...

T < % Note that 2z — 1 < 0 and so 2z < 1.

|z| > /5. In other words, either z > v/5 or x < —/5.
t| < /5. That is, —v/5 < t < v/5.

10. —oo < & < 400. That is, x can be any real number. This is because the stated inequality implies that
sinx < 1 and this is always true!

© »®» N @

11. z > 2'/?. (Note: For general p, 2P is defined only for z > 0.)
12. Jz| <3. Or =3 <z < 3.

13.
_ r+3, forx>-3,
flz) = { —x —3, forx< 3.
14.
=] 105 ift>05
IEI =1 —t+ 0.5, otherwise.
15.
1—t, ift<1,
9(t) = { t—1, otherwise.
16. .
20 —1, x> 53
f(x)—{ 1-— 2z, x<§
17. ; /
1—-6z, ifz<1/6,
flz) = { 6x — 1, otherwise.
18.
22 — 4, if either x >2o0r z < —2,
flx) =
V= 4—22, if-2<z<2.
19.

flz) = 3—a3, ifx< V3,
T 22 -3, ifax> 3.
20. f(x) =|(x —1)?| = (¥ — 1)? = 2% — 22 + 1 for all x. (Note that (z — 1)? is always > 0 for any value of z.)

21.
z(2—x), fo<ax<2
z(x —2), otherwise.

) =lo2— ) = {

22. f(x) = |2% + 2| = 2% + 2 for all z, because f(x) = 2% +2 > 2 > 0 to begin with.
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23. Fromp<1lwehave ]l —p>0. Soz >1>0gives ' ? > 1"P = 1. Now 2! 7 =z~ (~1 = xpl,l. Thus
ﬁ > 1. On the other hand, from 0 < z < 7/2 we have cosz > 0. So we can multiply zpl,l > 1 throughout

by cosx to arrive at <525 > cosz.
T

24. 2, 2.25, 2.370370, 2.44141, 2.48832, 2.52163, 2.54650, 2.56578, 2.58117, 2.59374. Actually,
these numbers approach the value 2.71828.. ..

25. From 0 <z < 5 we have sinz > 0 and cosz > 0. Thus we may apply the AG-inequality to get m‘”% >
Vsinz cosz. Since sin2x = 2sinxz cosz, we see that v/sinzcosx = % and so w > ,/%.

Multiplying both sides by /2 we get the desired inequality.



Chapter 2

Solutions

2.1

_ =
= O

»—
N

13.
14.
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Exercise Set 4 (page 38)

4

1

0

400, since t > 2 and t — 2.
0

—1, since |z| = —z for z < 0.

0

1
0

+o0, since |z — 1| =1—2 >0 for z < 1.

.0

—

1
6
)

0, ii) 1. Since the limits are different the graph must have a break at = 1.
1

—

, 1i) 1, iii) 0, iv) 1; since the one-sided limits are equal at 2 = 0 and g(0) = 1, the graph has no break at

x = 0. But since these limits are different at x = 1, it must have a break at z = 1.

)
)

i) 1, 4) 2, i) 1, iv) 2.

Exercise Set 5 (page 48)

No, because the left and right-hand limits at = 0 are different, (2 # 0).
Yes, the value is 4, because the two one-sided limits are equal (to 4).
Yes, the value is 0, because the two one-sided limits are equal (to 0).
Yes, the value is 0, because the two one-sided limits are equal (to 0).

Yes, the value is 0, because the two one-sided limits are equal; remove the absolute value, first, and note
that sin0 = 0.
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© o N e

10.
11.

12.

2.2

AN

No, because the left-hand limit at = 0 is —oo while the right-hand limit there is +o0.
No, because the left-hand limit at x = 0 is —oo and the right-hand limit there is 4-oc0.
Yes, the answer is 1/2 because the two-one sided limits are equal (to 3).

Yes, because the two-one sided limits are equal (to 2).

No, because the left-hand limit at = 0 is +3 and the right-hand limit there is +2 (3 # 2).

a) Yes, the left and right-hand limits are equal (to 0) and f(0) = 0;
b) Yes, because g is a polynomial;
¢) Yes, because the left and right-limits are equal to 3 and h(0) = 3;

)

)
d) Yes, since by Table 2.4d, the left and right-limits exist and are equal and f(0) = 2;
e) Yes, because f is the quotient of two continuous functions with a non-zero denominator at x = 0. Use
Table 2.4d again.

Follow the hints.

Exercise Set 6 (page 51)

.« = 0 only; this is because the right limit is 2 but the left-limit is 0. So, f cannot be continuous at = = 0.

.« = 0 only; this is because the right limit is 1 but the left-limit is 0. So, f cannot be continuous at z = 0.

x = *1 because these are the roots of the denominator, so the function is infinite there, and so it cannot be
continuous there.

.« =0 only. In this case the right limit is the same as the left-limit, 1, but the value of f(0) = 2 is not equal

to this common value, so it cannot be continuous there.

. & = 0 only. This is because the right-limit at x = 0 is 00, so even though f(0) is finite, it doesn’t matter,

since one of the limits is infinite. So, f cannot be continuous at z = 0.

x = 0 only, because the left-limit there is 1.62 while its right-limit there is 0. There are no other points of
discontinuity.

Exercise Set 7 (page 57)

—1. Use the trigonometric identity, sin(0 + 7) = —sin .
—1. Use the hint.
2. Multiply the expression by 1 = % and rearrange terms.
0. Let O = 3z, rearrange terms and simplify.

2z | 4z

2. Multiply the whole expression by “1" or 7 - 57.

1. Let O=+/z — 1. Asx%lwehaveD%Oand%—)l.
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2.2 Exercise Set 8 (page 58)

® N o o>

10.
11.
12.

13.
14.
15.

16.

17.

o

. Continuity of the quotient at x = 2.

. 0. Note that cos0 = 1.

%. Factor the denominator.

—1. Rewrite the secant function as the reciprocal of the cosine function and use the trig. identity
cosd = —sin(0 — 7).

—2. Factor out the 2 from the numerator and then use the idea of Exercise 4, above.
0. The function is continuous at x = 2, and sin 27 = 0.
3. Multiply and divide the expression by 3 and rewrite it in a more familiar form.

—o0o. Use your calculator for a test of this limit. The numerator approaches —1 and the denominator
approaches 0 through positive values. So the quotient must approach the stated value.

+00. The denominator approaches 0 through negative values, while the numerator approaches —1. Thus,
the quotient approaches the stated value.

0. The function is continuous at z = 0.
x = 7. The denominator is 0 and the numerator isn’t.

x = 0. Since lim,_,o f(z) = lim,_o % =1 # f(0), we know that f cannot be continuous there, by
definition.

None. This is because f is a polynomial and so it is continuous everywhere.
x = *1, the roots of the denominator.

x = £2. For z = 2 the numerator is of the form 0/0 and f(2) is not defined at all, so the function is not
continuous here (by definition). Next, the denominator is zero for x = —2, but the numerator isn’t zero
here. So the function is of the form —4/0 = —oo and so once again, f is not continuous here because its
value here is —oo.

3. Use the Hint. We know from the Hint (with A = x, B = 2z) that cos x —cos 2z = —2sin(3z/2) sin(—z/2).
Then
cos T — cos 2z 2sin(3z/2) sin(—z/2)
22 x x
2 (%) sin(3z/2) (_71) sin(—xz/2)
(%) (=)
3 (_3) sin(3x/2) sin(—x/2)
2) (%) ()
Now use the hint with [0 = ‘37“3 and J = —%, as  — 0. Both limits approach 1 and so their product
approaches 3/2.

3

0. Use the Hint. We can rewrite the expression as

tanz — sinx tanz (1 — cosx)
vt — S bk el L2

22 2

_ tanxz 1—cosx
o T T ’

B )
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18.
19.
20.

24

S gl W=

As & — 0, the first term approaches 1, the second term approaches 1, while the last term approaches 0, by
Table 2.12. So, their product approaches 0.

400. The limit exists and is equal to +oc.

2
_ _m _ _m
a=—5,b=—ma="%5.

1. Rationalize the denominator. Note that the function is continuous at z = 0.

Exercise Set 9 (page 63)

. This is a limit as z — oo, not as x — 0.

. Divide the numerator and denominator by = and simplify.

—_

. Divide the numerator and denominator by = and simplify.

. Rationalize the numerator first, factor out v/z out of the quotient, simplify and then take the limit.

N|—

0. Use the Sandwich Theorem.

The graph of the function sinx isn’t going anywhere definite; it just keeps oscillating between 1 and —1
forever and so it cannot have a limit. This is characteristic of periodic functions in general.

Exercise Set 10 (page 78)

—o0. Since xz — 0T it’s necessary that = > 0. So, simplifying, we get (z — 1)/z = 1 — (1/z) and since
x > 0 it must be that the limit of 1/x as 2 — 07 exists and is equal to plus infinity. Hence, as x — 07,
(x—1)/z = 1—(+00) = —c0.

. 400. As before, as x — 0T, x must be positive and so, (24 z)/z = (2/x) 4+ 1. Since 2/ — +oc0 as z — 0T

it follows that (24 z)/z — 400 + 1 = 4o00.

. The limit does not exist. Note that this is a two-sided limit so we (usually) need to check each one of the

one-sided limits at 0. Since z — 0 we have z # 0, so (3 — z)/x = (3/x) — 1. Now for the one-sided limits.
As z — 0%, x > 0 so the right-hand limit is equal to 3/0 — 1 = 400 — 1 = +00. For z — 07, x < 0 so the
left-hand limit is equal to —3/0 — 1 = —oco — 1 = —oo. Since each of these one-sided limits are different, the
required two-sided limit cannot exist.

. 4o00. As * — 0" we must have z > 0 so, (2x + 1)/x = 2+ (1/x). So, as x — 0T this quotient tends to

2 4+ 0o = +o00.

. —o0. Now z — 0~ means that z < 0 and x approaches zero. Thus, (z? +1)/x = z + (1/z) and 1/z — —c0
(since x < 0 in its approach to zero). It follows that the limit exists and is equal to 0 — co = —o0.

. +oo. This is a good question because it is a two-sided limit and it has an absolute value in it, so one doesn’t

normally expect such a limit to even exist. We remove the absolute value first. Simplifying the expression
and then applying the definition of the absolute value we get, since = # 0, (z + 1)/|z| = (z/|z|) + (1/]z|) so
that,

x—i—l_{l—i—l/x, if x>0,

7] ~1-1/z, if =<0,

10
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10.

11.

12.

13.

14.
15.
16.

17.

18.

19.

20.

21.

Now letting  — 01, we see that z > 0 so (z +1)/|z] = 1+ 1/0 = 1 + 0o = +o00. However, letting
x — 07 means that v < 0 so (z +1)/|z] = =1 —1/z. But as x — 07, x < 0 and the expression
-1/ = —(—0) = +00. So, =1 = 1/z = —1 — (—o0) = —1 + 00 = +00. See? Both one-sided limits are
actually equal, so the limit exists and is equal to +o0.

The limit does not exist. Again we have a two-sided limit and an absolute value inside the expression.
Applying the definitions we get

20+ [ 2041, if x>0,
lz] | —22z-1, if x<0.

But as x — 0" we have 2r +1 — 1 and as ¢ — 07, —2x — 1 — —1. Since both limits are different at 0 the
two sided limit cannot exist.

+o00. This is because the two one sided limits are different. On the one hand, x — 17 means that z — 1 > 0
which implies that z/(z — 1) — 1/0 = +00. On the other hand, x — 1~ means that  — 1 < 0 which implies
that z/(x — 1) — —o0, since the quotient is always negative and its denominator is approaching zero.

+o0. First observe that the numerator is continuous at @ = 2 (z is always in radians, remember?). Thus,
1+sin(z) — 1 +sin2 ~ 1.909. The limit’s existence is now a matter for the denominator to decide.
But since the denominator z — 2 > 0 as x — 2 and it approaches zero, it follows that the quotient,
(I1+sinz)/(z —2) = (1.909)/0 = +oo.

+00. This is simple because  — —37 is equivalent to saying that = + 3 — 0 (from the right too, basically
by adding 3 to both sides of # — —3" and thinking for a minute). Hence the quotient 1/(z+3) — 1/0 = +00
in this case.

—00. The numerator tends to 1/2 as x — 1/27, while  — 1/2" actually means that 2z — 1 — 0~ (seen by
multiplying both sides of z — 1/2~ by 2 and rearranging terms). So the denominator tends to zero from
the left (that is, through negative values) and so the quotient must tend to —oc.

The limit does not exist. The function defined by the numerator cos(z —2) — cos0 = 1 as  — 2 by
continuity. Being a two-sided limit we see that the sign of the approach of the denominator x — 2 to 0 will
depend on whether the limit is from the right (in which case we get 0 through positive values) or from
the left (in which case we get 0 through negative values). It follows the right hand limit is +oco while the
left-hand limit is —oo. So the limit cannot exist.

+00. (Similar to Exercises 6 and 7, above.) The point here is that the presence of the absolute value |z — 2|
in the denominator ensures that the quotient always approaches 0 from the right regardless of how = — 2.
So now the limit does, in fact, exist and is equal to +oc.

+00. (See Example 45 (c) in this section.)
The limit does not exist. (See Example 45 (a) in this section with the same identity.)

The limit does not exist. (See Example 45 (b) in this section.) The oscillations of 2% sinz get larger and
larger as x — oo so there can be no limit.

107, As z — +o0 the quotient, 1/(1 + 2?) — 0 through positive values of z. It follows that the sum
1/(1+2%) + 107" — 04+ 1071 = 107!, Note that if you did this problem on a hand-held conventional
calculator you might think the answer is 0 since the machine only gives 9 decimal places accuracy! But it
isn’t equal to zero, is it!?

—1078. This is similar to the preceding one except that now x — —oc means that x < 0, i.e., —1/23 > 0
and so it tends to zero anyhow as x — —oc.

+00. The first term approaches 0 while the second term approaches —(—oc0) = +o0o. The result follows from
this.

400. Same idea as the previous one ... The first term approaches 0 while the second term approaches +oo
as T — oo.

—o0. The first term approaches zero as & — 07, while the second term approaches — cos(0)/0 = —1/0 = —co
through positive values of x. The result follows.

11
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22. 0. Recall that vz2 = |z| by definition, so since x — +oo it follows that = > 0 for all large values of z. So, it

23.

24.

25.

2.5

I I e

e e e e e e
L B S O R R

17.

18

must be the case that the denominator 2oz — v a2 = 2o — x = x approaches plus infinity, through positive
values of z. In other words, the quotient approaches 1/c0 = 0.

1. The reason for this is the classic trig identity, sin? x + cos? x = 1 valid for any real numbver z. So, we are
basically taking the limit as x — oo of the constant function 1 which, of course, gives 1. Although each
term in this expression is oscillating and has no limit, their sum does have a limit. (It doesn’t generally
happen, but it does happen here!)

The limit does not exist. We know from trig that the tan function is infinite at 7/2, because cos(7/2) = 0
and the numerator is 1. But what is the approach like? Well, as  — 7/ 2+7 the expression 3tanz — +o00
while as as © — m/2", the expression 3tanx — —oo (check the graph of the tan function if you're not sure).
It follows that the required two-sided limit cannot exist because both one-sided limits will give different
"infinities".

—oo. This is similar to the preceding one. We know from trig that the cot function is infinite at 7, because
sinm = 0 and cosm = —1. Again, what is the approach like? As x — 7~ we know that for x close to 7
and just less than 7, the expression cosz < 0. On the other hand, for such x the expression sinz > 0.
Their quotient is therefore negative and so the quantity 3z + cotx — —oo as x — 7~ . This means that
3 +cotx =+ —ocoasx — 7.

Chapter Exercises (page 79)

Since f is a polynomial, it is continuous everywhere and so also at x = 1.
g is the product of two continuous functions (continuous at 0) and so it is itself continuous at ¢t = 0.
h is the sum of three continuous functions and so it is continuous at z = 0.
f is a constant multiple of a continuous function and so it is continuous too (at x = 7).
The graph of f is ‘V’-shaped at £ = —1 but it is continuous there nevertheless.
The limit is 3 — 2+ 1 = 2 since f is continuous at x = 1.
The limit is 0 - 1 = 0 since g is continuous at ¢t = 0.
. The limit is 0 4 (2)(0) — cos2 = — cos 2 ~ 0.416 since h is continuous at z = 0.
. The limit is 2 - cosm = (2)(—1) = —2 since f is continuous at x = .
. The limit is | — 1 + 1| = |0] = 0 since f is continuous at z = —1.

. 0. The function is continuous at ¢t = 2.

. Factor the denominator first, then take the limit.

ool

. +00. Use extended real numbers.
. 1. Remove the absolute value first.
. +o00.

. 1) 1; i) 1; iii) 0; iv) 1; v) Since (i) and (ii) are equal we see that g is continuous at z = 0 as g(0) = 1, by
definition. Since the left and right limits at @ = 1 are different (by (iii) and (iv)), we see that g is not
continuous at x = 1 and so the graph has a break there.

The limit from the left is 2 and the limit from the right is 1. So the limit cannot exist.

. | = 2] = 2. The absolute value function is continuous there.

12
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19.
20.
21.

22.

23.
24.

25.

26.
27.

28.

29.

30.

31.
32.

33.

34.

35.

36.

0/(—1) = 0. The quotient is continuous at xz = —2.
0. The function is continuous at that point.

Does not exist. The left-hand limit as # — 1 is 1, but the right-hand limit as # — 1 is |1 — 1| = 0, so the
limit cannot exist.

x = 0. This is because the left-and right-hand limits there are not equal. For example, the left limit is —2
while the right-limit is 0. Use the definition of the absolute value, OK?

x = 0. The left-hand limit is —1 while the right-hand limit is 1.

None. The denominator is z3 — 1 = (x — 1)(z? +  + 1) with 2 = 1 as its only real root. Why? By
“completing the square”, we have 2% + x4+ 1 = (:U + %)2 + % > % > 0 and hence 22 4+ z + 1 does not have
real roots. The only possible point of discontinuity is = 1. But both the left and right limits at x = 1 are
—1/3, which is also the value of f at 2 = 1. Hence f is continuous at = 1 and so everywhere.

xz = 0. Even though the values of the left and right limits here are ‘close’ they are not equal, since
—0.99 # —1.

x = 0. The left and right-hand limits there are both equal to 400, so f cannot be continuous there.

bz ax
ax bx’

%. Multiply the expression by 1 = simplify. Then take the limit.

+o00. This limit actually exists in the extended reals. Observe that the numerator approaches 1 regardless
of the direction (left or right) because it is continuous there, while the denominator approaches 0 regardless
of the direction, too, and for the same reason. The quotient must then approach 1/0 = +o0 in the extended
reals.

0. Break up the expression into three parts, one involving only the term z, another with the term sinz/x
and the remaining one with the term z/sin 2z. The first term approaches 0, the next term term approaches
1 while the last term approaches 1/2, by Exercise 27, with a = 2,b = 1 and Table 2.4, (d). So, the product
of these three limits must be equal to zero.

. Let O=+/3—2. Asa — 37, we have 0 — 0% and so 525 — 1.

1
%. See Exercise 27 in this Section: Multiply the expression by ax/ax, re-arrange terms and evaluate.

0. This limit actually exists. This is because the numerator oscillates between the values of +1 as © — oo,
while the denominator approaches co. The quotient must then approach (something)/oo = 0 in the extended

reals.

Does not exist. There are many reasons that can be given for this answer. The easiest is found by studying
its graph and seeing that it’s not ‘going anywhere’. You can also see that this function is equal to zero
infinitely often as @ — —oo (at the zeros or roots of the sine function). But then it also becomes as large as
you want it to when z is chosen to be anyone of the values which makes sinz = —1. So, it oscillates like
crazy as x — —oo, and so its limit doesn’t exist.

0. Hard to believe? Rationalize the numerator by multiplying and dividing by the expression va2 + 1 + z.
The numerator will look like (2 + 1) — 22 = 1, while the denominator looks like vz2 + 1 + z. So, as
x — +00, the numerator stays at 1 while the denominator tends to co. In the end you should get something
like 1/00 = 0 in the extended reals.

Set a = —5,b = 1 in Bolzano’s Theorem and set your calculator to radians. Now, calculate the values
of f(—5), f(1). You should find something like f(—5) = —4.511 and f(1) = 1.382 so that their product
f(=5)- f(1) < 0. Since the function is a product of continuous functions, Bolzano’s Theorem guarantees
that f(z) = 0 somewhere inside the interval [—5,1]. So, there is a root there.

Set a = —3,b = 0. Now, calculate the values of f(—3), f(0).Then f(—3) = —9 and f(0) = 2 so that their
product f(—3) - f(0) < 0. Since the function is a polynomial, it is a continuous function, so Bolzano’s
Theorem guarantees that f(x) = 0 somewhere inside the interval [—3,0]. So, there is a root there.

13
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37. Let f(z) = 2% —sinz. Write f(a) - f(b). Now let a,b with a < b be any two numbers whatsoever. Check
that your calculator is in radian mode, and calculate the values f(a) - f(b) like crazy! As soon as you find
values of a, b where f(a)- f(b) < 0, then STOP. You have an interval [a,b] where f(x) = 0 somewhere inside,
by Bolzano’s Theorem. For example, f(—0.3) - f(2.5) = 2.179, £(0.3) - f(1.5) = —0.257 < 0. STOP. So we
know there is a root in the interval [0.3, 1.5].

14



Chapter 3

Solutions

3.1

1
2
3.
4

o

10.
11.
12.
13.
14.

15.
16.
17.
18.

3.2

© »® 3 >

Exercise Set 11 (page 93)

. 4. Use the binomial theorem to expand and simplify.

. —1. Note that f(z) = —z for x < 0 and so for x = —1, too.

+00. The quotient is equal to 1/h? — +oc0 as h — 0.

. a) 400, b) 1. Note that f(1+h)=1+hfor h <0and f(1+h)=2+h for h > 0.

27\1/5 ~ 0.3536.

4. Use the binomial theorem to expand and simplify.

3.

—4.

6.

1. Note that f(x) =« near x = 1.

0. Note that f(z) = 22 for z > 0 and f(z) = —2?2 for z < 0.
0 for all x # 0, and the slope does not exist when x = 0.

The derivative does not exist since f is not continuous there.

The derivative does not exist because f(z) is undefined for any z slightly less than —1. However, its
right-derivative at x = —1 is +o0.

Yes. The absolute value can be removed so that f(z) = z2. It turns out that f/(0) = 0.
=4
71y = —2.

a) f'(1) does not exist since f is not continuous at x = 1. Alternately note that the left- and right-derivatives
at = 1 are unequal: f} (1) =1, f' (1) = oc.

b) No. In this case f is continuous at 2 = 2 but the one-sided derivatives are unequal: f) (2) = —4, f'(2) = 1.
c) Since 2 < 2 < 3, we see that f/(2) = —5.

Exercise Set 12 (page 99)

N w
8
=
|
\
™
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10.
11.
12.
13.
14.

15.

16.

17.

ot

10.
11.
12.

- W o=

2
-3 _
—2t73 = —
0.
2 s _ 2
3 3z
=51
5 54
0.
443.
3
—4
1
-2
— -
™1

2t. Use the Power Difference Rules
6x + 2. Use the Power, Sum and Difference Rules
1(t? +4) + 2t(t — 1). Use the Product Rule

f(x) =32°2 + V2 so0 f'(x) = a3/ ﬁ, Use the Power Rule

(22 + 1) (0.5)2 0 — 220
(22 4 1)2
(x4+1)—(x—1) 9 .

(z+1)2 BCEE Use the Quotient Rule
(22 +2—1) (32%) — (2° — 1) 2z +1)
(22 + 2 —1)?
(v +32%4) ((2/3)a=1/%) = (#2/3) ((1/2)a="/2 + (9/4)z~ /%)
(\/54_ 31;3/4)2

. Use the Quotient Rule

. Use the Quotient Rule

Exercise Set 13 (page 112)

pjw wio W =}

dr(z+1)3 + (x+ 1)* = (2 + 1)3(5x + 1).

(t+2)2+2(t—1)(t+2) = 3t> + 6t.
32(%x2 —z)(z—1)"13 = 3—32(4x2 — 3x)(x — 1)"1/5.
210(2x + 3)194.

16

. Use the Quotient Rule
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13.

14.

15. ——

16.

17.
18.
19.

20.

21.

22.

23.

24.
25.

26.

27.

28.

29.

11 _ 1

2V 2/

3x2 — 62 + 3, or 3(z — 1)%: Both are identical.
1 " T
2 22 -1

1 143y 143z

dayr(1+x)?  4232(1 + Jz)3
—10. Note that f”(z) = 6z — 10.
3.077(x + 0.5)~3:324,

Use the Chain Rule; For instance, let 0 = 22, from which we get - f(00) = f/(0)DO. Put 2% in the Box,
note that DO = 2z and simplify. Youw'll find -L f(2?) = 22 f'(2?).

Use another form of the Chian Rule: Putting u = g(x) and w = ¢/u = u'/3, we have w = ¢/g(z) and

is _dﬂ_dﬂ dj_l —2/3 1 o g'(v)
dx g(x)_dx_du dz 3" g(m)_339<x)2_

Let y(z) = f(2?). By the Chain Rule, we have y'(x) = f/'(2?) - 22 = 2zf'(2?). Replacing = by z? in
f'(x) + f(x) = 0, we have f'(22?) + f(2%) =0, or f’(x2) = —f(z?) = —y(x). So y/(x) = 2xf(x?) can be
rewritten as y'(z) = —2xy(z), that is, y'(z) + ny( )=

Use the Chain Rule once again on both sides of f(F(z)) = . We find f'(F(z))F'(z) = 1, which gives

F'(z) = 3y

Use another form of the Chain Rule: % = % . d—i = 3t2. 1 . Atu=9 wehave t = vV9+6 =9 and
d 2 81

w=39 55=

y=32(x —2)+1 (or 32z —y — 63 =0).
Just use the Chain Rule. You don’t even have to know f,g explicitly, just their values: So, y'(2) =
f(9(2))-9'(2) = f(0)-1=1.

2 1 s . L dy _ dy dr dy dr __ — —
(1 - m) (3 — %) Use the Chain Rule in the form: % = 2 4 Byt 9 48 — (1 — 2p=2) (3 —¢~1/2).
Now set r = 3t — 2v/%.

9 = ﬁ, since f'(x) = %\1/% On the other hand, since V12 = |¢|, we see that % = 22ttt41rt’ ift>0
and § = ;Z=Lif ¢ < 0.
Let y = |z| = V2. Now, set g(u) = Vu, = u(z) = 22. Then, y = g(u(z)). Using the Chain Rule we get

y'(z) =g (u(x)) u(x) = 2ﬁ - (22) = =5 = Ta]» Whenever z # 0.

By definition, limy,_, M = f'(zg). Look at the limit

lim [ (g + h) — f(z)] = lim L&+ 1) = (0]

~h=f’(x0)-O:0.
We have shown that limy, o f(zo + k) — f(zo) = 0, which forces

lim f(zo + h) = f(zo).

h—0

This, however, is another way of writing

lim f(z) = f(zo).

T—T0o

Hence f is continuous at xo (by an equivalent definition of continuity).

17
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3.4 Exercise Set 14 (page 119)

1. —2. Implicit differentiation gives (2x +y) + ¥/ (x)(xr +2y) = 0. Now set x =1, y = 0 and solve for y/(1).

2 ﬂ _ 3:v2—2y2 dr _ 4aty—4y3
dx T dwy—4y3 T dy T 3w2-—2y?°
3. Flg. Implicit differentiation gives an expression of the form

Lz +y) Y21 +y') +zy +y=0. Now solve for y after setting z = 16 and y = 0.
4. i Implicit differentiation gives an expression of the form 1 — 2yy’(x) = 0. Now solve for y/'.

5. 0. Implicit differentiation gives an expression of the form 2z + 2yy’(z) = 0. Now set = 0, y = 3. You see
that ¢'(0) = 0.

6. y+1=3(z+1). Note that y/'(z) = 5.

[N

7. y—1=3(zx—1),or z—3y+2=0. Note that y’(x):f;—zyy.
8. y=5(x—4), or 5z — 2y — 20 = 0. Note that y/'(z) = %

_ — o) — _ y(2zty)
9. y=—(x—1)—1, or x +y = 0. Note that y'(z) = — i)

3.5 Exercise Set 15 (page 128)

cos1 . . . . cos /T
1. 5 The derivative is given by =5 N

2. 2sec(2x) - tan(2x) - sin x + sec(2z) - cos x.

3. 1. The derivative is given by cos? z — sin? z. Now evaluate this at = = 0.

1
4. ——————. The derivative is given by
1 —sinx

14sin x
cos? x

. Now use an identity in the denominator and factor.

5. % Note that y'(t) = 2\/% Now set t = 0.
6. —2x sin(z?) cos(cos(x?)).

7. 21 cos 3z — 322 sin 3x.

8. %1:71/3 tan(z1/%) + éSCC2($1/3).

9. —(1 + cosz)csc?(2 + z +sinz). Don’t forget the minus sign here!

10. —3cot 3z csc 3z. The original function is the same as csc 3z.

—sinxz + xcosx + cosx

11. 1. In this case, the derivative is given by . Remember that cos(r/2) =0, sin(7/2) =

cos?x — 1
1.
12. 4z cos(2x?).
13. 1. In this case, the derivative is given by 2sinz cosz. When z = 7 we know that cos 7 =sin 7 = g

14. —3csc?(3z — 2).
15. 2csca — (2x + 3) cscx cot x.

16. —(sinx + x cosz) sin(z sinx).

1 1
Qﬁsecﬁ+§secﬁ-tanﬁ.

18. 0, except when z? = 2 + 2nm, where n > 0 is an integer. This is because csc - sin 0 = 1 for any symbol, O,
by definition, whenever the cosecant is defined.

17.

18
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19. —sin2(z — 6) — 2 csc 2z cot 2x. (Use the identity 2sinucosu = sin 2u to simplify.)
20. 4sec? 2z tan 2x. The given function is equal to sec?(2z).

21. Notice that, for x # 0, y(x) = sinz/tanx = sinx - cotx = cosz. On the other hand, at x = 0, we have
y(0) = 1, which coincides with the value of the cosine function at = 0. Therefore, y(x) = cosx for all x.
Now all three parts are clear.

3.6 Exercise Set 16 (page 136)

You can use any plotting software to sketch the graphs.
1. fl@)=4-22,0<2<2. fYHo)=Vd—-2, 0<z<4.

3

2

y=4-x

1

07TeZ oY 06 08 1 12 14 16 18 2
%

f(z)=4—22 2in [0,2].
o

B

I

? 2

5. f(y)=@2+y'3 2<y<oco. flUy)=y>-20<y<oo.

19
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6.

10.

11.

12.

13.

14.

15.

3.7

. sin(Arccos(0.5)) = sin(§) = V3,
)

. cos(Arcsin

(i) F(0) = 2, since f(2) =0 forces 2 = F(f(2)) = F(0).

(ii) f(—1) =6, since F'(6) = —1 means that 6 = f(F(6)) = f(—1).

(iii) Indeed, if f(z) =0 then z = F(f(x)) = F/(0) = 2, and so this is the only possibility.

(iv) y = 8, because f(—2) = 8 means (by definition) that F(8) = —2 so y = 8 is a solution. No, there are no
other solutions since if we set F(y) = —2 then y = f(F(y)) = f(—2) = 8, so that y = 8 is the only such
solution.

(v) No. The reasoning is the same as the preceding exercise. Given that f(—1) = 6, the solution z of
f(z) = 6 must satisty © = F(f(x)) = F(6) = —1, by definition of the inverse function, F.

) 1 1

We know that F'(—1) e =D

F(z) =z, Dom(f) = Ran(F) = (—00,+0) = {z: —00 < & < +o0}, and Dom(F) = Ran(f) = (—o0, +00)
too.

—_

F(z) = é, Dom(f) = Ran(F) = {z : z # 0}, and Dom(F) = Ran(f) = {z : « # 0}.

F(z) = ¥z, Dom(f)= Ran(F)={z:—00 <z < +o0o} = Dom(F) = Ran(f).
F(t) = #, Dom(f) = Ran(F) = {z : 0 <t < 1} while Dom(F) = Ran(f) = {x: -4 <t <11}
G(z) = x22— 1, Dom(g) = Ran(G) = {z : —% < x < 400} while Dom(G) = Ran(g) = {z: 0 <z < co}.
Note that g is one-to-one on this domain. Its inverse is given by G(t) where G(t) = \/12_7752, Dom(g) =
Ran(G)={t:0<t< %} while Dom(G) = Ran(g) = {t:0<t < 1}.
This f is also one-to-one on its domain. Its inverse is given by F(x) where F(z) = gz _T_ g, Dom(f) =
Ran(F)={z:z # g} while Dom(F') = Ran(f) ={z:x # —;}

—1+Vi+dy

This g is one-to-one if y > —3 and so it has an inverse, G. Its form is G(y) where G(y) = ————,

1 1
Dom(g) = Ran(G) = {y : -3 <y < 400} while Dom(G) = Ran(g) = {y : ~1 <y < 400}

Exercise Set 17 (page 144)

2
0)) = cos0 = 1.

(
sec(sin™!(3)) = sec(F) = %

—+/5. (This is hard!) Let tan™ (—%) = . Then —F < o < 0; (see the graph of the Arctangent function in

this Section.) Also, tana = —3. Thus
sec’a =1+tan*a =1+ (-1/2)* = =

But —% < a < 0 implies that seca = 1/cosa > 0. Therefore

cscCa = — = — : = seca = (—2)
sin o sina cosa  tana

1 COS & 1 1 V5
5 =V

20
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10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.

3.8

10.

/4, as we are dealing with the principal branch here.
1, since this is true regardless of the branch.

V2 /2, since this is true regardless of the branch.

—1.

0, since sinm = 0 and Arcsin(0) = 0.

7 /2, since we are dealing with the principal branch of arccos.

—m/3, since sin(—27/3) = —/3/2 and Arcsin(—+/3/2) = —7/3.
37/4, since cos(57/4) = —v/2/2 and so Arccos(—v/2/2) = 37 /4.

—m /4, since tan(3w/4) = —1 and so Arctan(—1) = —7 /4.
—m/2, since sin(—7/2) = —1 and Arcsin(—1) = —7w/2.
—x /4.

.

/4, since tan(m) = 0, and Arctan(1) = 7 /4.

—0.8082, (use your calculator here).

7/3, since tan 7 = 0 and Arctan(v/3) = 7/3.

Exercise Set 18 (page 149)

. %Arcsin(ﬁ) = \/% which is 0 at z = 0.
. 2xArccos © — i .
1— 22
1
2(1 +z)y/x’
sin x

————. Remember the identity?
| sin x|

sinz —sin~ !z - coszv1 — 2
sin?x - V1 — a2

1
2)z|y/(#2 — 1)sec— 1z

2
2, because cos(2Arcsin z) - Wi which is 2 at x = 0.
-z
162
V1—1622
1
(Arctan z)2(1 + 22)"
3 3
32?2 Arcsec (2°) — ¢
xvVab —1

21
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3.9 Exercise Set 19 (page 161)
Ll

1.

0.

—2. Factor the numerator and simplify.

2. Factor the numerator and simplify.

2. Use L’Hospital’s Rule.

0. Use L’Hospital’s Rule.

24 2 . 2 . 2
N

S e B

t2 t—0 12

1
9. ok The quotient is continuous at x = 1. Use of L’Hospital’s Rule will give nonsense here.

10. This limit does not exist. In fact, applying L’Hospital’s rule to the one-sided limits at z = 0 shows that

Arct 1+22)71 Arct 1+a2)71
lim Arfan e lim % = 400 and lim Aran T lim % = —o0. So there is NO
z—0t 22 z—0+ 2z z—0- 22 =0~ 2z
limit at z = 0.
] ] (1 _ I2)71/2
11. 1. By L’Hospital’s rule, lim ~—=——— = 1.
y ospital’s rule, lim 15221
6 : ) 5z 3z .
12. 3 Multiply the expression by 1 = 3 Ta re-arrange terms and take the limit.
T bx
1
13. 3 Use L’Hospital’s Rule.
1
14. 36" In this exercise we must apply L’Hospital’s rule “three" times before we can see the answer.
15. 2. Indeed,
lim % sin(si? x) — lim sin(sin :z:) +.:c cos(sinz) - cos
-0 1 — cos(sinx) z—0 sin(sin x) - cos x
~ lim 1 n x?os(.sin x)
z—0 \ COS T sin(sin )

20 \ sin(sin )

= 1+ lim .:c . ﬂ -cos(sinz) | = 2.
z—0 \ sinz  sin(sin x)

- cos(sin x))

3.10 Chapter Exercises (page 162)

1. 27(z + 1)%6.

2. —3cos’zsinw.

3. csc2z — 2(x + 1) csc 2z cot 2. Note that csc(2z) = 5.

4. 2(z + 5) cos((x + 5)?). You can easily do this one using the “Box" form of the Chain Rule!

sinx — cosx
(sinx + cosx)2’
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10.
11.
12.

13.

14.
15.
16.

17.

18.

19.
20.
21.
22.
23.

24.

25.
26.

27.

28.

29.

30.

1
V2xr — 5

2 cos2x.

. Use the Generalized Power Rule.

—4 cos4x - sin(sin 4x).

6tan 2 - sec® 2z. The two minus signs cancel out!
22 sec 2z + 2(x? + 1) tan 2z sec 2.

—3csc3z - cot 3x.

sec2x + 2(x + 2) tan 2 sec 2x.

222 + 62 — 2
(2z + 3)2

3cos3x - (z1/° +1) 4+ 2274/5 . sin 3x.
(22 + 6) cos(z? + 6z — 2).
2.8.
2 _ A
W2 30
V3

——————. Be careful with the square root terms.

3(2+V3)

210 x 510 = 42 x 5105,

0.

4. The derivative is 4 cos(sin(4x)) cos(4x).

2.

1. f(z) = x4+ 2 for z > —2. In this case, z = —1 > —2 so this is our f.
1

ENoR

87,318 - (3z — 2)°7, 87,318.

Putting u = 32% and y = f(u), we have

d 2\ dy _ dy du gt _ 1(a..2
dxf(gx)idmidu dmff(u) 6x = 6z - f'(3z°).
y—1=24(x —2), or 24z —y — 47 =0.
81  sin9 B _ dy _ dy . dt
> 6 When u = 9 we have ¢ = 9 also. We know that 3 = Z& - 2=
£(3-(81) —sin9).
dy dy dr L 12 2 ~1/2
= = Z._ [z -1
dt dr ' dt <2T 36 )

or, (3t? —sint) - e =

1
= (2(3t — 21272 4 3(3¢t — 2t1/2)2) (3 — /).

Notice that, for z > 0 we have y(z) = 2% and hence y is differentiable at x with y/(x) = 2z. Similarly, for

x < 0 we have y(x) = —2? and hence y/(z) = —2z. Finally, for x = 0 we have

y(h) — y(0) _ hlh|

W N =|h| -0 ash—0
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31.

32.

33.

34.

35.
36.
37.

38.
39.
40.
41.
42.
43.
44.
45.

and hence y is also differentiable at = 0 with y’(0) = 0. From the above argument we see that y'(z) = 2|z|
for all . It is well-known that the absolute value function |z| is not differentiable at = 0. Therefore the
derivative of y" at 0 does not exist. In other words, y”(0) does not exist.

3
—3 The derivative is 322 + 22y’ + 2y + 2yy’ = 0. Set = 1, y = 0 and solve for 3/'.

dy 3z2 — 2y dr  dxy — 43

dv ~ Adzy— 4y dy 322 — 2%

Implicit differentiation gives 2% + 2xy? + 22%yy’ = 0. So, at (0,16), we have y = —1.

dy 3y +y

de 5yt —6xy —a
The tangent line to the curve at (4,0) is vertical. Here 2z + 2yy’ = 0 and we are dividing by 0 at « = 4.
y+1=2x+1),or2z—y+1=0.

The vertical line through the origin: = 0 (or the y—axis itself.) In this case, (x + 2y)y’ + (24 y) = 0. The
derivative is undefined (or infinite) at « = 0.

y:g(x—él), or bz — 2y — 20 = 0.
y=uz. At (1,1) we have y’ = 1. So y — 1 = 1(z — 1) and the result follows.

y = x — m. The derivative is cosx + 3’ cosy — 6yy’ = 0. Set z = 7, y = 0 and solve for 3.

1. Use L’Hospital’s Rule.

2

1

0. Find a common denominator and use L’Hospital’s Rule.

0. Divide the numerator and denominator by z? and let z — —o0.

By L’Hospital’s Rule, we have

T + Arctan =
lim 2 (I + Arctan z) = lim 2— %
T—r—00 2 T—r—00 33_2
1 2\—1
T €
zo—o0 —2x73
li v’
= im ——
T——00 2(1 + 332)
= +o0.
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Chapter 4

Solutions

4.1 Exercise Set 20 (page 173)

10.

11.

12.
13.

14.

15.

16.
17.

18.

1 —logs(4)

. 0, since 2* 27% =

The graph looks like Figure 55. Its values are:
The graph looks like Figure 56. Its values are:

The graph is similar to y = V2" in Figure 59. Its values are:

log, /5(1.6325) = V2

1
1 — | =-4
0g2(16>

1
1 — | =-2
083 (9>

v3Y? ~ 1.6325

1
x = ;, since loga(3z) = 4 means that 24 = 3z.

1 for any z.

-2 -1 0 1 2

% 3 1.4 16

-2 -1 0 1 2

6 4 1 & &+
-2 -1 0 1 2
0.333 0.577 1 173 3
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19.

20.
21.
22.

4.2

4.3

4.4

3 . ,
.y Since y' =

. Qp =

3
T=-3, since 3 = 5 forces 3z + 3 = , etc.

x = ++/2, since V2, =2 1, or % = 2, etc.

. -1 . .
r = 2, since % = x is equivalent to x = 2.

y = 22, since y = 1092(29”2) =22 logs(2) =22 -1 =2.

Exercise Set 21 (page 179)

b1 =0, by = 0.25, by = 0.29630, by = 0.31641, by = 0.32768, bs = 0.33490, by = 0.33992, bs = 0.34361,

by = 0.34644, by = 0.34868,

—1 1

. e - ===0.3679. See the following exercise.

e

Let z = -, so that n = ¢ and as n — co we get x — 0, then

a\" a
lim (1+7) = lim (1 +2)%
n—00 n z—0
= [lim (1+2)7]
z—0
= ¢ by Known Fact#5

Exercise Set 22 (page 189)

3a2

573 Evaluate this at x = 1.

1
. 3-elogx + €. —
x

e’ (zlogz — 1)
z(logz)?

1 1
F?)’ since y = 22 + In(z + 6) and so y' =2 + 216" Evaluate this at = = 0.
x

1 T
(1 — ).
m+\/az2+3< \/x2+3)
4
x+2

: _1 2
oo g Since In(vz?2 +4) = 5 In(z* + 4).

Exercise Set 23 (page 192)

. ap=n+2and apy1 = (n+1)4+2 =n+3. Clearly n+3 > n+2 and so {a,} is increasing and lim a,, = co.

n—oo

—1 1)—1
n andan+1:(n+) _n
(n+1) n+1

. Consider ap41 — ap:

n n-1 _ n?—(n-1)(n+1)
n+1 n B n(n+1)

26



The ABC’s of Calculus, Volume 1

2026 Solutions Manual

Tl2—

1
n(n+1)

Therefore a,4+1 > a, and the series increases.

(1_

lim a,, = lim

n— 00 n—00 n

1) .

(n* —1)
n(n+1

)

> 0 for all n > 1.

nn—2) n-—2 (n+1)((n+1)—2) n-1
“ n?2 AR An1 (n+1)2 n+1
n—1 (n—2) nn—1)—(n+1)(n—2)
Up41 — Gp = - =
n+1 n n(n+1)
o n?—n—(n*-n-2)
B n(n+1)
= — for all n > 1.
nln 1) > 0 for all n >
Therefore a,4+1 > a, and the series increases. Furthermore,
2
lim a, = lim (1 - ) =1.
n—oo n— 00 n
1 1
4. a, = i and apq1 = (n+1) = nt .
n+3 n+1)+3 n+4
e —a _n+l n (n+1)(n+3)—n(n+4)
T T 44 nt3 (n+3)(n+4)
 n?+4n+3— (n?+4n)
(n+3)(n+4)
3
= ————>0foralln>1
(1 3)(n+4) >0 for all n >
Thus {a,} is increasing and lim a, = lim (1 — 3 =1
(n—1) n+1)-1 n
5. ap = dapi1 = = .
Y PO B (AN} S )
n n—1 nn+1)—(n+2)(n—1)
Ap4+1 — Qp = -
n+2 n+1 (n+2)(n+1)
o n?+n—(n*+n-2)
B (n+2)(n+1)
2
————F—— >0foralln>1
m+2)nt1) "=
o . . s 2 _
So {ay} is increasing and nhﬁn;o ap = nl;rréo (1 iy 1> =1.

6. For n from 1 to 15, a, runs like 0, 0.70711, 0.81650, 0.86603, 0.89443, 0.91287, 0.92582, 0.93541, 0.94281,
0.94868, 0.95346, 0.95743, 0.96077, 0.96362, 0.96609. You can guess that the limit must be 1. For the graph,
see Figure 60.

7. lim (1 - 2) =e?
n—roo n

8. Apply the Box method to Fact # 5:

1
=

lim (1+z)

x—0

e =

Now let 0 = z2. Note that 22 — 0 as z — 0 and we are done.
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10.

11.

12.
13.

14.
15.

4.6

n

1

Use n = 2000 in the expression [ 1+ — | = 2.7176. You don’t want to write down the rational number,
n

though! The numerator alone has about 11,300 digits!!

The graph of y(x) = ¢*(*~1) has the same shape as the graph of y = e except for three minor differences:
first, it is steeper, second, it ‘shoots’ through (1, 1) instead of (0,1), and third, it is a translate of the graph
y = €%® by one unit to the right.

3lnz _ 1.3.

a) 1, since e
0
5

1

Q. o T

D

0, since In1 = 0.
22:E — 4"
In(x — 1)

rz—1

g
h

)

)

)

)

) 0, since sinz + cos? x = 1.
)

)

)

i)

) 0, since In (eezz) =" Ine=e"

0. Use L’Hospital’s Rule twice.
038288 _ 1 46650.

e~ 138629 = (.250000.

et33217 = 76.1093.

e~ 286738 — (.05685.

242793 = 11.33543.

f(fE _ e(smx lnw

b

(¢}

o,

e

a) 4e%®.
b) —3.4€2.
¢
6
d) ——. Be careful, (e3¥)72 = ¢=67 |
e
e) 1. The derivative is *” cos z + 2xe”” sin .
f) e*(cosx — sinx).
g) (22 —2x)e 2.
h) 2z €2* (1+ ).

—2(1 + z)z3e 22,
(1.2)" In(1.2).

20-%e7%(1.6 — x).

1

J

a) e
)
)
)
)
) =
)
)
) 387 In3 . (—sinz) = —In3 - sinx - 3957,
)
)
)
)
)
i)
j)
k)

Exercise Set 24 (page 198)

a)i 3z2 +1
Ina a3+x+1
Inz 1
I _— 4 —.
b) logz e+ 15 =103 T 3

c¢) z%(Inz + 1), since 2% = e*!n7,
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1 1 4
)ln?) 4r —3 In3 - (4z —3)
4
9 "y
1 2x
. 2 T, _-
f) (3" In3)logy(z” + 1)+ 3 In2 z2+1°
g) 1+Inz.
h) S (1+2), since ] (m)*ln(em)ii
Ino\ T Smee e ) = T T e
1 1 3

i)

- - 3=
In2 3z+1 In2-(3z+1)

111 1
D3 <1n2'a:+1) T 22 (z+1)
4.7 Chapter Exercises (page 199)

1. ap =n+3and apy1 = (n+1)+3 =n+4. Clearly n+4 > n+3 and so {a,} is increasing and lim a,, = co.
n—oo

- 1) - —2
2. an:n 3andan+1:(n+) 3:n .
n (n+1) n+1
n—2 mn—3 nn—2)—(n—3)(n+1)
Ap4+1 — Qp = - =
n+1 n nn+1)
n? —2n — (n? — 2n — 3)
n(n—+1)
3
= —— >0foralln>1.
nn+1)

Therefore a,4+1 > a, and the series increases. Furthermore,

lim a, = lim (1 — 3) =1.
n—00 n—o00 n

g, =) (-1 o e+l)((nt)-1)  n
. Qp n2 n n+1 (n T 1>2 (n n 1)
PP N e ) BN it G o) Gl
n+1 n n+l " n(n+1)
_ =1
n(n+1)

= #>Oforaﬂn21.
n(n+1)

Therefore a,+1 > a, and the series increases. Furthermore,

lim a,, = lim 11)1.

n— 00 n— 00 n

(n+1)  n+1

n
doan =T andann = T S T O
o _n+l n _ (n+1)(n+4)—n(n+5)
It = = s  n+d (n+5)(n+4)
n% +5n+4— (n? +5n)
(n+5)(n+4)
4

= —— >0 f 11n>1.
(n+5)(n—|—4)> or all n >
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10.
11.

12.

13.

Thus {a,} is increasing. Furthermore,

lim a, = lim (1-— 4 >:1.

Sketch this as in Figure 60. Note that

li /n—l_l, I'n 1_1. 1 1_
nl—>Holo 2n _nl—>ngo 2n Qn_nl—?;o 2 n

x

sl-

a)
NG

e0-89032 — 9 43592
e~ 15314 — (.21623
017328 — 1,18920

)

)

)

)

) 15e>®

) 6e?

c) —sin(ze®) - e*(1 + )
) —8e8, since (e**)72 = e 82,
) 0
) e®(In(sinz) + cot z)

)1
) 22(1 —x)e™2®
)

1
e 2 [ —2 Arctan x +
1422

j) 2. Note that (z2)* = 22% = 2@ Inw,

1
m(lnﬁ-l— 1).

1) 27 -1n2-log; ¢(23) + 27

L3
Inl.6 =z

m) —377-1n3-logys(secx) +37°- 0% tan x
Amount after ¢ years is: A(t) = Pe™, where P = $500 and r = 0.10, so A(t) = 500e°-1¢

(a) Thus after 5 years the amount in the account will be A(5) = 500e%1%5 = $824.36
(b) Want ¢ such that A = 3P = 1500 = 500e%-'t, so 3 = -1t giving In(3) = 0.1, therefore, t = 10.986 ~ 11
years.

A = Pe", where A = $2400 if r = 0.12, t = 8. So 2400 = Pe?12*8 = 2.6117P. Thus P = 2% = $918.94

Sales after ¢+ months: y(t) = y(0)e** = 10,000e**. At ¢t =4, 8,000 = 10,000e**, s0 0.8 = e**  In(.8) = 4k,
and k = —0.0558. Thus, y(t) = 10,000e %9558 "and when ¢t = 6 (2 more months), sales = 10, 000e ~0-0558x6 —
$7154.81

(a) Revenue at time t is : y(t) = y(0)e** = 486.8¢e*, taking 1990 as t = 0. In 1999, t = 9, so
y(9) = 1005.8 = 486.8¢”*. Thus X508 = % so InlX028 = Ok, giving k = §In(2.066) ~ 0.08, so
y(t) = 486.8¢9-98¢. In 2001, t = 11, so revenue = 486.8e%-0°*11 = $1173.62 million.

b) Want ¢ such that 1400 = 486.8¢°98¢ | so In12%0 — (.08¢, and ¢t = 13.2 years.
486.8

(a) im0 S = 30,000 = lim;_,, Ce®/t = C. Thus, S = 30,000¢*/*. When t = 1 S = 5000, therefore,
5000 = 30,000e", so & = e*, and k = Int = —1.79. Thus, S = 30,000e~17%/¢,

(b) When ¢t = 5, number of units sold is S(5) = 30,000671'79/5 = 30,000 x 0.699 = 20,972.19 ~ 20,972
units
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Chapter 5

Solutions

Use your Plotter Software available on the author’s web site to obtain the missing graphs of the functions in
the Chapter Exercises, at the end.

5.1 Exercise Set 25 (page 206)
1. (z—1)(z+1), all Typel
2. (z—1)(2® 4+ 1). One Type I and one Type II factor.
3. (z+3)(x—2), all Typel.
4. (x—1)%*(x+1), all Typel
5 (z—2)(x+2)(2% +4). Two Type I factors and one Type II factor.
6. (2z—-1)(z+1), allTypel
7. (x+1)2%(x—1)%, all Type L
8. (x+1)(z%2+1). One Type I and one Type II factor.

5.2 Exercise Set 26 (page 214)

2. a)
: ) (x—(1/3)) | (x+(1/3)) | (x+1) || Sign of p(x)
oo, -1 — — — _
(—1,-1/3) — — + +
(—1/3,1/3) — + + -
(1/3,50) ¥ I ¥ +

b) Note that 22 4+ 1 > 0 so it need not be included in the SDT.
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(x—1) | (x+1) | (x+3) || Sign of ¢(x)
(—o0, —3) — — — —
(—3,-1) — — + +
(_ ) ) — + + —
(1,00) + + + +

c) Note that 22 + x + 1 is a Type II factor. You may leave it out of the SDT if you want.

(x—1)] (z+2) | @®+z+1) [ Sign of r(x)
(—o00, —2) — - + +
(—2,1) - + + -
(1,00) + + + +

d) Note that 3 —1 = (¢t — 1)(t? + ¢t + 1) and the quadratic is a Type II factor.

(t—1) | @ +t+1) || Sign of p(t)
(—o0,1) - + -
(1,00) + + +

e) Note that

wl—1=(w?-1)(w?+1)=(w—-1)(w? +w+1)(w+1)(w? —w+1).

w—1|lw+1|[w+w+1]w?—w+1 | Sign qw)
(— -1) - - + + +
Py + + - -
( ) + + + + +

3. p(z) = (v — 3)(x + 3)(4 — x)(z + 4). Note the minus sign here, since 16 — 22 = (4 — z)(4 + z)!

x+4 | x+3 | xz—3|4—=x | Sign of “p(z)"
o I e I =
(—4,-3) + - - + +
(—3,3) + + - + -
(3,4) + + + - -
(4, 00) + + + - -

4. 2. This is because 2 4+ sinx > 0 so it doesn’t contribute any break-points.

5. Note that 3+cosz > 3—1 =2 > 0, since cosz > —1 for any real x. So it doesn’t contribute any break-points.
On the other hand, z* — 1 = (2% — 1)(2? + 1) and so 22 + 1 (being a Type II factor) doesn’t have any
break-points either. Thus the only break points are those of 22 — 1 = (z — 1)(z + 1) and so the SDT is
equivalent to the SDT of 22 — 1 which is easy to build.

6. First, we find the SDT of this polynomial, p(z). The only break-points are at = —1, 0, 1 since the quadratic

is a Type II factor. So the SDT looks like,

(x—1) | (x+1) | = | Sign of p(z)
(—o0,—1) - - - -
(—1,0) - + - +
(0,1) - + + -
(1,00) + + + +

We can now read-off the answer: p(z) < 0 whenever —oco <z < —lor 0 <z < 1.

7. —-3<xz< -1, or x>1.Add an extra row and column to the SDT of Table 5.1.
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8. All factors are Type I, so the SDT looks like,

x+1|xz—2|2z—-3|xz+4 | Sign p(z)
(—o0,—4) - - — - +
(—4,-1) — — - + -
(-1,2) + - - + +
2,3) + + - + -
(3,00) ¥ ¥ ¥ + +

The solution of the inequality p(z) < 0 is given by: -4 <z < —1,or 2 <z < 3.

9. Let p(z) = (z — 1)3(4 — 2?)(2% + 1). The SDT of p(z) is the same as the SDT of the polynomial
r(x) = (x — 1)3(4 — 2?). This factors as (x — 1)3(2 — x)(x + 2). Its SDT is given by:

(x—12 | z+2 | 2—=z || Sign of r(x)
o | [+ T
(—2,1) - T | ¥ =
@1,2) ¥ + [ = ¥
(2,00) + + - -

It follows that the solution of the inequality p(x) > 0 is given by solving r(z) > 0 since the exra factor in
p(x) is positive. Thus, p(z) > 0 whenever —oco <z <2/ or 1 <z <2.

10. xr > %, or, —1<z< —%. See Exercise 2 a), above.

5.3 Exercise Set 27 (page 220)

1. a). 2. b). 1,
2. a) t =2 is the only break-point. Its SDT looks like:

c). 1,-1B _1=VI3 o q) 41 e). 41 f). 41,42

wN

(t—2) | #2+1) [ Sign of r(t)
(_0072) _ + _
(2,00) + + +

b) t = %, t = 1 are the only break-points. Note that we factored out the 3 out of the numerator so as to
make its leading coefficient equal to a 1. Its SDT now looks like:

(t—2) | (t—1) [ Sign of r(t)
R I ¥
(%al) + — —
(1,00) + + +

c) Write this as a rational function, first. Taking a common denominator we get that

1 t*4t-3

t+2—
+ t—1 t—1

Its break-points are given by ¢ = 1 and, using the quadratic formula,

1+ /13

t
2
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The SDT looks like:

(—00, —2.303) — — — —
(—2.303,1) + — — +
(1,1.303) + — + —
(1.303, 00) + + + +
-1-v1
where we have used the approximations: #3 ~ —2.303, and
—-1++vV1
ZIEVIS 03,
2
d) Write the rational function as
3 +1
r(t) = 51

The factors of the numerator and denominator in this quotient are given by: 3+ 1 = (¢t + 1)(t> —t + 1) and
t3 —1=(t—1)(t* +t + 1), where each quadratic is Type II, and so does not contribute any new sign to its
SDT. The SDT looks like the SDT for a polynomial having only the factors ¢t — 1 and ¢ + 1, that is:

(t+1) | (t—1) || Sign of r(¢)
(—o0, —1) - - +
—1,1) i - —
(1,00) + + +

e) This rational function may be rewritten as

2—2t4+1  (t-1)%*  t-—1
2—1  (t-1)(t+1) t+1°

Its SDT is basically the same as the one for a polynomial having only the factors t — 1 and ¢ + 1. See
Exercise 2 d), in this Set.

f) The break-points are easily found to be: —2,—1,1,2. The corresponding SDT is then

t+2 [ t+1t—1]t—2] Signr(t)
(z00,=2) || — - - - +
(—2,-1) | + — - — —
Ly |+ [ + [ - [ - +
1,2) F |+ |+ | - =
(2, 0) + + + - -

3. Use the SDT’s found in Exercise 2 in this Set. From these we see that

14t
a) t+2§00nlywhen—oo<t<2.
3t—2 5
b)t3 1200nlywhen—oo<t§5,01r1§t<oo.
1 ~1-/13 —1+13
c)t+2—t+—1>00nlywhenf<t<170rf<t<oo.
3 +1
d)tsil<00nlywhenfl<t<l.
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2 —2t+1
e) 2 :_ > 0 only when —oco <t < —1, or 1 <t < co. You may also allow ¢ = 1 in the reduced
form of r(t).
4— 2
f) ﬁ<00nlywhen 2<t<—-lyorl<t<2.
4. a) Break-points: —4 only. This is because the numerator factors as 2% — 16 = (z — 4)(z + 4) and

one of these cancels out the corresponding one in the denominator. So, its SDT looks like the SDT of the
polynomial z + 4 only, and this is an easy one to describe.

p)
-1
rz+4 z 6 =z+4
z—4
oo 1) | - B
(—4, +4) + +
(+4,+00) | + +
: : Loxt=16
The solution of the inequality > 0 is given by z > —4.
T —

b) The only break-point is at « = 0, since the other term is a Type II factor. Its SDT looks like:
z 3z + g

(—00,0) — —

(0,400) + +

5
so the solution of the inequality 3z + — < 0 is given by = < 0.
x

c) The break-points are at © =5, ++/5; Its SDT looks like:
r—5 -5 x++5 ’”;—:55

(—00,—VB) - - -
(—V5,+V5) - - + +
(+v/5,5) - + + -
(5,+00) + + + +

2 -5

5 > (0 is given by x > 5 or V5 <z < /5.

So, the solution of the inequality
Z —

d) The break-points are at —10, 2, since the numerator is a Type II factor. Its SDT is the same as the

one for
+10 -2 322+4r+5 Atleds
(—o0, —10) - - + +
(~10,2) + - + ~
(2, +00) + + + -

322 4+ 4 5
So, the solution of the inequality i
2 4+ 8z — 20

—10<x<2.

< 0 is given by

e) The break-points are at © = 0,1 only, since

23 + 2? 2?(z+1) z?

-1 (22+Da+1D)-1) (z—1)(z2+1)

and the only non-Type II factor is 22 + 1. Its SDT is basically the same as the one below:

2

z—1 22 z2+1 FEETD
(—00,0) - + + -
01 - o+ o+ -
(L+) + + + +
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3 .2
x
So, the solution of the inequality —; 1 > 0 is given by
4 —

x > 1 along with the single point, z = 0.

f) The break-points are at 0, 2.

interval 22 x—2 |cosz| %

(70070) + - + -
0,2) + — + -

(2,4%) + + + +

The solution of the inequality M < 0 is given by z < 2.

5. a) The only break-points are at z = —1, 1 and so the SDT is basically like the one in Exercise 2 d), above.
2

Since 2 + 4 > 0 we see that the solution of the inequality 27
x

+4>0,isgivenbytheset:c<—lorx>1.

This can also be written as |z| > 1.

b) There are no break-points here since z* +1 > 0 and 22 4+ 1 > 0 as well, for any value of . So, no SDT
2

is needed. We see that the solution of the inequality 364711 > 0, is given by the set of all real numbers,
x

namely, —oo < x < 00.

c) The only break-points are at z = —3,3 and so the SDT is basically like the one in Exercise 2 d), above,
with 1’s replaced by 3’s. Since
2 _

x
2?2 + x4+ 1 > 0 we see that the solution of the inequality —————
24+r+1

< 0, is given by the set —3 < x < 3.

This can also be written as |z| < 3.

d) There are 2 break-points here, namely, at z = %,4. Since (z — 4)? > 0 for any value of =, this
term will not contribute anything to the signs in the SDT. So, the only contributions come from the term

2x —3=2(x — f) It’s now a simple matter to see that the solution of the inequality ﬁ < 0 is given

by the set x < 5.

e) The break-points here are at © = —3, —2, —1, as this is easy to see. The SDT looks like:

r+1

(x+3) | (z+2) | (z+1) Signofm

Coo =8| - | - | - -
(=3,-2) + - - +
(—2,-1) + + - —
(=1, 00) + + + +

z+1
So, the solution of the inequality —————— > 0 is given b
d Y (x+2)(x+3) & Y

—d<r<—-2,or—-1<z<oo0.

f) The only break-points here are at « = —1,1. This is because the rational function factors as

31 —1)(2? 1
il 1 = (& )(;v+—1—x +1) where the quadratic expression is Type II. So, the SDT looks like the
x x

3

-1
one in Exercise 2 d), above. It follows that the solution of the inequality z 1
x

<0Oisgiven by -1 <z <1,

or, written more compactly, as |z| < 1.
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5.4 Chapter Exercises: Use plotting software (page 250)

- y=x2- 2x +1

—F F T Exercise # 1 - ¢ 7' Exercise # 4

1 3
0.8
06 2
0.4

5 P 3 PR 3 ] 1 % 3

0.2,

i) E

a 5 \

o sin 2 . .

AR Exercise # 7 3 Exercise # 10

=3 -2 -1 1 w2 3 '5‘—“‘3‘7_‘2/1 1 2 3
| = X2+ 1 x +1
ST X3 Y= ;
12 x“ +1
= Exercise # 13 2 Exercise # 16
1 8
4 5 N S
: y=[x-4|
g )
L x2 -1 )
Y1) (xr2p
3 Exercise # 19 2 ITTETETTTET Exercise # 22
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Chapter Exercises: (cont’d.)

o 2k
1 y+x2y—4
) 3 i E Exercise # 25 1 2 Exercise # 28
z—1)3
6. y=3t%, v=-3=F, v =5k
interval r+1l zH+1-vV2 24+14+V2 (-1)°3 y o ¢’
(—00,—1—+v3) - - - - - - -
(-1-v2,-1) - —~ + — - + -
(-1,-1++v2)  + - + + + 4+ +
(—14+v2,400)  + + + + + -
_ z2—1 _ x _ 2(=—1)
9. ¥= e V= "wen V= G
interval z+1 (x+2)2 x y o o’
(-o0,-2) - - - - - -
—2,-1) - + - - 4+ -
SDT: (=2,
(~1,0) + + - + 4+
(0,1) - + + + - -
(1,+00)  + + + 4+ - +

32. Profit P(x) = R(z) — C( ) =32z — (5 + 35z — 1.652% + 0.123) = —5 — 3z + 1.652% — 0.123, 0 <z < 20.
For a local extremum, 22 = -3 +332z - 0322 =0,s0 22— 11z +10=0 ,and (z—10)(z—1) =0.
Thus z =1 or x = 10. Now ”sm}; =3.3—-0.6x . Th1sis< 0 when £ = 10 and > 0 when . = 1. So z = 10
gives a local maximum of P(10) = —5 — 30+ 165 — 100 = 30. Check end points: P(0) = =5, P(20) =
—5 — 60+ 660 — 800 < 0 . A production level of z = 10 stereos per day yields the maximum profit of $30
per day.

33. (a) Revenue R(r) = xp = 42 — 0.00222. For a local maximum, % =4—-0.004z = 0, so x = 1000. Checks:
R — _0.004, so x = 1000 is a local maximum. Endpoints: R(0) = 0, R(1200) = $1920, R(1000) =
$2000. So a production of x = 1000, and hence price of p = 4 — 0.002(1000) = $2 will maximize
revenue.

(b) Profit P = R — C = 2.5z — 0.00222 — 200. %€ — 2.5 — 0.004z = 0 when z = 625. (625, P(625)) ,
where P(625) = 2.5(625) — .002(625)? — 200 = 581.25 , is a local maximum since P < (). Now

dx?

P(0) = —200, P(1200) = 2.5(1200) — .002(1200)? — 200 = —80, so a production level of z = 625
maximizes daily profit.

(c) $581.25 from (b)
(d) marginal cost MC = d

— = 1.5. marginal revenue M R = d—R =4 —0.004x

(e) 4—.004z = 1.5, therefore z = ;%2 = 625 as in (c).

34. Average cost AC = (800 + .04z + .0002z2)/z = 290 4 04 4 .0002z, x > 0. For a local minimum,
% = _800 +.0002 = 0, so 0.000222 = 800. Thus x = 2000 cabinets. (Check: dZéfZC) 1280 > 0 for
x>0, so z = 2000 gives a local minimum.)

35. (a) 45 = Ce'%% and 40 = Ce'°°%. Dividing gives 15 = ¢2% so In § = —200k, and k =
—.0005889 ~ —.0006. Thus, 45 = Ce—0006x1000 — Ce=6_ Thys, C' = 45¢6 ~ 82.
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(b) Revenue, R = xp, where p = 82¢=0096% from (a). Thus, R = 82ze~ 00062 and 9B — 82,—-0006x _

.0006(82)ze-0006=

= 82¢00062[1 — 00062]. 4B

dr —
e—0006z 11— 0006z || R'(z)
(—o0, 1666.7) ¥ + n
(1666.7, o0) ¥ - -

dx
0 for 1 —.0006x = 0, so = = 1666.7.

So maximum revenue occurs when z &~ 1667, and hence p = 82¢~-0006(1667) — ¢3().16.
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Chapter 6

Solutions

6.1 Exercise Set 28 (page 268)

1. —bx+ C. Use Table 6.2 with r =1, 0=z, ¢ = —5.
2. xz+C.
3. C. Use Table 6.2 with r =1, 0= 0.
4. {5 2%+ C. Use Table 6.2 with r = 0.6, 0 = =.
5. 2224C
6. %:132 —x+C
7. %x:‘ + x4+ C. See Example 246.
8. %x3+%x2—az+0.
9. 3222+ C. (Actually, this is the same as Exercise 5 above.)
10. 2* + 22 —1.314 2 + C. See Example 246.
11. 2z -2)%2+cC.
12. 23z +4)%2+C.
13. —2(1— )32+ C. See Example 247.
4. H(4a?+1)%2+C.
15, —L(1—222)%2+C.
16. (1+2)P+C.
17. f@2+23)3 4 C.
18.  —2(4+92%)%2 + C. See Example 251.
19. F(1+224)324C.
20. F(z) = gsin*z—1
21.  F(z)= 41— cos®x)
22, F(z) =1(e7?2 —e )
23. y4ix) = ? + % See Example 252.
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24.
25.

6.2

—_

10.

11.

12.

13.

14.

15.

3 ! 322
.= dr = —
5 /0 3z dx 5

1 0 2
. == / a:d::c:ﬂlL
2 1 2

y=a*—1.
y(zr) = 2* — 1. See Example 255.

Exercise Set 29 (page 279)

1

o 2 2

= 0; (note: z® is an odd function.)
-1

1 4
0. / 22 dx = r
1 4

4 2, z? 23 4
——. —2)dr =" —2?| =(%=-2)-0=—-.
3 /0 (z x) dx 7 ¢ . (3 ) 3
9 2
. 16. / (4 — 42®)dr = 4x — 2*| = 16.
—2 _9
1 /2 ) /2 ) d ) Sinzlﬂ /2 1
3- sinz cosz dr = sinz ( —sinz | dr = =—.
0 0 dl‘ 2 0 2
2. Let O=cosz. Then DO = —sinx. So, F(z) = —3 cos®  + C and, by definition, / cos’ xsinz do =
0
cos®z |” 1 1y 2
3 1, 3 3) 3
1 /”/2 . 3 d sin* z /2 1
—. sin® x cosx dx = =-.
4 e 4 |_

—0.26. (Notice that the upper limit 1.2 of the integral is less than the lower one, namely 1.5; nevertheless

1.2 31.2
we can proceed in the usual Way.)/ (2x — x?) dx:xQ—% = —0.26.
1.5 1.5
1 1
T 1 ™ s
—. ———=dr=Arcsinz| =-—-0=~.
2 /0 N . 2 2
1 b L oed (a2 12" 1
— —1). T dr = (R dr = —e* —_ -1
2(6 ) /Oxe x /Oeda:(Z) z= e . 2(6 )
2(1 —e™4).
2 4 ,
/41‘6_9” dr = /Ze_m <x2> dz
0 0 d
212
= 27| =201-¢")
0
2 3" ! 3 |
3 If we set f(x) = 3 then f/(z) = 3® In3. So /3” dr = 3 + C. Thus /0 3% dx = 3 ) =
3 1 _ 2
In3 In3 In3’
L (38 — 30),

0.5 0.5
X
0.1340. —— dx=—(1-2)Y?  =1-+0.75 ~ 0.1340.
/0 s (1 —a?)?| Y,
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16.

17.

18.

19.

20.

6.3

1
Lo We know that D(a") = a®D(0)Ina, where D as usual denotes the operator of taking derivative. It
n

dO =
follows /aD 7z &= la— + C. Now, setting a = 2, 0 = 22 + 1, and DO = 2z, we see that
x na

1 2 1
1 2% +1
/ 225 gy = =
0

2 1 1

" In2 In2 In2’

2 In2

VT/2
I = / zsec(z?) tan(z?) dx
0

VEIZ

= 3 (sec% — SeCO) = %(\/5_ 1).

0. Let O =2 So DO = 2z and the antiderivative looks like

1/ 140
2 | 1402 dz ™"

which reminds one of the derivative of the Arctangent function. In fact,

1
x L1 2
/11_’_7x4d$: itan T

b
= i(tarf1 1—tan"'1) =0.

-1
(Notice that 0 is the expected answer because the integrand is an odd function.)

. . d $2 ¢ .2 d 2 2
Following the hint, we have — e dt =e¥ —uz* =2xe” .
dz J, dx

These identities can be seen from the respective symmetry in the graph of f. Here is an analytic argument.
Assume that f is even: f(—z) = f(z). Let F(z) = [ f(t)dt, (—00 < & < 00). Then L F(z) = f(z) and

x

0 x
fod = | f(t)dt+/0 F(t)dt

—x

[ ft)dt + /Ow f@®)dt = —F(—z) + F(z).

0

Thus we will have [* f(t)dt =2 [ f(t)dt if we can show —F(—xz) = F(x). Let G(z) = —F(—x). We are
going to show G = F. Now

%g(:p) = CZS(—H—JC)F—(CZ?(—“?))

= —(F(=2) (=) = F'(-2) = f(-2) = f(2).

Thus, by the Fundamental Theorem of Calculus, G(z) = foz f(t) dt + C for some constant C, or G(z) =
F(x)+ C. Now G(0) = —F(—0) = —F(0) = —0 = 0, which is the same as F(0) (= 0). So C must be zero.
Thus G = F. Done! (The second part of the exercise which involves an even function f can be dealt with in
the same manner.)

Exercise Set 30 (page 285)
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o
-
Y
!

<
Il
=

9
r Z (-1 or Z (—1)%

sin¢m.

-

<
Il
-

-~
S|

<
Il
—

5. —0.83861
6. 0.19029.

7. 0. Note that sinnm = 0 for any integer n.
50 x 51

8. 1+2+4+3+---+50= = 1275.

100 x 101 x 201
9. 1249224 ... 41002 = 22 X2 33350,

6
10. Zn:
i=1 i

= i 6 x~, 6 nn+1)2n+1) (m+1D2n+1)
i=1 i=1

12, 1 nn+l) n+1
1= = .
n n 2 2

3‘&.

n

1

12, This is a telescoping sum:

Z(ai —a;—1) = (a1 —ag) + (az —a1) + -+ + (ag — as) = ag — ag.
i=1

The final expression stands for what is left after many cancellations.
13. We prove this identity by induction. For n = 1, we have

1
LHS = Z(az — ai_l) = ay —ag = RHS.

i=1
Now we assume Zle(ai —a;—1) = a — ap, that is, the identity holds for n = k. Then, for n = k + 1, we
have

k+1

k
Z(ai —ai-1) = Z —aj—1) + (ag+1 — ax)

i=1 i=

= (ax —ag) — (Qk41 — ar) = Ag41 — Go-

=

So the identity is also valid for n = k + 1. Done.
14. Indeed,

i)g Z”:Z.QZ (D?’ n(n+1)6(2n—|—1)

Ly NP
n n 6 n n) 6

=1

SEIS
/-\
\_/

[ V]
I
SIS

It follows that
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15.

6.4

6.5

10.

11.

For convenience, we write
n—1 3

n
A, = —_.
] Zn4—i—m3—|—pn

i=1

We have to show that lim,, ., A, = In2. We know that f12 % dx = In2. Divide the interval [1,2] into n
subintervals of the same length 1/n by means of subdivision points z; =1 + % (1=0,1,2,...,n—1) and
form the corresponding Riemann sum S, for the function f(x) =1/x:

n—1 n—ll n—1 n 1 n—1 1
Sp = i) Ary =) — Az = S - = -
izof(x) : ;xi ‘ ;n—&—z n ;n—&—z

Since f is continuous on [1,2], from the theory of Riemann integration we know that lim, . S, =In2. It
suffices to show that lim, (S, — 4,) = 0. Now

n—1 1 TL3
Sp—Ap = - .
;(n—kz n4—|—m3+pn)

_ §<n4+m3+pn>—n3<n+i>:”§ P
 (nt+in® +po)(n+ i) £ (n* +in? +pp)(n +1i)’
Thus )
0<85,—A, < nfn :Pn/“47
1=0

(dropping something positive from the denominator of a positive expression would diminish the denominator
and hence would increase the size of this expression.) By the Hint, we have p,, < 36nlnn. It is well-known
that Inz < @ for all z > 0. So p,, < 36n2 for all n > 2. Thus 0 < S,, — 4, < p,/n* < 36n2/n* = 36/n? for
n > 2. Now it is clear that S,, — A,, tends to 0 as n — oo, by the Sandwich Theorem of Chapter 2.

Chapter Exercises (page 300)

2i7 (r4+1)?" + C. Use Table 6.5, 0 =2 + 1,r = 26.
%sin2x—|—C,

12z +1)32+C.

—1% (1—422)%? + C. Use Table 6.5, 0 =1—4a?,r =1/2.

. —cosx +sinx + C.

—1(5-22)%2 +C.
1
—3 cos(2z) + C. Use Table 6.6, O = 2.

0.4 225 +0.625 cos(1.6z) + C.

3tanz + C.
1
300 (22 4+ 1)1%9 1 C. Use Table 6.5, 0 = 22 + 1,r = 99.

—%csc?)x—i-C.
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12, ——

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

1
e=37" 4 O. Use Table 6.5, 0 = —3z2.

1
—E €_kx + C

sink x
k

coskx
k

+ C. Use Table 6.6, O = kzx.

+C.

1
=2

1
2. /(23@—}—1) de =2°+z
0 0

0. Note that f(z) = 23 is an odd function.

2
10. I:/(3x2+2x71)dx:x3+x27x
0

w/2
1

1
5 n

/2 4 sin® x
sin“x cosx dr =
0 5

0

*% Use Table 6.5, O=2a%a=3.

1_ L) Lo L
o  In2 - 2In2  In4’

1 ! «
—. / z- 37 do = 137
In3 J, 2In3

1 ! 1
R —Id — _72—x
In4 /0 YT T2

2 [T a7 —1)3 1 2
R (‘( ; ) ) (‘3) =3
28 s )
3 Note that f(z) = 2® + 1 is an even function.
0.5 0.5
s 1 us
—. ——— dx = Arcsin x = —.
6 0 \/1—1’2 0 6
1 1
3 et — 3 Use Table 6.5, 0 = 22.

" i\’ 5 12 n(n+1)(2n+1)  2(n+1)2n+1)
yu(i) -53e-5 - .
— n 6 n
Consider the partition
O=xp<1 <2< <2y =1
with x; = %, which divides [0, 1] into n subintervals [%, %] of the same length 1/n, (i =0,1,2,...,n—1).
In each subinterval [%, %} we take c¢; to be the left end point % Then the corresponding Riemann sum

for the function f(x) =e* is

S S i (i1
;f(ci)(xiﬂ—%):;ez/”( ) Zel/n'*

But we know from the definition of Riemann integration that

n 1 1
lim 7 q) = de — Cgr— e — 1.
nﬁw’;f(cze)(xk Th—1) /0 f(z)dx /o Cdr —=e — 1

Now the assertion is clear.
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28. Indeed,
n i n - n et n -
<n2(1+(2) ) 0+ (7)) 21+ (3)) (14 (%) )>
( ! + ! + ! + o+ ! >=
n(1+(9)% @+ (3 n+(2)) n (1+(252)%)

29.

n11<i) _ 7?Zlf(ci)(A%i),

i—o (1+ (%)2)

once we choose the ¢; as ¢; = 2; = i/n and f as in the Hint. Next, we let n — 0o so that the norm of this
subdivision approaches 0 and, by the results of this Chapter, the Riemann Sum approaches the definite
integral

n—1 1
1
li i) Ax; = — dx,
= Arctanl — Arctan0 = %

Method 1 First we interpret the integral fol \/117? dz (whose value is ) as the limit of a sequence of
Riemann sums S,, defined as follows. For fixed n, we divide [0, 1] into n subintervals of length 1/n by

x; =i/n (0 <7 <n)and we take ¢; to be x;. Then the corresponding Riemann sum for f(x) = ﬁ is

n—1

1 R |
Sy = flei)(@ip1 —x;) = —— - = —
* ; V1—{(i/n)2 n ; vn? — 2

For convenience, let us put A, ; = n® —i?n% + 2ip,, — p2. It is enough to show that S, — Z?;Ol Z‘s —0

S
|
—

Il
=

9

as n — oo. Now, for each n and each 1,

1 n3 B \/An,i —n3vn? —i2 B Ay —nb(n? —i?)
Vn2 =i \[An Vn? —i2\ /A, (n2 —i2)\ /A, + AniVn2 — 2
The denominator is too bulky here and we have to sacrifice some terms to tidy it up. But we have to wait
until the numerator is simplified:

Ay —nb(n? —i%) = (n® —i*n® + 2ip,, — p2) — (n® — i*n®) = 2ip, — p2.
Now we drop every thing save A,, ; in the denominator. Then within
Ap i =n® —in® + 2ip, — p2 = n®(n® —i?) + 2ip, — p2

we drop the positive term 2ip,, and the factor n? — 2 which is > 1. (We still have to keep the burdensome
—p? because it is negative.) Ultimately, the denominator is replaced by a smaller expression, namely n% — p2.
Recall that p, < 36n? for n > 2; (see Exercise 15 in the previous Exercise Set.) Using this we see that

nS —p2 > n® —36n% = n?(n* — 36).

Thus, for n > 2, n?(n* — 36) is a lower bound of the denominator. Next we get an upper bound for the
numerator:

12ip, — p2| < 2ip, + P2 < 2np, + p2 < 2n(36n?) + (36n2)% = 720> 4 1296n*.
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30.

31.

Now we can put all things together:

n—1
1 n3

Zm Z VnZ = i2_\/An,i

The last expression approaches to 0 as n tends to infinity. Done!

72n3 4 1296n*
n2(n* — 36)

Method 2 Let f(z) = n [0,1). Let P denote the partition with zo = 0, and z; = %

n’

—— o
V1— 22
1=1,2,...,n. It is clear that, as n — oo, the norm of this partition approaches 0. Next, by Sierpinski’s
estimate we know that
Pn < 36n Inn.
) - . Inn :
But by L’Hospital’s Rule, lim —-= = 0. This means that

n—oo M

Dn 361nn

lim — < lim =0.
n—oo N n— oo n
So
lim 22—
n—,oo N,

by the Sandwich Theorem of Chapter 2. Okay, now choose our interior points ¢; in the interval (z;, x;y1),
as follows: Let

Pn
n ' nt
By what has been said, note that if n is sufficiently large, then t; lies indeed in this interval. By definition
of the Riemann integral it follows that this specific Riemann sum given by

Jim Z St) A

tends to, as n — oo, the Riemann integral of f over [0,1). But

P

nlbnéozf ) Azi = nhlréozm
= Z

n—1 3

= lim — ' =
n—oo =7 \/n —1*n% — 2ip, — pn

The conclusion follows since the Riemann integral of this function f exists on [0,1) and

T
———— = Arcsinl — Arcsin0 = Arcsinl = —.
/o V1 —x? 2
=2.

U
2. / sinx dr = —cosx
0 0

21/2 — 2. Notice that when z runs from 0 to 7/2, the cosine curve drops from 1 to 0 and the sine curve
elevates from 0 to 1. Between 0 and /2, the sine curve and the cosine curve meet at x = 7. Hence

cosz —sinz if 0 <z <m/4,

|cosz —sina| = { sinz —cosz if /4 <a < w2

Thus the required integral is equal to

/4 /2
/ (cosx —sinx) dx + / (sinx — cosx) dx
0 w/4

= (sinx+cosx)\g/4+( cosx —sinx)| /2—2f—2.
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) /4
32. 1—— / cos oy :/ csc 2x cot 2z dx
/12/85111 sin? 27 x/6
= — 705021: =1- £
/12 2
1
4 2 1 (1+¢%)3/2 4
33. —=vV2——. 1+ dt==-— L | ==
9\[ 9 /0 + 3 3/2 o 9

1

1
1
34. / — % 4z = > Arctan 22
0 2

1
1t 24 =3 (Arctan 1 — Arctan 0) = —

d [* sint i (2 9 sin (22
35 / sint , _ sin(@”) 2z = Zsin(a”) — 2 asz — 0+.

" dx 13/270 T g3 72

36. As x — oo, we have

2
2 — 5 Use Table 6.5, 0=1+13r=1/2.

i /\/5 r dr — x3/2 1 T 1
dr Jy5 (r+1)(r—1)" (@24 1) (22 -1) 2y 2(x—1) 2°
2
d r 42 _ 4 2 xT _ 2 . . .
37. T et dt=2xe”® —e ® =2—5 —e 7 the first of which has the indefinite form 2 when z — oo,
T e® °

while the second term tends to zero. By L’Hospital’s rule and the fact that e* — 400 as © — +00 we see

that 275 — 0 as x — oo as well.
N 2 » 2 .
38, d sin(y?) :bln(ﬁ) 1 sinz _)1 a5 2 — 0.
dx J, 2y 2V 2/ 4 4
39.

lim d /SIHJ» hlit
z—0+ dx Jy In(Arcsin t)

lim ln(§1n x) -cosx—0],
=0+ \ In(Arcsin (sinz))

, <ln(sin ) )
= lim { ——2 -cosx
z—0+ Inx

= lim <1n(smx)>.coso

Inx

. cotx
= lim
r—0t < 1/1‘ >

= lim z cotx = lim

cosz = (1)(1) = 1.

z—0+ z—0+ sinz
40. Indeed, as t — 0,
d /Q”er sin sin (27 + ct) sin(27 — ct)
— x = cc— (—¢) — ——
dt Jor_o cx c(2m + ct) c(2m — ct)

41.

i vVe+h (1) —vVae—h (1)
h%0+ dz ( / Vi dt) g(r)lJr h

— im vVer+h—+vz—h . 2h

lim
T W0t h(Vz +h+Vz—h)
2 1

I -
heso Ve+h+vVr—h Vz
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42.

43.

44.

45.

46.
47.

48.

49.

50.

1 [* 1 2 si
lim — / cost dt = lim —(sinz — sin(—=x)) = lim ST . [Remark: Actually, for every continuous
z—02x | z—0 21 x—0 x
function f defined on the real line, we have
lim — f(t) dt = f(0)

Do you know why?]

Pt 1

5 45

sin(y(x)) + cosx = C is the most general antiderivative. But y = 7/2 when & = 0. This means that
sin(m/2) 4+ cos0 = C, or C' = 2. So, the solution in implicit form is given by sin(y(z)) + cosx = 2.

y=2x4+%x3—|—x.

y(z) = C1 + Oy .+ C3 2% — 2* is the most general antiderivative. Now, the initial conditions y(0) = 0,¢'(0) =
0,3”(0) = —1 imply that C; = 0,C5 = 0,C3 = —1/2. The required solution is given by

y(x) = —%IZ —zt
y=¢e*—z—L
zt 2P
Y¥=1 + 3
Since marginal cost = 42 = 60 + 3%,

(a) total increase in cost as x goes from 20 to 40 is

40 40 40
N 60 + — 10 dx = [60z + 40In|z + 40| ],

= 60 x 40 + 40 In(50) — [60 x 20 + 40In(30)] = 1200 + 40(in 50 — In 30) = 1200 + 40in(5/3) = $1220.43

(b) Let I(t) be value of investment at time ¢, ¢ in years. % = (500eV?)/\/t, thus

Vi
I(t) = / 500\/’% dt = 500eV" + C.

When ¢ = 0, I = 1000, so 1000 = 500 + C, and C = 500. Therefore, at t =4, I = 500e? + 500 =
$4194.53.
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Chapter 7

Solutions

7.1

7.2 [Exercise Set 31 (page 319)

1. 522 —1)109 4 C.

200
(x +1)51
2. 3 — .
3 61 +C
1 4 1
1 (3 1
3. 1:/ 3o+ 1) s = L. BZEDT 6 030,
0 37 4|,
1
4. I:/(g;—n*?dx:—(x—l)*w(): — T C
5 _i(l_xQ)lol -‘rC: i($2— 1)101—|—C
©202 202 '
1 z2—1 2
6. — 2 + C. Let u = 2°, du = 2z dz, etc.
In2
/4 e In 2
7. / tanz dr = —In|cosz| = In|sec x| =Inv2-Inl=—.
0 o 2
1 P
8. 5823 +C

9. 72 2-z)¥3 4+ C.

10. $sin8 = 0.49468.

1 d(1 +sint) _
11. I = . dt =1In|1 t|+ C.
/1—|—sint dt n L+ sint] +
12, —v/1—22+C.

13. 2In|y? + 2y + C. Let u = y* + 2y, du =2(y + 1) dy, etc.

sec? z dx (l tanx) dx
4. 1= | ——_ = [ Xz — " = —9\/T+tanx + C.
/\/m V1+tanz
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15

16

17.

18.

19.

20.
21.

22.

23.
24.
25.

26

.I:—/ﬂ/4 1 dcosz de — 1
0

w/4
=2 — 1. Alternatively,

cos? x dx cos x|

/4

/4
I:/ tan zsecx dr = secx =v2-1.
0

0

. Hard! Very hard! The function secz + tan z in the hint seems to be extremely tricky and unthinkable;

see Example 364 in §8.5.2 for manipulating this integral according to the hint. Here is a slightly more
natural way (although just as unthinkable): Try to put everything in terms of sines or cosines. Let’s begin.
Don’t feel bad if you find this still too slick for you.

1 1 dsi
/secx der = / dac:/ cos L dx:/7~ Sy dx
COS T cos? x cos? x dx
1 dsinz 1 .
= /1fsin2x. T dac:/l_ugdu (u =sinx)

e Ly H =it

1 1 1+u
= 2[—1n1—u|+1n|1+u|]+0—21n’1_u +C
1 1+sinz
= —-ln|l—
2 1—sinz
11 (1 +sinx)?
= -In
27| (1 —sinz)(1+ sinx)
_ lln (1 +sinz)? L C
2 cos? x
1+ si
= ln‘Jrsm:v +C =1In|secz +tanz| + C.
cos

One way to do this is to multiply out everything and then integrate term by term. But this way is very
messy! Observe that 423 4 1 is nothing but the derivative of z* + z. So we have an easy way out:

1
I:/(z4+z)4-i(24+z) dzzE(z‘l—&—z)E’—l—C.

dz
—Arctan(cosz) + C. Let u = cosx, du = —sinx dz, etc.
1 Yon
I= 3 Arctan(t?) . =3

$sin*(2%2 +1) + C. Let u = 2% 4 1 first, then v = sinu as the next substitution.

%111(332 +1) — Arctan = + C. (Since 22 + 1 is always positive, there is no need to put an absolute value sign
around it.)

1 dl
I= / - .ane dz = In(Inz)
. d

3 (Arctan z) + C.
I = [cosh(e') - e' dt =sinh(e') + C. (Recall that D sinh(J = coshd DO and D cosh0) = sinh (J DOJ.)

=In2—-Inl=1n2.

éArcsin 5s + C.
472

= 2(sin 2w —sinm) = 0.

42
d
.I:/ cos x-2ﬁdx:2sin\/§

72 dx 5

™
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27.

28.
29.

30.

31.

32.

7.3

10.

11.

1

- C.

26 +

—+/1 — y2 + Arcsin y 4+ C. Split this integral up into two pieces and let u = 1 — 32, etc.
sec(Inz) + C. Let u = Inz, etc.

I:/sinfz/gx-disinx dr = 3sin'/3 2 + C.
T

1 t 1
¢t d ¢
I:/ee~—e dt = e°

=e —e.
0

1 2 2
— 157 40 =1.233161.5 T + C.
2n(1.5) + *

Exercise Set 32 (page 342)

. Using the normal method, we have:

d
I:/xd—sinx dw:xsinx—/sinx dx = zsinx + cosz + C.
T

. —xcosx +sinz + C.

~1/2.

Using the normal method, we have:

d
/;z:2 sinx dx = /zQ%(— cos x)dx
= f:czcosx+/2x~cosx dxr

d
—22cosxz + /23:— sinx dx
dxr

= fxzcosa:+2xsinxf/2sinx dx
= —z?cosx + 2xsinz + 2cosx + C.

Now you can see the advantage of the Table method over the above normal method: you don’t have to copy
down some expressions several times and the minus signs are no longer a worry!

. xtanz + In|cosz| + C.

zsecz — In|secx + tanz| + C. (Here you have to recall the answer to a very tricky integral: [secz dz =
In |secx + tan z|. See Exercise Set 32, Number 16.)

(22 — 2z +2)e* + C.

1 s 2 N R
I= _§x26—3£ + §xe_31 - 56_31 = 57 Notice that here we have used the fact p(z)e™3* — 0 as
0
x — 400, where p(x) is any polynomial, that is, the exponential growth is faster than the polynomial
growth. Alternately, use L.’Hospital’s Rule for each limit except for the last one.

1 1
gmf’ Inx — 2—51‘5 +C.
3 9

zsinle+vV1I—22+C.

1 2 2
-3 (wg—l—xQ—l— T+ ) e 3 4+ C.
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12. ztan™t 2 — 2In(1+ 22) + C.
13. Let w =Inz. Then z = e* and dz = e“du. Thus the integral can be converted to [ uPetet du = fu5e3“ du.
Using the Table method to evaluate the last integral, we have
1 5 20 20 40 40
5 3u 3u 5 4 3 2
du = —u’ — = —u’ — — —U— — C.
/“e v (3“ o' Tt T TR 243)‘L
Substituting v = In z back, we get the answer to the original integral [z?(Inz)5 da:
. (1 5 20 . 20 40 40
3 5 4 3 2
=(1 ——(1 —(1 ——( —Inz — — C.
v (3( na)? = glnz)’+ o7 (Ine)” = o(lne)” + g3 Inw 243> +
2 1 .
14. 5 secT - 5\/1‘2—1—&—0, if x > 0.
15. Use the Table method for this problem.
/(m —1)?sinx de = —(x — 1)?cosx + 2(z — 1) sinz + 2cosz + C.
1 : —2z
16. 71—3(251n3x+3cos3z)e +C.
1 .
17. 1—7(005 4dx + 4sindz)e” + C.
1 1 1 . .
18. BT, cos bx — 5 cosx +C, or 5 (2sin 3z sin 2z + 3 cos 3z cos 2z) + C.
1
Use the identity sin Acos B = B (sin(A+ B) +sin(A — B)) with A = 3z and B = 2z and integrate.
Alternately, this is also a three-row problem: This gives the second equivalent answer.
1 1 1 1
19. —— - —Z cos® -
9 12cos6x+4cos2x+0, or 3005 2$+2COS2$+C, or
12 (4sin 2z sin4x + 2 cos 2z cos 4z) + C. This is a three-row problem as well. See the preceding exercise.
1. 1 1 . . . .
20. T Tx + 5 sine +C, or = (4 cos 3z sin4x — 3sin 3z cos4x) + C. Use the identity
1
cos Acos B = 3 (cos(A + B) + cos(A — B)) with A = 4z and B = 3z and integrate. Alternately, this is also
a three-row problem: This gives the second equivalent answer.
1 5 5 15 15 15
21. e** §x5 - 1174 + §x3 — ZxQ + iy + C. For this exercise you really should use the Table method,
otherwise you will find the amount of work overwhelming!
22. g(cos Inz +sinlnz) + C. See Example 314.
7.4 Exercise Set 33 (page 346)
4
1. x—34+ ——
z+1
) 32 + 7 +3
' 3 4+ 2+ 1
1 2 7/3
R
3 ( 3 * 32?2 — 1)
2
4. 2* -1
. + z2+1
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3
5. x4+x3+2x2+2x+2+71
T —

6 3 14 132z + 15
T2 622 + 62 + 3
7.4.1 Exercise Set 34 (page 364)
T 1
1./ dx—/<1+> dr=x+ln|z—1]+C.
z—1 z—1
1 1
./w+ dazz/(l—f—) de =2 +In|z|+ C.
x x
2 2
3'/30 dx:/ x—2+ 4 dx:x—f2x+4ln\x+2|+0.
T+ 2 T+ 2 2

22 dz 1
/x2—|—1 /( x2+1) de =x rctan x + C

5. Since the denominator and the numerator have the same degree, we have to perform the long division first

I = /M;mdx:/xf:dmzf(wlel) dx
/(”(w+1>1<x—1>> dm=/(1+i~mi1—i-xi1> o

1 1
= x+§ln|x71|f§1n|x+1\+c.

[\

>~

2 A B
6. Put @ 1);(; =3 = + . Then 2z = A(x — 3) + B(xz — 1). Setting z = 1 we have A = —1 and

r—1 x-—3
setting x = 3 we have B = 3. Thus the required integral is

-1
/ + 5 dr=3n|z -3 —Injz — 1|+ C.
r—1 x-3

3z A B C
. Put = . Th
7. Pu (z—1)(z—2)(x—3) x—1+x—2+a:—3 o

322 = A(x — 2)(x = 3) + Bz — 1)(z — 3) + C(x — 1)(x — 2).
Setting x =1, 2, 3 respectively, we have A = 3/2, B = —12 and C = 27/2. Thus

3z? dx 3 27
= 2Injz— 1 - 12In]z — 2| + L Injz — 3| + C.
/(x—l)(a:—Z)(x—iS) p Il =1l nle =2+ 5 Infe -3+

8. We start with long division:

1 3 1
-1 2
I = /x d:c:/ 22—r+1— ——) dx
0o z+1 0 z+1

3 2 1 1 1

T et == i1 oma—0=2 a4,
.3 2 6

3 2

9. Here we perform a small trick on the numerator of the integrand:
3z 3(z—1)+3
— d = — < _d
[eome = [Ty

3 3
/(x_1)2 der/r_l dz

= 3(1-2) ' +3Injz-1]+C.
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10. Put
2z —1 A B C
= + + :
(x—=2)2(x+1) z+1 2x2-2 (r-—2)2
Then 2z — 1 = A(x — 2)® + B(x — 2)(z + 1) + C(z + 1). Setting 2 = —1, we have —3 = A(—3)? and hence
A = —1/3. Setting = 2, we have 3 = 3C; so C' = 1. Comparing the coefficients of 22 on both sides, we get
0 = A+ B, which gives B=—A = 1/3. Thus

/ 2z — 1 dx / 1 1 +1 1 n 1 d
e — = —_— — . x
(x —2)2(z+1) 3 z+1 3 x2—-2 (z-2)2
1 1 1
S [ 1+ C.
27$+3ln|3§ 2| 3ln|gc—i— |+ C
4
11. By long division, we get x2+1_x2_1+$2+1 So
4 1 3
/idx:x—fz+2Arctanx+C.
2 +1 3

12. Putting u = 22, the integrand becomes
1

=_. - = .S

(u+1)(u+4) 3 u+l 3u+4 ©
/d—x _ 1/ du _l/ﬂ
(2 +1)(22+4) 3 ) 2241 3 ) 22+4

1 1
= gArctanz—gArctang+C’.
13. Put

1 _A B C D

22(z —1)(z +2) E+x2+x—1+x+2'
The we have
1= Ax(z —1)(z +2) + Bz — 1)(z 4+ 2) + Cx*(z + 2) + Dz*(z — 1).

Setting = 1, 0, —2 respectively, we have C' =1/3, B = —1/2 and D = —1/12. Comparing coefficients of
23 on both sides, we have 0 = A+ C + D, or A+ % — 1—12 = 0 and hence A = —i. Thus

/ dx __l/dj_l d£+1/d$ _ L[

22 —1)(z+2) 4) = 2) 22 3)z-1 12 ) z+2
1 11 1

= —-1 — 4 -lnjz—1]- =1 2 .
4n\x|—|—2m—|—3n\x | 1 nlx+2+C

14. Put
20+ 1 A B C D Ex+ F
=—+ + + + .
z(x—2)(x—1)(x+1)(22+1) 2 z—-2 zxz—-1 zx+4+1 2241
Using the method of “covering” described in this section, we get A =1/2, B=11/10,C = —-1/2and D = 0.
By using the “plug-in method” described in the present section we have E = —% and F = %. Thus the

partial fraction decomposition for the integrand is

1 11 1 1 1 x 3 1
.7_|_7
T

1
10 2-2 2 z-1 10 22+1 10 22+ 1

1
2
Thus the required integral is

1 11 1 1 3
§ln|x|+ﬁln\m—2|—§1n|x—1|—%ln(xQ—l—l)—Fl—OArctanx—l—C.
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15. Putting

2 A, B C  DitE
vz —1)222+1) 2z x-1 (z—-1)2 2241

we have
2=A(r—1)%(2® + 1) + Bz(x — 1)(2* + 1) + Cz(2® + 1) + (Dz + E)x(z — 1)*.

Setting x = 0, we obtain A = 2. Setting « = 1, we get C' = 1. Next we set x = 2. This gives us an identity
relating the unknowns from A to E. Substituting A = 2 and C = 1 in this identity and then simplifying, we
get a relation

5B+2D+E=-9

between B, D and E. Setting x = 3 will give us another such a relation:
5B+3D+ E = -9.

From these two relations we can deduce that D = 0 and 5B 4+ F = —9. Finally, setting x = —1 will give us
yet another relation among B, D and E:

B+D—-FE=-3.

Now it is not hard to solve for B and E: B = —2, E = 1. (Remark: if you are familiar with complex
numbers, you can find D and E efficiently by setting x = i to arrive at 2 = (Di + E)i(i — 1)2, which gives
Di+ FE =1 and hence D =0 and E = 1, in view of the fact that D and E are real numbers.) We conclude

2 2 1 1

z(zr—1)2@2+1) = m—1+(x—1)2+x2+1'

So the required integral is equal to

2 dx 1
=21 —21 — 1| — —— + Arct .
/x(m—l)z(a:Q—Fl) n |z nlx —1| x—1+ rctan « 4+ C
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7.5 Exercise Set 35 (page 373)

1. Let u = cos 3z so that du = —3sin 3z dx and sin? 3z = 1 — u2.

/sin3 3z dr = /sin2 3x - sin 3z dx

u U,S
Ja-w) 1mau= -5+ 5 +c

_ _cos3a: n cos® 3z LC
B 3 9 '

2. Let u = sin(2x — 1) so that du = 2cos(2x — 1) dz and cos?(2z — 1) = 1 — u>.

/cosg(Qx —1)dx = /6082(2x —1)-cos(2z — 1) dzx

3
/(1—u2)-%duzg—uf+0

2 6
_ sin(Q:; -1 sin3(26x -1) Lc

3. Let uw=sinz so that du = cosz dx. Noticethatsz:uanndm:%:>u:1. Thus

/2 1 B ud
/ sin? z cos® z dx = / u?(1 — u?)du = ( _ >
0 0 3 5

4. Let u = cos(z — 2). Then du = —sin(x — 2) dz and

1

o 15
TR
/cos2(a: —2)sin®(z —2) dz = /u2(1 —u?)(—du) = - + = +C

5. Let uw=sinz. Then du=cosz dr. Also,x=7n/2=u=1landz=nm=u=0. So

T 0 u4
/ sin® x cosx dx = / wdu=—
/2 1 4

The negative value in the answer is acceptable because cos x is negative when 7/2 < z < 7.

6. Set u = x2. Then du = 2z dx. So
1 1
/Z‘SiHQ(l‘Q)COSQ(JZQ) de = i/SiHQUCOSQU du = g/sin2 2u du

1 1 — cos4u U sin 4u
= 8/<2> =15 e €

22 sin(42?)

0
1 4

% a ¢
7. We use the “double angle” formulae several times:
1 1
/sin4 zeostz de = — /sin4 2 do = — /sin2 2z sin? 2z dx
16 16
1 1 —cosdaz)?
- 5/ (FFF) @
1 2
= — [ (1 —2cosdx + cos”4z) dx
64
1 1 sin da + 1 1+ cos8x d
= —xr— —sin — ) —
647 128 M T 64 2 .
3 1 1
= —x— ——sin4 i .
128x 1285111 x—|—1024sm8x+0

27



The ABC’s of Calculus, Volume 1 2026 Solutions Manual

8. Let u = sinz. Then du = cosx dx and cos?z =1 — u2. So

1 2 1
/sin4accos5x de = /u4(1 —u?)? du = gu‘r’ - ?u7 + §u9 +C

2 1
= gsin‘:’x—?sin%:—i— §SiD9$+C.

9. Use the “double angle formula” twice:

/ cos 2z dx

2
1 4
()

1
= Z/(1—1—20054304—005243:) dx

r sindx n 1/1+C088£C p
= 7 - | ——F—— ax
4 8 4 2
3z sindw +sin8m+c
-8 8 64 '
10. Let v = sinz. Then du = cosz dz and cos?z = 1 — u2. So
6 8 6 .. 8
/Sinsxcos3x dx:/u‘r’(lqu)du: %f%JrC: SH% r_ sm8 x+C’.

11. Set u = cosz. Then du = —sinz dz and sin?z =1 —u2. So

/sinsxcos41: dx = /sin4o:cos4:1: ssinzx dx = /(1 —u?)?ut (—du)

/(7u4 +2u® — ) du

1 2 1
= _gus + ?U’? — §u9+c
1 2 1
= —gcos5w+?cos7m—§cosgx+0.

12. We use the “double angle formula” several times.

1—cos2z\?
/sinﬁxdx = /<02%x> dx

1
= 7/(1 — 3cos 2z + 3 cos? 2z — cos® 2z) dx

8
f—isin2x+§/7l+0084x dr —
8 16 8 2

1 d (sin2x
- 1 —sin22x) - —
8/( sin” 2z) dx( 5 ) dx

5 1 . 1 .4 3 .
= 1—6x—151n2:v+4—8sm 2x+6—4$1n43§+C.

13. Let u = sinx. Then du = cosx dx and cos® z = (1 — sin? z)® = (1 — u?)?. So

/008796 de = /(1—112)3 duz/(1—3u2+3u4—u6) du
1
= u—u3+§u5—?u7+0

3 1
= sinx—singa:—&-gsinsm—?sin7x—|—C’.
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7.5.1 [Exercise Set 36 (page 382)

1.

2.

10.

11.

12.

13.

14.

15.

7.6

|
. / dr = Arctan =
0

—In|cosz|+ C =In|secz|+C. Let u=cosz, du= —sinz dz.

1
3 tan(3z + 1) + C. Let u =3z + 1.

secx + C since this function’s derivative is secx tanz.

t 2
ar; ° +C. Let u = tanz, du = sec?® x du.
tan® )
3 + C. Let u = tanz, du = sec” z dx.
tan® x 9
5 + C. Let u = tanx, du = sec® z dzx.
sec®
—secx + C. Case m,n both ODD. Use (8.59) then let © = secx, du =secx tanx dx.

tan® x n tan”
D iy
in the remaining.

+C. Case m,n both EVEN. Solve for one copy of sec? z then let v = tanx, du = sec? z dz,

SQC5 T S€C3 T

3 3 + C. Case m,n both ODD. Factor out one copy of secx tanz, use (8.59), then let

u =secx, du =secx tanz dr in the remaining.

sec” 2 sec®2r  secd 2z

VI + 5 + C. Let u = 2z and use Example 364.
tan® 22 . .
1 + C. Let u = 2z, du = 2 dzx, and use Exercise 6, above or, more directly, let v = tan 2z, dv =
2sec? 2z du.
tan? x 9 . . . : :
+1In|cosx|. Solve for tan® z in (8.59), break up the integral into two parts, use the result in Exercise 1

for the first integral, and let © = tan x in the second integral.

1 ) 5
—sec®z tanx + — sec’ z tanx + 6 (secx tanz + In|secz + tanz|). Use Example 362 with k& = 7, and
then apply Example 365.

See Example 358.

1 1
1 sec®r tanz — 3 (secz tanz +In|secx + tanz|). The case where m is ODD and n is EVEN. Solve for

tan? z and use Example 362 with k& = 5 along with Example 357.

Exercise Set 37 (page 387)

1

1+ a2 0 4
2 dx 2 dx
_ _ — 2 Arct —1+cC.
/$2_2$+2 /(x—1)2+1 rctan (x — 1) + C
dx 1 x—1
= [ — & A .
/(x—1)2+4 ghrctan 5=+ C

. There is no need to complete a square:

=% - Je e
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1 1 1
/2(1:3_:1:1) du

1 1
§1n|x—3|—§1n\x—1|+0.

5. We need to complete the square in the denominator of the integrand:
/ 4 / 4 dx
———dzx = —_
422 + 42+ 5 2z +1)2+4

= /%zArctan(m—i—l)—i—C.
(x— ) +1 2

1
2
6. The minus sign in front of 22 should be taken out first.
/ dx _ _/ dx
4o —x2 -3 (z = 1)(z—3)
1 1
= §ln|as—1|— iln\x—3|+0.

(For the last step, see the answer to Exercise 4 above.)

7. We have
/ 1 dr — / / dx
Vax — x? V(= 4a:+4 4) 4— (x—2)2
-2
/ = Arcsm + C.
/ :c 2
8. We have
0 0
1 1
__dr = ——d
/_1 2 +dry2 @ /_1 Cr+12+1 ™
1 0
= iArctan 2z+1) =n/4
—1
-1
9. = Arcsin r—- + C.

dx dx 2 2z +1
10. —_— = = —Arctan | ——— | +C.
/x2+x+1 /(x+1/2)2+3/4 V3 ( V3 )
11. The roots of 22 + x — 1 are (—1 £ +/5)/2; (these interesting numbers are related to the so-called Golden
Ratio and the Fibonacci sequence.) We have the following partial fraction decomposition:

1 1 1 1 1
2?2 yr—1 (x_ (—1;%)) (x_ <—1§¢5>> VA <x_ EENTR (—1;@) '

dv 1 (—1++/5) (-1 —+/5)
1
12. I:/ dz = —Arcsec 22+ 1)+ C,
Qr+1)/Q@z+12—1 2

since |22 4+ 1| = 22 + 1 for > —1/2 (see Table 6.7).
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7.6.1 Exercise Set 38 (page 396)

1. Set z =2sinf. Then dx =2cosf df and V4 — x2 =2cosf. So

/\/4—x2 der = /20039-20039 d9:4/cos29 do

= 20+5sin20+C =20+ 2sinfcosf + C
= 2Arcsin (z/2) + %x\/4—x2 +C.

2. Let =3tanf. Then V22 +9 = 3secl and dr = 3sec?d df. Hence
/\/Mdm = /3se09-3sec29 d9:9/sec39 df
= g{(tan&sec@+1n|sec€+tan9|}+C’
= g x2+9+gln[ x2+9+x}+0.

(A constant from the In term is absorbed by C.)
3. Let £ =secf. Then va2 — 1 =tan6 and dx = sec - tand df. Hence

/\/xtldx = /sec9 tan® 6 do
1 1
§tan9 sect — §ln|sec9+tan9|+0
1 1
§m\/x271751n’x+\/x271‘+C.

4. Let £ — 2 =2sin6. Then dx = 2cosf df and

Vo — a2 = /= (22 — 4z +4 —4) = /4 — (z — 2)2 = 2cos .

So we have

/\/4x—z2 de = /2cos€~2cos€-d0
= 20+sin20+C
= 20+ 2sinfcosf +C

-2 -2
QSinflL—i—x Vidr — 22 + C.

2 2

5. Let = 2sinu. Then dz = 2cosu du and (4 — 2%)'/? = 2cosu. Thus

dz 2cosu du 1 9
/(4—x2)3/2 - /230053u :1/8% u du
_ ltanu—&-C:l.Sinu-q- 1= Lc
4 4 cosu 4 /4 — x2

6. Let = 3sinu. Then dz = 3cosu du and (9 — 22)Y/? = 3cosu. Thus

z? dx 32sin®u - 3cosu du 0
GowE = ) e et
= /(SeCQu—l)du:tanu—u+C:Smu_u_|_c
cosu
T

= ———— — Arcsin g + C.

V9 — 22
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7. Let & =2secf. Then vz? —4 =2tan6 and dx = 2secf tan df. Also notice that cos = 1/sect = 2/x.

dxr B /QSeCHotanﬁ do
22/x2 —4 4sec?f-2tanf

= i/cosﬁdﬂz%sinﬁ—i—C:ivl—cos?G—l—C

2
- i‘/“(?/x)”C:%*a

8. Let 2z — 1 =tanf. Then 2 dz = sec? 6 df and

V422 — 4z +2= /22— 12+ 1= Vtan20 + 1 = sec.

Therefore we have

1
/\/4x2—4x+2dx=§/sec39d9

= i(tan@ secl + In|secd + tanf|) + C

1 1
= J2r-1) 4562—43:—|—2—|—11n‘23:—1+\/4x2—4x—|—2’—|—C'.

9. Let £ = 3tan#. Then 9+ 22 = 9sec? 0§ and dzx = 3sec? 6 df. So
dz 3sec? 6 df 1 9
/(9+:172)2 / 81sectd 27/COS
1 /0 sin260
%7 <2+4> o

1 (1 x 1 . T
= 37 {2Arctan 3 + 1 sin (2Arctan 3)} +C.

Note. It is possible to simplify the expression for sin(2 Arctan x/3) = sin 26:

in 0
sin20 = 2sin¢900$0:28m ccos2f =2tanf - ———
cos 0 sec2 0
2 tan 2-2/3 6x

1+tan?0 1+ (2/3)2  9+a2

10. The easiest way to solve this exercise is to use the substitution u = /4 — z2. (This is highly nontrivial! At
first sight one would try the trigonometric substitution x = 2sin . This method works, but the computation

involved is rather tedious and lengthy.) Then wu? = 4 — 22 and hence 2u du = —2x dw, which gives
u du = —x dzx. Now

dr  zdr —udu udu

22 4—u? ur-4
and hence

V4 — a2 4
/796 de = /u Zdu :/<1—|— 5 )du
T u? —4 us —4

()
- u—2 u+2 v

= u+hnju—2|—nju+2/+C
= u+(In)2—ul+In|2+ul)—2In2+u|+C
= u+lnl4—v?—2Infu+2/+C

= V4—22+2Injz|-2In|2+V4—22|+C.
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11. Let 2 = 5tan@. Then we have dz = 5sec?  df, (2 + 25)'/2 = 5secd and (22 + 25)%/2 = 53 sec® . Hence

/ dx - /5se(329 df
(x2 425)3/2 53 sec3 0
= % cos 6 db
1 1 T
= —sinf+C=————+0C.
o5 SO O = o e

12. Let £ = 2sinf. Then v4 — 22 = 2cos and dx = 2cos 8 df. So

A — 2 .
/u der = / 2?020 -2cosf db
2 4sin” 0

/cot2 0 do

= /(0562971) df = —coth —0+C

/4 — 72
B Sl — Arcsin g—l—C.

X

13. Let z = asinf. Then dxr = acosf df and hence
/ T B / acosf db
w4a? — 22 atsin* 6 - acosf
do
= a*4/ — :a*4/csc49 df
sin* 6

= a ! / (esc? 0 4 csc? O cot? 0) db

3
= g <—cot0— CO; 9) +C,

1 2 ,2\1/2 1 2 ,.2\3/2
I (et 0 W S Catl ) Y
at T 3a? 3

14. Let z = asech. Then dx = asecf tand and hence

/ dx B / asec tan 6 db
A2 — a2 a*sectf - atanf
1

1
= 4 cos’ F)d@fg (1 —sin®#) cos# df

o
1 2 2\1/2 2 3/2
L) 1@ e
at x 3 3

Notice that

x? ’
for x > 0.
15. We have
7 = / Va2 4+ 2z —
r+1

=S
z+1
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where u = x + 1. Use the tricky substitution similar to the one in Exercise 8 above: v = vu? —4 =
Vz2 + 22 — 3. Then v? =u? —4 and hence 2vdv = 2udu, or vdv = udu. Thus

d7u udu vdv

T el
Now we can complete our evaluation as follows:
v2dv 4
I = —— = 1-— d
/ v2+4 / ( v2 + 4> v

= v — 2Arctan ngC’

Ny
= Vz2+2x -3 —2Arctan erC.

2

16. Let u=2%+2x+5. Then du = (22 + 2)dz and hence

(2z+1)de /(2x+2—1)dm
Va2 +2x+5 vVzZ+2x+5
du

= — —I=2u—-I=2yx24+22+5—1,
u

where

I*/ dx :/ dzx
V212 +5 ) Jx+1)2+4
Let £+ 1=2tand. Then dz = 2sec?6 df and vz2 + 22 + 5 = 2secd. So

2 sec?
7 = /M:/se09d9:1n|tan9+se09|+0
2sect

ln‘x—|—1+\/x2+2x+5‘+0,

where a factor of % inside the logarithm symbol is absorbed by the integral constant C. Thus our final

answer is 9 D d
(2z+1)dz _, 25— Info+14+Va2 42045 +C,
2 4+2x+5

-
\]

Exercise Set 39 (page 411)

. Yes, x = 0 is an infinite discontinuity.

. No, the integrand is continuous on [—1, 1].

. Yes, x = 0 is an infinite discontinuity.

. Yes, x = 1 is an infinite discontinuity (and oo is an upper limit).

. Yes, x = —1 is an infinite discontinuity.

. No, the integrand is continuous on [—1, 1].

. Yes, x = —m, 7 are each infinite discontinuities of the cosecant function.

. Yes, oo are the limits of integration.

© o N O Ut e W N =

. Yes, x = 0 gives an indeterminate form of the type 0 - co in the integrand.

—
o

. Yes, oo are the limits of integration.

T
—2
11. 2. This is because lim 27 de = lim < + 2> =2.
T—oo Jg T—oo \ /T
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12.

13.

14.

15.

16.

17.

18.

19.

T
+00. This is because lim 712 dr = lim (2T1/2 — 2\/5) = +00.

T—oo Jo T—o00
1 [?d 1 2 1 1

+oo. Note that lim — o lim (=In |z] = lim (-In2—-InT | = —(—00) = +o0.

T—0+ 2 Jp x  T—0+t \2 r  T—-0t \2 2
2. Use Integration by Parts (with the Table Method) and L’Hospital’s Rule twice.

T 2
T+ 2T +2
This gives lim 22 e dr = lim (2 — +T+> =
T—oo Jo T—o0 e

0. Use the substitution v = 1 + 22, du = 2z dz to find an antiderivative and note that

< 9y 0 2 < 92
= dr = | — = da.
/m (1+22)? v /m (1+22)2 IJr/o (1+22)? !

0 T
2 2
= lim g + lim = dz,
T——co Jp (14 22)2 T—oo Jo (14 22)?
1 0 1 r
= lim |- + lim (—— =—-1404+0—-(-1)=0.
T——o00 1 +£L’2 T T—o0 1 +£L’2 0
—1. Note that the infinite discontinuity is at £ = —1 only. Now, use the substitution u = 1 — 22, —%“ =z dx.

Then
=—-1-0=-1.

0 0
€T
I — i _ _ T2
/,1\/17 o=, (VT

Diverges (or does not exist). There is one infinite discontinuity at = 1. First, use partial fractions here to
ﬁn(% that

1 1 1 1

2-1 2 z2-1 2 z+1
Next, using the definitions, we see that

2 1 2
1 1 1
/ 5 da::/ 5 der/ 5 dr =
O.'L' 1 0.’1] 1 1 X 1

T 2 1 1 T
= lim 5 dz + lim 5 dr= lim |(-lnjz—1]—=lnjz+ 1 +
T—1- Jg = —1 T—1+ Jp 2% —1 T—1- \ 2 2 0
1 1 2
+ lim (=Injz—1]— zInjz+ 1] =
T—1+ \ 2 2 T
T 2
1 -1 1 -1
= lim (=In r—- 4+ lim (=In r—- =,
T—>1-\2 |z+1|/|, 7T-1t\2 |z+1|/|p
1 T-1 1 1 1 1 T-1
= li ~In|=——|—=In|-1 li —In|z|—=hh|=——|] == (~0—0)+ (=2 In3—(~0) =
e C Rt I Rty Bt M G D‘T+1> (-o0=0)+ (=3 In3—(=0)

oo — 00, and so the limit does not exist.
So, the improper integral diverges.

—00. See the (previous) Exercise 17 above for more details. In this case the discontinuity, z = 1, is at an
end-point. Thus, using partial fractions as before, we find that

S | S | S |
/ 72d:c: lim dr = — lim —— dxr =
11—z T—1+ Jp 1 —2? To1+ Jp 22 —1

2
1 -1 1
=— lim (-In|Z =—|—-In3—(—0) | =—o0.
T-1+\2 |z+1|/ |; 2
%. Use Integration by Parts and the Sandwich Theorem to find that
oo T T
1
/ e”? sinx dr = lim e ¥ sinx dr = lim — (—e_”” cosx — e Usin x)
0 T—oo Jg T—o0
oy 1 cosT sinT 1 1
T b \2 eT eT 2)) 2

Recall that the Sandwich Theorem tells us that, in this case,

0< lim
T— 00

cosT
e
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and so the required limit is also 0. A similar argument applies to the other limit.

20. 4o0. The infinite discontinuity is a x = 1. Use the substitution v = Inz, du = df. Then

2 2 2
d d
/ Y — lim / Y — lim In(Inx))
1 rlnz 11+ Jp zlnx  T-o1+

= T].Llrll+ (In(In2) —In(InT)) = —(—00) = +00.

T

10 !
21. - The integrand is the same as /
-1

1 1 0
10
in the second term only. So, / (332/5 + m_3/5) dx :/ /5 dx +/ 730 dx = - +/ 3% do +
-1

-1 —1 -1

1 T 1 2/5 2/5

1 1 T T

/ 273 dx = —0+ lim 273/% dz+ lim 3% dy = —0+ lim > -3 + lim 5.5 =
0 7T T—0- J_4 T—0+ Jr 7 T—0- 2 2) T—o+t \ 2 2

10 5 5 10

<z2/5 + x73/5) dz and so the infinite discontinuity (at x = 0) is

1

7 2t
1

22. Diverges. The integrand is the same as /

(a:_Q/?’ + x_5/3> dx and so the discontinuity is present in both
-1

1
terms. Thus,/ (x_2/3+x_5/3> dx =
-1

= /01 (x*Q/?’ + 1:75/3) dzx + /01 (x72/3 —|—1:75/3> dx

T 1

= lim (96_2/3 + :v_5/3) dr + lim ($_2/3 + x_5/3) dx
T—0— 1 T—0+ T

3 r 3 L

= lim <3x1/3 - x2/3> + lim <3x1/3 - x2/3>
T—0- 2 1 T—0+ 2

3 3 3
= 1 Tl/g—*T72/3 | _a_ = I
T50- <3 2 o) TP

= lim <3T1/3 — ‘;’T2/3) =

T—0t+

T

—00 4+ 64 00 = 00 — 00,
and so the improper integral diverges.

oS} 0 o8]
23. 2. Simply rewrite this integral as / el dg = / e’ dx—l—/ e™® dx, since for z < 0 we have |z| = —x
—00 —oo 0

while for > 0 we have || = x. The integrals are straightforward and so are omitted.

> d > d Td
24. Converges for p > 1 only. Let v = Inz, du = 9€. Then / T / X lim / o
* 2 I(lnx)p In2 up T—=00 Jin2 uP
ut=r|" TP\  (In2)'-P
lim = lim — =
T—oo 1—plo, T—oo \1—-p 1-p
(In2)t-» 1

— = , only for p > 1. The case p = 1 is treted as in Exercise 20, above,
l—p (p—1) (In2)p~1
while the case p < 1 leads to an integral which converges to +oo.

25. No, this is impossible. There is no real number p such the stated integral converges to a finite number.
Basically, this is because the integrand has a “bad" discontinuity at z = 0 whenever p < 1 and another
discontinuity at x = oo whenever p > 1. The argument is based on a case-by-case analysis and runs like this:

o T TPt! 1
If p+1>0, then/ P dr = lim 2P dr = lim - —

T—oo Jo T—o0
1
o0 o0 1 Tr+1 Tp+1 1
p+1<0,then/ xpdx:/xpdx+/ ?*der=1lm (— - —— )4+ 1lim (———|=
0 0 1 7—0+ \p+1 p+1 T—oo \p+1 p+1
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26.

27.
28.
29.
30.

7.8

1 1
= (ZﬁLl — oo) + <O - p+1) = —o0. Finally, if p = 1 the integrand reduces to x, by itself and it converges

to +00. Thus, we have shown that for any value of p the improper integral cannot converge to a finite value.

g . L Use the method outlined in Exercise 19, above.
Vo 442

No, the integral must converge to +o0o. Follow the hints.
Follow the hints.
Follow the hints.

L = \/m. Simpson’s Rule with n = 22 gives us the value 1.7725 as an estimate for the value of this integral
over the interval [—5, 5]. Its square is about 3.1416, which is close to /.

Exercise Set 40 (page 420)

. Vertical slice area = (0 — (22 — 1)) dz = (1 — 2?) dx.
. Horizontal slice area /y + 1 dy.

Vertical slice area = ((2? + bz + 6) — (€2¥)) dz = (2% + 5z + 6 — €2®) dz. Note that €2 is smaller than
22 4+ 52 + 6 on this interval. See the figure in the margin, on the left.

Sketch the region bounded by these curves. You should get a region like the one below:

Now, using Newton’s Method with zg = 1.5 as an initial estimate, n = 3, and f(z) = 22 + 5x + 6 — €27,
we obtain the approximate value of the zero of f as 1.3358. The common value of these curves at this point
is given by €2(1:3358) ~ 14.46. This represents the point of intersection of the curves 22 + 5z + 6 and €2*, in
the interval [0, 2]. Beyond x = 2 we see that these curves get further apart so they cannot intersect once
again. Since we are dealing with horizontal slices we need to write down the inverse function of each of
these functions. For example, the inverse function of y = 2% + 5x + 6 is given by solving for z in terms of y
using the quadratic formula. This gives

54+ I+dy
r= ——"1.
2

Since = > 0 here, we must choose the +-sign. On the other hand, the inverse function of the function whose
values are y = 2% is simply given by x = (Iny)/2. So, the area of a typical horizontal slice in the darker

region above is given by
Iny —-5+1+4y
— -] dy,
2 2
and this formula is valid provided 6 < y < 14.46.

If the horizontal slice is in the lighter area above, then its area is given by

Iny _ (Iny
(58-0) = (51)

and this formula is valid whenever 0 < y < 6.

As a check, note that both slice formulae agree when y = 6.
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5. The horizontal line y = 5 intersects with the graph of y = €2* at the point P = (%, 5), approxmately
(0.8047,5). Draw a vertical line through P. The area of a typical vertical slice on the left of this line is

(2% + 52 +6) — 5) dor = (2® + 5z + 1) du.

On the right of this line we have
(2 + 52+ 6 — %) dx

instead.

7.8.1 Exercise Set 41 (page 430)

1
1. Area:/ (1—2?) dr =

—1

4
3
2 23
2. Area = / (4 —2?) do = (4:5 - 3)

32

, s
3. Area:/l(m2+5x+6—62x)d:p: (563)4—59624—635—623:) 1:§—é
3 2 2 ), 3 2

0
~ 5.63881.

1.3358
4. Area = / (2 4+ 52 4 6 — €**) dx ~ 6.539.
0

1
=1

1
5. Area = / yeVdy = (ye¥ —e¥)
0 0

6. m2 — 4. This curve lies above the x—axis because sinz > 0 for 0 < z < 7. It follows that z2sinz > 0 for
0 < x <, and so the area is given by the definite integral

T
Area = / z?sinz do = 72 — 4,
0
where the Table method of Integration by Parts is used to evaluate it. In particular, we note that an

antiderivative is given by

€T
/ t2sint dt = —x% cosz + 2z sinz + 2 cos z.

3 s

COS™ X

3

2

v
7. Area = / cos? zsinx do = — .
0 0 93

8. Using the Table method of Integration by Parts (since this is a three-row problem), we find
/sinSx -cosbx dr = IEG sin 5z - sin 3z + % cos 3z - cos b + C.
Alternatively, this integral can be computed as follows:
/sin?)x - cosbr dr = / %(Sin&r —sin2z) dx = —% cos 8x + icosQw +C.

(Don’t be fooled by its different look! This is the same answer as the above.) Notice that, for z in the
interval [7/10,37/10], 3z is in [37/10,97/10] and hence sin 3z is positive. However, for the same range of =,
5z is in [r/2, 37 /2] and hence cos 3z is negative or zero. Hence the area of the region is the absolute value of

37/10

37/10 5 3
/ sin3z - cosbx der = ( sin 5z - sin 3x + — cos 3x - cos 535)

x/10
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5 9 3 5v5
= ——|sin— in—m|=—-——~-0.35.

6 (sm 107 + sin 107r> 3
Here we use the facts that cos§ = 0, cos 37” = 0, sing = 1 and sin 37” = —1. It turns out that
sin 1—907r + sin %7‘(‘ = %, which is very hard to prove!
9

9. 5 Refer to the graph below:

The points of intersection of these two graphs are given by setting y = —x into the expression = + y? = 2
and solving for . This gives the two points, £ = 1 and x = —2. Note that if we use vertical slices we will
need two integrals. Solving for x in terms of y gives x = —y and = = 2 — y? and the limits of integration are

then y = —1 and y = 2. The coordinates of the endpoints of a typical horizontal slice are given by (—y,y)
and (2 — y2,y). So, the corresponding integral is given by

2 9
Area:/ (2—y2+y)dy=§.
1

10. The required area is

> 76

3

-2

/_22(312—(1/—5)) dy = <y;—y;+5y>

11. 4 units. Note the symmetry: Since, f is an even function, (see Chapter 5), its graph over the interval
[—7, 7] is symmetric with respect to the y—axis and so, since f is “V”-shaped and positive, the area is given
by

Area = 2 x (area to the right of = =0),
and this gives

Area = 2/ (sinz) dx = 4 units.
0

12. 41/2. The graph on the right represents the two curves over the interval (5 %”}:

Using the symmetry in the graph we see that

5771’
Area = 2/ (sinz — cosz) dx = 4v/2,

4

5 \/5 Y \/§

since cos — = ———, sin — = ———.
4 2’ 4 2

7.9 Exercise Set 42 (page 446)
1. Using a vertical slice: fol mx? d;
using a horizontal slice fol(l —y) - 2wy dy.
2. Using a vertical slice: fol (v — 2?) - 272 du;

using a horizontal slice: fol m(y —y?) dy.
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3. Using a vertical slice: fol 31 22 dx; (we do not use horizontal slices because this method is too complicated
for the present problem.)

4. Using a vertical slice: f02 2z - 2mx dx;
using a horizontal slice: fol (22 — (y/2)?) dy.

5. Using a vertical slice: fol (2z —x) - 27w dz = fol 2ra? du.

Using a horizontal slice:

3 12 2 y2
— d 1—=— dy.
4/02/ y‘*‘/lﬂ 4 Y

6. m/3; w/6; 8m; %77; %7‘(‘.
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7.10 Exercise Set 43 (page 457)

1.

2.

10.

2
2. Since 3y’ = 0, it follows that L = / V1de = 2.
0
4
44/2. Since y' = 1, it follows that L = / VI+1dr =4v2.
0
1
21/5. Here 4/ = 2, and so L = / V144 de =2V5.
-1

2
2v/2. Now 2/(y) = 1. SO,L:/ V2 dy = 3v/2.
0

1
. 3V/2. This is the same as y = x + 3, so ¢’ = 1, and it follows that L = / V2 dx = 3v2.
-2

8

52

E.Nowy’(x):ﬁandso (if we set w =14z, du = dx) WeseethatL:/ Vit da::?.
0

1 1 !
5\/54— 1 In (\/5 + 2). In this case, L = / V14 422 dz. Use the substitution 22 = tan 6, 2 dx = sec?6 db,
0

and the usual identity to obtain an
e 1 3 . 1 3
antiderivative in the form 3 sec” 6 df. Now, see Example 357 for this integral. We have, 3 sec® 0 df =

1 1
Z(tan&secé)+1n|sect9+tan0|). But tané = 2z, and so secf = v/1 + 4a2. Thus, L:/ V1+4x? dx =
0

1

1 1
1 (2:10\/1 +422 +In|V/1+ 422 + 2ac|> 1 (2\/5 +1n(2+ \/5)), and the rest follows.

0
1 2
vV 65—|—§ In (8 + Vv 65). Use the method of Example 7 above. The arc length is given by L = / Vv 1+ 1622 dx.
0

1
Now use the substitution 42 = tan, 4 dz = sec?d df, and an antiderivative will look like 1 /SeC3 0 db.

Finally, we see that

2
L:/ V141622 do =
0

result follows.

1

2
(495\/1 + 1622 + In|V/1 + 1622 + 4x\) =3 (8\/%4r In(8 + \/65)), and the
0

1
8

1 1 !
5\/ 17+ 3 In(4 + V/17). See Exercise 8, above. We know that L = / V' 1+ 1622 dx. Use the substitution
0

4 =tané, 4 dx = sec?d df, and the usual identity to obtain an antiderivative in the form

1
1 / sec® @ df. Reverting back to the original variables, we get,

1 1
1 1 1
L= / VI+160% do = (4x\/1 11622 4+ In|V/1 + 1622 + 4:c|) - g'(4\/17+ In(4 + \/17)) = SVIT+
0 0
1
g In(d+ V7).
181 e 6 1 1\ (4 1)\
9 . Note that 1+ y'(x) 1+(x 2+16x6 =lz +4x3 .

3
1
It follows that the expression for the arc length is given by L = / (CC3 + 43) dzx, giving the stated result.
1 Xr
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2m
11. 4m. Here, 2/(t) = —2sint, y'(t) = 2cost so that the length of the arc is given by L = V4sin?t 4+ 4cos?t dt =

0
27
Va-1dt =227 =4m.
0

2m
12. 27. Now, 2/(t) = —sint, y'(t) = — cost so that the length of the arc is given by L = Vsin?t + cos?t dt =
0

27
Vidt=1-2r = 2m.
0

1
13. v/2. In this example, 2/(t) = 1, 3'(t) = —1 so that the length of the arc is given by L = / V14+1dt=
0

/le/idt:

14. 3. Use the Fundamental Theorem of Calculus to show that ¢/(z) = /22 — 1. Then, + (v'(x))? =
2
Va2 =g. So7L:/ xdm:g.
1

15. /2. Once again, use the Fundamental Theorem of Calculus to show

that 3/ (2) = V/cos 2. Then, /1 + ( )2 = /1 + cos 2z = V2cos? z, by a trig. identity (which one?). So,
/2 Tr/2
/ V2cos?x dm—\[/ cosxdx—\f
0

16. 10.602. See Example 448 except that we solve for z in terms of y > 0 (because the given interval is a
y—interval). The length L is then given by doubling the basic integral over half the curve, that is,

/,/ 1_y dy ~ / 1_ 7 dy ~ 53010
0.99

17. 3.3428. The length L is given by an integral of the form L =

/4md
1 X

We use a trigonometric substitution z = tanf, dx = sec?d df. Then, v1+ 22 = sec and an an-
tiderivative is given by

sec®d sect 9 sec @
/tan9 dei/tan@ (1 + tan”6) dei/tanG d0+/sec9 tan6 df =

/CSCG df + sec = In|csc — cot 6] + secd.

sec@ V14 2?2 1
Since x = tan@ it follows that cscf = 7= + , cotd = —. So an antiderivative is given by
an x x

T

/\/1+x2 iz = In ‘\/1—1—962 1
x

:(m \/ﬁ—l‘-l-\/ﬁ)—(ln

4 4
18. In(1 + v/2) ~ 0.8813. Here, ¢/ (z) = tan and so /1 4 ¢/(z)* = /1 + tan® z = V/sec? z = sec z. So, the arc

length is given by

v1+a® 2 V1 21
‘-1—\/1 + z2. Finally, we see that L = / R ( ‘ Rk ' +v1 +x2>

ﬁ

ﬁ_l\wz) VIT V3 +1n

—In ‘\/5—1‘~33428

/4

=In(v2+1) —In(140) = In(1 + v2).

w/4
/ secx dx = In|secx + tan x|
0

0
1
19. 35— 11In(v/5 — 2). See Exercise 7, above for the evaluation of the integral. Note that ~1 In(v5—2) =
1
i In(v5 + 2).
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20. Follow the hints.

7.11 Exercise Set 44 (page 470)

1. 3.75. Set m; at 1 = 0 and ms at 29 = 5. Then 7 = Tafitmazs — 3 75

mi+ma

2. 1.33. Set mq at z1 =0, mo at o = 1 and m3 at x3 = 2. Then T = 1.33.

— 5 1 Mg - Zmiyi
. (TYy)=(-—7=,2)- N h =
3. (Z.Y) <12,3) ote that T Zmz and g S,

4.-0+5-1 5 4-140 1
are the coordinates of m;. In this case, T = 20401 T Similarly, 7§ = 17; =3 Note

that even though the system of masses is at the vertices of an isosceles triangle, the center of mas is not
along the bisector of the right-angle (which is the line of symmetry). This doesn’t contradict the Symmetry
Principle since the masses are not all the same!

4. (z.y) = <1, \gg) As before, T = szmixi and 7§ = Zzzmiyi where (z;, ;)
m; m;

0+6+3 0+0+3
are the coordinates of m;. Here, T = Elsl sk g 1. Similarly, v = 0+ \[ £ In this exer-

where (z;,y;)

cise the masses are all the same and the triangle is equilateral, so (by the Symmetry Principle) the center of
mass must lie along the line of symmetry (which it does), that is, it must lie on the line = 1 which bisects
the base of the triangle.

R%5

4
5. (0, 3R> . The total mass m = — since we are dealing with one-half the area of a circle and § is constant.
™

R
This use of geometry saves us from actually calculating the mass integral which looks like / vV R2— 22§ du.
-R

R R
Next, the moment about the y—axis is given by M, = / Tslice 0 dA =6 / vV R?2 — 22 dx. Now, let © =
-R -R
Rcosf, etc. But even simpler is the remark that the integrand, z+/R% — x2, is an odd functwn defined over
a symmetric interval and so its integral must be zero. Either way, this gives M, = § / 2V R2—22dx =0

and so T = 0, i.e., the center of mass lies along the axis of symmetry (which is the y—axis, since ¢ is constant).

. . R st § 4R
Similarly we find the moment about the x—axis, M, = Ustice 0 A = 3 (R? —2?) do = 33
-R -R

2R36 M, 2R3 2 4
r . It follows that the y—coordinate, 7, of the center of mass is given by § = — = 2% = —R
m 3 wR?*§ 3rm

b h
6. <2 2> Use of geometry shows us that the total mass is its area times its density, that is, m = bhd. Next,
h

b
_ -~ 1 b o _ [ 1 h _
m—/o xslweédA—% /0 mh5dw—2.Snn11arly,y—/0 yS”CG(SdA_bh(S /0 2h5d$—2.

2
7. (O, 3). The region is an inverted triangle with a vertex at the origin and opposite side equal to 2

b

units. Its total mass is its area times its density, which, in this case, is §. So, m = §. Let f(z) =1

and g(z) = 1 — |z|, over [—1,1]. Note that the region can be described by means of these two graphs.

Also, f(z) > g(x) and so we can use the formulae already derived for the center of mass. So, T =
1

1 _ 1ot 1[0 I
- Tslice 0 dA = = x(1—|z])dde = < x(14+2x)0de+ < z (1 —2x) 0 dr = 0. Next,
Jd Ja O 0 J_1 5 Jo

1t L[t 14 |z I 2
Y = — Y.1: A== 1— = — 1-— 2 = —.
7 5/_1yslmad 5/_1< y )( o) 6 do = o /_1( ) S dr =

11 1 1 1
8. (12, 3). The total mass is m = / 0(x) de = / (1—2)dx =2. Next, T = / Tolice 0 dA =
-1 -1 -1

N |
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10.

11.

12.

13.

/x(1—|x|)(1—x)dm:

—1

/_le(ux) (1-2) da:—&—% /leu—x) (1-2)de = (;)(?) :_%2.

Lot IS I 1
Similarly,y:Q/1yslice5dA:2/1( +2|I|) (1—z]) 1 —2) dmzz/ 11—z (1-2) dx:§.

N~ N~

—1

1
2
. (3, 3) The total mass, m = & / Va de = ; So,
0

58

3 3 [t 3 [t 3
T = — 78ic€6dA:7 d = — 3/2d = —
z 25/0561 2/0.%'ﬁ x 2/036 r=

Furthermore,

3 [ 3 (Mr 3 [ 3
Y 25 / Yslice 2 / 2 \/‘E €L 4 A €T ar ]
(2 3) The total mass, m =§ / — dz = 2—; So,

2 2 2 2
T:i xslmédA*i xé—dx:§/x3dx:§
8 Jo 2

2 J, 2 4
Similarly,
z? z? 3 2 3
A= R . 4 gp =5
= 2% / Ystice 0 A4 = 55 / 08 T¥ 55 o v =15

1 1
<, 77). The graph of this function is positive on [0,1]. The total mass, m = § / 2 sin(mzx) de =
0

24
1
2 (oot
m

0 m
T 1
X 45 /0 xslzceéd

1
/ x sin(rz) dx =
0
Similarly,

1 1 : 1 1
2 1-— 2
= TZ; /0 Yotice 0 dA = —i; /0 781n2(7rx) 0 2sin(rx) dax = % /o sin?(rz) dr = g /0 70028( mz) dx =

1
/ x 2sin(rx) § dx
0

l\:>.\>—A g‘g

0ol

. Note the symmetry about the line = 1/2 so that the center of mass must lie along this line.

2 2
). The total massism= [ xzde®dx=9§ / z e® dr = (e* +1)d. Next,
0 0

y
I
4
2(e2 —1) 3e* +1
14+e2 " 8(1+e2)
T

1 2, 22 -2 —
= z” e” dv = ————. Finally, one more application of
0 1 +e

Integration by Parts (or the Table Method)

1 /2 o et +1
— 5 xXr e dr = ————.
2(1+¢€2) J, 8(1 + e2)

<
I

(O 3\[1_1’_2> Since § = 2, the total mass is m = / V4 71’25dz*2/ V4 7I2dI—2f+
™

where we used the trig. substitution x = 2sin 6, etc.

The geometric area is not so easy to calculate in this case, so we return to the integral definition. Now,
because of symmetry about the line = 0 and since ¢ is constant, we must have
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14.

T =0.
Furthermore,

3 LA =2 3 1 3 29 11
y= \/4—%2261‘%:7/ 4—aNdp = —~ 22—~
Y V31 dn /_1 2 6v/3 4 4r _1( ) 6V3+4r 3 3V3+2rm

6 2
5 —5>, see the solved example. The total mass is
2 12 6
m= / (62 — 32%) 22 do = 8. Next, T = 3 / z (62 — 32?) 22 dv = 5 Similarly,
0 0

R 2
=§/O i 5 x(6x—3x2)2xda§:—g.

<

7.12 Chapter Exercises (page 472)

10.

11.

T3

1 1
.g:/wady:/Qﬂx(l—z)dx.
0 0

1 1
I:/ 7rx2do::/ 2w y(1 —y) dy.
3 0 0
- 1 1/2
—:/ 7ry2dy:/ 7 (1 —42?) da.
3 0 0
4 1 2 2
7T/47r3102dx/7r<1y> dy.
3 )y o 4
167

(you’ll need two terms if you use horizontal slices here).

16 2
o1 - / o z2 dx
0

3
3 22 4 y?
— d 4— 2| dy.
T s [ (1-0) @

1 1
8%:471' / y3/2dy:/ (1—1‘4) dx.
0

-1
2

™ 1
(LI / sin?z dx = 4w / y Arcsiny dy.
2 0 0
/2 1
2 — 21 =21 rcosx dx =m Arccos? y dy. This last integral is very hard to evaluate! Try the

0 0
substitution y = cosu, dy = —sinu du. Then use the Table method and then back-substitute. The first
intergal in x is evaluated using the Table method.

1

T
—(e*=1)=m / 22e?® dx. You can’t use horizontal slices here because it is almost impossible to solve for

4 0
x in terms of y in the expression for y = ze®. Use the Table method to evaluate the integral.

5 2
2m (1 — 2) =27 / z?e™ dx. Use the Table method to evaluate the integral.
€ 0

3T ! 4 _ ! 3/2 3
10_7r/0 (x—x)dx—27r/0 (y —y)dy.
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42231 1/3 1
= 1— (23 =3z+1)2) d / 1—2%) dz.
5670 7r/0 ( (= e )) v 1/3( x) )

7.12.1 Chapter Exercises, continued (page 472)

Please add a constant of integration, C, after every indefinite integral!

10.

11.

12.

13.

14.

. cos? z — sin? = cos 2x. Use the identity cos(A 4+ B) = cos A cos B — sin Asin B with A = B = z.

4

. cos* z — sin*z = cos 2. This is because

4

cos? z — sin?

2

x = (cos? x — sin? z)(cos? x + sin? x) = (cos? x — sin? z)(1) = cos 2.

sec! z —tan? z = sec? z+tan? z. Use the same idea as the preceding one except that now, sec? z —tan® z = 1.

V14 cosz = V2 - cos (%), if -7 <2 < m. Replace = by z/2 in the identity <222 = cos?z, and then

extract the square root. Note that whenever —7/2 < 6 < 7/2, we have cosf > 0. Consequently, if

—m < 6 <, then cosg > 0. This explains that the positive square root of cos? g is cos g.

. V1 —cosz =+2-sin (x), if 0 < < 27. Replace x by /2 in the identity % = sin® z.

2
5
V1+ cosbz = V2 - cos (;), if —m < 52 < . Replace x by 52:/2 in the identity H'C% = cos? z.

2
(2¢ — 1) dx = 2, since the function is linear (a polynomial of degree 1). In this case, the Trapezoidal

0
Rule always gives the Actual value.
4
(32% — 22 + 6) dx = 72, using Simpson’s Rule with n = 6. Once again, since the integrand is a quadratic

0
function, Simpson’s Rule is exact and always gives the Actual value.

/ (0052 x + sin? x) dz = 2w. The Trapezoidal Rule with n = 6 and the Actual value agree exactly, since

™
the integrand is equal to 1.

™
/ (cost — sin® x) dz = 0, using Simpson’s Rule with n = 6. The exact answer, obtained by direct
—T

integration, is 0, since the integrand is equal to cos2x. Note that the two values agree!

1
/ e dy ~ 1.4628, using Simpson’s Rule with n = 6. The Actual value is 1.462651746
0

2

1

/ T3 26 dx ~ 1.82860, using Simpson’s Rule with n = 4. The Actual value is ~ 1.94476. Don’t try to
1 T

work it out!

2 2
/ 1 i 7 dx ~ 1.221441, using the Trapezoidal Rule with n = 6. The exact answer obtained by direct
2 :,L,

integration is 1.23352.

2
(Inz)? dx ~ 0.10107, using Simpson’s Rule with n = 6. The Actual value is 2In* 2 —61n?2+12In2—6 ~

0.101097387.

7.12.2 Review Exercises on Integration (page 473)

15.

/\/393 T2dr==-(V3z+2) .

Nel il V)
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Let u = 3x + 2.

1 1
16. —— dx = — .
/x2—|—4x—|—4 v T+ 2

Note that 22 + 4z + 4 = (z + 2)%.
Then let u =z + 2, du = dx.

dx 1
7. /(293*3)2 T 222 -3)

Let u =2z — 3, du = 2dx, and so dz = du/2.

18 / dx _2\/a—|—bx
' Va+tbr b

Let u = a + bz, du = bdz, and dx = du/b, if b # 0.

2 _ 4/a 3 1 o
19. /(f—\/gf) dx—ax—T(\/E) +§x.

Expand the integrand and integrate term-by-term.

T dx
20. —_— = —v/a? — 22
(a2 _ 72

Let u = a? — 2%, Then du = —2xdx and x dz = —du/2.

21. /.1‘2\/333 +1dx = 2 (\/333 + 1)3.

9

Let u = 23 + 1, du = 322 dx, so that 22 dz = du/3.

(x+1) 3/, 2
22. —  dor=-(V(x2+22+2)) .
Va2 42z +2 4 ( ( )>

Let u =22 42z + 2, du = (22 + 2) dv = 2(z + 1) dz. So, (z + 1) dz = du/2.
1
23. /(x4 + 422 + 1) (2 + 22) do = E(m“ +42% +1)3
Let u = 2% + 422 + 1, du = (42 + 8z) dz = 4(2® + 2z) dx and so, (2 + 22) dr = du/4.

24. /xil/gx/x2/3— 1dz = (\/x2/3—1)3.

Let u = 2%/3 — 1. Then du = (2/3)z~'/? dz, or £~/ dx = 3 du/2.

25/ 2x dx _ 1
“ ) (322 -2)2  3(322-2)

Let u = 322 — 2, du = 6x dz and so 2z dx = du/3.

dx 1
2. = - Inl4
0 /4x—|—3 7 e+

Let uw = 4z + 3, du = 4dzx so that dz = du/4.

x dx 1

Let u = 222 — 1, du = 4x dx so that x dv = du/4.

2
28. /x du :éln’l—i—xﬂ

1423

Let u =1+ 23, du = 32% dx so that 2% dx = du/3.
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29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

/M:1n|x2+3x+2|

224+ 32 +2

Let u = 22 4+ 3z + 2, du = (2z + 3) du.
/sin(2x +4) dex = —%cos (2z + 4)

Let u =2z +4, du =2 dz, and dz = du/2.
/2(308(45(} +1)de = %sin 4z +1)

Let u =4z + 1, du =4 dz, and dz = du/4.

/\/1 —cos2z dxr = V2 cosx.

Note that % = sin? z. The result follows upon the extraction of a square root. In actuality, we are

assuming that Vsin?z = |sinz| = sin z, here (or that sinx > 0 over the region of integration).

/sinsx_2 dac——§cos 3z -2
5 3 5

Letu:%, du:%.Thendw:%

U
5
9 1 sin ax
rcosaxr” dr = —

2

2 a

Assume a # 0. Let u = azx?, du = 2ax dz, so that z dx = du/2a.
1
/Jcsim(gzr2 +1)de = —5 cos (®+1)
Let u = 22 + 1, du = 22 dz. Then z dx = du/2.
0 1
/sec2 3 df = 2tan 59

Let u = 60/2, du = df/2. The result follows since [ sec? u du = tanu.

dé 1
/ cos230 3 tan 30

The integrand is equal to sec? 30. Now let u = 36, du = 3d6.

de 1
—5— = ——cot 20
/ sin?20 2"
The integrand is equal to csc? 2. Now let u = 26, du = 2df, and note that [ csc® u du = — cot u.

1
/xcsc2(w2) dzx = _§COt 22

Let u = 22, du = 2z dz, so that = dr = du/2. Note that f0802 u du = — cot u.

3z +4 5 3x +4
tan dx = < In|sec
5 3 )
Let u = 32 dy = 3dz /5 and so dz = 5du/3. The result follows since [ tanu du = —In|cosu| = In|secu].
d 1
/ A | sin 2|
tan2x 2

The integrand is equal to cot 2z. Let u = 2z, du = 2dx. Then, dx = du/2, and since fcotu du = In | sin ul,
the result follows.
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42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

2v/2
/\/1 + cosbx dx = T\[Sin%
Use the identity in Exercise 6, above. Since v/1 + cos bz = /2 - cos (577”) we let u = 57””, du = 5dx /2. Then
dx = 2du/5 and the conclusion follows.

/csc(x + g) cot(z + g) dx = —secx

Trigonometry tells us that sin(z + §) = cosz, and cos(xz + §) = —sinz. Thus, by definition, csc(z +

Z) cot(x + ) = —secxtanx. On the other hand, [secztanz dx = sec.

1 1
/00531‘ cosdx dr = §sinx+ ﬁsinﬁc

Use the identity cos Acos B =  (cos(4 — B) + cos(A + B)), with A = 4z, B = 3z, and integrate the terms

individually. This is also a “ three-row problem” using the Table method in Integration by Parts and so you
can use this alternate method as well.

/sec 560 tan 56 df = % sec 50

Let u = 50, du = 5df. Then df = du/5 and since f secutan u du = secu, we have the result.

Cos T 1
) dr = — N
sin® z sin x
The integrand is equal to cot xz cscxz. The result is now clear since
L — cscx

sinx

1
/x2 cos(z® + 1) do = 3 sin (z° + 1)
Let u =23 + 1, du = 322 dx. Then 22 dx = du/3 and the answer follows.

/se09 (sec@ + tanf) df = secd + tan 6

Expand the integrand and integrate it term-by-term. Use the facts
[ sec?u du = tanwu, and [secutanu du = secu

1 cos 0

(csch — cotB) csch df = cscl — cot @ = — — —
sinf  sinf
Expand the integrand and integrate it term-by-term. Use the facts
Ik csc? u du = — cot u, and [ escucotu du = — cscu. Rewrite your answer using the elementary functions
sine and cosine.

1
cos? x

/cosf4xsin(2x) dx =

Write sin 2z = 2sin z cosx and simplify the integrand. Put the cos® z-term in the denominator and then
use the substitution u = cosx,
du = —sinx dz. Then f2fu*3 du = u~2 and the result follows.

2
tan” V' dr = 2tan /r — 2\/x
NG

Let u = /z, du = ﬁ dx, which gives 21/x du = dx, or dx = 2u du. The integral becomes

2u tan?
/ 4R Y = /2tan2 u du = /2(sec2 u—1) du = 2tanu — 2u, and the result follows.
u
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92.

93.

54.

55.

96.

o7.

58.

59.

60.

61.

62.

1+ sin 2z d 1 1 sin 2z
—  — dx= —
cos? 2z 2cos2x  2cos2x

Note that the integrand is equal to sec? 2x + sec 2z tan 2z. Let u = 2x, du = 2dx, or dz = du/2. Use the
facts [ sec? u du = tanu, and
f secutan u du = secu. Now reduce your answer to elementary sine and cosine functions.

d 1
/ i = In |sec 3z + tan 3z
cosdxr 3

Let uw = 3z, du = 3dz, dx = du/3, and use the result from Example 356, with 2 = w.

dx 1
— =1 +2)— +2
/si Grt2) 3 n |csc (3z + 2) — cot (3 + 2)|

Note that the integrand is equal to csc(3z + 2). Now let u = 3z + 2, du = 3dz, dx = du/3. The integral
looks like

(1/3) [cscu du = (1/3)In|cscu — cotu| and the result follows. This last integral is obtained using the
method described in Example 356, but applied to these functions. See also Table 8.9.

1+ si
/w dx = In |sec z + tan z| — In |cos z|
cos T

Break up the integrand into two parts and integrate term-by-term. Note that —In|cosz| = In|secz| so
that the final answer may be written in the form
In [secz + tanz| 4 In |sec 2| = In |sec® z + tan z sec .

/(1+sect9)2 df =0+ 21In|sec + tan 0| + tan

Expand the integrand and integrate term-by-term.

2z d 1
/M = L+ 2cotal
14+ 2cotx 2
d
Let u =14 2cotz, du = —2csc*z dz. So, csc? dz = — 4. The integral now becomes (—1/2) &
u
—(1/2) In|ul.

/ez sece” dr = In|sec (€”) + tan (e”)|

Let u =¢€", du = €” dx, and use Example 356.

d
/ * = In|ln x|
rzlnx

Let u = Inz, du= 9. The integral looks like [ * = In |u| and the result follows.

dt 1
= Arcsin —v/2t
/ V2 —t2 2

The integrand contains a square root of a difference of squares of the form v/a2 — u2 where a = v/2, and u = ¢.

Let ¢t = v/2sin 0, dt = V2cos @ df. Since V2 — t2 = /2 cos 0, the integral looks like f df = 0 = Arcsin %

dx 1 2
——— = — Arcsin =3z
/ V3 —4x2 2 3
The integrand contains a square root of a difference of squares of the form va2 — u2 where a = /3,
and v = 2z. Let 2z = v/3sinf, 2dz = v/3cosf df. Since v/3 —4x2 = v/3cosb, the integral looks like

J(1/2)do = g = 1 Arcsin %, which is equivalent to the answer.

2z +3) de 3 1
/ﬁ——%ﬂl—x +3Arcsm§x
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63.

64.

65.

66.

67.

68.

69.

Break up the integrand into two parts so that the integral looks like
2z dx

+ d
Vi Jvite ™

Let u = 4 — 22, du = —2x dx in the first integral and x = 2sin 6, dr = 2cosf df in the second integral.
Then v4 — 22 = 2cos 6 and the second integral is an Arcsine. The first is a simple substitution.

/ du - \f Arctan — x\[

2245

This integrand contains a sum of two squares. So let, z = V5 tan @, dx = Vbsec? 0 db. The integral becomes

Vbsec? 6 db \[ 1 N
/ FeecZf / df and the result follows since 6 = Arctan - VL and N

d
/435213 \fArctan \/gx

The integrand contains a sum of two squares, a® + u? where a = /3 and u = 2z. So let 2z = /3 tan6,
2 dx = v/3sec? 6 df. The integral becomes

(1/2)V3sec?0 df /3 ] . B 2
/ 350020 =% / df and the result follows since § = Arctan 75

[ atees
resec —
V2 2 2
The integrand contains a square root of a difference of two squares, vVu? — a? where a = 2 and u = z. So
let x > 2 and x = 2secf, dv = 2secf tan6 df. Moreover, vz2 — 4 = 2tanf. The integral becomes

/ 2sect tanf df = 1 / df) and the result follows since 6 = Arcsec 5.
(2sech)(2tand) 2

2x
Arcsec

/ V42 —9 3 3
The integrand contains a square root of a difference of two squares, vu? — a? where a = 3 and v = 2z. So

let > 0 and set 22 = 3secl, 2dx = 3sech tan® df. Moreover, vV4x2 — 9 = 3tan . The integral becomes
/ (3/2)sect -tanf df 1

(3/2) sec -3 tand 3 / df and the result follows since 6 = Arcsec 2{

/ 1 V4 + 22 N x
= In —

V2 + 4 2 2

=1In |\/4 + 22 + x|, where the “missing” constants are absorbed by the constant of integration, C'.

The integrand contains a square root of a sum of two squares, vu? + a? where a = 2 and u = x. Set
x = 2tanf, dz = 2sec? 6 df. Moreover, V22 + 4 = 2secf. The integral becomes

2sec? 6 df
/ (S;Cie) = / sec @ df and the result follows from Example 356.
sec

/7 = —_In 7'4‘%2—’—3 + Ql
VAzZ +3 2 V3 V3
422 +3
The integrand contains a square root of a sum of two squares, vu2 + a2 where a = v/3 and v = 2z. Set
22 = v/3tan 6, 2 doz = \/3sec? 0 df. Moreover, /4z2 + 3 = v/3sech. The integral becomes

2)sec? 0 do
/ % =(1/2) / secf df and the result follows from Example 356, once again.
sec

, where the “missing” constants are absorbed by the constant of integration, C.

/ ) x+\/x2—16
B TP T A
V2 —16 4 4

=1In 2 — 16 “
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70.

71.

72.

73.

74.

75.

76.

e

78.

The integrand contains a square root of a difference of two squares, vu2 — a? where a = 4 and u = z. Set
z =4secl, dr = 4sec tand df. Moreover, 22 — 16 = 4tan 6. The integral becomes

/ W = / secf df and the result follows from Example 356.
an

/ Jﬁ dx = Arctan (e%)

1
Use a substitution here: Let u = e*, du = e¢* dx. The integral now looks like /ﬁ du = Arctan u,
u

where u = e”.

dx = Arcsec2x

1
/ zv4r? — 1
The integrand contains a square root of a difference of two squares, vu?2 — a2 where a = 1 and v = 2z. So

let z > 0 and set 2z = sec, 2dx = sec tanf df. Moreover, vV4x2 — 1 = tan . The integral becomes

/ (1(/12/);;C9 étjn 96d9 = /d@ and the result follows since 6 = Arcsec 2.
sec @ - tan

/ dz —lln——l—
VizZ =9 2 3

the constant of integration, C.

2 422 — 9
. \/3637‘ =In ‘235 + \/m|7 where the “missing” constants are absorbed by

The integrand contains a square root of a difference of two squares, vu? — a? where a = 3 and v = 2z. So
let z > 0 and set 22 = 3sec, 2 do = 3secd tan@ df. Moreover, vV4z2 — 9 = 3tan 6. The integral becomes

2 )
/ 8/ )Sgctz tgan@ 0 _ (1/2) / sec df and the result follows since [sec df = In|sec + tan6)|.
n

/6731’ dr = fle*?“
3

Let w = —3z, du = —3 dz. Then dz = —du/3.

dz 1,
/627:‘56 ’

Write the integrand as e™2* and let v = —2z, du = —2 dzx.

1 1
/(em —e ) dr = 5621 —2x — 5672”3

Expand the expression and integrate term-by-term using the two preceding exercises.

) 1 )
/:ce*xz dr = —=e™®
2

Let u = —22, du = —2z dx so that z dx = —du/2.
sinf df
V1I—cosf

Let u =1 —cosf, du =sinf df. We now have an easily integrable form.

6 do 1
87 _ Arcsin (\@sin 9>
V2 —sin? 0 2
Write 8 = . Let u =sinx, du = cosx dx. The integral takes the form
du

V2 —u?
that we wouldn’t get it confused with THIS #). Then du = V2cos6 df and v2 — u2 = v/2cos 0 and the rest
of the integration is straightforward. (Note: If you want, you could set v = sin § immediately and proceed
as above without first having to let 6 = z etc.)

24/1 — cos 0

Now set u = v/2sinf. (This is why we changed the name of the original variable to “z”, so
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79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

e dr 1 o
/71_’_621—5111(1"‘6 )

Let u =1+ €2*, du = 2¢** dx. Now, the integral gives a natural logarithm

T d
/% = Arctan (e%)

Let u = €e®, du = e® dx. Now, the integral is of the form

d
/ TuuQ and this gives an Arctangent.

cos @ do 1 1 .
/m = 5\/§Arctan (2\/§Sln0>

Write 0 = . Let u = sinx, du = cosx dx. The integral takes the form

d
/ 2+7u2 Now set u = v/2tan 6. (This is why we changed the name of the original variable to “2”, so that
u

we wouldn’t get it confused with THIS ). Then du = V2sec? 0 df and 2 + u? = 2sec? 0 and the rest of
the integration is straightforward. (Note: If you want, you could set v = sin # immediately and proceed as
above without first having to let § = x etc.)

. 1.
/51n3xcosx dr = 1 sint x
Let u =sinz, du = cosx dzx.

/cos4 Sxsinbx dxr = —% cos® 5z

Let w = cos bz, du = —5sin bz dx or sin 5x = —du/5. The rest is straightforward.

/(0059 +sin#)? df = 6 — cos®

or, this can also be rewritten as 6 + sin?#

Expand and use the identities cos? f + sin? @ = 1, along with
sin 20 = 2sinf cosf. Then use the substitution u = 2z, or if you prefer, let u = sin 6, etc.

. 1 2
/SIHSZ' dxr = 7§SIHQ£L'COS£B7 gCOSIL’

This is the case m is even (m = 0) and n is odd (n = 3) in the text.

1 1
/c053 2x dx = 6 cos? 2z sin 2z + 3 sin 2z

Let w = 2z. The new integral is in the case where m is odd (m = 3) and n is even (n = 0) in the text.
.3 2 L. 9 3 2 3
sin® x cos®  dr = —— sin” x cos” z — — cos” x
) 15
This is the case m is even (m = 2) and n is odd (n = 3) in the text. To get the polynomial in cosz simply
use the identities sin? z = 1 — cos?  whenever you see the sin® z—term and expand and simplify.

9 . 8 .
rsinx + —sine

1 4
5 4,
de = - +—
/cos z dz = ¢ cos"zsinz + T cos 15

This is the case m is odd (m = 5) and n is even (n = 0) in the text. To get the polynomial in sin x simply
use the identities cos? x = 1 — sin? 2 whenever you see a cos? z—term and then expand and simplify.

1 1
in® 46 cos® 4 = ——sin?40 cos* 40 — — cos* 4
/sm 0 cos” 46 do o sin“ 460 cos™ 46 15 cos™ 460

Let w = 40. Then the new integral is in the case where m is odd (m = 3) and n is odd (n = 3) in the text.
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cos? z dx
90. | ———— =cosx + In|cscx — cot x|
sin

2

Write cos?z = 1 — sin?z, break up the integrand into two parts, and use the fact that / cscxr dr =

In|cscx — cot z|.

3zd 1
91. /LS, T ~ cos® x + In |sin 7|
sinx 2

2

Write cos?z = 1 — sin? z, break up the integrand into two parts. In one, use the fact that

/cot x dx =In|sinz|. In the other, use the substitution u = sinz in the other.
2 2 L. 3
92. [ tan®zsec”x dx = gtan x

Let v = tanz, du = sec?z dzx.

1
93. /8602 ztan®z dx = 1 tan? z

Let v = tanz, du = sec?z dzx.

94, /sinx dz _ 1
cos3 x 2cos? x
Let u = cosz, du = —sinz dx.
.2
sin“z dr 1
95. /7 = - tan®x
costz 3

The integrand is equal to tan? z sec? z. Now let u = tan .

1 2
96. /sec4x dr = gtanx seczx+§tanx

This is the case m =4, n = 0 in the text. Note that sec’z = 1 + tan® z. So, this answer is equivalent to

3
tanz + tan”

5 with the addition of a constant.

97. /tanzx dr =tanx — z

The integrand is equal to 1 — sec? . Now break up the integrand into two parts and integrate term-by-term.

98. /(1 +cot§)? df = —cot § — In (1 + cot? 0)

Expand the integrand, use the identity 1 + cot? @ = csc? § and integrate using the facts that Ik csc2x dx =
—cotz, and [cotz dz = In|sinz|. Note that the second term may be simplified further using the fact that
In (1 + cot? 9) =1Incsc?f = —Insin?§ = —2Insinb.
4 3 Lo 4 2 1 4
99. [ sec” xtan J;da::étan T sec J;+Etan x
This is the case m = 4, n = 3 in the text.

1 4 8
100. /cscﬁx dx = —=csc*z cotx — — esc?z cotx — Tcotx

Use the same ideas as in the case m = 6, n = 0 in the secant/tangent case.

1 1
101. /tan?’x dr = itan%c -3 In (1 + tan? m)

This is the case m = 0, n = 3 in the text.
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cos?t dt 1, 3 2
102. /mz—gcsc t cot t—1—5cot t

The integrand is equal to cot? z csc?

case.

x, and this corresponds to the case m = 4, n = 2 in the secant/tangent

103. /tan00509 df = In |sec § + tan 6|

The integrand is really secf in disguise!

1 1
104. /0052 dr dx = 3 cosdxsindx + im

Use the identity cos?[d = %, with [0 = 4z. Then use a simple substitution u = 8, and simplify your
answer using the identity sin 8z = sin(2 - 4x) = 2sin4x cos4zx.

1
105. /(1+cos€)2 dé = 29+2sin9+ icosﬁsine

Expand the integrand, use the identity cos?§ = 1+c2¢29 and integrate term-by-term.
. 5 3 1,
106. [ (1 —sinz) dxzix—i— gcosx—icosxsmw—&—gsm TCOST

1—cos 26

Expand the integrand, and integrate term-by-term using the identity sin?6 = 5

m =0, n =3 in the text.
Recall that (1 —0)% =1 - 30+ 302 -3

, and the case

1 3 3
107. /sin4x dr = —isingxcosx — gcosmsinx—&— gm

This is the case m = 0, n = 4 in the text.

1 1 1
108. /sin2 2z cos? 2z dx = —3 sin 2z cos® 2z + 6 cos 2z sin 2x + éx

Let w = 2z first. Then the new integral corresponds to the case m = 2, n = 2 in the text.

1 ) 1 1 1
109. /sin4 0 cos? 0 d = ~5 sin® 0 cos® 6 — 3 sin 6 cos® 0 + 16 cos @sin 6 + ﬁf)

This is the case m = 2, n = 4 in the text.
110 cos® z dx = 1cos5 xrsinx + E sinz cos® xz + E cosxrsinx + Ex
' 6 24 16 16

This is the case m = 6, n = 0 in the text.

1 1
111. /cosxsian dr = 5 cos 3x — §COS$

You can use either Table integration in a three-row problem or the identity
1 1
cos Asin B = 5 sin(A+ B) — B sin(A — B) to find this integral.

1 1
112. /sinxcos?)x dr = —3 cosdx + 1 cos 2%

You can use either Table integration in a three-row problem or the identity
1 1
cos Asin B = 3 sin(A + B) — 3 sin(A — B) to find this integral.

1 1
113. /sin2xsin3x dr = isinx — Esin 5%
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114.

115.

116.

117.

118.

119.

You can use either Table integration in a three-row problem or the identity
1 1
sin Asin B = 3 cos(A — B) — 3 cos(A + B) to find this integral.

1 1
/cos 2x cosdx dx = ZstJc + E sin 6x

You can use either Table integration in a three-row problem or the identity
1 1
cos Acos B = 3 cos(A — B) + 3 cos(A + B) to find this integral.

1 1 1
/sin2 2x cos3x dr = gsin?)x — zsinw— %sinh:

Use the identity sin® 0 = % with O = 2z. Break up the integrand into two parts, and integrate using

the substitution u = 4z and the identity
1 1
cos Acos B = 3 cos(A — B) + 3 cos(A + B) to find the other integral.

/secxcscx dx = In [tan z|

There are two VERY different ways of doing this one:

In the first proof we note the trigonometric identity (and this isn’t obvious!),

sec? x 1
= — =secxrcscz,
tanx Sin & cos T

so the result follows after using the substitution v = tanz, du = sec? z dz.

In the second proof we note that (and this isn’t obvious either!)

1 2
- = — = 2c¢sc2x.
sin x cos x sin 2x

Now use the substitution © = 22, du = 2dx and this new integral becomes
1
2- 3 / cscu du = In|cscu — cot u|. The answer is equivalent to

In | csc 22 — cot 2z| + C, because of the identity 1 — cos 2z = 2sin® z.

/ dx 1 ta:
= — = —cot —.
1—cosx tan%x 2

Use the identity 1 — cos 20 = 2sin® [, with [0 = £. Then —=— = % csc? £,
use the integral
Ik csc2u du = — cotu and simplify.

dz 1
—_— :A 31 - —1
/ R rcs1n3\/§(x )

Let uw = z/2, du = dz/2 and

First, complete the square to find 2 + 2z — 22 = 3 — (z — 1), Next, let a = /3, u = x — 1. This integrand

has a term of the form va? — u2. So we use the trigonometric substitution
u=1x—1=+/3sinb, dr = v/3cosb db.
Furthermore, v/2 + 2z — 22 = v/3cos 6. So, the integral now takes the form
/\/gcosﬁdﬁ /dG—G

V3 cos b
where 6§ = Arcsin L\;gl which is equivalent to the stated answer.

1 1
————— = - Arcsinv2 (2 — =
/\/1+4x—4x2 2 ( 2)
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120.

121.

122.

First, complete the square to find 1 + 4z — 422 = 2 — (22 — 1)2. Next, let a = /2, v = 22 — 1. This
integrand has a term of the form va? — u2. So we use the trigonometric substitution

u=2zr-—1 :\/isiHH, 2dx = /2 cos 6 df

or, dr = gcosﬂ do.

Furthermore, v/1 + 4z — 422 = /2 cos . So, the integral now takes the form
V2cos df B 1/d9— 0

2 V2cos6 2 2

where 6§ = Arcsin 2%1 which is equivalent to the stated answer.

1 1
_— = 7\/§AI‘CSiD7\/ 15(x—1
/\/2+6x73x2 3 5 ( )

This one is a little tricky: First, complete the square to find 2 + 6x — 32?2 = 5 — 3(z — 1). But this is not
exactly a difference of squares, yet! So we rewrite this as

5—3(x—1)2=5—(vV3z —V3)?,

and this is a difference of squares. Now let a = \/5, u = v/3x — /3. We see that the integrand has a term
of the form Va2 — u2. So we use the trigonometric substitution

uw=V3z—V3= \/gsinQ7

V3 dx =+/5cosf db

or, dr = écosﬂ do.

Furthermore, v2 + 6x — 322 = \/5 cosf. So, the integral now takes the form

ICOSQ do
/ V5 cos \f/ \f

where § = Arcsin ff/g which is equivalent to the stated answer.
/ V2 4+6x+13 x+3
[E———— +
2+ 6z + 13 2 2

First, complete the square to find 2 + 6z + 13 = (x + 3)? + 4. Next, let a = 2, u = = + 3. This integrand
has a term of the form va? + u2. So we use the trigonometric substitution

u=x+3=2tan,
dx = 2sec? 6 db.

Furthermore, 22 + 6z + 13 = 2secf. So, the integral now takes the form

2sec? 0 df
/L /secﬁ df = 1n|secf + tand)|,
2sect

V&2 +62+13
where sec @ = Arcsec M

and tanf = ””+3 which is equlvalent to the stated answer.

dx 1
/ m ffArCtan é (41' — 4) \/5

First, complete the square to find 222 — 4z + 6 = 2(x — 1)? + 4. The integral now looks like:
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123.

124.

125.

126.

/;d%/;dmfl/;m
222 — 4z +6 ) 2@x—-124+4 " 2) (z-1)24+2
2

Next, let a = v/2, u =  — 1. The previous integrand has a term of the form a? + u2.
trigonometric substitution

So we use the

u=xz—1=+2tanb,
dx = v/2sec? 6 db.

Furthermore, 222 — 4z + 6 = 2sec? 0. So, the original integral now takes the form

- ——A
2sec? 0 o ctan V2

which is equivalent to the stated answer.

/\/ﬁbec 0do 2 V2 z—1

/ dzx 1 rz—1
= —— Arcsec ——
(1—-2)Va?—2x—3 2 2

First we complete the square so that 22 — 2z — 3 = (x — 1)? — 4. A trigonometric substitution is hard here:
Let’s try another approach...

Let u =z — 1,du = dz. Then the integral becomes (note the minus sign)

I =

Now we incorporate the number 4 into the square by factoring it out of the expression, thus:

uv/u? — 4 = 2uy/ (g)z —1.

Now we use the substitution v = §, 2dv = du. The integral in u now becomes
/ 2 dv 1 dv 1 A
— | ——— = -2 | ——— = —= Arcsecv,
dvvv? —1 2) vwe?-1 2
according to Table 6.7 with [J = v. The answer follows after back-substitution.

2x+3)dx 3 5
LT AT _ 2y 2z —1
/x2—|—23:—3 g3+ e =1

Use partial fractions. The factors of the denominator are (« + 3)(z — 1). You need to find two constants.
1) d 1

2 4+ 22— 3

Let u = 22 4+ 22 — 3, du = (22 + 2) dw so that
du = 2(x + 1) dx. Now the integral in u gives a natural logarithm.

Alternately, use partial fractions. The factors of the denominator are (z + 3)(x — 1). You need to find the
two constants.

(x —1) dzx 1 9 1
/m=§ln{4x — 4z +2| =  Arctan (27 — 1)

The denominator is a Type II factor (it is irreducible) since b? —4ac = (—4)? —4(4)(2) < 0. So the expression
is already in its partial fraction decomposition. So, the partial fractions method gives nothing.

So, complete the square in the denominator. This gives an integral of the form
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(x—1)dx (x—1) dx
/4x2—4x+2_/(2x—1)2+1’

which can be evaluated using the trigonometric substitution,

u=2x—1, du=2dz or de = du/2. Solving for x we get

T = “TH7 sor—1= “%1 The u—integral looks like

1 u—1
S 2y
2/1+u2 Y

Break this integral into two parts and use the substitution
v=1+u? dv=2udu, udu=dv/2

in the first, while the second one yields an Arctangent.

d
127. #:\/;UQ—2x+2+ln‘\/x2—2x+2+x—1‘
V2 -2z +2

Completing the square we see that 22 — 22 + 2 = (x — 1)? + 1. Next, we set
z—1=tanf, dx=sec?6 df

r=1+tané,
Va2 =2z +2=/(z —1)2 + 1 = sec¥.

The integral becomes

x dx [ (14 tan®)sec? 0 40
Va2 =2 +2 sect

and this simplifies to

/(sec0+sec9tan0) df = In|secO + tan 0] + sec 6.

Finally, use the back-substitutions sec§ = v/x2 — 2z + 2 and tanf = x — 1.

4
128. (m+ —/1+4x — 422 + = Arcsm\f(x—)
\/1+4x74x2

Completing the square we see that 1 + 4z — 42% = 2 — (22 — 1)2. The integrand has a term of the form

Va2 — 42 where a = /2, u =2z — 1. So, we set

20 —1=+/2sinf, 2dz = +/2cosf df
T = 14+4/2sin 6
2 )

4z + 1 =3+ 2V/2sinb,
V1 +4dx — 422 = /2 cosf.

The integral becomes

(dx +1 34+ 2v2sinf\ v2
= — ) ——cosf db
\/1—|—4x—4x2 V2cos6 2

which simplifies to

1
5/(3+2\@sme) do = gef V2cosh.
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129.

130.

131.

132.

133.

134.

135.

Finally, use the back-substitutions # = Arcsin 2%1 and cosf = 7”“1\/“;4”2, to get it in a form equivalent to

the stated answer.

(3x—2 3\/m \/CC2+21‘—|-3+1‘+1
\/:v2+2:v+ V2 V2

Completing the square we see that 2% 4+ 2x +3 = 2+ (x + 1)%. The integrand has a term of the form
Va2 + u? where a = /2, u =z + 1. So, we set

rz+1= \/itane, dr = /2sec? 0 db
x=+2tan6 — 1,

3z —2=3v2tanf — 5 = 3v/2tanf — 5,
Va2 + 22 + 3 = V2sech.

The integral becomes

(3z —2) 3+v/2tanf — 5
T T ) V2sec?6 do
m ( /2 secd > see

which simplifies to

3\/§/sect9tan9 d975/sec,0 df = 3v/2sech — 51n|secf + tand).

and

Finally, use the back-substitutions sec§ = 7””2\73“'3

tan 6 = L\F, to get it in a form equivalent to the stated answer.

/ __cdr f\[Arctan 1 (2e* +2) V2
e 4+ 2e*+3 2 4

Let u = €*, du = e” dx. The integral is now a rational function in u on which we can use partial fractions.
The denominator is irreducible, since b — 4ac = 4 — 4(1)(3) < 0. You need to find two constants.

22 dx 9 4

Use long division first, then use partial fractions. The factors of the denominator are z2+z—6 = (z+3)(z—2).
You need to find two constants.

2)d
/w:21n|x\fln|l+x|
e+

Use partial fractions. The factors of the denominator are 2% + z = z(z + 1). You need to find two constants.

Pra?)dr 1
/%:§x2+4x—2ln\m—1|+121n|x—2\
xre — o

Use long division first. Then use partial fractions. The factors of the denominator are 22 — 3z + 2 =
(x —1)(z — 2). You need to find two constants.

dx 1 1
/x3—x ——ln|w|+§ln|w—1|+§ln\1+x|

Use partial fractions. The factors of the denominator are 23 — x = z(z? — 1) = z(z — 1)(x + 1). You need
to find three constants.

(xr —3) dz 3 5
T |- 21 2 + 4|1
/x3+3x2+2x 2 n 2] 2 nlz+2[+4In]l+ 2|

Use partial fractions. The factors of the denominator are 3 + 322 + 2z = x(2? + 3z + 2) = z(x + 1)(z + 2).
You need to find three constants.
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136.

137.

138.

139.

140.

141.

142.

143.

144.

145.

146.

147.

P+1)d 1
/w =z+4+——Injz|+2Injz — 1|

a3 — x? x
Use partial fractions. The factors of the denominator are 23 — 22 = 2?(x — 1). You need to find three
constants.

z dx 1

= In|l

/(m+1)2 T4g i+l

Use partial fractions.

/(m+2)dw B 4

. In|z— 2
2 —4x +4 x_2—|—n|x |

Use partial fractions. The factors of the denominator are x? — 4z + 4 = (z — 2)%. You need to find two

constants.

/ (3z +2) da

5
=2lnjz| - —— —2Injz — 1]
3 — 212 +x r—1

Use partial fractions. Note that 2% — 22? + 2 = 2(2? — 22 + 1) = 2(z — 1)%. There are four constants to be

found here!

8 dx 2 2
/m:ﬁ+5—ln|x|+ln|x72|

Use partial fractions. Note that x* — 22% = 23(x — 2). There are four constants to be found here!

/ de ! LENT R RS
=— ——Inlr—1|———+-In
(2-12 4@@-1) 4" i(1+z) 4 *

Use partial fractions. Note that (2 — 1)? = (z — 1)?(x + 1)%

(1—a%) de 1 9
/x(x2+1) = —z+In|z| 21n(x +1) + Arctanz

Use long division first, then use partial fractions.

r—1)dr 1 ,
/(x(+1)(:c)2+1):_1n|1+$+21n(:c +1)

Use partial fractions.

4x d
/ x ai:1n|:1c—1\+1n|1+33|—ln(m2+1)

24
Note that 2% — 1 = (22 — 1)(2? + 1) = (z — 1)(z + 1)(2% + 1). Use partial fractions.
/ 3(x+1) dx

2
] =2In|z—1|-In(z® +z+1)
Note that 23 — 1 = (x — 1)(2? + x + 1). Use partial fractions.

“ia)de 1 1 1 2 2
/W:411’1|1}—2|—121n|x+2|_121n(x2+2)+§ArCtanx\2/7

Use long division first, then use partial fractions.

/ ﬂ = — Arctanz + V2 Arctan 1\/533
(x2 +1)(22 +2) 2

The factors are (2% + 2)(z% + 1), both irreducible. Four constants need to be found. This is where the

Arctangents come from!
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148.

149.

150.

151.

152.

153.

154.

155.

156.

157.

158.

/ 3 du L pretan 2o + Arct
—_— = — = rctan —x rctanxr
x4 + 522 +4 2 2

The factors are (22 + 4)(z% + 1), both irreducible. Four constants need to be found. This is where the
Arctangents come from!

(x —1) do 1 1 1
/(x2+1)(x2—2x+3) = §AfCtan$+Z\/§ArCtanZ(2m 2)\/5

Use partial fractions. Watch out, as both factors in the denominator are Type II.

3 dx 2 1
- ZIn(2®+4
/(a;2+4)2 Zri o+

Use partial fractions.

/(x4+1) da

w@2 5 1) =In|z| +

2 +1
Use partial fractions.

(2 +1) dx 1 1 1
_ ~V2 Arctan - (22 — 2) /2
/(x2—2x+3)2 T ar gy g V2Arctan (20 —2) V2

Use partial fractions. Note that (z? — 2z + 3)? is irreducible (Type II). Now you have to find the four
constants!

z dz 2 3
= 2Wr+1+=(Vr+1
NZES * 5 (Ve+1)

Let u=2+ 1, du = dz. Then x = u — 1, and the integral becomes easy.

/x\/x—a dr = (\/x—a)5+ g (\/x—a)ga

3

ot Do

Let u =2 —a, du = dx. Then x = u + a, and the integral becomes easy.

V/ 2
/ x—:—g dr = 2vVx + 2 — 2 Arctan vV + 2
T

Let u = v/x + 2, u?> = +2. Then 2u du = dz and z = u? — 2 which means that 2 +3 = u? + 1. The integral

takes the form [ Qf_iu‘é“. This one can be evaluated using a long division and two simple integrations.

=2 Arctanvz — 1

=

Let u=+vx — 1, u> =2 — 1. Then 2u du = dz and so z = 1 + u?. The integral takes the form f u%ﬁ_‘ﬁé)

which is an arctangent function...

1 2

—In

/ dx B
a—z2 a

Let z = asinf, dv = acosf df. Then va? — z2 = acosf. After some simplification we find a=* [csc6 df =
2

a a? — x2

€T T

2
a a? —x
a"!lnescd — cot A|. Finally, cscd = —, cotf = .
x x
dx 1 5 5
———=———Va?—x
x2va? — x? a’x
Let z = asinf, dx = acosf df. Then sqrta® —z?> = acosf. After some simplification we find

a=? [esc?0 df = —a2 cot 6.
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159.

160.

161.

162.

163.

164.

165.

166.

167.

168.

169.

170.

1 3 2 3
/Qc?’\/x2 +a? dx = ng (\/ x2 +a2) — 1—5(12 (\/ 22 +a2>

Let x = atand, dx = asec? 8 df. Then vz2 + a2 = asec. After some simplification you're left with an
integral with an integrand equal to sec? § tan®#. Use Example 360.

dzx 1
2 2
2 FZJraQ_ Py x4 +a

Let z = atan®, dx = asec? df. Then z? + a? = a®sec?§. After some simplification you're left with an
integral with an integrand equal to csc8 cot 6. Its value is a cosecant function. Finally, use the fact that, in

Va2 +a?

x
e zln‘x—i—\/xz—i—az’
Va2 +a?

Let z = atan6, dx = asec? 6 df. Then 22 + a? = a?sec? §. After some simplification you're left with an
integral of the form in Example 356.

> d 1 1
% = §xx/m2+a2 - §a21n‘x—|—\/x2+a2‘
Vit +a

Let z = atan®, dx = asec? df. Then z? + a? = a?sec? §. After some simplification you're left with an
integral of the form in Example 358.

/ 22 dx 1 =z n 1 Arctan
————— =—————+ — Arctan —
(22 + a?)? 222+4+a?  2a a

this case, cscl =

Let = atan®, dz = asec? 8 df. Then z2 + a? = a?sec? §. After some simplification you're left with the
integral of the square of a sine function...

/xcosx dr = cosx + xsinx

Use Table integration

/wsinx dr =sinx — zcosz

Use Table integration

/xsec2:1: dx = ztanz + In |cos x|

Use Integration by Parts: Let u = x, dv = sec? z dx. No need to use Table integration here.

/xsecxtanx dx = xsecx — In|secz + tan z|

Use Integration by Parts: Let u = x, dv = secxztanx dzx. No need to use Table integration here.
/xQew de = 2%e® — 2ze® + 2¢°
Use Table integration

1 1
/1;41113: dr = gxslnx — %xs’

Use Integration by Parts: Let u = Inz, dv = 2* dz. No need to use Table integration here.
3 z? 1 2 x? 1 z2
z’e® dr = —x"e* — —e
/ 2 2
Write the integrand as 23’ = 22 - z¢®”. Then use Integration by Parts with u = 22, dv = ze® dz. Use
the substitution v = 22 in the remaining integral.
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171. /sirf1 x dx = x Arcsinz + /(1 — 2?)

Use Integration by Parts: Let u = Arctanz, dv = dx, followed by the substitution u = 1 + 22, etc.

1
172. /t:%m_1 z dr = x Arctanx — 5 In (x2 + 1)

Use Integration by Parts: Let u = Arctanz, dv = dx, followed by the substitution u = 1 + 22, etc.

173. /(m —1)*sinx dz = cosx — 2sinz + 2z cosz — z% cos z + 2rsinx
Use Table integration
71 [V do = Ja/a - @ - St ot V-
Let = asec, dz = asecf tanf df. Then V22 — a2 = atan¥, etc.
175, [VaT v a do= GoVat v+ pat ot Va4 )
Let = atané, dz = asec? 0 df. Then vz2 + a2 = asec, etc.

2d 1 1
176. \/% = ix\/a:Q —a?+ §a2 In ‘QJ—F Va?— aQ‘

Let x = asecl, dx = asecf tand df. Then vz2% — a? = atanb, etc.

3 2
177. /62“’ sin 3z dx = 71—362”” cos 3z + ﬁe% sin 3z

Use Table integration

1 1
178. /e‘x cosx dr = —56_“3 cosx + 56_‘T sin x

Use Table integration

1 1
179. /sin 3xcos2x dr = T cosbHr — 3 cos T

Use a trig.. identity ... the one for sin A cos B, with A = 3z, B = 2z.

™

B 3
180. / cos(2z) sin(2z) dx = —
0 32

Let uw = 2z first, du = 2dx, and follow this by the substitution v = cosu, dv = — sinu du which allows for

an easy calculation of an antiderivative.

181 / ‘2 d 2
. —dr=—
1 2T In2
Let u = +/x. The result follows easily.

o 3
182. / 22e ™ dp ==
0 8

Use Table integration to find an antiderivative and then use L’Hospital’s Rule (three times!).

—+oo
183. / e 1l dp =2

— 00
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184.

185.

186.

187.

188.

189.

190.

191.

192.

Divide this integral into two parts, one where z > 0 (so that |z| = z), and one where < 0 (so that
|| = —x). Then

+oo 0 oS}
/ e 1l dy = / e’ dx + / e~ " dx and the integrals are defined by a limit.
—00 0

— 0o

< 4
/ — _de=x
o 1+at

2

Let u = 2%, du = 2z dz. The integral becomes an Arctangent.

1

4 cosnm

/ 2 cos (nmz) dox = ——5 5> when n > 1, is an integer. Use Table integration.
—1 n=m

5 f 5 x% sin (T) dx =0, when n > 1, is an integer. Use Table integration.

Lf (1—x) bln(””) dr = 2[ <827

nm

When n > 1, L # 0. Use Table integration.

[0 1)con (P22 = g o ocomnr 16
0

n*mt
when n > 1, is an integer. Use Table integration.

1
2
/ (22 4 1) cos (nwz) de = — sinnw =0,
-1 nm
when n > 1, is an integer. Use Table integration.

1 L

— / sinx cos (@) dx =0,

LJ_ L

when n > 1, is an integer and L # 0. Use Table integration.

Total demand over 10 years is

10 10 10
/ 500 (20 + ¢t e~ %) dt:/ 10000 dt+500/ te M dt.
0 0 0
Now integrating by parts

/t e O dt = —10t e O + 10/e—°~” dt = —10t e %" + 10 (—10e~ %) .

Thus total demand = [10,000¢ + 500{—10¢ e~0* 4 10(—10e~01")}] * = [10,000¢ — 5000te =01 — 50, 000e 1] * =

100,000 — 50,000e~! — 50,000e~* — (0 — 0 — 50,000) = 150,000 — 100,000e~* = 113212.1 ~ 113212 units.

(a) Use partial fractions.
1 A B A(0-y)+By

R =
yly—10) 'y 10—y y(10 —y)
If y=0, then 10A=1,s0 A= %0. If y = 10, then 10B =1, and B = %0. Therefore,

1 1 dy 1 dy
_C ay=— Y= d
/y(yfw)y 10/y+10 10—y

1 1 1 y
= — Inly| — — In|10 — =
5 n|y| 10 n|10 —y|+C Tk 10—y‘+c
Thus o
)
t=—1 C
0" 10—;/‘7L

Whent=0,y=1,s00= 2.5lné +C=25(Inl1l-In9)+C=-25ln9+ C. Thus C = 2.5In 9 and

9y
10—y

Y
t = 2.51
5n10

‘ + 2.5ln 9 = 2.5In ‘
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193.

194.

195.

196.

197.

198.

199.

200.

201.

202.

203.

204.

205.

206.

(b) When y =4, t=25In 42 = 4.479 hours.

(c) From (a)47 = =1In lg—fy , S0 €75 = 1(?733, ,and (10 — y)e%t =9y ; so  10e%4 = 9y + yeO4t =
y(9 + €%4). Thus

~10e%4 10
- 9 1 0.4t - 14 0.4t

)

(d) Att =10, y= yr=r = 8.58 gm.

Let I denote an antiderivative. Now let u = 3+sin¢, du = cost dt. Then I is of the form [ du/u =In|u|+C
or in terms of the original variables, I = In|3 + sint| + C.

Let I denote the integral. Now let z = 22, do = 2zdz. Then use the trig. subs. z = tan#/v/2 to get
I =x—(1/y2)tan=(v/2z) + C. (Note that another identical answer is given by I = x/2 — \/z/2 +
(1/2)In]1 + 24/x| + C. Of course they have to differ by a constant)

I is as before. Let t = 23, dt = 322 dz. Use long division to simplify the rational function and the method of
partial fractions to get I = 3t/3/2+1In [t1/3 4+ 1| — (1/2) In [t¥/® —1/3 +- 1| — /3tan~! ((2t/3 — 1)v/3/3) +C.

Use the identity sin2t = 2sintcost first, then the substitution v = cost, du = —sintdt to get an
antiderivative I = —2cost + 41n|2 + cost| + C. The definite integral is now given by 2 —4In3 + 41n 2.

Let I denote the integral and 2 = 22, do = 2z dz. Then use long division to simplify the rational function
and the method of partial fractions to get I = 2y/z/3 — (4/9)1n|2 + 3/x| + C.

Write tanx = sinx/ cos x and simplify the resulting expression of sines and cosines. Next use the identity
cos? z = 1 — sin? z in the denominator and the substitution u = sinz to reduce the integral into a rational

function of u. Now use the method of partial fractions to get

I =

s In|sinz — 5]+ C,
a—p

a .
In|sinz — a| +
a

B—
where o = (1 ++/5)/2 and B = (1 — /5)/2.

Reduce the integrand to sines and cosines. Next, take a common denominator in both numerator and
denominator and simplify. Recombine the terms in the denominator so as to use the identity sin®t = 1 —cos? t.
Now use the substitution u = cost, du = —sint dt. The denominator can now be written as a difference of

two squares. Use partial fractions as before to get I = (1/1/6) (1n |cost —+/3/2| —In|cost + \/3/2|) +C.

Let I denote the integral and o = 22, dx = 2z dz. Then use long division to simplify the rational function

and the method of partial fractions to get [ = —z + 8y/x — 161n |2 + /x| + C.

Multiply both numerator and denominator by /1 + u and simplfy. Now let u = sinx, du = cosx dzx.
The denominator simplifies because of a basic identity and the rest is easily integrated to give I =

sin™t(u) — V1 —uZ + C.
Let u = v/z, do = 2udu so that I = —2cos/z + C.
Let o = 2*, dx = 42° dz and use partial fractions. Then I = (1/2)1In|z| — 21n |z'/* — 1| 4 C.

Let z'/6 = 2, dx = 62° dz. The resulting rational funcion of z has a denominator of degree 9 so the method
of partial fractions will be tedious. The answer, when simplified, is I = 31n |1 + /3| + 3/(22/3) — In |z| —
32713 —1/x + C.

Let 21/ = z, dz = 62° dz. Now use long division to simplify the rational function in z and integrate term
by term. Then I = 627/6/7 — 62°/6/5 4+ 2\/x — 62/6 + 6 tan—! (2/6) 4- C.

Let 2/6 = 2, do = 62° dz. As before use long division to simplify the rational function in z and integrate
term by term. Then
61‘5/6 31.2/3

I:
x+5+2

+2vT + 323 + 626 + 61n |2Y/C — 1] + C.
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207.

208.

209.

210.

211.

212.

213.

214.

215.

216.

217.

218.

Let #'/3 = 2, dx = 32°dz. Changing the limits we get the same limits in the z variables. Using long
division and simplifying we get an antiderivative I = 322/2 — 3z + 31n |z + 1| and this gives us the answer
3(ln2 —1/2).

Let '/12 = 2z, dx = 122"' dz. Another long division, simplification, integration and back-substitution gives

3 12 12
I = 51‘2/3 + 73:7/12 + 2T + gxs/m + 3213 + 42/t 4+ 6216 + 122112 4 121n |zt/12 — 114+ C.

Let z'/2 = 2z, dx = 22 dz. Changing the limits we get the same limits in the z variables. Using long division
and simplifying we get an antiderivative I = 2z — 21n |z + 1| and this gives us the answer 2(1 — In 2).

Let /2 = z, dz = 2zdz. Now use the Table Method to integrate the resulting z integral. We get
I = —2xcos/x + 4cos/x + 4y/xsin/x + C.

Let #'/5 = u, dv = 5u*du. Changing the limits we get the same limits in the u variables. Using long
division and simplifying we get 51n2 — 35/12.

Let 2z = tan(z/2) etc. The resulting z integrand looks like —2/(2? — 4z — 1). Now complete the square in
the denominator and use partial fractions. We get an antiderivative that looks like

1
V5

Putting in the limits we get the answer

V5 [ VB-1 V5 +2
5<1n\/5+1+1n\f_2).

I= (1n|tan(a:/2)—2—\/5|—ln|tan(m/2)—2+\/g|).

Let #'/2 = 2z, dz = 2z dz. Changing the limits we get the same limits in the z variables. The cubic 1+ 2% in
the denominator is easily factored. Now use partial fractions. Then (with coffees) evaluate the limit of the
antiderivative at infinity. Done correctly you'll get the answer 47+/3/9.

Let 22 = u, dx = du/2. The new u limits become 0 and 7/2. Now let z = tan(x/2) etc. The new z limits
now become 0 and 1 and the new integrand looks like 1/(1 + 2z — 22). Factor the denominator using the
quadratic formula and using partial fractions you’ll find the answer

TG

Another tedious one! Let z = tan(z/2) etc. The new z limits now become 0 and 1. The resulting rational
function can be integrated using partial fractions to find the simple answer of 7 /4.

Let z = tan(z/2) etc. The new z limits now become 0 and tan7/8. The resulting integral looks like

/tanﬂ'/S 2<1+22)
o 24 +622+1

which can be integrated using partial fractions (first complete the “square’ in the denominator by rewriting
it as (22 4+ 3)? — (v/8)? and then factor the difference of squares as usual. Another few coffees should do the
trick! The answer is
2
% tan~t /2.
Let z = tan(x/2) etc. An antiderivative is then found to be (v/2/2) arctan((v/2/2) tan(x/2)). Evaluating
this between the limits 0 and 47 we get (v/2/2)(0 + 27) — (v/2/2)(0) = 7v/2.

Let z = tan(z/2) etc. An antiderivative is given by (21/3/2) arctan((v/3/3)(2tan(z/2) — 1)). Evaluating
this between the limits —7 and © we get (21/3/3) Arctan(+o0c) — (21/3/3) Arctan(—o0) = (2v/3/3)(7/2) +
(2V3/3)(n/2) = 2m/3/3.
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219.

220.

This time we let z = tan(z) etc. An antiderivative is (v/21/12) arctan((v/21/3)(tan(x)) — z/4. Evaluating
this between the limits 27 and 57 we get (v/21/12)(Arctan(0) + 57) — 57/4 —(v/21/12)(Arctan(0) + 7/2)
=n(v21 - 3)/4.

Use the Table method and Rodriguez’s formula to show that

[ 9@ Put@) de = gla)— D" (@ = 1)) = g/ (o) D (P - 1)) +
HED g D @)D - 1)) 4 [ (1) (e - 1 da

Using this last equation we can evaluate the integrated terms over [—1, 1] and note that in every boundary
term there is always a term of the form (22 — 1)™ left-over and this term becomes zero at the end-points.
So, only the final integral term on the right remains.
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Chapter 8

APPENDIX A

8.1 Exercise Set 45 (page 487)

NS etk W
>~
>t

%
|

10. 1 —r*
11. a%p®
12. 8a°

13.

14. 64
15. 6
16. 2
17. 3
18. 8
19. 3nt!
20. 2

21. Expand the right side, collect terms and compare the coefficients. You’ll find that 1 = —a? which is an
impossibility since the right side is always negative or zero and the left side is positive.

22. See Example 465 where you set r = 22.
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23. 1+ 2% + 2* + 25; see the previous exercise.
24. Expand the left-side and simplify.
25. Use the Power Laws and simplify

26. Since a"t* = a"a® we can set s = —r. Then a® = a"a™" and since a® = 1 we get 1 = a"a~" and the result
follows.

27. See the Introduction to this section for a similar argument.

28. Let = 2, y = 3. Then 28 # 26,

29. Replace r by —r in Example 465 and then set r = g and simplify.

1
az +a
30. Write x as x = % Square both sides of this equality, use the Powers Laws, and then subtract 1

[N

from the result. Simplify.
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Chapter 9

APPENDIX B

9.1 Exercise Set 46 (page 495)

2
1. -
3
2. 2
3
3.3
4. y=3z—-10
5. y=z—1
6. y=—-2x—-5
4
7. y=-xz—10

3

3
. y=—=z+3

2
9. y= —%x + é
10, (-43

11. There is no intersection whatsoever since the lines are parallel or have the same slope (= 1)
12. There is no intersection point either since the lines are parallel or have the same slope (= 1)

13. a)y=z-2

b) The altitude has length /32 = 4y/2. First, we find the equation of the line through (4, —6) having
slope —1 as it must be perpendicular to the line through (2,0) and (6,4) (i.e., y = & — 2). This line is
given by y = —z — 2. The find the point of intersection of this line with y = = — 2. We get the point
(0, —2). The base of the triangle has length given by the distance formula in the exercise applied to the
points A and B. Its value is v/32. The altitude has height given by the same distance formula, namely,
the distance between the points C(4, —6) and (0, —2); its value is v/32 as well. The rest follows.

c) Area = (1/2)/(32)/(32) = 16
4. y==z
15, y=—x+4
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Chapter 10

APPENDIX C

10.1 Exercise Set 47 (page 509)

10.
11.
12.
13.
14.

15.
16.
17.
18.
19.
20.
21.
22.
23.

® N o e W e

1/2

V3/2

V3/3: tan7/6 = sinm/6/ cos /6 = (1/2)/(V/3/2) = 1/v/3 =/3/3

*\@/2: cos(—5m/4) = cos(5m/4) = cos(m+7/4) = cos(n) cos(m/4) — sin(r) sin(n/4) = — cos(7/4) = —\/2/2
V2/2: cos(Tm/4) = cos(8m/4 — 1/4) = cos(2m — m/4) = cos(—m/4) = cos(7/4) = V/2/2

—V/2/2: sin(5m/4) = sin(rw + 7/4) = sin(r) cos(w/4) + cos(n) sin(n/4) = —sin(7/4) = —/2/2

—V/3/2: cos(Tr/6) = cos(m + 7/6) = cos(m) cos(m/6) — 0 = — cos(7/6) = —/3/2

—V/2/2: sin(—3n/4) = —sin(37/4) = —sin(r — 7/4) =
(—1)(—1) cos(r) sin(m/4) = (—1)(—1)(—1)sin(n/4) = —/2/2

—V/2/2: cos(3m/4) = cos(m — w/4) = cos(m) cos(m/4) + 0 = (—1) cos(m/4) = —/2/2
—/3/2: sin(57/3) = sin(2r — 7/3) = 0 — cos(27) sin(7/3) = —sin(r/3) = —v/3/2
0: cos(37/2) = cos(2m — 7/2) = cos(2w) cos(mw/2) + sin(27) sin(7/2) =04+ 0=0
—1: sin(37/2) = —1

Undefined. tan(37/2) = sin(37/2)/ cos(37/2) = (—1)/(0) = —oo or is undefined.

—1: Use No. 5 above; tan(77/4) = sin(7r/4)/ cos(7r/4) = sin(2n—n/4)/(V/2/2) = — cos(2n) sin(7/4)/(v/2/2) =
—(v2/2)/(vV2/2) = -1

—1/2: sin(77/6) = sin(m + 7/6) = sin(nw) cos(7/6) + cos(n) sin(7/6) = 0 — sin(7/6) = —1/2
V/2/2: Use No. 5 above again; cos(—77/4) = cos(7r /4)

V2/2: cos(17m/4) = cos(16m/4 + m/4) = cos(4r) cos(m/4) — 0 = /2/2

0: cos(bm/2) = cos(2m + 7/2) = cos(2m) cos(m/2) — sin(2m) sin(7/2) =0—-0=10

V/3/2: cos(11m/6) = cos(127/6 — 7 /6) = cos(2m) cos(m/6) + 0 = cos(/6) = v/3/2

V/3/2: cos(—137/6) = cos(137/6) = cos(127/6 + 7/6) = cos(27) cos(m/6) = cos(m/6) = v/3/2
—V/2/2: c0s(225°) = cos(5m/4) and use No. 4.

V2/2: c0s(405°) = cos(97/4) = cos(2m + m/4) = cos(m/4) = V/2/2

—1/2: c0s(960°) = cos(167/3) = cos(6m — 27/3) = cos(27/3)
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24.
25.
26.
27.

28.
29.
30.

31.

32.

33.

34.

35.

36.

1/2: sin(—210°) = sin(—77/6) = —sin(77/6) = 1/2, see No. 15
—1: tan(—1125°) = tan(—257/4) = — tan(257/4) = — tan(67 + 7/4) = — tan(w/4) = —1
Draw a picture. Note that sin ¢ = 4/5 and cos ¢ = 3/5. Thus, sec¢ = 1/cos¢ =5/3

Draw a picture. Observe that sinu = v/15/4 > 0 in Quadrant II. So, cscu = 1/sinu = 4/y/15 and
tanu = sinu/ cosu = (v/15/4)/(—1/4) = —/15

Draw a picture. Here, cos ¢ = v/8/3 by Pythagoras. Thus, tan¢ = (1/3)/(v/8/3) = 1/v/8
Draw a picture. Now, tanv = —3/4 and v in Quadrant IV means that sinv = —3/5 and cosv = 4/5.

Draw a picture. This time sec ¢ = 2 and ¢ acute means that ¢ is in Quadrant I. Hence, cos ¢ = 1/2 and
sin ¢ = v/3/2. It follows that tan ¢ = /3.

Draw a picture. Well, cscw = —3 means that sinw = —1/3 and so cosw = —+/2/3. Therefore, cot w =
cosw/sinw = /2

sinx + cosw sin z + cos® z

LHS = ( —)? = .
cosx sinx cosxsin
1 1 1
= - 2= 2(— )22560256050233
coszsinx cosz’ ‘sinzx
= sec?x(1 + cot? x) = sec® x + sec’ x cot®
= secQgB—i—csc2 xX.
2
cos* 0
LHS =sinf+cotfcosfd = sinf+ —
sin 0
sin? @ + cos? 6 1
= . = — = cscl
sin 6 sin 6
sin? x
LHS — cosx +tanz(l +sinx) cosz + tanz + cos T
o 1+sinx B 1+ sinx
cos? z + tan z cos ¢ + sin® z 1+sinx
= - = . =secx
cosx(1 +sinz) cosz(1 + sinx)
sinzy . 9 . 9
LHS = —= —siny = sin“y(—5——1)
cos? y cos?y

= sin?y(sec’y — 1) = sin®ytan?y

cosT sinx + cosx
LHS — sinz  _ sin x
1 sin x CcosSx + sinx
cosT cosT
sinx + cosx Ccos T
sinx cosx + sinx
= cotx
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37.
1 1
LHS = — =
sin ¢ L cos ¢ sin? ¢ + cos? ¢
cos¢  sin¢ cos ¢ sin ¢
_ 1
= —1
cos ¢ sin ¢
= cos¢sing
38.
, cos?x , sinz 9 9
LHS =sin"z——— +cos"z— = cos“z+sin“x=1
sin® x cos?x
39.
LHS — cosszr.si;le _ 1 _
cos? xsin® x cos? xsin® x
B 1 B 1
- sin?z(l —sin®z)  sin?z —sintz
40.
LHS = (sin® ¢ — cos® ¢)(sin® ¢ + cos® ¢) = (sin® ¢ — cos® ¢)(1)
= sin?¢ — (1 —sin?¢) = 2sin? ¢ — 1
41.
sin? u . 9 cos? u + sin®u . 9
LHS =(1+ COS2U)(1fsm u) = ( - )(1 — sin® )

=

cos? u

42. cos(m/2+ 6) = cos(m/2) cos — sin(7/2) sin @ = —sin
43. sin(

in(m 4+ x) =sinmcosx + cosTsinez = —sinx

44. cos(37/2 + 0) = cos(3m/2) cos — sin(37/2) sinf = sin §
45. sin(m — ) = sinmwcosx — coswsinz = sinx
46. cos(m — ) = cosmcosx +sinwsinz = —cosx

47. sin(37/2 + 0) = sin(37/2) cos § + cos(37/2) sinf = — cos
48. cos(37/2 — 6) = cos(3m/2) cos 6 + sin(37/2) sin @ = —sin
49. Using No. (43) we see that

LHS =tan(r+z) = sin(r + ) =

)(cos?u) =1

—sinx

cos(m+x) cosmcosx —sinmsinx

—sinx
= =tanx
—cosx
50. Using Nos. (45) and (46) we get
LHS — tan(r —a) — sin(r —z)  sinx
cos(m —x) —cosx
= —tanx
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Chapter 11

APPENDIX D

11.1 Exercise Set 48 (page 515)

e e e e e

© 0 NS W

(—00, 00).

All reals except £7, i%ﬂ, i%”, ... (these are the points where cost = 0.)
z > —%.

|z] < 2. (You can also write this as —2 < z < 2.)

All reals except 0, £m, +27, .... (these are the points where sinz = 0.)
(—00, 00).

(=00, 00).

(—o0,0). Note that t*/5 is defined for all values of .

x #£ 1.

11

. |z] > 1. (That is, either x > 1 or z < —1.)

. 0% < 1. (You can also write this as |J] < 1,or —1 <0< 1.)
. The natural domain of f is —co < A < oo.

. O>0.

. 22 < 1. (You can also write this as |z| < 1, or =1 <z < 1.)

11.2 Exercise Set 49 (page 523)

—_

A

Correction: If A < 0, then —A < B implies —1/A > 1/B.
This is false. To see this, let A =1 and B = 0.
Correction: 0 < A < B implies A% < B2.

Correction: A > B > 0 implies 1/A < 1/B.

Correction: A < B implies —A > —B.
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© »®» N>

10.

11.

12.

13.

14.

15.

16.
17.

Correction: If A? < B? and B > 0, then A < B.
This statement is correct. There is nothing wrong!
(0, 7). (Note: To complete our argument we need sinz > 0, which is guaranteed by 0 < x < 7.)

It’s values are less than or equal to 6. Actually, its largest value occurs when x = 2 in which case
f(2) = 5.8186.

g is unbounded: This means that it can be greater than (resp. less than) any given number. The problem
occurs at x = 0.

From x > 1 we see that both z and x — 1 are positive. Hence we can square both sides of the inequality
x > x—1 to arrive at 2 > (z —1)2. (Alternately, since both x and x — 1 are positive, 22 > 22 —x — (z —1) =
22 —2rx+1=(z—1)2)

From p < 1 we see that 1 —p > 0. Since z > 1 (certainly this implies the positivity of z), we have
2P > 1P or 2P > 1. Now 2P = z=(P=1) = Ip—l,l So the last inequality can be rewritten as ﬂ% > 1.

We can multiply both sides of this inequality by sinx because 1 < z < 7 guarantees that sinx is positive.
Since both z and 2 are > 0, we can apply the AG-inequality to get ﬁf > V- 22 =+va3. Since z+22 >0,

we have x + 22 > # So z 4+ 22 > Va3. Yes, we can square both sides since z > 0, and so both terms in
the inequality are greater than or equal to 0.

Yes. Under no further conditions on the symbol, since it is true that (O — 1)?> > 0 for any symbol, [J.
Expanding the square and separating terms we get that 02 > 20 — 1.

Since 1 —p > 0 and |x| > 1, we have |z|'™? > 1177 = 1, or |z| |z|~? > 1, which gives |z| > |z|P. Taking

reciprocals, we get % 1. (The last step is legitimate because both |z|P and |z| are positive.)

ol = T

|v| < ¢. This is because we need 1 —v?/c? > 0. Now solve this inequality for v.

If n = 2, the result is clear, because 2 < (1.5)2 < 3. So let’s assume that n > 2, now. We use (11.9) with
the quantity “1/n" inside the box symbol (or replacing the box by 1/n, if you like). We’ll see that

(1+)” :1+n+%2+...+%”

=1+4n(d)2nbdy2 gy nnm =2 @A) (Lyn,

n n!

n2 nn n!

Now, we regroup all the terms in the above display in the following way .... Note that the following term is
not apparent in the display above, but it IS there! See Equation (11.9 ).

AR = () (25) (5
) (2 ()
= (5) (252).

=(-D0-2),

A similar idea is used for the other terms. Okay, so using this rearrangement of terms we can rewrite
(14 L)"as

1+2)" =...
=1+1+(1-HL+(1-H(1-2)L+...

n

FL-H -2 =)0 b
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(where there are (n + 1) terms in the right hand side). Now, notice that for every integer n > 2, each term
of the form “1 — (something)/n" is less than 1 and bigger than zero, because we’re subtracting something

positive from 1. So,
1
(1 - ) <1
n

(63 < o2

where we have used Figure 242 with A =1—2/n, 0=1—1/n (or with the symbols “1 — 1/n" inside the
box), and A =1 (or with “1" inside the triangle). Using these estimates we can see that we can replace
every term inside the “large brackets" by 1 so that

(1+H)" =...

Sl ISR g (-0 -2 (- 0m s )

n n!

< I4+l+4g 45+ 4

n!

We’re almost done! Now we use the following inequalities ...

31=3x2x1 > 2x2x1=22
Al =4x3x2x1 > 2x2x2x1=23
Bl=hx4x3x2x1 > 2x2x2x2x1=2%

n!l > 2n1

Now since we must “reverse the inequality when we take reciprocals of positive numbers" (Table 1.1,
Table 1.2) we get that for every integer n > 2,

1

1> on—l impli [
nl>2 implies o < on—1

Combining this estimate with Equation (11.1) we get a new estimate, namely,

(I+4)" < 1+1+5+4+ -+

n!

(11.2)
< I4+1+i+5++ 524

Now, the sum on the right above is a finite geometric series and we know that, if n > 2,

_(1\yn+1
I+t b+ h=E 1 -

1-3 1-3
Now you can see that, when we combine this latest estimate with (11.2) we find
I+5)" < 1+1+3+5+ -+ 5

< 14+42=3

which is what we wanted to show. Okay, this looks a bit long, but we did include all the details, right?
Eventually, you’ll be able to skip many of the details and do them in your head, so to speak, and the whole
thing will get shorter and faster, you’ll see.

107



The ABC’s of Calculus, Volume 1 2026 Solutions Manual

NOTE: This looks tough, but we’ll be using this 200 yr old inequality later on, in Chapter 4, when we define Euler’s number,
2.7182818284590.
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Chapter 12

APPENDIX E

12.1 Special Exercise Set (page 530)

1. The car’s final (metric) speed is

miles 1 hr 1 rnin1 61 km 1000 m 96.83 m
hr 60 min 60 sec ~  miles km 0 sec’

Its acceleration is therefore 26.83/3.05 = 8.8m/sec?. Its velocity, v(t), is therefore given by the formula
v(t) = 8.8t (basic physics). Its linear distance, z(t), is therefore given by z(t) = 8.8t2/2 + vot + w0,
where ¢ = 0, vy = 0 is its initial velocity at t = 0. Since x(t) = 4.4t2, its distance after 3.05 seconds is
2(3.05) = (4.4)(3.05)? = 40.9 meters. Since this exceeds 25 meters and the motion is necessarily a continuous
function of time, the result follows.

2. This is easy by an immediate application of the IVT because every number between 0 and 8611 must lie
somewhere on the graph of every curve that starts at sea level 0, lies on the mountain, and ends at the peak!

3. Recall that any three points determine a unique plane. Let’s label the legs A, B, C, D in a clockwise fashion.
In this case, three of the table’s legs will rest on a plane, say, A, B, C, and the plane must be the floor itself,-
the end of the fourth leg, D, must then be above the floor (or else there wouldn’t be a problem). Now start
rotating the table clockwise while always keeping A, B, and C touching the floor at the same time. What
can happen? Well, at some point one of the legs A, B, C, may be the ones that are above the floor! In this
case, it’s because you can think of leg D as having gone “into" the floor. So, if D is above the floor at the
beginning of the rotation and “below" the floor at some other point during the rotation there must be some
rotation that will make leg D lie on the floor exactly, and so the table balances! This is a neat application
of the IVT.

4. We know from basic physics that temperature varies continuously at any point of the room. Let A be the
point at which the temperature is 36° and let B be a point where the temperature is 14°. Take the straight
line joining A to B as our function (we’ll assume there are no obstructions between A and B). Then this is a
continuous curve in the room, i.e., the function defined by the line is continuous. By the IVT there must be
some point along this line where the temperature is 20° (because 20 is between 14 and 36). That does it.
(There may be many such points but we only need one.)

5. Had you traveled from TO to NY at 65 mph ALL the time (and non-stop) then it would have taken you
roughly 7.5 hours to get there. But it only took you 6 hours. So, of course you had to have gone faster than
65 mph and so broken the law. If you had never reached 81 mph and had gone, say, at speeds of only up to
80 mph, then you couldn’t have reached either city from the other in exactly 6 hours (in fact it would have
taken you at least 491/80 = 6.13 hours to get to your destination.

109



The ABC’s of Calculus, Volume 1 2026 Solutions Manual

6.

Let f be a continuous function on an interval [a,b] with f(a)f(b) < 0. Let’s assume that f(a) > 0 and
f(b) < 0. Then by the IVT if we are given a point f(a) < z < f(b) then there is a point ¢ between a and b
such that f(c) = z. Let z =0 be given (clearly z = 0 lies between f(a) and f(b)). Then by the IVT there
must be a point ¢ such that f(¢) =0, which is what what we wanted to show. (Bolzano’s theorem is useful
in finding roots of equation by approximation.)

12.2 Exercise Set 50 (page 538)

10.

11.

12.

1.
2
3.
4
5

<

y(x) = 3z — 2 is continuous on [0, 2] and y(0) = -2 < 0, y(2) =4 > 0.
y(xz) = 2* — 1 is continuous, y(—2) =3 > 0 and y(0) = -1 < 0.
ylx) = — 3z — 2 is continuous, y(0) = =2 < 0 and y(3) =7 > 0.
y(x) = sinx + cosz is continuous on [0, 7], y(0) =1 > 0 and y(r) = -1 < 0.
(1) = —m < 0. But y(0) = 0; so 0 is already a root. Try another point instead of 0, say 7: y(5) =
7-0+1=1>0. So there is a root in [F, 7] and hence in [0, 7] (besides the root 0.)
(This is hard.) In the proof we use several times the following basic fact in differential calculus: if the

derivative of a function is identically zero, then this function must be a constant. Let’s begin by applying
this fact to the function gy”: its derivative 3"/ = 0 implies that y” is a constant, say y”’ = a. Let u =y — ax.
Then v’ = y” —a = 0 and hence u is a constant, say u = b, that is, y' —ax = b. Let v = y — %2> — bz. Then
v' =9 — % -2x—b=0 and hence v is a constant, say v = c¢. Thus y — %x2—bx:c, ory = %12+bx+c.
We can finish the proof by setting A =5, B=band C =c.

From the assumption that % +y(x)* +2 = 0, we know that % exists on (a, b), and y(x) is continuous on
[a,b]. Assume the contrary that there are two zeros in [a, ], say 21, x2. Using the Mean Value Theorem,
we see that there exists some ¢ between 1 and x2 (a fortiori, between a and b), such that %(c) = 0. Thus
y(c)* +2 = 0. Impossible! So there cannot be two zeros for y(z).

Consider the function y(z) =  — sinz. By the Mean Value Theorem we see that, for each = > 0, there
exists some ¢ between 0 and z such that y(z) — y(0) = y'(¢)(z — 0), or  — sinxz = y'(c)z; (notice that
y(0) =0.) Now ¢/(z) = 1 — cosz, which is always > 0. So, from x > 0 and y'(c) > 0 we see that y'(c)x > 0.
Thus x —sinx > 0, or sinx < .

Use Rolle’s Theorem on [0, 7] applied to the function f(z) = sinx. Since f(0) = f(7) = 0, we are guaranteed
that there exists a point ¢ inside the interval (0,7) such that f’(c¢) = cosc = 0. This point ¢ is the root we
seek.

Note that (sinz)" = cosx < 1. For any z in [0, §], the function sin z satisfies all the conditions of the Mean

Value Theorem on [z, 7]. So, there exists c in (x, %) such that

sin% —sinx
—= =—cosc<1.

T
2
This statement is equivalent to the stated inequality, since sin(r/2) = 1.

(a) f(2%:£(0) =501 —3and f'(c)=2c+1=3give c=1.

2
(b) 7’7(12:3(0) =22 =Tland ¢g'(c) =2c=1give c = 1.

Let z(t) denote the distance travelled (in meters) by the electron in time ¢. We assume that z(0) = 0 and
we are given that 2(0.3 x 107%) = 1. Now apply the MVT to the time interval [0,0.3 x 10~%]. Then,

(0.3 x107%) —2(0)
3x10_0

for some time ¢ = ¢ in between. But this means that the speed of the electron at this time ¢t = ¢ is

o 3X10 ~——t——2 = 3.3 x 10® m/sec, which is greater than 2.19 x 108 m/sec, or the speed of light in that medium!
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