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1. Introduction
Let a,b,¢,d,e and f be integers satisfying
a>0, ¢>0, b*—4dac<0, d>0, f>0, e*—4df <0,

so that az? + bxy + cy? and dz? + ezt + ft? are positive-definite, integral, binary
quadratic forms. We are interested in the positive-definite, integral, quaternary
quadratic form, which is the sum of these two binary quadratic forms, namely, the
form

az? + bxy + cy? + dz? + ezt + ft2. (1.1)
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The discriminant of this quaternary form is

a b/2 0 0
b/2 ¢ 0 0

0 0 d ef2

0 0 e/2 f

16 = (b — 4ac)(e* — 4df)(> 0),

which is the product of the discriminants of ax? + bxy + cy? and dz? + ezt + ft2.
Let Z, N, Ny, Q and C denote the sets of all integers, positive integers, nonnegative
integers, rational numbers and complex numbers, respectively. For n € Ny the
representation number of the form (1.1) is

N(a,b,c,d,e, f;n)
= card{(z,y, z,t) € Z* |n = az? + bay + cy® + d2* + ezt + ft*}.
If n € Q\Ny we set N(a,b,c,d,e, f;n)=0. Clearly we have
N(a,b,c,d,e, f;0) =1, N(d,e, f,a,b,c;n)= N(a,b,c,d,e, f;n),
and
N(a,b,c,d,e, f;n) = N(a/m,b/m,c/m,d/m,e/m, f/m;n/m),

where m denotes the greatest common divisor of a,b,c,d,e and f, written m =
(a,b,c,d,e, f).

Our objective in this paper is to determine an explicit formula for the rep-
resentation number N(a,b,c,d,e, f;n), valid for all n € N, for each of the 75
reduced, positive-definite, quaternary, quadratic forms of the type (1.1) listed in
Nipp’s table [18], which belong to a genus of discriminant less than or equal to 1732
containing one and only one form (class). Of these 75 forms, 27 are diagonal forms
((b,e) = (0,0)) and 48 are non-diagonal forms ((b,e) # (0,0)). We do not need to
consider the 27 diagonal forms as N(a,b, ¢, d, e, f;n) has been determined for each
of these. Table 1 provides references.

Of the 48 non-diagonal forms, 13 of them have been treated in the literature
using theta functions. These are listed with references in Table 2.

Of the remaining 35 non-diagonal forms, 11 of them have been be treated by
the method introduced by Alaca, Pehlivan and Williams in [13] (see Table 3).

Of the remaining 24 non-diagonal forms, 2 of them can be treated by the method
in [13], see Table 4 and Theorems 1.1 and 1.2. The proofs of these two theorems are
given in Sec. 2.

Of the remaining 22 non-diagonal forms, 5 of them are treated here by the (p, k)-
parametrization method introduced by Alaca, Alaca and Williams [8], see Table 5
and Theorems 1.3-1.7. The proofs of these theorems are given in Sec. 3.

The final 17 forms are treated using Siegel’s method of local densities [19], see
Table 6 and Theorems 1.8-1.24. In order to do this we require the evaluation of
several double Gauss sums. These evaluations were carried out by the authors in
[11] in anticipation of this paper. The proofs of Theorems 1.8-1.24 are given in Sec. 4.
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Table 1. Twenty-seven diagonal forms.

Form Disc. Ref.

22 4 y2 4 22 4 2 16 [3, Theorem 1.6]
22 42 4 22 4 22 32 [7, Theorem 5.1]
22 4y 4 22+ 312 48 [5, Theorem 4.1]
22 42 4 22 4 442 64 [3, Theorem 1.7]
22 4 y? 4 222 4 22 64 [3, Theorem 1.8]
22 4 2 4 22 4 5¢2 80 [10, Theorem 5.1]
2 4 y2 + 222 + 3t2 96 [12, Theorem 4.1]
22 +y2 + 22 + 82 128 [7, Theorem 5.10]

22 +y? + 222 + 442 128 [7, Theorem 5.3]
22 + 22 + 222 + 212 128 [7, Theorem 5.2]
2 +y? + 322 + 3t2 144 [3, Theorem 1.9]
22 + y? + 222 + 6t2 192 [5, Theorem 5.1]
2 + 2y% + 222 4+ 312 192 [5, Theorem 6.1]
22 4 y? + 422 + 42 256 [3, Theorem 1.11]
2 + 2% + 222 + 412 256 [3, Theorem 1.14]
22+ 2y% + 222 + 662 384  [12, Theorem 4.1]
22 + 4% + 322 + 912 432 [1, Theorem 1.3]
22 + 3y% + 322 + 32 432 [5, Theorem 8.1]
22 +y? + 422 + 812 512 [7, Theorem 5.5]
22 4+ 2y2 + 222 4 8t2 512 [7, Theorem 5.7]
22 + 2y + 422 4 442 512 [7, Theorem 5.4]
2 + 2y2 + 422 4 6t2 768 [5, Theorem 7.1]
2 + 3y% + 322 + 612 864  [12, Theorem 4.1]
22 +4y? +42%2 + 4% 1024 [3, Theorem 1.18]
22 +3y% +322 4962 1296 [1, Theorem 1.1]
2 +3y% +622 +6t>2 1728  [5, Theorem 9.1]
222 + 3y + 322 +6t2 1728  [5, Theorem 10.1]

Table 2. Thirteen forms.

Form Disc. Ref.

w24 ay+y? 422+ 2t +t? 9 [8, Theorem 12]
22 oy +y?+ 22 +t2 12 (5, Theorem 11.1]

22 + xzy + y2 + 222 4 2zt + 262 36 [8, Theorem 13]
22+ y? + 222 + 22t + 22 48  [5, Theorem 12.1]
22 + zy + 2y + 22 + 2t + 262 49 [23, Theorem 1.1]

22 + xy + y? + 322 + 32t + 3t2 81 [8, Theorem 14]
22 + zy + y? + 322 + 32 108 [5, Theorem 14.1]

22 + xy + y? + 422 + 4zt + 4¢3 144 [8, Theorem 15]
22+ y? 4 422 4 4ot + 412 192 [5, Theorem 13.1]

22 + xy + y? + 622 + 62t + 62 324 [8, Theorem 16]

222 4 2xy + 2y + 322 + 32t + 312 324 [8, Theorem 17]
2x2 + 2zy + 22 + 322 + 3t2 432 [5, Theorem 15.1]

3x2 4 3y? 4 422 4 4zt + 4¢3 1728 [5, Theorem 16.1]
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Table 3. Eleven forms.

Form Disc. Ref.

22+ xy +y? + 22 + 3t2 36  [13, Theorem 1.2(iii)]
2+ zy +y? + 222 + 262 48 [13, Theorem 1.4]
22 +y? 4 322 4 22t + 3t2 128 (13, Theorem 1.3]
22 + 3y + 222 + 2zt + 212 144 [13, Theorem 1.2(iii)]
22 + 2y + 322 + 2zt + 3¢2 256 [13, Theorem 1.2(i)]
22+ zy + y2 + 622 + 612 432 [13, Theorem 1.4]
22 + 2y? + 422 + 4zt + 5t2 512 [13, Theorem 1.3]
2 + 4y? + 322 + 22t + 3t2 512 [13, Theorem 1.3]
22 + 3y? + 422 + 4zt + 412 576  [13, Theorem 1.2(iii)]
2 + 4y? + 422 + 4zt + 42 768 [13, Theorem 1.4]

322 + 2wy + 3y? + 322 + 22t + 3t2 1024 [13, Theorem 1.2(i)]

Table 4. Two forms.

Form Disc.  Theorem
222 + 2y2 + 322 + 22t + 3t2 512 1.1
2 42y + 622 + 42t + 612 1024 1.2

Table 5. Five forms.

Form Disc.  Theorem
22+ 4y? + 222 4 22t + 22 192 1.3
22 + y2 + 822 + 8zt + 8t2 768 1.4
22 + 3y? + 622 + 62t + 62 1296 1.5
2x2 + 2zy + 2y% + 322 + 92 1296 1.6
22 + 2wy + 2y% + 322 + 1262 1728 1.7

Table 6. Seventeen forms.

Form Disc. Theorem
22+ xy + y? + 22 + 2t + 22 21 1.8
x2+my+y2+z2+zt+4t2 45 1.9
22 + xy + y2 + 222 + 2t + 262 45 1.10
22 4 4% 4 222 + 22t + 5t2 144 1.11
22 + xy + y? + 322 + 32t + 62 189 1.12
22 + 3y? + 222 + 22t + 3t2 240 1.13
22 + 42 + 522 + 22t + 5t2 384 1.14
22 + 5y? + 222 + 22t + 3t2 400 1.15
22 + zy +y2 + 322 + 32t + 12t2 405 1.16
222 + xy + 2y? + 322 + 32t + 3t2 405 1.17
2 + 3y? + 222 + 22t + 5t2 432 1.18
2 4 292 + 322 + 22t + 5t2 448 1.19
2 + zy + 3y? + 222 + 22t + 612 484 1.20
o2 4oy + 2y% + 722 T2t T2 1029 1.21
2 + xy + 4y? + 522 + 52t + 5t2 1125 1.22
202 + xy 4+ 2y + 522 + 52t + 512 1125 1.23

2x2 + 2zy + 5y + 322 + 3t2 1296 1.24
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We now state Theorems 1.1-1.24. As usual o(n) denotes the sum of the positive
divisors of the positive integer n, that is

Pt -1
o)=Y d= ] ——,
deN p7|n b
dln
where p runs through the primes dividing n and p” denotes the exact power of p
dividing n. For an odd prime p and an integer m, (%) is the Legendre symbol, that is

m 0 ifm=0 (mod p),
(—) =<1 ifm#0 (modp)and2?2=m (mod p) solvable,
—1 ifm#0 (modp)and 22 =m (mod p) insolvable.

For an integer m with m = 0,1 (mod 4), (%) is the Kronecker symbol, that is

m 0 ifm=0 (mod4),
<5> =<1 ifm=1 (mod8
-1 ifm=5 (mod8

For integers m and N # 0 (with m = 0,1 (mod 4) if N = 0 (mod 2)), we

define
Pv+1 _ (ﬂ) o
Fu(N) =[] P .

m
pY[|N p— <—)
p

Theorem 1.1. Let n € N. Let n = 2N, where « € No, N € N and (N,2) = 1.

);
)

Then
0 ifn=1 (mod 8),
2F3(N) ifn=3 (mod4),
N(2,0,2,3,2,3;m) = { H5(V) ifn=>5 (mod8),
4F3(N) ifn=2 (mod4),
<2a+1 —9 <%)) Fs(N) ifn=0 (mod4)

Theorem 1.2. Let n € N. Let n = 2N, where « € Ny, N € N and (N,2) = 1.
Then

20(N)  ifn=1 (

0 ifn=5 (

o(N) ifn=3 (

20(N) ifn=2 (

N(1,0,2,6,4,6;n) =< 20(N) ifn=4 (mod 16),

(N)  ifn=12 (

120(N) ifn=8 (

8a(N) ifn=16 (

240(N) ifn=0 (
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Theorem 1.3. Letn € N. Let n = 2*3° N, where o, 3 € Ng, N € N and (N, 6) = 1.
Then

(2071 - (~ 1))
(74 0 (F)) Fa) ifn=0 (mod 4),
0422 2m )3 (T HCD (F))Fa) gn=1 e,
3 (34— ()7 () ) Fav) fn=2 (mod 1)
(3 7 (3)) Py fn=3 (mod 4).

Theorem 1.4. Letn € N. Letn = 2°3° N, where o, 3 € Ng, N € N and (N, 6) = 1.
Then

N(1,0,1,8,8,8;n)
(204—1 _ (_1)a+ﬁ+(N—1)/2)

X <3f3+1 + (=1)ot8 (g)) Fi5(N) ifn=0,2,4 (mod8),

<3ﬁ+1 + (_1)5 (%)) Fio(N) fn=1,5 (mod 8),
0 ifn=3,6,7 (mod 8).

Theorem 1.5. Letn € N. Let n = 2°3° N, where a, 3 € Ng, N € N and (N, 6) = 1.
Then

20(N) ifn=1 (mod 6),
60(N) ifn=4 (mod 6),
N(1,0,3,6,6,6;n) = { 0 ifn=25 (mod 6),
2(3% —2)o(N) ifn=3 (mod 6),
6(3° —2)o(N) ifn=0  (mod 6)

Theorem 1.6. Letn € N. Let n = 2°3° N, where o, 3 € Ng, N € N and (N, 6) = 1.
Then

0 fn=1,4 ( )
20(N) ifn=5 ( )
N(2,2,2,3,0,9;n) = < 60(N) fn=2 (mod 6),
2(3% —2)o(N) ifn=3 ( )
6(3% —2)a(N) ifn=0 ( )
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Theorem 1.7. Letn € N. Let n = 2*3° N, where ., 3 € Ng, N € N and (N, 6) = 1.

Then
(2071 4+ (—1)e A1)
X (35 (—1)ots (g)) Fia(N) ifn=0 (mod4),
N(2,2,2,3,0,12;n) = ; (3[3 b ( )) Fra(N fn=1 (mod4),
(35 +(=1)# (%)) Fio(N ifn=2 (mod 4),
% ( 1) (%)) Fia(N ifn=3 (mod 4).

Theorem 1.8. Let n € N. Let n = 3°7°N, where o, € Ny, N € N and
(N,21) = 1. Then

N(1,1,1,1,1,2;n) = % <3a+1 — (1)~ (%)) <7f3+1 + (=)~ (g)) F1(N).

Theorem 1.9. Let n € N. Let n = 3°5°N, where o, € No, N € N and
(N,15) = 1. Then

N(1,1,1,1,1,4;n) = %(3%1 + (=1)*5) <5ﬂ+1 — (=" (%)) Fy(N).

Theorem 1.10. Let n € N. Let n = 3°5°N, where o, € Ng, N € N and
(N,15) = 1. Then
1 a+2 « B+1 « N
N(1,1,1,2,1,2;n) = 1(3 —(=1)*5) (5 +(-1) = F5(N).

Theorem 1.11. Let n € N. Let n = 2°3°N, where o, € No, N € N and
(N,6) =1. Then

12(3° —1)o(N) ifn=0 (mod 6),

40(N) ifn=1 (mod 6),

N(L0.1,2,2,5:n) 60(N) ifn=2 (mod 6),
o 4(3° —1)o(N)  ifn=3 (mod 6),
120(N) ifn=4 (mod 6),

20(N) ifn=5 (mod 6).

Theorem 1.12. Let n € N. Let n = 3*7°N, where o, € Ng, N € N and
(N,21) = 1. Then

N(1,1,1,3,3,6;n) = % (36“ + (=1)~ (%)) <7f3+1 —(=1)~ (g)) Fy (N).
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We remark that when n = 2 (mod 3) we have & = 0 and N = 2 (mod 3) so that
3% 4+ (=1)* () = 0 and thus

N(1,1,1,3,3,6;n)=0 ifn=2 (mod 3).

Theorem 1.13. Let n € N. Let n = 2*3°5YN, where o, 3,7 € Ng, N € N and
(N,30) = 1. Then

1 = N
JV(L(L372,273;n)==15(2“+1-(—1)ﬁ+N21)(35+1-F(-4)“+” (——))

3
XGWH44VWM<%»FMN)

Theorem 1.14. Let n € N. Let n = 2*3°N, where o,8 € No, N € N and
(N,6) = 1. Then

N(1,0,1,5,2,5;n)

(10 ()0 (3)-()
X (35“ + (g)) Fs(N) ifn=1 (mod 2),
=<2 (35“ - (%)) Fs(N) ifn=2 (mod 4),
(o ()
« (3ﬁ+1 +(=1)e (g ) Fo(N) ifn=0 (mod4).

We remark that when n = 3 (mod 8) we have o = 0 and either § = 0 (mod 2),
N =3 (mod 8) or #=1 (mod 2), N =1 (mod 8) so that

oo () (3)- ()-

N(1,0,1,5,2,5;n)=0 forn=3 (mod 8).

—~

and thus

Theorem 1.15. Let n € N. Let n = 2°5°N, where o, € Ng, N € N and
(N,10) = 1. Then
20(N) ifn=1 (mod 2),

N )=
(170,572,273,71) {2(2a+1 _3)0.(]\]') anE 0 (mOd 2)
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Theorem 1.16. Let n € N. Let n = 3*5°N, where o,8 € No, N € N and
(N,15) = 1. Then

N(1,1,1,3,3,12;n)
N .
<5ﬂ+1 + (g)) F5(N) ifn=1 (mod 3),

ifn=2 (mod 3),

(3% — (=1)*5) (55“ + (1)~ (g)) F5(N) ifn=0 (mod 3).

== O

Theorem 1.17. Let n € N. Let n = 2*3°5'N, where o, 3,7 € Ng, N € N and
(N,30) = 1. Then

0 ifn=1 (mod 3),

1 [e% [e3
S+ (-1

N(2,1,2,3,3,3;n) = X <5w+1 + (-1~ (%)) F5(N) ifn=2 (mod 3),
S (-1 @ - (-1)%)

« (5'v+1 b (—1)e+8 (%)) F5(N) ifn=0 (modS3).

Theorem 1.18. Let n € N. Let n = 2°3°N, where o, € No, N € N and
(N,6) =1. Then

N(1,0,3,2,2,5;n)

§(2a+1 + (=)t 7z )F3(N) ifn#0 (mod 3),

(2a+1+(_1)a+ﬁ+ 5 )

N—-1

x<5.3ﬂ—1_(—1)a+ﬂ <g>)F3(N) ifn=0 (mod3).

Theorem 1.19. Let n € N. Let n = 2°7°N, where o, € No, N € N and
(N,14) = 1. Then
N(1,0,2,3,2,5;n)

(e (3)) B fn=1 (mod2)

N %(2“ — (-1 <7ﬁ+1 +(-1)° (g)) Fy(N)

ifn=0 (mod 2).
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Theorem 1.20. Let n € N. Let n = 2*11°N, where o, € Ng, N € N and
(N,22) =1. Then

2
N(1,1,3,2,2,6;n) = 3(115+1 —6)a(N).

Theorem 1.21. Let n € N. Set n = 3*7°N, where o, € Nog, N € N and
(N,21) =1. Then

N(1,1,2,7,7,7;n) = % <3a+1 — (=1~ (g)) (75 +(=1) (g)) Fyi(N).

We note that if n = 3,5 or 6 (mod 7) then 8 =0 and 3*N = 3,5,6 (mod 7) so
N “N
70 4+ (-1)° <7> :1+<37 )=1—1:0

and thus
N(1,1,2,7,7,7;n) =0 forn=3,5,6 (mod 7).
Theorem 1.22. Let n € N. Let n = 3°5°N, where o, € Ng, N € N and
(N,15) = 1. Then
N

N(1,1,4,5,5,5;n) = %(3&+2 — (=1)%5) (55 +(=1)° (E)) F5(N).

We note that if n =2 or 3 (mod 5) then 8 =0 and (—1)*(&) = —1 so that
N(1,1,4,5,5,5;n) =0 forn=2o0r3 (mod5).

Theorem 1.23. Let n € N. Let n = 2*305YN, where o, 3,7 € Ng, N € N and
(N,30) =1. Then

1
12

X (57 — (=1)>FF (%)) F5(N).

We note that if n =1 or 4 (mod 5) then v = 0 and (—1)*"#(&) = 1 so that

N(2,1,2,5,5,5:n) = — (2T 4+ (=1)%)(3°T! 4+ (—1)P5)

N(2,1,2,5,5,5;n)=0 forn=1,4 (mod}5).

Theorem 1.24. Let n € N. Let n = 2°3°N, where o, € Nog, N € N and
(N,6) = 1. Then

42t —3)o(N) ifn=0 (mod 6),
0 ifn=1,4 (mod 6),
N(2,2,5,3,0,3;n) = { 22271 —3)o(N) ifn=2 (mod 6),
40(N) ifn=3 (mod 6),
20(N) ifn=5 (mod 6)
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In Sec. 5 we determine the representation number of the form 322 + 3zy + 6y +
722 4+ Tzt + 7t? using modular forms. The discriminant of this form lies outside the
range of Nipp’s table [18]. We relate this representation number to those of the
forms in Theorems 1.8, 1.12 and 1.21. In Sec. 6 we show that the values of certain
Dirichlet L-series follow from the theorems in Table 6.

2. Proofs of Theorems 1.1 and 1.2

We use a recent theorem of Alaca, Pehlivan and Williams [13] to prove Theorems
1.1 and 1.2

Proof of Theorem 1.1. By [13, Theorem 1.1(i)] we have
N(2,0,2,3,2,3:n) = N(1,2,2,2;n) — N(1,2,2,8;n)
— N(1,1,1,2;n/2) + 2N(1,1,2,4:n/2). (2.1)

The evaluations of the representation numbers N(1,1,1,2;n), N(1,1,2,4;n),
N(1,2,2,2;n) and N(1,2,2,8;n) in terms of

(8
O

are given in Theorems 5.1, 5.3, 5.2 and 5.7 of [7] respectively. Making use of these
in (2.1), we obtain the formulae of Theorem 1.1. m|

Proof of Theorem 1.2. By [13, Theorem 1.1(i)] we have
N(1,0,2,6,4,6;n) = N(1,2,2,4;n) — N(1,2,2,16; n)
~ N(1,2,4,8n) + 2N(1,2,8,16; n). (2.2)

The evaluations of the representation numbers N(1,2,2,4;n), N(1,2,2,16;n),
N(1,2,4,8;n) and N(1,2,8,16;n) are given in Proposition 4.2, Theorems 4.9, 4.1
and 4.13 of [4] respectively. Making use of these in (2.2), we obtain the formulae of
Theorem 1.2. O

3. Proofs of Theorems 1.3—-1.7

We make use of the (p, k)-parametrization method introduced by Alaca, Alaca and
Williams in [8] to prove Theorems 1.3-1.7. As extensive use of this method has been
made recently by a number of authors to determine the representation numbers of
a variety of quadratic forms, see for example [1, 2, 14, 24], we just use this method
to prove Theorem 1.3 as Theorems 1.4-1.7 can be proved in a similar manner.



1540 A. Alaca, S. Alaca & K. S. Williams

Proof of Theorem 1.3. We begin by recalling Ramanujan’s one-dimensional theta
function

ple)= > ¢, q€eC, lgd <1, (3.1)

n=—oo
and the Borweins’ two-dimensional theta function
alg) = Y ¢ e Jgl <1 (3.2)
(z,y)€Z?

From (3.1) and (3.2) we deduce

> ON(1,0,4,2,2,2:n)q" = p(q)p(g*ald®). (3.3)

n=0
Asin [8, p. 178; 9, pp. 32, 33|, we define the parameters p and k by
¥ (a) — ¥*(¢%) ¢°(¢%)
20%(¢*) e(q)
The parametrizations in terms of p and k that we require are given in [5, Theorem
2.4, pp. 222-223; 8, Theorem 2, p. 178], namely,

and k=k(q) :=

p=plq) = (3.4)

p(q) = (1+2p)* k2, (3.5)
0(g*) = (1+2p)"/*K"2, (3.6)
1

pla') = 5((1+2p)"* + (1= p)* (1 +p) k2, (3.7)

p(—q) = (L =p)**(1+p)" /"K', (3.8)

p(—q*) = (L =p)* (1 +p)*/ "k, (3.9)

a(g®) = (1 +p+p)k. (3.10)

The parametrizations (3.5)—(3.10) allow us to verify the identity
3 3
p(0)e(ah)ale®) = 79(0¢°(°) + ()¢’ (@)

+ %w?’(q)s@(q?’) + iﬁ(q)w(—q)s@(q?’)

1 1
=3¢ (0e(=0e(=¢") = 59(0¢* (~a)p(—¢*).  (3.11)
For n € N we define (as in [5, Definition 3.1, p. 225; 6, Definition 2.2, p. 544])
12 12\ n

d|n

oS DE-EEE

n
— 1
- (3.13)
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=S () (@)-2 (@) G e

12 12 \n
d|n d|n
E(n)= Y (=107 (3.16)
(i,7) €N?
i, 7 odd
an =142 + 352

It follows from [5, Theorem 3.3, p. 227; 6, Theorem 4.1 and Theorem 6.1, pp. 555,
565-566] that

0(@)¢°(¢°) = 1+ ) (24(n) +2B(n) — C(n) — D(n))q",

1)"2(A(n) + B(n) + C(n) + D(n))¢"

S}
A
||
Mg

n=
n even

—2 Z E
'r?odd

©*(@)(q®) = 14 Y (6A(n) — 2B(n) + 3C(n) — D(n))q",

P (@e(—a)e(e’) = Z 1)"2(34(n) — B(n) +3C(n) — D(n))q"
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Using these in (3.11), and appealing to (3.3), we obtain

ZN (1,0,4,2,2,2:n)q
n=0

() ~ 2C(n) ~ 3 D(n)q"

(—1)n/? <;A(n) + %B(n) + ;C(n) + %D(n)) 4"

Equating the coefficients of ¢" (n € N), we obtain

gA(n) + %B(n) —3C(n)—D(n) ifn=0 (mod4),
N(1,0,4,2,2,2:n) = { 34(n) + B(n) — gC(n) - %D(n) ifn=1 (mod?2),
gA(n) + gB(n) ifn=2 (mod 4).

Set n = 2°3° N, where o, 3 € Ny, N € N and (N,6) = 1. From [5, Theorem 3.1,
pp. 225-226] we have

A(n) = 293P A(N),

_ a+fBoa N
Bn) = (1) () A,
C(n) = (~1)*HHIN=DE3IA(N),

D) = (-0™ 17 (3] ),

and
+1
(2
12 P
A(N) = Z(N/d>d 11 5 = Fi3(N).

d|N PN p—|—
p

The formulae for N(1,0,4,2,2,2;n) in terms of Fy2(N) now follow. O

4. Proofs of Theorems 1.8-1.24

For positive integers k and n, and a prime p, we define
Npk(a,b,c,d,e, fin) := number of solutions of the congruence
ar® + bry + ey’ + d2? + ezt + ft2 =n  (mod pF), (4.1)

where the quaternary quadratic form az? + bxy + cy? + dz? + ezt + ft2 was specified
n (1.1). The discriminant of this form is D := (b? — 4ac)(e? — 4df). We assume that
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the class of this form belongs to a genus (of discriminant D) containing one and
only one form class. Then Siegel’s mass formula [16, 19] asserts that
4
N(a,b,c,d,e, f;n) 7T"l’[dabcdef, n), (4.2)

where the product runs over all primes p and for each prime p the local density
dp(a,b,c,d, e, f;n) is given by

N 7b7 7d7 7;
dp(a,b,c,d,e, f; )—hm pela:bye efn)'

(4.3)
We let ¢ denote the least positive integer represented by the form ax? + bxy + cy? +
dz? + ezt + ft? so that

N(a,b,c,d,e, f;0) > 0. (4.4)
By (4.2) with n = ¢ we have

N(a,b,c,d,e, f;0) = 4”Hdabcdef£) (4.5)

Dividing (4.2) by (4.5), we obtain in view of (4.4) the formula

N(ab.ed,e. fin) = N(a,b.c.de, f:0)% [] b cdes T
p

b(a,b,e,d,e, fi0)’ (4.6)
which is valid for all n € N. In our paper [11] we gave a method of determining
Ny (a,b,c,d, e, f;n) using double Gauss sums. Then, using (4.3), we can determine
the local density dp(a,b, ¢, d, e, f; n) for each prime p. Finally, from (4.6), we are able
to determine N (a,b,¢,d, e, f;n) for each n € N. We carry this out for the seventeen
forms in Table 6.

Proof of Theorem 1.8. Let f := 2% +xzy+y?+22+2t+2t%. Let p denote a prime,
K a positive integer not divisible by p, # a nonnegative integer, and k a positive
integer with £ > 6 + 1. Using the method of double Gauss sums as demonstrated
by the authors in [11], we find that

33k _ (_1)933k—0—1 (g) ifp — 37
73k g 73RO (g) ifp=71,
*Np’C (f;peK) =

)] Gl 2 I N
~(5)

Appealing to (4.7) the local density

N (fip"K)
dy(fip’K) = lim ===
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is given by
(-1’ (K :
1- s (3 if p=3,
1 K .
, 1+m (7) lfp:7,
dp(fip"K) =

-G 6))
#0-C)

Taking # = 0 and K =1 in (4.8), we deduce

2

8

° itp=7
dp(f;1) =197 np ’

21
* (%)
— P ppza
p

Thus, from (4.8) and (4.9), we obtain

% (39“ — (-1’ (g)) if p=3,

70 4 ) ifp=7,
o dy(fip°K) ( b

AT p0+1<<)9+1
p
%)

if p#£3,7.

Let n € N. Let n = 3*7°N, where a, 3 € Ng, N € N and (N,21) =

(4.10), we have

st (e o (3)

753100;;711) ot <7ﬁ+1 + (g» ’

if p#£3,7.

(4.9)

(4.10)

1. Then, by

(4.11)

(4.12)

(4.13)
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Since N(f;1) = 8 the least positive integer represented by the form f is £ = 1.
Thus, by (4.6), we have

N(fin) = 8n1;[ ZZ(JC 71‘; (4.14)
Appealing to (4.11)~(4.14) we deduce
N =5 (30 - 7 (F)) (0 o2 (F)) P,
as asserted. O

As the proofs of Theorems 1.9-1.24 are essentially the same as that of Theorem
1.8 we just give the evaluations of the required quantities. Throughout the proofs
p denotes a prime, K a positive integer not divisible by p, 6 a nonnegative integer,
and k a positive integer with & > 6 + 1.

Proof of Theorem 1.9. Let f := 2% + 2y + y? + 22 + 2t + 4t2. Using the method
in [11], we find that

%(3% +5(—1)Pg3k—0-1) itp—3,
53k _ (%) 53k—0-1 if p=5,
Npk(f?Z?eK): 5 5 041
p P ,
3 if p #£3,5.
- (3)
p
Hence
1 (—1)% .
5 (1 + W) lfp = 3,
o ()L ifp=">5
J— —_ 1 =
Ny (fip?K) 5 ) 50+ p=m

dy(f;p’K) = lim

R (EOIERON.

it p # 3, 5;
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% if p=3,

4

— if p=25,
dp(f;1) =<5

()

P/ if p#£3,5;

p2

8(3‘9+1 (-1)%5) if p=3,

(5"”1 <K>) if p =5,
PG g

dy(f;1) p9+1—<§)0+1

p

)

p— (2

p

Let n € N. Let n = 3°5°N, where a,3 € Ng, N € N and (N, 15) = 1. Then as
N(f;1) =8 the least positive integer represented by the form f is £ = 1 and

SnH d =7 3“+1 + (=1)%5) (55“ — (=1~ (%)) F5(N),

as asserted. O

if p #3,5.

Proof of Theorem 1.10. Let f := 22 +xy+y?+ 222 + 2t + 2t2. Using the method
n [11], we find that

(33k+1 ( 1) 33k 60— 15) lfp — 3’

53k ( ) 3k01 ifp=5,

Npk(f;peK): 5\ 0+
p p
3 if p # 3,5.
p
Hence
1 (—1)%
5(3— 39+1> ifp=3
K 1
1+<§)50+1 ifp=>5

T ) -0
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; if p=3,
6
— if p=25,
dp(f§1): 5
5
*(5)
5 if p # 3,5;
p
1
1(39+2 (-1)%) ifp=3,
) l(59“ <K> if p=5,
pedp(f;pK): 6 951
dp(f3;1) P <_> -
—g if p #3,5.
;)
p

Let n € N. Let n = 3°5°N, where o, 3 € Ng, N € N and (N, 15) = 1. Then, as
N(f;1) = 6, the least positive integer represented by the form f is ¢ = 1 and by
(4.6) we have

6nH d =7 3“+2 (—=1)5) <55+1 + (=1)* (g)) F5(N),

as asserted. O

Proof of Theorem 1.11. Let f := 22 + y? + 222 + 22t + 5t2. The value of
N« (f;p’K) is given in [11, Theorem 1.4]. Using this value we find that

1 ifp=2, =0,
3 ifp=2, 0>1,
K\ 1
— | = iftp=3, =0
dp(f;peK): <3) 3 1Ip ) )
( 3) itp=3, 6>1,
1) L if 2,3;
p+ 1_7_ 0+2 lp# I
1 if p=2,
4
- if p=3,
dp(fi1) =143 b
1 1 .
pen (1) pens
p P
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1
3

p%: i(3+(§))

30 -1

p9+1 -1

p—1

ifp=2, =0,
ifp=2 6>1,
ifp=3, 6=0,
ifp=3, 6>1,
if p #£2,3.

Let n € N. Let n = 2°3°N, where a,3 € Ng, N € N and (N,6) = 1. Then, as
N(f;1) = 4, the least positive integer represented by the form f is £ = 1 and by

(4.6) we have

dp(f;n)
N(f;n)=4 P
o) =411 35D
:4{1 %fazo} %(34_(@)) if =0 prl_l
3 ifa=1) |38 4 51 wiv P71
12(3% —1)o(N) ifn=0 (mod 6),
40(N) ifn=1 (mod 6),
) 6o(N) ifn=2 (mod 6),
©43° —1)o(N) ifn=3 (mod6),
120(N) ifn=4 (mod 6),
20(N) ifn=>5 (mod 6),

as asserted.

a

Proof of Theorem 1.12. Let f := 2% + zy + y* + 322 + 32t + 6t2. Using the
method in [11], we find that

Npk(f§p0K) =

33k + (_1)033’(}70 (%) lfp e 3,
73k _ <5> 73k—9—1 lfp _ 7,
7
21 21\ /H!
ot (- (2)) <p (3 )
p p
if p#£3,7.
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Hence

dp(f;peK) = lim ———~-~-

2 if p=3,
g ifp="7,
dp(f;1) =
21
()
72;0 if p=#£3,7,;
p

if p#£3,7.

5)
p— (=
p
Let n € N. Let n = 3°7°N, where a,3 € Ng, N € N and (N,21) = 1. Then, as

N(f;1) = 6, the least positive integer represented by the form f is ¢ = 1 and by
(4.6) we have

- L o (3) (- o (3)

p

as asserted. O

Proof of Theorem 1.13. Let f := 22 + 3y? + 22% + 2zt + 3t%. Using the value of
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Ny (f;p?K) given in [11, Theorem 1.5], we find that

_1)(E=1)/2 )
1-— % lfp = 2,
K 1 .
1+<§) 3041 1fp=37
K 1 .
dp(f§p0K) = {1+ (-1’ <g) 5O+1 ifp=35,
15 15\
-G -G))
if p#2,3,5;
p0+2< _ (E))
p
% if p=2,
g if p=3,
dp(f;1) = § if p=5,
b)
15
2
p?— (=
(5) wrinas
T ip # 27375a
20+t _ (—1)(K-1)/2 if p =2,
% (39“ + (g)) if p=3,
1 K .
P HUPE) )G (59“ +(-1)’ (g)) if p=5,
dp(f§1) 0+1
pf+l — <E)
p .
15 if p#£2,3,5.
= (3)
p

Let n € N. Let n = 293%57N, where a, 3,7 € Ng, N € N and (N, 30) = 1. Then,
as N(f;1) = 2, the least positive integer represented by the form f is £ = 1 and by
(4.6) we have

R - e (o ()

12

X (57+1 + (=1)*+AHy <g>) Fi5(N),

as asserted. O
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Proof of Theorem 1.14. Let f := 22 + y? + 522 + 2zt + 5t2. Using the value of
N, (f;p’K) given in [11, Theorem 1.6], we find that

1 -1 2 -2 .
g ifp=2, 6=1,
1 o =2\ 1 .
— — — —_— —_— = >
) 2(1 (-1) (K)29) iftp=2 6>2,
dp(fip"K) = K 1 )
1+<§) 3041 lfp:3,
0+1
-G ())
p p
it p#2,3;
p0+2< _<§>)
p
g if p =2,
4
- if p=3,
dp(f;1) =43
7~ ()
S5 A2
1 -1 2 -2 .
2 ifp=2, 6=1,
1(2‘9—(—1)‘9 (%)) ifp=2, 0>2,
pedp(f,peK) _ 3
dp(f;1) 1 30+1 4 K ifp=3
4 3 ’
6\ 01
p9+1_<_>
’é if p £ 2, 3.
= (5)
p

Let n € N. Let n = 2°3°N, where a,3 € Ny, N € N and (N,6) = 1. Then, as
N(f;1) = 4, the least positive integer represented by the form f is ¢ = 1 and by
(4.6) we have

dp(f37)

dp(f% 1)

N(f;n):4nH
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If n =1 (mod 2) we have

N(fin)=4- % <4+2 (3;11v) + (3[32N> B (3;]2\[» % <3ﬁ+1 . (g)) Fa(V)

X (35“ + (g)) Fs(N).

If n =2 (mod 4) we have

| =

If n =0 (mod 4) we have

N(fin)=4- % (26“ — (=1)* (3;—]2\[)) % <3ﬂ+1 + (@)) Fg(N)
= % <2a — (—1)+(N=D/2 (%)) (35“ + (1) (%)) Fs(N).

This completes the proof of Theorem 1.14. O

Proof of Theorem 1.15. Let f := 2% + 5y? + 222 + 2zt + 3t%. Using the value of
Ny (f;p?K) given in [11, Theorem 1.7], we find that

1 ifp=2, =0,
3 .
2—2—0 ifp=2, 6>1,
a(fir"K) = { 6 .
W lfp:5,

1 1 .
(p+1) (Z—?—W> it p # 2,5;

1 if p =2,

6 ifp=5
dp(f;1) =145 L p=9

+1 <———> if p # 2, 5;

(p+1) P

1 ifp=2, 6=0,

2041 3 ifp=2 60>1,

pedp(fQPGK): 1 =5

dp(f;1) Bp=o

p9+1_1

—— ifp#2,5.

p—1

Let n€N. Let n=2%5°N, where a,3€Ny, NEN and (N,10)=1. Then, as
N(f;1) = 2, the least positive integer represented by the form f is £ = 1 and by (4.6)
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we have
dp(f;n)
N(f;n)=2n P .
(o) =2 [ 1567
If n =1 (mod 2) we have
Gt -
N(fsn) =2 [ 7”711 = 25(N).
iy P
If n =0 (mod 2) we have
p7+1 -1

N(fin) =202 =3) ] =2(2°% — 3)g(N).

1
pin P

This completes the proof of Theorem 1.15.

1553

O

Proof of Theorem 1.16. Let f := 2% +zy+y? + 322+ 32t + 12t2. Using the value

of Ny« (f;p’K) given in [11, Theorem 1.8], we find that

K
1+<§> ifp=3, 6=0,
%(1—«4ﬁ§> iftp=3 0>1,
K\ 1 .
dp(f;p'K) = 1+<E>W ifp =5,

\»
- if p#£3,5;
(- (3))
P
2 if p=3,
g if p=15,
dp(f§1): 5
2
- (5)
p if p # 3, 5;
1 K
_ 1 N f = =
2(—!-(3)) ifp=3, =0,
1
ZBH—GJWQ ifp=3, 6>1,
0 do(f;P°K) l(yﬂ+ 5») if p=5,
dp(f§1) 6 il

if p #3,5.




1554 A. Alaca, S. Alaca & K. S. Williams

Let n € N. Let n = 3°5° N, where o, 8 € Ng, N € N and (N, 15) = 1. Then, as
N(f;1) = 6, the least positive integer represented by the form f is £ = 1 and by
(4.6) we have
dp(fin)
dp(f31)

N(f;n)anH

If n =0 (mod 3) we have a > 1 and

y+1
N(fin)=6- %(3“ - (-1)&5)% <5ﬂ+1 + (ﬂ» I ]i

5

= i(sa ~(=1)%5) (5"“ +(=1)" (%)) F5(N).

If n=1 (mod 3) we have a = 0 and 5°N =1 (mod 3) so (5BTN) =1, and thus

1 5N pVH__<§>V+1
e (e () G I
p
- (e (2)) mon

If n =2 (mod 3) we have a = 0 and 5°N = 2 (mod 3) so (5BTN) = —1, and thus

v =03 (1 (ZXN (0 (X)) H8 o

This completes the proof of Theorem 1.16. O

a3 | ot

S

Proof of Theorem 1.17. Let f := 222 + xy + 2y? + 322 + 32t + 3t2. Using the
value of Nk (f;p’K) given in [11, Theorem 1.9], we find that

K
1—(—) ifp=3, 0=0,

3
1 b5 .
K 1 .
dp(f;p"K) = 1+<3)5m if p =5,

if p#3,5;
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g if p=2,
2 if p=3,
4 .
(152 =45 itp=5
5
- (3)
—s Hp#235
S ()Y =2,
1 K .
1
_(39 - (_1)95) lfp = 37 0 > 17
dollipE) _ )
4 5
0+1
PPt — <§
P .
— N if p#£2,3,5.
= (3)
p

Let n € N. Let n = 2°3°5YN, where o, 3,7 € Ng, N € N and (N, 30) = 1. Then,

as N(f;1) =0 and N(f;2) = 4, the least positive integer represented by the form

fis £ =2 and by (4.6) we have

dp(fim)

N(f;n)=2n P .
(o) =2 ] 15 675)

If n =0 (mod 3) then 8 > 1 and

N(fim) =2 22 4 (-1)) 13" — (1))

X

NG

541
5
v+l 2°3°N P <2_9>
(e (557) T —— 54—
J
p
1

= @+ (09E - (17) (5774 (0 (§)) )

If n =1 (mod 3) then § =0 and 2*57N =1 (mod 3) so

5d5(£:2°3°57N)  ds(f;2°5"N) 1 (1 - <2°‘57N)> .
ds(f;2)  ds(f;2) 2 3 B

N(f;n)=0.

and thus
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If n =2 (mod 3) then =0 and 2*57N =2
oy 2ty (1 (25N
N =2 St g (1- (250)

This completes the proof of Theorem 1.17. O

Proof of Theorem 1.18. Let f := 22 + 3y? + 222 + 2zt + 5t2. Using the value of
N,«(f;p’K) given in [11, Theorem 1.10], we obtain

90+1 4 (_1)9+(K71)/2

29+1 lfp: 2a
; ifp:3’ 9:0’
5 (=)' (K .
dp(f;p°K) = 37 30 (g) ifp=3, 6>1,
3 3 0+1
-G (-))
p D
if p #2,3;

Z0)

g if p=2,
2
— f — 3
dp(f;1) =143 e
3
()
Yz if p#2,3;
%(29+1 _|_ (_1)9+(K71)/2) lfp — 27
1 ifp=3, =0,
1 K
edp(fmgK) —<5'39—(—1)9 (—) 3) iftp=3, 6>1,
Pt =12 3
dp(fvl) 3 6+1
P (_)
— 7 ifp£2,3.
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Let n € N. Let n = 293°N, where o, 3 € Ng, N € N and (NV,6) = 1. Then, as
N(f;1) = 2, the least positive integer represented by the form f is ¢ = 1 and by
(4.6) we have

dp(fin)
dp(f% 1) '

N(f;n):2nH

If n £ 0 (mod 3) we have 8 = 0 and

p7+1 _ < )A{Jrl
1 [e% @ —
N(fim) = 2- (27 4 (-1t V02 T —— 85—

| o0

_ §(204—0—1 + (—1)a+(N_1)/2)F3(N).

[l w

If n =0 (mod 3) we have 8 > 1 and by (4.6) we have

2 « [e3 8 -
N(fim) = (21 4+ (—1)+EN-0/2)

o (3 Y1
s
p

_ §(2a+1 + (=1 =1)/2) (5 30— (=1)t8 (g) 3) F5(N).

This completes the proof of Theorem 1.18. O

Proof of Theorem 1.19. Let f := 22 + 2y? + 32% + 2zt + 5¢°. Using the value of
N, (f;p”K) given in [11, Theorem 1.11], we obtain

1 ifp=2, =0,
0 _ (_1\(K-1)/2
2 (; fp=2 6>1,
70+1 _|_( 1)0 <§)
dp(f7p9K): 79+1 lfp:7,
0+1

-G -0))

p p .

itp#2,7,
Qo2 <p_ (Z))
p
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1 ifp=2,
g ifp="1,
dp(f;1) =
9 7
7~ (3)
Tp ifp#2,7;
1 ifp=2, 6=0,
20 — (—1)(K=1/2 ifp=2 0>1,
1 K .
pedp(f;PeK) _ )3 (70+1 + (-1’ (7)) ifp=7,
dp(f31) N
o (D)
—’7’ if p £ 2,7.
a0
p

Let n € N. Let n = 2°7°N, where a,3 € Ng, N € N and (N, 14) = 1. Then, as
N(f;1) = 2, the least positive integer represented by the form f is £ = 1 and by
(4.6) we have

dp(f;n)
dp(f31)

N(f;n):2nH
p
If n =1 (mod 2) we have a = 0, n = 7PN and

N(f;n) = % (75“ +(=1)# (g)) F7(N).

If n =0 (mod 2) we have a > 1 and

N(fin) =227 - ()0 (e (28] )

7
_ %(ga _(—1)PHN-1)/2y <7ﬂ+1 +(~1)° (g)) F:(N).

This completes the proof of Theorem 1.19. O

Proof of Theorem 1.20. Let f := x? + xy + 3y + 222 + 22t + 6¢2. Using the
method in [11], we find that

3. 23k=0-1 if p =2,
Ny (fip’K) = { 2(113F — 6. 113k—0-1) if p=11,

(p+ 1)(p*F—1 — pF=0=2) if p #£2,11.
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Hence
3 .
W lfp:2,
N (f;p'K) 2(119+1 — 6) _
dp(f;peK) = leHolc = pgk- = 119+1 lfp = 117
1 0+1 -1
(p+ );f“ ) it p 4211
g if p=2,
10 .
dp(f;1) = I if p=11,
1 -1
w if p#£211;
p
1 if p=2,
1
o dp (3 K) —(119%1 —6) if p =11,
D =49
dp(f§1) 041 _
7971 if p#£2,11.
p—

Let n € N. Let n = 211N, where o, 3 € Ng, N € N and (N,22) = 1. Then, as
N(f;1) = 2, the least positive integer represented by the form f is ¢ = 1 and by
(4.6) we have

N(fin)=2n]] ZZE§?§ = 2(11“1 -6) [ 1% = 2(115+1 —6)a(N),
P ' PN

as asserted. O

Proof of Theorem 1.21. Let f := 22 + xy + 2y? + 722 + Tzt + Tt2. Using the
method in [11], we find that

33k _ (_1)9 (g) 33k—0—1 lfp _ 37
73k 4 (g) 73k—0 ifp=7,
Np’“ (f;peK) =

e (2) (- ()"

if p#£3,7.
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Hence
N (f0°K)
dy(fip°K) = lim == G
30+1 _ (—1)° (E)
3 P
30+1 itp=3,
()
7 ifp=7
= 79 - 9
0+1
(*-G)-)
P b if p#£3,7
ip )
P02 <p_ (E))
p
; if p=3,
- (5)
Lo oK e
5 (3 (-1) 3 if p=3,
1 K
- 79+<—)> if p=71,
odolfi1"K) 2( )
LD T <§> “
p .
_(E) if p#£3,7.
b p

Let n € N. Let n = 3°7°N, where a,3 € Ng, N € N and (N,21) = 1. Then, as
N(f;1) = 2, the least positive integer represented by the form f is £ = 1 and by
(4.6) we have

dp(fin
N = 2] ] dp((f;l))

— (3"‘“ - (=1 (76_]\7)> 1 <7ﬁ N <ﬂ)> i P (%)‘Hﬂ
3 2 7 SN p— (%)
% <3a+1 o <g>) (76 0 <g)) F51(N),

completing the proof of Theorem 1.21. O
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Proof of Theorem 1.22. Let f := 2% +xy+4y? + 522+ 52t + 5t2. Using the value
of N« (f;p’K) given in [11, Theorem 1.13], we find that

30+2 _ (_1)05 )
W lfp = 3,
K
5 + (—)
N (f; p"K) __\5/ ifp =5,
dp(f;p"K) = lim P = 5
P P 3k
—00 p 5 5 0+1
(*-G) 7-()
p p
- if p #£3,5;
(- (3)
p
; if p=3,
2 if p=2>5,
dp(f;1) =
7~ (3)
042 [ 1\
W it p =3,
K
59 + <€>
pedp(f;p"K) ) if p=5,
dp(f7 1) 5 0+1
0+1
)
—g if p #£3,5.
= (3)
p

Let n € N. Let n = 3°5°N, where o, 3 € Ng, N € N and (N, 15) = 1. Then, as
N(f;1) = 2, the least positive integer represented by the form f is ¢ = 1 and by
(4.6) we have

Ngim =2n] e = Je 1)
) a (3
x3<5”<35N>>pHNM
p

1

— 1(3“2 — (=1)*5) (5‘3 +(=1)* (%)) F5(N),

completing the proof of Theorem 1.22. O
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Proof of Theorem 1.23. Let f := 222 + zy + 2y + 522 + 52t + 5t2. Using the
value of N« (f;p’K) given in [11, Theorem 1.14], we find that

39+1 + (_1)95

5 3071 if p=3,
a0
5 .
0 . Npk(f;peK) 0 1fp:5,
dy(fp°K) = tim TS
k p 5 5 0+1
-G 0))
p p
if p#£3,5;

)

g if p=2,
4
W52 =9y if p =5,
- (3)
Pl itp#2.3,5

S (1)) ifp=2,

1
g(3‘9“ +(-1)%) ifp=3,

dp(f;0°K) (e 5 if p—
P 2<5 <5>) e

0+1
S
- (5)
—— 5 ifp#235
()
p

Let n € N. Let n = 293957 N, where a, 3,7 € Ng, N € N and (N, 30) = 1. Then,
as N(f;1) =0 and N(f;2) = 4, the least positive integer represented by the form
fis £ =2 and by (4.6) we have

dp(f§n)
dp(f§2)

N(f;n) =2nH
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541
)
p5u__<;>
xH—5

v o= ()

= %(2“*1 + (1)) (37T + (—1)75) (Eﬂ — (=1 (—)) F5(N),

completing the proof of Theorem 1.23. O

Proof of Theorem 1.24. Let f := 222 + 2zy + 5y* + 322 + 3t2. Using the value
of N« (f;p’K) given in [11, Theorem 1.15], we find that

1 ifp=20=0,
20"1‘1_3 )
o0 ifp=202>1,
K
_ Ny(f;p’K) 1 (& o _
dp(f;peK) = klirgcpT = 3 ifp=3,0=0,
4 .
30 ifp=3,0>1,
p+DE™ -1 .
) if p # 2,3;
p
1
dp(f;2) =12 if p =3,
(p+L-1) .
——— ifp#23;
p
2 ifp=20=0,
22041 =3) ifp=2,0>1,
) 1 K
LGP E) )
dp(f;2) Y ifp=3,0=0,
2 if p=3,0>1,
P =2 itp+£2,3.
p—1

Let n € N. Let n = 2°3°N, where a, 3 € Ng, N € N and (N,6) = 1. Then, as
N(f;1) =0 and N(f;2) = 2, the least positive integer represented by the form f
is £ = 2 and by (4.6) we have

dp(fin
=TI
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If n=1or5 (mod 6) we have a = 3 =0, n = N and
N P+t —1 0 ifn=1 (mod 6),
s = (1= (F) L5, |
v P 20(N) ifn=5 (mod6).
If n =2 or 4 (mod 6) we have « > 1,8 =0, n = 2“N and

v =20 -9 (1= (55)) 112

v Pl
e - ()
B 0 ifn=4 (mod 6),
B {2(2a+1 ~3)o(N) ifn=2 (mod6).

If n =3 (mod 6) we have a = 0, 3> 1, n = 3°N and
N(fin)=4 [ = =40(N).
If n =0 (mod 6) we have « > 1, § > 1 and

P
N(fin)=202"" =32 [] = 4(29FL — 3)g(N).
This completes the proof of Theorem 1.24. O

5. The Form 3x2 + 3xzy + 6y2 4+ 722 4+ 7zt + Tt2

In this section we determine a formula for the representation number N(3,3,6,7,
7,7;n) of the quaternary quadratic form

322 + 3y + 6y + 722 + Tzt + Tt (5.1)

valid for all n € N, see Theorem 5.1. The discriminant of the form (5.1) is 9261 so
that it lies outside the range of Nipp’s table and thus we do not know if it belongs to
a genus containing a single form class or not. Without knowing this we cannot use
Siegel’s mass formula to evaluate N(3,3,6,7,7,7;n). Thus we proceed differently.
We use modular forms to prove Theorem 5.1.

Later in this section we show that

1 1 1 1
N(3,3,6,7,7,7;n) = §A(n) - §B(n) + §C(n) - §D(n), neN, (5.2)
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where
An) : = ; (%)d, (5.3)
B(n): = ‘ (%) (%)d, (5.4)
d|n
Cln) : = ‘ (‘73) (%)d, (5.5)
d|n
D(n) : = > (%)d. (5.6)

(We note that this is a different usage of A(n), B(n), C(n) and D(n) from that
in (3.12)(3.15) but this will not cause confusion.) Letting n = 3*7° N, where a, 3
€ No, N € Nand (N, 21) =1, it is easy to show that

A(n) = 3*7T°Fy1(N), (5.7)
B(n) = (-1)° (g) 3%Fy (N), (5.8)
C(n) = (—1)* (g) 7P Fy (N), (5.9)
D(n) = (%) Fy1(N). (5.10)

Using (5.7)-(5.10) in (5.2), we obtain the following theorem.

Theorem 5.1. Let n € N. Let n = 3°7°N, where o, € No, N € N and
(N,21) =1. Then

N(3,3,6,7,7,7;n) = % (30‘ +(=1)° (%)) (75 —(=1)° (g)) Fy1(N).

Next we exhibit the interrelationship between the representation numbers
N(1,1,1,1,1,2;n), N(1,1,1,3,3,6;n), N(1,1,2,7,7,7;n) and N(3,3,6,7,7,7;n).
To do this, we use (5.7)—(5.10) in Theorems 1.8, 1.12 and 1.21 to obtain

N, 1,1,1,1,2:m) = %A(n) + gB(n) - ;C(n) - %D(n), (5.11)
N(1,1,1,3,3,6;n) = ;A(n) - %B(n) + ;C(n) _ %D(n)7 (5.12)
N(1,1,2,7,7,T:n) = gA(n) + ;B(n) - %C(n) - %D(n). (5.13)

The formulae (5.2), (5.11), (5.12) and (5.13) give the required relationship.
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Further, we express each of
(o ] o0 o0 (o ]
Y A", Y Bn)g", Y Cn)g", Y D(n)g",
n=1 n=1 n=1 n=1

in terms of theta functions. Solving (5.2), (5.11), (5.12) and (5.13) for A(n), B(n),
C(n) and D(n), we obtain

1 1
A(n) = =N(1,1,1,1,1,2;n) + EN(L 1,1,3,3,6;n)

12
1 1
o N(L,1,2,7,7,7;0) — —N(3,3,6,7,7,7;:1), (5.14)
12 12
1 1
B(?’l) = _EN(lﬂ 17 1? 17 1,2,“) + EN(17 1a 1,3,3,6,7’1)
7 7
+SN(L1L2,7,7,T0) = T5N(3,3,6,7,7,5m), (5.15)
1 1
C(?’l) = _EN(lﬂ 17 1? 17 1,2,“) + ZN(17 1a 1,3,3,6,7’1)
1 1
+ SN 1,2,7,7,T5m) = £N(3,3,6,7,7,Tim), (5.16)
1 1
D(n) = EN(L 1,1,1,1,2;n) + ZN(l’ 1,1,3,3,6;n)
7 7
- SN(1L1,2,7,7,Tm) = £N(3,3,6,7,7,T;m). (5.17)

For ¢ € C with |¢| < 1, we recall the Borweins’ theta function a(q) from (3.2) and
define the theta function b(q) by

alg) = > g b(g) = Y g (5.18)
(w,y)€Z? (w,y)€Z2
so that

D> ON(L L1, 1,1,2m)¢™ = al(q)b(g), (5.19)
n=0
D N(1,1,1,3,3,6;n)¢" = a(q)b(q”). (5.20)
n=0
D ON(1,1,2,7,7,7;n)¢" = a(q")b(g), (5.21)
n=0
> ON(3,3,6,7,7,7;m)¢" = a(q")b(¢?). (5.22)
n=0

Summing (5.14)—(5.17) over n € Ny, we obtain the following result.
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Theorem 5.2.

= a(@)h(a) + 15a(@(e®) ~ Tzalabla) — zala ("),
S (S G ()

= S a(@)b(g) + T5a(@)b(a) + (g )(a) — = ala ().
S (S (F) ()

= —ala)bla) + (@) + T5ala b(a) — Jala ),
2 (S () (F))

= a(@)h(a) + To(@)b(a’) — ala(a) — Taldbl?).

We now give the proof of Theorem 5.1. It suffices to prove (5.2).

Proof of Theorem 5.1. The discriminant of the binary quadratic form 3z2 +
3zy + 6y% is A = —63 and the matrix A of this form is given by

1
322 + 3zy + 6y° = 5(95 y)A <x)7

Y
ICEE:
S \3 12)°

The level of the form 322 + 3xy + 6y? is the least positive integer L such that LA™!
has integral entries with even diagonal entries. As

gpat— (4
1 2

the level of the form 322 + 3zy + 6y2 is L = 21. The character y of the form
322 + 3xy + 6y? is the unique Dirichlet character modulo the level 21 satisfying

- (3)-(2)

that is
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for every odd prime p that does not divide the level L = 21. Hence, for all primes
p # 2,3,7, we have

_7) {—|—1 ifp=1,2,4 (mod 7),

X(p):<? ~1 ifp=3,56 (mod7).

For all n € N, the character x is given by

+1 ifn=1,2,4,8,11,16 (mod 21),
x(n)={ -1 ifn=5,10,13,17,19,20 (mod 21),
0 ifn=0,3,67,9,12 14,1518 (mod 21).

Thus the theta series corresponding to the form 3z2 + 3zy + 62, namely,

2 2 .
Do T g = Im(z) >0,
(w,y)€Z?

is a modular form on I'g(21) of weight 1 and character x, see for example [15, The-
orem 2.2; 20, Theorem 3.7]. Similarly, the theta series of the form 722 + 7zt + 7t2,
namely,

2 2 )
Z q7z +T72t+Tt . g= e27rzz7 Im(z) >0,
(z,t)€Z?

is a modular form on I'p(21) of weight 1 and character £ given by

+1 ifn=1,4,10,13,16,19 (mod 21),
¢n)=< -1 ifn=2,528,11,17,20 (mod 21),
0 ifn=0,3,67,9,12 14,1518 (mod 21).

Hence the theta series of the form (5.1), namely,

Z q3z2+3zy+6y2+7z2+7zt+7t2: Z q3z2+3zy+6y2 Z q722+7zt+7t2

(,y,2,t)€Z* (zy)ez? (zt)ez?
is a modular form on I'g(21) of weight 2 and character x¢ given by

+1 ifn=1,4,516,17,20 (mod 21),
xé(n)=4¢ -1 ifn=2810,11,13,19 (mod 21),
0 ifn=0,3,6,7,9,12,14,15,18 (mod 21).

o= (%)

Clearly we have
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Let M5(I(21), (2L)) denote the complex space of modular forms of weight 2 for
I'y(21) with multiplier system (Z') so that

Z N(3,3,6,7,7,7;n)q"

n=0

_ Z q3a:2+3a:y+6y2+7z2+7zt+7t2 c M2 <F0(21)7 (%))

(z,y,z,t)€Z*
By the formula in [21, Sec. 6.3, p. 100] we have

a1 (e, (2)) - o

Let Ss (I'o(21), (2L)) denote the subspace of My (I'g(21), (2L)) consisting of cusp

*

forms. Using the formula given in [21, Sec. 6.3, p. 98], we deduce that

am s (v, (2)) <o,

Now let E; (To(21), (21)) denote the subspace of Ma (T'g(21), (2)) consisting of
Eisenstein forms. By [21, p. 83] we have

s (v, (2)) = 5 (e, (2)) o (v, (2)).
(v (2)) - 2 (e ()

Let x1 denote the trivial character and x_3, x—7, x21 the primitive Dirichlet char-
acters of conductor 3,7, 21 respectively given by

X-3(n) = (;) Xer(n) = (%) Xo1 (n) = (%) neN.

Clearly

Hence

X—-3X—-7 = X21-
It follows from [17, Chap. 7], see also [21, p. 88], that the four Eisenstein series

21
E </d) " =q+q+3¢8+ -,
-7 n 2 3
n/d 7 dl¢"=q+q =3¢+,
3
(/d) d)d g

hE

E2»X21»X1 (Q) =

3
Il
-

%g

Eax_sx_s (q):

3
Il
-

%g

E2»X—77X—3(Q) :

3
Il
-
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S 21 N
Bun(@)i = -2+ dz(g)d P S N N
form a basis for E2(I'9(21), (21)) and thus for M(Io(21), (2L)). Hence there exist

rational numbers a, b, ¢, d such that

> N(3,3,6,7,7,7;m)q"

n=0

= B2 x5 3 (@) + VB2 5.5 7 (0) + cBay x5 () + dE2x, 30 (0),
that is
1423+ =alg+ @ +33+---)+bg+ ¢ =3¢ +---)
telg— -+ ) +d2+q—F+F+---).
Equating coefficients of 1, ¢, ¢? and ¢*, we obtain
—2d=1, a+b+c+d=0, a+b—c—d=0, 3a—3b—c+d=2,

SO

Hence

> N(3,3,6,7,7,7;m)q"

n=0

1 1 1 1
= §E2,X21,X1 ((]) - EEQ,X—37X77(q) + §E27X—7,X73 ((]) - §E2,X1,X21 ((])7

and thus equating coefficients of ¢" (n € N) we obtain
N(3,3,6,7,7,Tim) = 5 A(n) — 3 B(n) + 3C(n) — sD(n), neN,
which is (5.2). This completes the proof of Theorem 5.1. O
These results show that the representation numbers of the four quaternary
quadratic forms
224 ay +y? 4 22+ 2t + 262, 22 + oy +y? + 322 + 32t + 612,
22+ ay +2y% + 722+ Tat + T2, 32?2 + 3xy + 6y% + 722 4 T2t + TH3,

have a special relationship one to another. Other quadruples of quaternary quadratic
forms have a similar special relationship, for example

22+ 4y? + 222 4+ 22t + 262, 2% + 4y? + 422 + 4zt + 482,
322 + 1292 + 222 4+ 22t + 262, 322 4 12y° + 422 + 4ot + 442,

but we will not pursue this here.
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6. Evaluation of Some Dirichlet Series

In proving Theorems 1.8-1.24 we used the quotient of the formulae (4.2) and (4.5)
to determine the number of representations N(a,b,c,d, e, f;n) for the 17 forms
ax?® +bry + cy? + dz% + ezt + ft? in Table 6 using Siegel’s mass formula. In doing
this we determined the local density dp(a,b,c,d, e, f;£) explicitly for all primes
p, where £ is the least positive integer represented by ax? + bxy + cy® + dz? +
ezt + ft2. Armed with this information, we can now evaluate the infinite product
Hp dy(a,b,c,d, e, f;£) by means of (4.5), namely,

VD
4720

Hdp(a,b7c7 d,e, f;0) = N(a,b,c,d,e, f;0). (6.1)
p

The left-hand side of (6.1) turns out to be a multiple of an Euler product and this
enables us to determine the sum of some Dirichlet L-series. The Dirichlet L-series
we are interested in are

E = (E\ 1 B\ 1\ "
(22 E)w-10-()5)

where F is a positive nonsquare integer with £ = 0 or 1 (mod 4). We prove the
following theorem.

H((0) - o2
L (7)) -5 09
H( (7)) =" o
H((3) =5 09

28 212\/7
L(2,|— )= . .
&(3) -5 60
Proof. We just prove (6.6) as the others can be proved similarly using other forms
from Table 6. We choose (a, b, ¢, d, e, f) = (1,0,2,3,2,5). The representation number

of the form 22 + 2y? + 322 + 22t + 5t was determined in Theorem 1.19. Here
D=448=25.7,V/D =87, (=1, N(1,0,2,3,2,5;1) = 2 and

if p=2,

1
8 ifp=7,

dy(1,0,2,3,2,5;1) =< 7 .
- (3)

— if p£2,7.
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Then, by (6.1), we obtain

2 2 2
b2 T p)p 47 s
so that
2 1 1 4
N6-())- 10-0)3)-F -2
. p)v*) o p)p 2w 22T
Thus
[e%s) —1 2
28 28\ 1 28\ 1 2127
L2, (— )= — == 1—-(— = =
C() -2 (F)w-10-(3)%) -5
as asserted. O

Formulae (6.2)—(6.4) are given in [22]. The authors have not found (6.5) and

(6.6) in the literature.
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