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Let d be a squarefree positive integer such that the class number of the real quadratic
field Q(v/d) is odd and its fundamental integral unit x + yv/d(> 1) has norm 1. Then
it is known that d = p, 2p or p1p2, where p, p; and po(# p1) are primes congruent to
3 modulo 4, see for example [1, p. 163]. Zhang and Yue [3] have recently proved some
congruences for z and y. These are stated in Theorem 1.

Theorem 1. (See [3, Theorem 1.1].)

(1) If d = p with p = 3 (mod 4) then x = 0 (mod 2). Moreover x = 2 (mod 4) if
p =3 (mod 8) and x =0 (mod 4) if p="7 (mod 8).
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(2) If d = 2p with p =3 (mod 4) then y =0 (mod 2) and z+y =3 (mod 4).
(3) If d = p1p2 with p1 = pa = 3 (mod 4) then x =3 (mod 4) and y =0 (mod 4).

The purpose of this remark is to point out that a slightly stronger form of Zhang and
Yue’s theorem can be proved easily using an elementary method given by Dirichlet [2] in
1834, see Theorem 2. This method requires only the fundamental theorem of arithmetic.

Theorem 2.

(1) If d = p with p = 3 (mod 4) then x = 0 (mod 2). Moreover x = 2 (mod 8) if
p=3 (mod 8) and x =0 (mod 8) if p =7 (mod 8).
(2) If d = 2p with p = 3 (mod 4) then y = 0 (mod 2). Moreover x = 5 (mod 32),
y =2 (mod4) ifp=3(mod 8) andxz = 15 (mod 16), y = 0 (mod 4) if p = 7 (mod 8).
(3) If d = p1p2 with p1 = pa =3 (mod 4) then x =7 (mod 8) and y = 0 (mod 4). More-
over =7 (mod 16), y = 4 (mod 8) if (p1,p2) = (3,3) (mod 8); z =15 (mod 16),
=0 (mod 8) if (pl,pz) (7,7) (mod 8); and either x = 15 (mod 16), y = 0 (mod 8)
orx =7 (mod 16), y = 4 (mod 8) if (p1,p2) = (3,7) or (7,3) (mod 8).

Proof. As z + y/d is the fundamental integral unit of Q(v/d) of norm 1, z and y are
positive integers satisfying 22 — dy? = 1 with y the least such integer.

We first use Dirichlet’s method to prove (1). Suppose that z = (mod 2). Then
y =0 (mod 2). Thus 71, ZEL and ¥ are positive integers Satlsfymg e p(%)Q.
Hence p divides either 5 L or “‘1 Let €= S

xT“‘e are positive mtegers such that 2p€ . x';e = (2) . As 5E — ”;‘6 = :I:l the mtegers

xQ—;f and xf are coprime. Thus there exist coprime positive integers r and s such that
Tr—€ 9 T +e€ 9 Y
=r =s = =rs.
2p ’ 2 ’ 2
Hence s> — pr?2 = e. As p = 3 (mod 4) we must have ¢ = 1, so s> — pr? = 1. But

r < 2rs =y, which contradicts the minimality of y. Thus we must have = 0 (mod 2),
and so y = 1 (mod 2). Proceeding as above but now with y odd, we deduce that there
are coprime positive odd integers r and s such that

:cfe:pr2, x+e:52, Yy =rs,
for some € = 1. Hence 82 — pr? = 2¢. If p = 3 (mod 8) then 2¢ =1 — p = —2 (mod 8)
soe=—1land z = pr? —1 =2 (mod 8). If p =7 (mod 8) then 2¢ =1 —p = 2 (mod 8)
soe=1and x =pr? +1=0 (mod 8).

Next we use Dirichlet’s method to prove (2). If y = 1 (mod 2) then 22 = 2py? + 1 =
6y? +1 = 7 (mod 8), which is impossible, so y = 0 (mod 2) and z = 1 (mod 2). Applying
Dirichlet’s method as before, we find that there are positive coprime integers r and s
such that
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r—1=2pr?, r+1=4s% y = 2rs, r =1 (mod 2), $ =0 (mod 2)
or
z—1=4r% x4+ 1=2ps?, y = 2rs, r =1 (mod 2), s =1 (mod 2).

The first possibility gives 25> —pr? =1sop=pr’ =2s>—-1=7 (mod 8), z = 45> —1 =
15 (mod 16) and y = 2rs = 0 (mod 4). The second possibility gives ps? — 2r? = 1 so
p=ps’=2r2+1=3 (mod 8), x =4r> + 1 =5 (mod 32) and y = 2rs = 2 (mod 4).

Finally we use Dirichlet’s method to prove (3). If y = 1 (mod 2) then 22 = pipoy?+1 =
2 (mod 4), which is impossible. Hence y = 0 (mod 2) and « = 1 (mod 2). Dirichlet’s
method shows that there exist coprime positive integers r and s with » = 1 (mod 2) and
s =0 (mod 2) such that

z—1=2pr? 41 = 2pys?, Yy = 2rs, p1r? — pas? = —1
or
r—1=2pyr®  z+1=2ps°, y=2rs, p1s°—par’=1

Thus z = 14 2(p; or p2)r? =1+ 6r2 =7 (mod 8) and y = 2rs = 0 (mod 4).
If (p1,p2) = (3,3) (mod 8) we have x = 1+2(p; or p2)r? =146 = 7 (mod 16). Then
8=z +1=2(p2 or p1)s? = 6s% (mod 16) so s =2 (mod 4) and y = 2rs = 4 (mod 8).
If (p1,p2) = (7,7) (mod 8) we have z = 1+2(p; or pa)r? = 1+14 = 15 (mod 16). Then
=z +1=2(pz or p1)s? = 14s% (mod 16) so s =0 (mod 4) and y = 2rs = 0 (mod 8).
If (p1,p2) = (3,7) or (7,3) (mod 8), interchanging p; and py if necessary, we may
suppose without loss of generality that (p1,p2) = (3,7) (mod 8). From the first possibility
we obtain z = 1+2p;72 =146 = 7 (mod 16). Then 8 = z+ 1 = 2pys% = 1452 (mod 16)
so s = 2 (mod 4) and y = 2rs = 4 (mod 8). From the second possibility we deduce
z=1+2pr> =1+ 14 = 15 (mod 16). Then 0 = z + 1 = 2p;s> = 65% (mod 16) so
$=0(mod 4) and y =2rs =0 (mod 8). O
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