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Abstract

The convolution sums
∑

l+12m=n

σ(l)σ(m) and
∑

3l+4m=n

σ(l)σ(m) are evaluated for all

n ∈ N, and their evaluations used to determine the number of representations
of a positive integer n by the form x2

1 +x1x2 +x2
2 +x2

3 +x3x4 +x2
4 + 4(x2

5 +x5x6 +
x2

6 + x2
7 + x7x8 + x2

8).
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1. Introduction

Let N, Z, R, C denote the sets of natural numbers, integers, real numbers, complex
numbers respectively. For k, n ∈ N we set

σk(n) =
∑
d|n

dk, (1.1)

where d runs through the positive divisors of n. If n /∈ N we set σk(n) = 0. We write
σ(n) for σ1(n). For a, b ∈ N with a ≤ b we define the convolution sum Wa, b(n) by

Wa, b(n) :=
∑

(l, m) ∈ N
2

al + bm = n

σ(l)σ(m). (1.2)

1Research of the third author was supported by Natural Sciences and Engineering Research Council
of Canada grant A-7233.
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Set g = gcd(a, b). Clearly

Wa, b(n) =
{

Wa/g, b/g(n/g), if g | n,

0, if g � n.
(1.3)

Hence we may suppose that gcd(a, b) = 1. When a = 1 we have

W1, b(n) =
∑
m ∈ N

m < n/b

σ(m)σ(n − bm) (1.4)

and we write Wb(n) for W1, b(n).
The sum Wk(n) has been evaluated for k = 1 [7], [10], [11], [12], k = 2 [12], [16],

[17], k = 3 [12], [16], [17], [21], k = 4 [12], [16], [17], k = 5 [14], [16], [17], k = 6
[3], k = 7 [14], k = 8 [23], k = 9 [16], [17], [21], [22] and k = 16 [1]. The sum
W2,3(n) was evaluated in [3]. In this paper we determine W12(n) and W3, 4(n). These
determinations are given in Theorem 2.1 in Section 2. The proof of Theorem 2.1 is given
in Section 3. Some related convolution sums are evaluated in [8], [9].

For k, n ∈ N we let

Nk(n) := card
{
(x1, x2, x3, x4, x5, x6, x7, x8) ∈ Z8 | n = x2

1 + x1x2 + x2
2 (1.5)

+x2
3 + x3x4 + x2

4 + k(x2
5 + x5x6 + x2

6 + x2
7 + x7x8 + x2

8)
}

.

The value of N1(n) has been given by Lomadze [15], the value of N2(n) by Alaca and
Williams [3] and the value of N3(n) by Williams [22]. In Section 4 the evaluations of
W12(n) and W3, 4(n) are used to determine N4(n), see Theorem 2.2 in Section 2.

2. Statements of Theorems 2.1 and 2.2

Let q ∈ C be such that |q| < 1. Ramanujan’s discriminant function �(q) is defined by

�(q) := q

∞∏
n=1

(1 − qn)24 =
∞∑

n=1

τ(n)qn, (2.1)

where τ(n) is Ramanujan’s tau function [18, eqn. (92)], [20, p. 151].
From (2.1) we deduce

�(q)−1/24�(q2)1/12�(q3)1/8�(q4)1/8�(q6)1/12�(q12)−1/24 (2.2)

= q

∞∏
n=1

(1 − q2n)2(1 − q3n)3(1 − q4n)3(1 − q6n)2

(1 − qn)(1 − q12n)

= q

∞∏
n=1

(1 + qn)(1 − q2n)(1 − q3n)3(1 − q4n)3(1 − q6n)(1 − q12n−6)

=
∞∑

n=1

tnq
n,
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where

tn ∈ Z (n ∈ N), t1 = 1. (2.3)

Also

�(q)−1/12�(q2)1/3�(q3)−1/12�(q4)−1/12�(q6)1/3�(q12)−1/12 (2.4)

= q

∞∏
n=1

(1 − q2n)8(1 − q6n)8

(1 − qn)2(1 − q3n)2(1 − q4n)2(1 − q12n)2

= q

∞∏
n=1

(1 + qn)2(1 − q2n)6(1 + q3n)2(1 − q6n)6(1 + q4n + q8n)2

=
∞∑

n=1

unq
n,

where

un ∈ Z (n ∈ N), u1 = 1. (2.5)

Thus

10

11
�(q)−1/24�(q2)1/12�(q3)1/8�(q4)1/8�(q6)1/12�(q12)−1/24 (2.6)

+ 1

11
�(q)−1/12�(q2)1/3�(q3)−1/12�(q4)−1/12�(q6)1/3�(q12)−1/12

=
∞∑

n=1

c1, 12(n)qn,

where

c1,12(n) = 10tn + un ∈ Z (n ∈ N) (2.7)

and

c1,12(1) = 1. (2.8)

The first 36 values of c1,12(n) are given in the following table.
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n c1,12(n) n c1,12(n) n c1,12(n)

1 1 13 178/11 25 461/11
2 12/11 14 −192/11 26 456/11
3 −3/11 15 −378/11 27 −27/11
4 −24/11 16 −96/11 28 384/11
5 −54/11 17 −666/11 29 −90
6 −36/11 18 108/11 30 −216/11
7 −56/11 19 −380/11 31 −608/11
8 48/11 20 −144/11 32 192/11
9 9 21 408/11 33 324/11

10 72/11 22 144/11 34 −1512/11
11 252/11 23 1368/11 35 −1296/11
12 72/11 24 −144/11 36 −216/11

Also from (2.1) we have

�(q)1/8�(q2)1/12�(q3)−1/24�(q4)−1/24�(q6)1/12�(q12)1/8 (2.9)

= q2
∞∏

n=1

(1 − qn)3(1 − q2n)2(1 − q6n)2(1 − q12n)3

(1 − q3n)(1 − q4n)

= q2
∞∏

n=1

(1 − qn)3(1 − q2n)2(1 + q3n)(1 − q6n)(1 + q4n + q8n)(1 − q12n)2

=
∞∑

n=1

vnq
n,

where

vn ∈ Z (n ∈ N), v1 = 0, v2 = 1. (2.10)

Thus

10�(q)1/8�(q2)1/12�(q3)−1/24�(q4)−1/24�(q6)1/12�(q12)1/8 (2.11)

+�(q)−1/12�(q2)1/3�(q3)−1/12�(q4)−1/12�(q6)1/3�(q12)−1/12

=
∞∑

n=1

c3, 4(n)qn,

where

11c3, 4(n) = 10vn + un ∈ Z (n ∈ N) (2.12)

and

c3, 4(1) = 1. (2.13)

The first 36 values of c3, 4(n) are given in the following table.
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n c3, 4(n) n c3, 4(n) n c3, 4(n)

1 1 13 278 25 −1529
2 12 14 −192 26 456
3 −33 15 162 27 −297
4 −24 16 −96 28 384
5 126 17 −846 29 1350
6 −36 18 108 30 −216
7 −136 19 620 31 −448
8 48 20 −144 32 192
9 9 21 168 33 −756
10 72 22 144 34 −1512
11 −108 23 648 35 144
12 72 24 −144 36 −216

In Section 3 we prove the following theorem.

Theorem 2.1: Let n ∈ N. Then∑
(l, m) ∈ N

2

l + 12m = n

σ(l)σ(m)

= 1

480
σ3(n) + 1

160
σ3

(n

2

)
+ 3

160
σ3

(n

3

)
+ 1

30
σ3

(n

4

)

+ 9

160
σ3

(n

6

)
+ 3

10
σ3

( n

12

)
+

(
1

24
− n

48

)
σ(n)

+
(

1

24
− n

4

)
σ

( n

12

)
− 11

480
c1, 12(n)

and ∑
(l, m) ∈ N

2

3l + 4m = n

σ(l)σ(m)

= 1

480
σ3(n) + 1

160
σ3

(n

2

)
+ 3

160
σ3

(n

3

)
+ 1

30
σ3

(n

4

)

+ 9

160
σ3

(n

6

)
+ 3

10
σ3

( n

12

)
+

(
1

24
− n

16

)
σ

(n

3

)

+
(

1

24
− n

12

)
σ

(n

4

)
− 1

480
c3, 4(n),

where c1, 12(n) and c3, 4(n) are defined in (2.6) and (2.12) respectively.
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As an application of Theorem 2.1, we prove the following result in Section 4.

Theorem 2.2: Let n ∈ N. The number N4(n) of (x1, x2, x3, x4, x5, x6, x7, x8) ∈ Z8

such that

n = x2
1 + x1x2 + x2

2 + x2
3 + x3x4 + x2

4 + 4(x2
5 + x5x6 + x2

6 + x2
7 + x7x8 + x2

8)

is given by

N4(n) = 6

5
σ3(n) + 18

5
σ3

(n

2

)
+ 54

5
σ3

(n

3

)

+96

5
σ3

(n

4

)
+ 162

5
σ3

(n

6

)
+ 864

5
σ3

( n

12

)

+99

10
c1, 12(n) + 9

10
c3, 4(n).

3. Proof of Theorem 2.1

We define the Eisenstein series L(q), M(q) and N(q) by

L(q) := 1 − 24
∞∑

n=1

σ(n)qn, q ∈ C, |q| < 1, (3.1)

M(q) := 1 + 240
∞∑

n=1

σ3(n)qn, q ∈ C, |q| < 1, (3.2)

N(q) := 1 − 504
∞∑

n=1

σ5(n)qn, q ∈ C, |q| < 1, (3.3)

see for example [5, p. 105], [18, eqn. (25)], [20, p. 140]. The discriminant function
�(q) is given by

�(q) = 1

1728

(
M(q)3 − N(q)2

)
, (3.4)

see for example [13, p. 111], [18, eqn. (44)], [20, p. 144]. The Jacobi theta function
ϕ(q) is defined by

ϕ(q) :=
∞∑

n=−∞
qn2

, q ∈ C, |q| < 1, (3.5)

see for example [5, p. 92]. Set

p = p(q) := ϕ2(q) − ϕ2(q3)

2ϕ2(q3)
(3.6)
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and

k = k(q) := ϕ3(q3)

ϕ(q)
. (3.7)

It is shown in [3, eqns. (3.84) and (3.87)] that

L(q) − 2L(q2) = −(1 + 14p + 24p2 + 14p3 + p4)k2 (3.8)

and

L(q) − 3L(q3) = −(2 + 16p + 36p2 + 16p3 + 2p4)k2. (3.9)

The following two results are proved in [2]:

Duplication principle.

p(q2) = 1 + p − p2 − ((1 − p)(1 + p)(1 + 2p))1/2

p2
,

k(q2) = (1 + p − p2 + ((1 − p)(1 + p)(1 + 2p))1/2)k

2
.

Triplication principle.

p(q3) = 3−1
(
(−4 − 3p + 6p2 + 4p3)

+22/3(1 − 2p − 2p2)((1 − p)(1 + 2p)(2 + p))1/3

+ 21/3(1 + 2p)((1 − p)(1 + 2p)(2 + p))2/3
)

,

k(q3) = 3−2
(

3 + 22/3(1 + 2p)((1 − p)(1 + 2p)(2 + p))1/3

+ 24/3((1 − p)(1 + 2p)(2 + p))2/3
)

k.

Applying the triplication principle to (3.8), we obtain using MAPLE (here and throughout)

L(q3) − 2L(q6) = −(1 + 2p + 2p3 + p4)k2, (3.10)

in agreement with [3, eqn. (3.85)]. Applying the duplication principle to (3.10), we
deduce

L(q6) − 2L(q12) = −
(

1 + 2p − p3 − 1

2
p4

)
k2. (3.11)

Then, from (3.9), (3.10), (3.11) and the relation

L(q) − 12L(q12)

= (L(q) − 3L(q3)) + 3(L(q3) − 2L(q6)) + 6(L(q6) − 2L(q12)),
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we obtain

L(q) − 12L(q12) = −(11 + 34p + 36p2 + 16p3 + 2p4)k2. (3.12)

Squaring (3.12) we obtain

(L(q) − 12L(q12))2 =
(

121 + 748p + 1948p2 + 2800p3 (3.13)

+2428p4 + 1288p5 + 400p6 + 64p7 + 4p8
)

k4.

It is also shown in [3, eqn. (3.69)] that

M(q) = (1 + 124p + 964p2 + 2788p3 + 3910p4 (3.14)

+2788p5 + 964p6 + 124p7 + p8)k4.

Applying the duplication and triplication principles successively to (3.14), we obtain

M(q2) = (1 + 4p + 64p2 + 178p3 + 235p4 (3.15)

+178p5 + 64p6 + 4p7 + p8)k4,

M(q3) = (1 + 4p + 4p2 + 28p3 + 70p4 (3.16)

+28p5 + 4p6 + 4p7 + p8)k4,

M(q4) =
(

1 + 4p + 4p2 − 2p3 + 10p4 + 28p5 (3.17)

+31

4
p6 − 29

4
p7 + 1

16
p8

)
k4,

M(q6) = (1 + 4p + 4p2 − 2p3 − 5p4 (3.18)

−2p5 + 4p6 + 4p7 + p8)k4,

M(q12) =
(

1 + 4p + 4p2 − 2p3 − 5p4 − 2p5 (3.19)

+1

4
p6 + 1

4
p7 + 1

16
p8

)
k4.

Equations (3.15), (3.16) and (3.18) are equations (3.70), (3.71) and (3.72) in [3] respec-
tively. Then, from (3.14)-(3.19), we obtain

22M(q) − 9M(q2) − 27M(q3) − 48M(q4) − 81M(q6) + 3168M(q12)

= (3025 + 14740p + 32680p2 + 52900p3 + 66100p4

+51460p5 + 20620p6 + 3400p7 + 100p8)k4. (3.20)
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Next, from (3.13) and (3.20), we deduce

(L(q) − 12L(q12))2

− 1

25

(
22M(q) − 9M(q2) − 27M(q3) − 48M(q4) − 81M(q6) + 3168M(q12)

)
= 36

5
(5p2 + 17p + 11)p(1 + p)(1 − p)(1 + 2p)(2 + p)k4.

Since

5p2 + 17p + 11 = 5(1 + p)(2 + p) + (1 + 2p)

we obtain

(L(q) − 12L(q12))2 = 1

25

(
22M(q) − 9M(q2) − 27M(q3) − 48M(q4)

−81M(q6) + 3168M(q12)
)

+36p(1 + p)2(1 − p)(1 + 2p)(2 + p)2k4

+36

5
p(1 + p)(1 − p)(1 + 2p)2(2 + p)k4. (3.21)

From [3, eqn. (3.73)] we have

N(q) = (1 − 246p − 5532p2 − 38614p3 − 135369p4 (3.22)

−276084p5 − 348024p6 − 276084p7 − 135369p8

−38614p9 − 5532p10 − 246p11 + p12)k6.

Applying the duplication and triplication principles successively to (3.22), we obtain

N(q2) =
(

1 + 6p − 114p2 − 625p3 − 4059

2
p4 (3.23)

−4302p5 − 5556p6 − 4302p7 − 4059

2
p8

− 625p9 − 114p10 + 6p11 + p12
)

k6,



36 Ayşe Alaca, Şaban Alaca and Kenneth S. Williams

N(q3) = (1 + 6p + 12p2 − 58p3 − 297p4 − 396p5 − 264p6 (3.24)

−396p7 − 297p8 − 58p9 + 12p10 + 6p11 + p12)k6,

N(q4) =
(

1 + 6p + 12p2 + 5p3 − 45p4 − 144p5 (3.25)

−1167

8
p6 + 171

8
p7 + 2151

32
p8 − 739

16
p9

−345

8
p10 + 129

32
p11 + 1

64
p12

)
k6,

N(q6) = (1 + 6p + 12p2 + 5p3 − 27

2
p4 − 18p5 − 12p6 (3.26)

−18p7 − 27

2
p8 + 5p9 + 12p10 + 6p11 + p12)k6,

N(q12) =
(

1 + 6p + 12p2 + 5p3 − 27

2
p4 − 18p5 (3.27)

−33

8
p6 + 45

8
p7 + 135

32
p8 + 17

16
p9

+ 3

16
p10 + 3

32
p11 + 1

64
p12

)
k6.

Equations (3.23), (3.24) and (3.26) are formulae (3.74), (3.75) and (3.76) in [3] respec-
tively.

Next, from (3.4), (3.14)-(3.19) and (3.22)-(3.27), we obtain

�(q) = 1

16
p(1 + p)4(1 − p)12(1 + 2p)3(2 + p)3k12, (3.28)

�(q2) = 1

256
p2(1 + p)2(1 − p)6(1 + 2p)6(2 + p)6k12, (3.29)

�(q3) = 1

16
p3(1 + p)12(1 − p)4(1 + 2p)(2 + p)k12, (3.30)

�(q4) = 1

65536
p4(1 + p)(1 − p)3(1 + 2p)3(2 + p)12k12, (3.31)

�(q6) = 1

256
p6(1 + p)6(1 − p)2(1 + 2p)2(2 + p)2k12, (3.32)

�(q12) = 1

65536
p12(1 + p)3(1 − p)(1 + 2p)(2 + p)4k12. (3.33)
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Equations (3.28), (3.29), (3.30) and (3.32) are equations (3.78), (3.79), (3.80) and (3.81)
in [3] respectively. Hence, from (3.28)-(3.33), we obtain

�(q)−1/24�(q2)1/12�(q3)1/8�(q4)1/8�(q6)1/12�(q12)−1/24 (3.34)

= 2−3p(1 + p)2(1 − p)(1 + 2p)(2 + p)2k4

and

�(q)−1/12�(q2)1/3�(q3)−1/12�(q4)−1/12�(q6)1/3�(q12)−1/12 (3.35)

= 2−2p(1 + p)(1 − p)(1 + 2p)2(2 + p)k4.

Thus, from (3.21), (3.34) and (3.35), we have

(L(q) − 12L(q12))2 = 1

25

(
22M(q) − 9M(q2) − 27M(q3) − 48M(q4)

−81M(q6) + 3168M(q12)
)

+288�(q)−1/24�(q2)1/12�(q3)1/8�(q4)1/8�(q6)1/12�(q12)−1/24

+144

5
�(q)−1/12�(q2)1/3�(q3)−1/12�(q4)−1/12�(q6)1/3�(q12)−1/12,

that is (by (2.6))

(L(q) − 12L(q12))2 (3.36)

= 1

25

(
22M(q) − 9M(q2) − 27M(q3) − 48M(q4) − 81M(q6) + 3168M(q12)

)

+1584

5

∞∑
n=1

c1, 12(n)qn.

Then, from (3.2) and (3.36), we have

(L(q) − 12L(q12))2 = 121 + 48

5

∞∑
n=1

(
22σ3(n) − 9σ3

(n

2

)
− 27σ3

(n

3

)
(3.37)

−48σ3

(n

4

)
− 81σ3

(n

6

)
+ 3168σ3

( n

12

)
+ 33c1, 12(n)

)
qn.

Recalling that (see for example [10], [11])

L(q)2 = 1 +
∞∑

n=1

(240σ3(n) − 288nσ(n))qn, (3.38)
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so that

L(q12)2 = 1 +
∞∑

n=1

(
240σ3

( n

12

)
− 24nσ

( n

12

))
qn, (3.39)

we obtain

∞∑
n=1

( ∑
(l, m) ∈ N

2

l + 12m = n

σ(l)σ(m)

)
qn

=
∞∑

l,m=1

σ(l)σ(m)ql+12m

=
( ∞∑

l=1

σ(l)ql

) ( ∞∑
m=1

σ(m)q12m

)

=
(

1 − L(q)

24

) (
1 − L(q12)

24

)

= 1

576
− 1

576
L(q) − 1

576
L(q12) + 1

576
L(q)L(q12)

= 1

576
− 1

576
L(q) − 1

576
L(q12) + 1

13824
L(q)2 + 1

96
L(q12)2

− 1

13824

(
L(q) − 12L(q12)

)2

= 1

576
− 1

576

(
1 − 24

∞∑
n=1

σ(n)qn

)
− 1

576

(
1 − 24

∞∑
n=1

σ
( n

12

)
qn

)

+ 1

13824

(
1 +

∞∑
n=1

(240σ3(n) − 288nσ(n))qn

)

+ 1

96

(
1 +

∞∑
n=1

(
240σ3

(
n

12

)
− 24nσ

( n

12

))
qn

)

− 1

13824

(
121 + 48

5

∞∑
n=1

(
22σ3(n) − 9σ3

(n

2

)
− 27σ3

(n

3

)

−48σ3

(n

4

)
− 81σ3

(n

6

)
+ 3168σ3

( n

12

)
+ 33c1, 12(n)

)
qn

)
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=
∞∑

n=1

(
1

480
σ3(n) + 1

160
σ3

(n

2

)
+ 3

160
σ3

(n

3

)
+ 1

30
σ3

(n

4

)

+ 9

160
σ3

(n

6

)
+ 3

10
σ3

( n

12

)
+

(
1

24
− n

48

)
σ(n)

+
(

1

24
− n

4

)
σ

( n

12

)
− 11

480
c1, 12(n)

)
qn.

Equating coefficients of qn (n ∈ N), we obtain the first assertion of Theorem 2.1.
Next we turn to the proof of the second assertion of Theorem 2.1. Applying dupli-

cation to (3.8) we obtain

L(q2) − 2L(q4) = −(1 + 2p + 6p2 + 5p3 − 1

2
p4)k2. (3.40)

Then, from (3.8), (3.9), (3.40) and the relation

3L(q3) − 4L(q4) = (L(q) − 2L(q2)) − (L(q) − 3L(q3)) + 2(L(q2) − 2L(q4)),

we obtain

3L(q3) − 4L(q4) = −(1 + 2p + 8p3 − 2p4)k2. (3.41)

Squaring (3.41) we obtain

(3L(q3) − 4L(q4))2 (3.42)

= (1 + 4p + 4p2 + 16p3 + 28p4 − 8p5 + 64p6 − 32p7 + 4p8)k4.

Next, from (3.14)-(3.19), we have

− 3

25
M(q) − 9

25
M(q2) + 198

25
M(q3) (3.43)

+352

25
M(q4) − 81

25
M(q6) − 432

25
M(q12)

=
(

1 − 52

5
p − 664

5
p2 − 164p3 + 244p4

+1292

5
p5 − 76

5
p6 − 104p7 + 4p8

)
k4.

Then, from (3.42) and (3.43), we deduce

(3L(q3) − 4L(q4))2 = − 3

25
M(q) − 9

25
M(q2) + 198

25
M(q3) (3.44)

+352

25
M(q4) − 81

25
M(q6) − 432

25
M(q12)

+36

5
(1 + 7p − 5p2)p(1 + p)(1 − p)(1 + 2p)(2 + p)k4.
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As

1 + 7p − 5p2 = 5p(1 − p) + (1 + 2p),

we obtain from (3.44)

(3L(q3) − 4L(q4))2 = − 3

25
M(q) − 9

25
M(q2) + 198

25
M(q3) (3.45)

+352

25
M(q4) − 81

25
M(q6) − 432

25
M(q12)

+36p2(1 + p)(1 − p)2(1 + 2p)(2 + p)k4

+36

5
p(1 + p)(1 − p)(1 + 2p)2(2 + p)k4.

From (3.28)-(3.33) we have

�(q)1/8�(q2)1/12�(q3)−1/24�(q4)−1/24�(q6)1/12�(q12)1/8 (3.46)

= 2−3p2(1 + p)(1 − p)2(1 + 2p)(2 + p)k4

and recalling (3.35) we have

�(q)−1/12�(q2)1/3�(q3)−1/12�(q4)−1/12�(q6)1/3�(q12)−1/12 (3.47)

= 2−2p(1 + p)(1 − p)(1 + 2p)2(2 + p)k4.

Hence, from (3.45)-(3.47), we obtain

(3L(q3) − 4L(q4))2 = − 3

25
M(q) − 9

25
M(q2) + 198

25
M(q3) (3.48)

+352

25
M(q4) − 81

25
M(q6) − 432

25
M(q12)

+288�(q)1/8�(q2)1/12�(q3)−1/24�(q4)−1/24�(q6)1/12�(q12)1/8

+144

5
�(q)−1/12�(q2)1/3�(q3)−1/12�(q4)−1/12�(q6)1/3�(q12)−1/12.

Appealing to (3.2), (2.11) and (3.48), we obtain

(3L(q3) − 4L(q4))2 (3.49)

= 1 + 48

5

∞∑
n=1

(
−3σ3(n) − 9σ3

(n

2

)
+ 198σ3

(n

3

)

+352σ3

(n

4

)
− 81σ3

(n

6

)
− 432σ3

( n

12

))
qn

+144

5

∞∑
n=1

c3, 4(n)qn.
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Finally, appealing to (3.1), (3.38) and (3.49), we obtain

∞∑
n=1

( ∑
(l, m) ∈ N

2

3l + 4m = n

σ(l)σ(m)

)
qn =

∞∑
l=1

∞∑
m=1

σ(l)σ(m)q3l+4m

=
( ∞∑

l=1

σ(l)q3l

) ( ∞∑
m=1

σ(m)q4m

)
=

(
1 − L(q3)

24

) (
1 − L(q4)

24

)

= 1

576
− 1

576
L(q3) − 1

576
L(q4) + 1

576
L(q3)L(q4)

= 1

576
− 1

576
L(q3) − 1

576
L(q4) + 1

1536
L(q3)2 + 1

864
L(q4)2

− 1

13824

(
3L(q3) − 4L(q4)

)2

= 1

576
− 1

576

(
1 − 24

∞∑
n=1

σ
(n

3

)
qn

)
− 1

576

(
1 − 24

∞∑
n=1

σ
(n

4

)
qn

)

+ 1

1536

(
1 +

∞∑
n=1

(
240σ3

(n

3

)
− 96nσ

(n

3

))
qn

)

+ 1

864

(
1 +

∞∑
n=1

(
240σ3

(n

4

)
− 72nσ

(n

4

))
qn

)

− 1

13824

(
1 + 48

5

∞∑
n=1

(
−3σ3(n) − 9σ3

(n

2

)
+ 198σ3

(n

3

)

+352σ3

(n

4

)
− 81σ3

(n

6

)
− 432σ3

( n

12

))
qn

+144

5

∞∑
n=1

c3, 4(n)qn

)

=
∞∑

n=1

(
1

480
σ3(n) + 1

160
σ3

(n

2

)
+ 3

160
σ3

(n

3

)
+ 1

30
σ3

(n

4

)

+ 9

160
σ3

(n

6

)
+ 3

10
σ3

( n

12

)
+

(
1

24
− n

16

)
σ

(n

3

)

+
(

1

24
− n

12

)
σ

(n

4

)
− 1

480
c3, 4(n)

)
qn.

Equating coefficients of qn (n ∈ N), we obtain the second assertion of Theorem 2.1. �
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4. Proof of Theorem 2.2

Let N0 = N ∪ {0}. For l ∈ N0 we set

r(l) = card{(x1, x2, x3, x4) ∈ Z4| (4.1)

l = x2
1 + x1x2 + x2

2 + x2
3 + x3x4 + x2

4}
so that r(0) = 1. It is known that [12, Theorem 13], [15]

r(l) = 12σ(l) − 36σ

(
l

3

)
, l ∈ N. (4.2)

By (1.5) and (4.1) we have

N4(n) =
∑

(l, m) ∈ N
2
0

l + 4m = n

r(l)r(m) (4.3)

= r(0)r
(n

4

)
+ r(n)r(0) +

∑
(l, m) ∈ N

2

l + 4m = n

r(l)r(m). (4.4)

Thus

N4(n) −
(

12σ
(n

4

)
− 36σ

( n

12

)
+ 12σ(n) − 36σ

(n

3

))
(4.5)

=
∑

(l, m) ∈ N
2

l + 4m = n

(
12σ(l) − 36σ

(
l

3

)) (
12σ(m) − 36σ

(m

3

))
(4.6)

= 144
∑

(l, m) ∈ N
2

l + 4m = n

σ(l)σ(m) − 432
∑

(l, m) ∈ N
2

l + 4m = n

σ

(
l

3

)
σ(m) (4.7)

− 432
∑

(l, m) ∈ N
2

l + 4m = n

σ(l)σ
(m

3

)
+ 1296

∑
(l, m) ∈ N

2

l + 4m = n

σ

(
l

3

)
σ

(m

3

)
. (4.8)

The first sum is∑
(l, m) ∈ N

2

l + 4m = n

σ(l)σ(m) =
∑
m ∈ N

m < n/4

σ(m)σ(n − 4m)

= 1

48
σ3(n) + 1

16
σ3

(n

2

)
+ 1

3
σ3

(n

4

)
+

(
1

24
− n

16

)
σ(n) +

(
1

24
− n

4

)
σ

(n

4

)
,

see for example [12, Theorem 4].



Evaluation of two Convolution Sums 43

The second sum is∑
(l, m) ∈ N

2

l + 4m = n

σ

(
l

3

)
σ(m) =

∑
(l, m) ∈ N

2

3l + 4m = n

σ(l)σ(m)

= 1

480
σ3(n) + 1

160
σ3

(n

2

)
+ 3

160
σ3

(n

3

)
+ 1

30
σ3

(n

4

)
+ 9

160
σ3

(n

6

)
+ 3

10
σ3

( n

12

)
+

(
1

24
− n

16

)
σ

(n

3

)

+
(

1

24
− n

12

)
σ

(n

4

)
− 1

480
c3, 4(n)

by Theorem 2.1.
The third sum is∑

(l, m) ∈ N
2

l + 4m = n

σ(l)σ
(m

3

)
=

∑
(l, m) ∈ N

2

l + 12m = n

σ(l)σ(m)

= 1

480
σ3(n) + 1

160
σ3

(n

2

)
+ 3

160
σ3

(n

3

)
+ 1

30
σ3

(n

4

)
+ 9

160
σ3

(n

6

)
+ 3

10
σ3

( n

12

)
+

(
1

24
− n

48

)
σ(n)

+
(

1

24
− n

4

)
σ

( n

12

)
− 11

480
c1, 12(n)

by Theorem 2.1.
The fourth sum is∑

(l, m) ∈ N
2

l + 4m = n

σ

(
l

3

)
σ

(m

3

)
=

∑
(l, m) ∈ N

2

l + 4m = n/3

σ(l)σ(m)

= 1

48
σ3

(n

3

)
+ 1

16
σ3

(n

6

)
+ 1

3
σ3

( n

12

)
+

(
1

24
− n

48

)
σ

(n

3

)
+

(
1

24
− n

12

)
σ

( n

12

)
by [12, Theorem 4].

Finally, putting these results together, we obtain

N4(n) = 6

5
σ3(n) + 18

5
σ3

(n

2

)
+ 54

5
σ3

(n

3

)
+ 96

5
σ3

(n

4

)
+162

5
σ3

(n

6

)
+ 864

5
σ3

( n

12

)
+ 99

10
c1, 12(n) + 9

10
c3, 4(n),

as asserted.



44 Ayşe Alaca, Şaban Alaca and Kenneth S. Williams

Denoting the right hand side of this equation by E(n), we close this section by giving
a short table of values of N4(n) and E(n).

n N4(n) σ3(n) c1, 12(n) c3, 4(n) E(n)

1 12 1 1 1 12
2 36 9 12/11 12 36
3 12 28 −3/11 −33 12
4 96 73 −24/11 −24 96
5 216 126 −54/11 126 216
6 468 252 −36/11 −36 468
7 240 344 −56/11 −136 240
8 1224 585 48/11 48 1224
9 1308 757 9 9 1308

10 1944 1134 72/11 72 1944
11 1728 1332 252/11 −108 1728
12 5280 2044 72/11 72 5280

5. Some properties of c1, 12(n) and c3, 4(n).

Let n ∈ N. It was shown in [3, Theorem 2.1] that

W6(n) =
∑

(l, m) ∈ N
2

l + 6m = n

σ(l)σ(m) (5.1)

= 1

120
σ3(n) + 1

30
σ3

(n

2

)
+ 3

40
σ3

(n

3

)
+ 3

10
σ3

(n

6

)
+

(
1

24
− n

24

)
σ(n) +

(
1

24
− n

4

)
σ

(n

6

)
− 1

120
c1, 6(n)

and

W2,3(n) =
∑

(l, m) ∈ N
2

2l + 3m = n

σ(l)σ(m) (5.2)

= 1

120
σ3(n) + 1

30
σ3

(n

2

)
+ 3

40
σ3

(n

3

)
+ 3

10
σ3

(n

6

)
+

(
1

24
− n

12

)
σ

(n

2

)
+

(
1

24
− n

8

)
σ

(n

3

)
− 1

120
c1, 6(n),

where

q

∞∏
n=1

(1 − qn)2(1 − q2n)2(1 − q3n)2(1 − q6n)2 =
∞∑

n=1

c1, 6(n)qn. (5.3)
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We show that

c1, 12(2n) = 12

11
c1, 6(n), c3, 4(2n) = 12c1, 6(n) (5.4)

and

c1, 12(3n) = − 3

11
c3, 4(n), c3, 4(3n) = −33c1, 12(n). (5.5)

Using the elementary identity

σ(2k) = 3σ(k) − 2σ

(
k

2

)
(k ∈ N) (5.6)

we obtain

W12(2n) =
∑

m<2n/12

σ(m)σ(2n − 12m)

= 3
∑

m<n/6

σ(m)σ(n − 6m) − 2
∑

m<n/6

σ(m)σ

(
n − 6m

2

)
.

Hence we have

W12(2n) − 3W6(n) + 2W3

(n

2

)
= 0. (5.7)

Appealing to the result

W3(n) = 1

24
σ3(n) + 3

8
σ3

(n

3

)
(5.8)

+
(

1

24
− n

12

)
σ(n) +

(
1

24
− n

4

)
σ

(n

3

)
,

see for example [12, Theorem 3, p. 248], [21, Theorem 1.9, p. 528] and to (5.1), we
obtain, using (5.6) and the elementary identity

σ3(2k) = 9σ3(k) − 8σ3

(
k

2

)
(k ∈ N), (5.9)

the first relation in (5.4).
Similarly we can show that

W3,4(2n) − 3W2,3(n) + 2W3

(n

2

)
= 0 (5.10)

from which we obtain the second relation in (5.4).
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Using the elementary identity

σ(3k) = 4σ(k) − 3σ

(
k

3

)
(k ∈ N) (5.11)

we obtain

W12(3n) =
∑

m<3n/12

σ(m)σ(3n − 12m)

= 4
∑

m<n/4

σ(m)σ(n − 4m) − 3
∑

m<n/4

σ(m)σ

(
n − 4m

3

)
.

Hence we have

W12(3n) − 4W4(n) + 3W3, 4(n) = 0. (5.12)

Appealing to the result

W4(n) = 1

48
σ3(n) + 1

16
σ3

(n

2

)
+ 1

3
σ3

(n

4

)
(5.13)

+
(

1

24
− n

16

)
σ(n) +

(
1

24
− n

4

)
σ

(n

4

)
,

see for example [12, Theorem 4], [8, Theorem 5.2] and to Theorem 2.1, we obtain, using
(5.11) and the elementary identity

σ3(3k) = 28σ3(k) − 27σ3

(
k

3

)
(k ∈ N), (5.14)

the first relation in (5.5).
Similarly we can show that

W3,4(3n) − 4W4(n) + 3W12(n) = 0 (5.15)

from which we obtain the second relation in (5.5).
As

c1, 6(2
r3s) = (−1)r+s2r3s (r, s ∈ N0), (5.16)

see [3, §5 ], we obtain from (5.4) and (5.5)

c1, 12(2
r3s) =




3s, if r = 0, s (even) ≥ 0,

− 3s

11
, if r = 0, s (odd) ≥ 1,

(−1)r+s+12r+13s+1

11
, if r ≥ 1, s ≥ 0,

(5.17)
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and

c3, 4(2
r3s) =




3s, if r = 0, s (even) ≥ 0,

−3s · 11, if r = 0, s (odd) ≥ 1,

(−1)r+s+12r+13s+1, if r ≥ 1, s ≥ 0.

(5.18)

Hence the sums W12(n) and W3, 4(n) have elementary evaluations when n = 2r3s.
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