Functions and their properties 1

Exercises: Describing regions as sets in different
coordinate systems

Exercise Set 1

Sketch and describe the given regions as sets in the given coordinate
system(s): Assume all regions are given in the zy-plane.

10.

11.

12.

13.

. The rollerblade slide, S, bounded by the curves y = 22, x =2 and y = 0

(in Cartesian coordinates).

The triangular region, 7, bounded by the curves y =2z, y =2 and z =0
(in Cartesian coordinates).

The rectangular region R, bounded by the lines x = -2, x =3, y = —1
and y = 4 (in Cartesian coordinates).

The walnut shaped region, W, bounded by the two parabolae y = 4 — 22,
and y = 22 — 4 (in Cartesian coordinates).

The inclined plane, 7, bounded by the lines y = —1, y = x and x = 3 (in
Cartesian coordinates).

The kite shaped region, K, bounded by the lines y =z + 1, y = 1 — z,
y=2x—2and y=—2x—2.

The wing shaped region,)V, bounded by the curves y = 22 and y? = x (in
Cartesian coordinates).

(Hard) The egg shaped region &£, bounded by the curves y = sinz and

the lower semi circle
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where y < 0 (in Cartesian coordinates).

The tent shaped region 7, bounded by the curves y =0,y =1, y=2—=x
and y = = + 2 (in Cartesian coordinates).

An ancient Roman gate, G, bounded by the curves y =0,z = -1,z =1
and the semi circle

w2+ (y —3)2 =1,
where y > 3 (in Cartesian coordinates).

The pizza slice, S, bounded by the rays § = &, § = ¥ and the arc r = 3
(in polar coordinates).

The solid washer, W, bounded by the circles r = 2 and » = 3 (in polar
coordinates).

The sports car logo, £, bounded by the curves r = 1, 0 =0, § = 7, and
r=1,0=m,60=2C in (polar coordinates).



14.

15.

16.

17.

18.

19.

20.
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One arm of the First Aid logo or the Maltese cross, M, with vertex at O
bounded by the rays § = +& and the arc of the circle

2 —4drcosf+3=0

(in polar coordinates).

The closed region bounded by that part of the cardioid, C, r = 1 4 cos
for 0 < 0 < 7 and the ray # = 0 (in polar coordinates).

One leaf, L, of the four leaved flower bounded by the curve r = cos 36
where —F < 6 < & (in polar coordinates).

The cigar shaped region, C, bounded by the curves y = -1, y =1,z =0
and the arc of the circle 22 + y? = 4 where > 0 (in polar coordinates).

The saucer shaped region, R, common to both the circles z? + y? = 2y
and 22 + y? = 1 (in polar and Cartesian coordinates).

The tipped mailbox shaped region, R, bounded by the curves x = —1,
y =0, y = 1 and the quarter circle corresponding to z? + y? = 1 lying in
the first quadrant (in polar and Cartesian coordinates).

The spear shaped triangular region, S, bounded by the curves y = @x,

y = V3 and the curve zy = 2 (in polar and Cartesian coordinates, using
vertical slices).
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Answers:

1. a) Using vertical slices:
S = {xy 0<y<a? O§x§2},
or,
b) Using horizontal slices:
S={(z,y):Vy<z <y, 0<y<4}.
Both descriptions are correct.
2. a) Using vertical slices:
T={(v,y):20<y<2 0<z<1},
or,
b) Using horizontal slices:
T:{(J:,y):OSxS%, O§y§2}.
Both descriptions are correct.
3. Using either vertical or horizontal slices we find:
R=A{(z,y): —2<x<3, —-1<y<4}.
Both descriptions are given by the same set of inequalities.
4. a) Using vertical slices:
S:{(:c,y cx?—4<y<4-—2? —2<x<2}
or,

b) Using horizontal slices: S = &1 U Sy where

51:{($,y)1—\/4—y§x§\/4— ,0§y§4}7

and

S={(wy):—VIry<e</Iry —4<y<o}.
5. a) Using vertical slices:
T={(y):-1<y<z —1<z<3),
or,
b) Using horizontal slices:

T={(r,y):y<x<3, —-1<y<3}.
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a) Using vertical slices: K = Ky U Ko where
Ki={(z,y):22—-2<y<l-=2 0<z<1},

and
Ko={(z,y): 2z—-2<y<z+1, —-1<z<0},

or, using horizontal slices,
b) K = K35 U K4 where
Ks={(z,y):y—1<z<1l-y, 0<y<1},

and

Ki= {132 << 2 2y <0
a) Using vertical slices:

W={(z,y):a* <y<Va, 0<z <1},

b) or, using horizontal slices:

W={(zr,y): <z <y, 0<y<1}.

a) Using vertical slices:

2 2
E=<(z,y): — I—(m—g) <y<sinz, 0<z<m;,,

or (this part is hard),
b) Using horizontal slices: £ = & U &, where
& ={(z,y) : Arcsiny <z <7 — Arcsiny, 0 <y <1},

and

& = { \/——y2<x g \/——y,—g }

a) Using vertical slices: 7 = 7; U 7o U 73 where:
Ti={(z,y):0<y<z+2 -2<z<-1},

T={(r,y):0<y<2-z 1<z<2},

or, using horizontal slices,

b)
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10. a) Using vertical slices:

g:{(m,y):3—\/1—x2§y§3—|—\/1—x2, —1§x§1},

or, using horizontal slices,

b) G = G1 U Gy where

Gi={(z,y): 1<z <1, 0<y<3},

Go={(wy): —VI- (=3P <2< VI=(y =37, 3<y<4f,

11. - -
— <0< =>.
5055
12.

W=A{(r0):2<r<3, 0<0<2r}.

13. £L = L1 ULy where

ﬁlz{(r,e):ogrgl,ogegf},

2
14.
_ 20 _

M= (r,@):0§r§4C080 V16 cos? 6 12, —ESL‘)SE

2 6 6
15.

C={(r0):0<r<1+4cosb, 0<0<m}.

16.

T T
L {(r,@) 0 <r <cos3b, 2_9_ }
17. C = C1 UCy UC3 where:

C = {(7', 0):0<r<d4, —Arcsini <6< Amsmi} ,

1
Cy = {(7‘,9) :0<r<ecsch, ArcsinZ <fh< g}7

1
Cs = {(r,ﬂ) :0<r < —csch, —g <6< —Arcsinz} .
18. In polar coordinates: R = R1 U Ry U R3 where:

R1:{(r,9):0§r§2sin9, OSQS%}’

(@1

RQZ{(T,e):ogrgl, %geg%},

5T

Rg:{(T,G):OSTSZSine, FSQSW}’



The ABC's of Calculus
or, in Cartesian coordinates (vertical slices):
V3
R=<(z,y):1-vV1—-a?2<y<1-—2? _TSxST ,

or, using horizontal slices: R = R1 U R where

Ry = { A F<r< I Le }

] I

Ra = { “V2y—y?<r<y2y—y? 0<y <%}

19. In polar coordinates: R = R1 U Ry U R3 where:

Rlz{(TH) 0<r<1, 0<9<2

IN
>
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722—{(7",{9):(35(:9<7"<1,g <£},

SS
IA

3
R3:{(7‘a9)11§7“§—se09 Zﬂg w},

or, in Cartesian coordinates (vertical slices): R = R U (R2 U R3) where
Rl:{(%@/)ﬁoﬁyé\/l—x% nggl},

RoURz ={(z,y):0<y<1, —=1<2z<0},

or, using horizontal slices (simplest of all):
Rz{(m,y):—lﬁxﬁ V1—19y2, Ogygl}.

20. In polar coordinates:

§={n0):0<r<2vesch, T <0< T},
or, in Cartesian coordinates (vertical slices): & = S; U Sz where

IN
8
IN
S
-

31={(fc,y)rgéy§\/§x, 0
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