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Let N denote the set of positive integers and Z the set of all integers. Let No = NU {0}.
Let a1z? + bizy + c1y? and az? + bazt + cat? be two positive-definite, integral, binary
quadratic forms. The number of representations of n € Ng as a sum of these two binary

quadratic forms is
N(a1,b1,c1,a2,b2,c2;m)
= card{(x,y, z,t) € 74 [n = a1z? + b1y + cly2 +asz? + bozt + cth}.

When (b1,b2) # (0,0) we prove under certain conditions on ai,b1,c1,a2,b2 and c2
that N(a1,b1,c1,a2,b2,c2;n) can be expressed as a finite linear combination of quan-
tities of the type N(a,0,b,c,0,d;n) with a,b,c and d positive integers. Thus, when
the quantities N(a, 0, b, ¢,0,d; n) are known, we can determine N(a1,b1,c1, a2, bz, ca;n).
This determination is carried out explicitly for a number of quaternary quadratic
forms ajz? + by Ty + cly2 + asz? + byzt + cot?. For example, in Theorem 1.2 we show
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for n € N that

0 ifn=1 (mod 4

20(N) ifn=3 (mod 4
ifn=2 (mod 8

40(N) ifn=4,6 (mod8

8a(N) ifn=8 (mod 16),

240(N) ifn=0 (mod 16),

N(3,2,3,3,2,3;n) =

where N is the largest odd integer dividing n and

o(N) =) _d.

deN
dIN
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1. Introduction

Let Z denote the domain of all integers and N the set of positive integers. Let
Ny = NU {0}. Let Q and C denote the fields of rational and complex numbers,
respectively.

If a12? + byzy + c1y? and ag2? + bazt + cot? are two integral, positive-definite,
binary quadratic forms, the number of representations of n € Ny by the quaternary
quadratic form aj2? + bizy + c1y? + a22? + bazt + cot? is given by

N(ay,b1,c1,a2,b2,c2;n)
= card{(z,y,2,t) € Z*|n = a12® + by + c1y® + a22® + bozt + cot?}.

Clearly N(a1,b1,c1,a2,b2,c2;0) = 1. The number N (ay, b1, c1,asz,bs, co;n) is called
the representation number of the form a2 + byzy + c1y? + agz? + bazt + cot? and
has the following simple properties:

N(al,bl,cl,ag,bg,CQ;n) =N(a2,b2,02,a1,b1,cl;n),
N(al,bl,cl,ag,bg,CQ;n) = N(al,bl,cl,CQ,bg,ag;n) = N(cl,bl,al,ag,b2,02;n)
= N(c1,b1,a1,c2,b2,a2;n),
and
N(al,bl,cl,aQ,bg,CQ;n) = N(al,—bl,cl,az,bz,cz;n)
:N(al,bl,cl,ag,—b2,02;n)

:N(al,—bl,C1,a2,—bQ,CQ;n)-
If m € Q\Ny we define N(ay,b1,c1,as,be, ca;m) = 0. Thus, for k € N, we have
N(kal,kbl,kcl,kaQ,ka,kCQ;n) :N(al,bl,cl,az,bz,cz;n/k).
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We recall that two integral binary quadratic forms A;2? + Byzy + C1y? and
Asx? + Byxy + Cyy? are said to be equivalent, written A;a? + Bizy + Cry? ~
Asx? + Bozy + Cyy?, if there exist p, ¢, r, s € Z with ps — gr = 1 such that

Ay (pz + qy)2 + Bi(pz + qy)(rz + sy) + Cy(rz + sy)2 = Ayx® + Bozy + Coy?.

For example, if a and ¢ are positive integers with a < 4c then az? + azy + cy? and
cx® + (2¢ — a)zy + cy? are positive-definite, integral, binary quadratic forms, which
are equivalent as

a(—y)? + a(—y) (@ +y) + c(z +y)* = ez’ + (2c — a)zy + cy®.

If a12? + bizy + c1y? ~ A12?2 + Biay + C1y? and asx? + bazy + coy® ~ Axx? +
Bozy + Cyy? then

N(ay,b1,c1,a2,b2,c0;n) = N(A1, By, C1, Aa, Ba, Ca;n).
Thus, for example, we have
N(a1,b1,c1,a,a,¢;n) = N(aq, by, cr,c¢,2c— a,c;n).
Hence in particular we have
N(ai,b1,c1,4,4,5;n) = N(a1,b1,¢1,5,6,5;n).
If by = by = 0 we define
N(a1,c1,a2,c2;m) := N(a,0,c1,a2,0,co;n).

In Sec. 2 we prove Theorem 1.1, which shows that in the case (b1,b2) # (0,0),
under certain conditions on ai,b1,cq,a2,b2 and co, the representation number
N(a1,b1,c1,a2,b2,co;n) can be expressed as a finite linear combination with inte-
gral coefficients of certain representation numbers

N(A]_,B]_,C]_,D]_;n),...,N(Am,Bm,Cm,Dm;n).

Theorem 1.1. (i) Let a12? + c1y? and axz? + bazt + cot? be positive-definite,
integral, binary quadratic forms with by # 0. Suppose that
922 + bozt + cot? ~ Moz + 2Nzt + M2t2,

where My and N are positive integers such that My > Ny and My =
Ny (mod 2). Then, for all n € N, we have

My — Ny Mo + N-
N(CL]_,O,C]_,GQ,bQ,CQ;n):N<CL]_,C]_, 22 27 2;_ 27”)

Moy — N-
- N <a1701,%,2(M2 +N2);n>
M- N-
—N<a1,C1,%,2(M2—N2);n>

+ 2N(a1,cl, 2(M2 — Ng), 2(M2 + Ng); n)
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(i) Let a12®+biay+c1y? and azz®+bazt+cat? be positive-definite, integral, binary
quadratic forms with by # 0 and by # 0. Suppose that

a1z + brzy + c1y? ~ Miz? + 2N 2y + Miy?
and
922 + bozt + cot? ~ Moz + 2Nozt + M2t2,

where My, Ms, N1 and Na are positive integers such that My > Ny, M; =
N7 (mod 2), My > Ny and My = Ny (mod 2). Then, for all n € N, we have
N(CLl,bl,Cl,aQ,bQ,CQ;n)
N My — Ny My+ Ny My;— N, M2+N2_n
N 2 2 72 72 7
N My — Ny My + Ny M+ N,
2 ’ 2 ’ 2
N My — Ny My + Ny My — N,
2 ’ 2 ’ 2
My — Ny M;+ Ny
2 ’ 2

M N-
_N<%

2(M; - N2>;n)

, 2(M2 + NQ); n)

+2N( ,2(M2—N2),2(M2+N2);n)

’2(M1 - N1)7

My — Ny Mp+ Ny
2 2
M, + Ny
2
M — N
2

M, + N
+N <#,2(M1 —Ny),

5 ,2(My — NQ);n>

M, + N
N (%,2(% —Ny),

,2(M2 + NQ);TL>

M, + N
—2N (%,2(1\/[1 — N1),2(My — N3),2(M; + N2);n)

M, - N Ms — Ny My + N
—N( 1 172(M1+N1), 2 2 My + 2'n>

2 2 ’ 2 ’
M, — N My + N-
+N(%72(M1+N1)7%72(M2_N2)§n>
My — N My — N-
+N(%72(]\41+N1)7%72(M2+N2)§n>

M, — N
9N (%,2(1\41 + N1),2(My — Na), 2(M; + Nz);n)

My — Ny M, + N.
+2N(2(M1—N1),2(M1+N1), 2 2 772 2'n)

2 7 2 7
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My + No
2

My — Ny
2

+4N(2(M1 — Nl),2(M1 + N1)72(M2 — N2)72(M2 + NQ);H).

— 2N <2(M1 —Nl),2(M1+N1), ,Q(MQ—NQ);TL)

—2N <2(M1 —N1)72(M1+N1)7 ,2(M2+N2);n)

(iii) Let r,s € N. Then, for all n € N, we have
N(r,0,s,1,1,1;n) = N(1,3,4r,4s;4n).
(iv) Let r,s € N. Then, for all n € N, we have
N(2r,0,2s,1,1,1;n)= (2 — (=1)")N(1,3,2r,2s;n).
(v) Let r,s € N. Then, for all n € N, we have
N(r,0,5,2,2,2;n) = N(1,3,2r,2s;2n).

In Secs. 3-8 we apply Theorem 1.1 to determine explicit formulae for the
representation numbers N(aq,b1, ¢1, a9, ba, co;n) of 51 quaternary quadratic forms
a12% + biay + c1y® + a22% + bazt + cot?, see Theorems 1.2-1.7. Forty of these eval-
uations are new.

In Theorem 1.2 we give 10 forms whose representation numbers can be given in
terms of the sum of divisors function o(n), which is defined for n € N by

o(n) = d. (1.1)

Theorem 1.2. (i) Letn € N. Set n = 2N, where o € No, N € N and gcd(N, 2) =
1. Then

20(N) ifn=1 (mod 2),
20(N) ifn=2 (mod 8),
N(1,0.2.3.2,3:m) = 60(N) ifn=6 (mod8),
120(N) ifn=4 (mod 8),
87(N) ifn=8 (mod 16),
240(N) ifn=0 (mod 16);

0 ifn=1,2 (mod 4),
a(N) ifn=3 (mod 4),
N(4,0,8,3,2,3;n) = ¢ 40(N) ifn=4 (mod 8),
8a(N) ifn=8 (mod 16),
240(N) ifn=0 (mod 16);
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0 ifn=1,5,7 (mod 8),
o(N) fn=3 (mod 8),
0 ifn=2 (mod 4),
N(8,0,16,3,2,3;n) =< 20(N) ifn=4 (mod 8),
40(N) ifn=8 (mod 16),
(N) ifn=16 (mod 32),
(

240(N) ifn=0 mod 32);

0 ifn=1 (mod 4),

20(N)  ifn=3 (mod 4),

0 ifn=2 (mod 8),
N(3,2,3,3,2,3;n) =

40(N) ifn=4,6 (mod 8),

8s(N) ifn=8 (mod 16),

240(N) ifn=0 (mod 16).

(ii) Letn € N. Set n = 3°N, where 3 € Ng, N € N and gcd(N,3) = 1. Then
N(1,1,1,1,1,1;n) = 120(N).

(iii) Let n € N. Set n = 2%3°N, where a, 3 € Ng, N € N and gcd(N,6) = 1. Then

8c(N) ifn=1 (mod 2

12(2¢* = 1)o(N) ifn=0 (mod 2

)

)

N(l,O,S,l,l,l;n):{ ;
237 —2)o(N) ifn=1 (mod 2),

N(1,0,3,2,2,2;n) =
( ) {6(3ﬁ+1 —2)o(N) ifn=0 (mod 2);

20(N) ifn=1 (mod 2),
N(1,0,3,4,4,4;n) =<0 ifn=2 (mod 4),
12(271 —1)o(N) ifn=0 (mod 4);
20(N) ifn=1 (mod 4),
0 ifn=2,3 (mod 4),
N(1,0,12,4,4,4;n) =
8a(N) ifn=4 (mod 8),
12(2272 = 1)o(N) ifn=0  (mod 8);
0 ifn=1,2 (mod 4),
N(3.0,4.4.4,4im) 20(N) ifn=3 (mod 4),
8a(N) ifn=4 (mod 8),
122972 —1)o(N) ifn=0 (mod 8).
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The formula for N(1,1,1,1,1,1;n) was conjectured by Liouville [10] and proved
by a number of authors including Chapman [6], Huard, Ou, Spearman and Williams
[7] and Walfisz [13]. The formulae for N(1,0,3,2,2,2;n) and N(1,0,3,4,4,4;n)
were proved by Walfisz [13]. The remaining seven formulae stated in Theorem 1.2
are new.

In Theorem 1.3 we give nine forms whose representation numbers can be given
in terms of the function S(n), which is defined for n € N by

n (8
= =1 = see |2, p. 151; .2 1.2
s =305 (5) see 2 p. 1505, 21, (12)
deN
d|n
where (£) is the Legendre-Jacobi-Kronecker symbol for discriminant 8, that is

1 ifd=1,7 (mod 8),
<§) =<¢-1 ifd=3,5 (mod8),
0 ifd=0 (mod 2).

Theorem 1.3. Let n € N. Set n = 2N, where a € No, N € N and gcd(N,2) = 1.
Then

8 P
(6_2<N>)S(N) ifn=1 (mod 4),
N(L0.1.3.2,3:m) = 25(N) ifn=3 (mod 4),
4S(N) ifn=2 (mod 4),
a_ (8 P .
2 (3-2 - <N>) S(N) ifn=0 (mod4);
25(N) ifn=1 (mod 2),
N(1,0,4,3,2,3;n) — 0 ifn=2 (mod 4),
o 8 P .
2 (2 i <N)) S(N) ifn=0 (mod4);
0 ifn=1,7 (mod 8),
25(N) ifn=3,5 (mod 8),
N(2’ 078a 37 2a 37 TL) = 2S(N) Zf?’l =2 (mod 4),

2 (26“—1 - (%)) S(N) ifn=0  (mod 4);

0 ifn=1,2 (mod 4),
25(N) ifn=3 (mod 4),

8

N(4,0,4,3,2,3;n) =
(- (L)) s tn=0 (o
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N(8,0,8,3,2,3;n) = 4 0

N(1,0,2,4,4,5;n) = < 48

N(1,0,8,4,4,5;n) = ¢ 45(N)

N(2,0,16,4,4,5:n) = { o

N(8,0,16,4,4,5;n) =
25(N)

s

All nine evaluations in Theorem 1.3 are new.

ifn=1,5,7 (mod 8),

ifn=3 (mod 8),
ifn=2 (mod 4),
ifn=0 (mod 4);
ifn=1 (mod 2),
ifn=2 (mod 8),
ifn=6 (mod 16),
ifn=14 (mod 16),
ifn=4 (mod ),
ifn=0 (mod 8);
ifn=1 (mod 4),
ifn=3 (mod 4),
ifn=2 (mod 8),
ifn=6 (mod 8),
ifn=4 (mod ),

ifn=0 (mod 8);

ifn=1,3 (mod 8),
ifn=>5,7 (mod 8),
ifn=26 (mod 16),
ifn=10,14 (mod 16),
ifn=4 (mod 8),
ifn=0 (mod 8);
ifn=1,3,7 (mod 8),
ifn=5 (mod 8),
ifn=2 (mod 4),
ifn=4 (mod 8),
ifn=0 (mod 8)
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In Theorem 1.4 we give 10 forms all of whose representation numbers can be
given in terms of the function A(n) defined for n € N by

A =" (%) (see [3, p. 225]), (1.3)
7

where (%) is the Legendre—Jacobi-Kronecker symbol for discriminant 12, that is

1 ifd=1,11 (mod 12),
12
<g> =< -1 ifd=57 (mod 12),
0 ifd=0 (mod2) or d=0 (mod 3).

Theorem 1.4. Let n € N. Set n = 2°3°N, where o, € No,N € N and
gcd(N,6) = 1. Then

N(1,0,1,1,1,1;n)
_ (2oz+2 + (_1)04+5+(N*1)/2) (36+1 — (_1)a+ﬂ (ﬁ)> 14(]\7)7

N(2,0,2,1,1,1;n)

3 (35“ —(=1)P (g)) A(N) ifn=1 (mod 2),

(20 4 (1)@ HBT(N-1)/2) (35+1 _(—1)otB (%)) AN) ifn=0 (mod 2);
N(3,0,3,1,1,1;n)
_ (2a+2 o (_1)a+,(3+(N—1)/2) (35 + (_1)a+,3 (%)) 14(]\7)7

N(6,0,6,1,1,1;n)

3 (35 + (~=1)8 (g)) A(N) ifn=1 (mod 2),
) (20 — (=1)>tAH(N=1)/2) (35 + (=1)th (%)) A(N) ifn=0 (mod 2);

N(1,0,1,2,2,2;n)
_ (2a+1 _ (_1)a+ﬁ+(N*1)/2) <3ﬁ+1 + (_1)a+ﬂ (g)> ‘A(AN-)7
N(3.0,3,2,2,2:n)

= (2 (D) (37— e () A
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N(1,0,1,4,4,4;n)
= (2% + (_1)a+5+(N*1)/2) <3ﬁ+1 _ (_1)a+ﬁ <E>) A(N);

N(1,0,4,4,4,4;n)

%(1 + (—1)f+(N=1)/2) (35“ —(~1)# <g>) A(N) ifn=1 (mod 2),
=40 if n=2 (mod 4),
(29 4 (—1)atB+(N=1)/2) <3ﬂ+1 —(=1)ot8 <g)) A(N) ifn=0 (mod 4);

N(3,0,3,4,4,4;n)
_ (2a . (_1)a+5+(1\771)/2) <35 + (_1)(¥+ﬁ <E>) A(N)’

N(3,0,12,4,4,4;n)

%(1 — (—1)PH(V-1)/2) (35 +(—1)8 <g>) A(N) ifn=1 (mod 2),
{0 if n=2 (mod 4),
(2 — (—1)otB+(N-1)/2) (35 + (=1)ot8 <g>) A(N) ifn=0 (mod 4);

where

Ny [ 1 #N=1 (mod3),
<_)_ 1 fN=2 (mod3).

The formulae for N(1,0,1,1,1,1;n), N(3,0,3,1,1,1;n), N(1,0,1,2,2,2;n) and
N(3,0,3,2,2,2;n) were conjectured by Liouville in [9], [12], [8] and [11], respectively,
and proved by Alaca, Alaca, Lemire and Williams [3] and Walfisz [14]. The formulae
for N(2,0,2,1,1,1;n) and N(6,0,6,1,1,1;n) are due to Walfisz [14]. The formulae
for N(1,0,1,4,4,4;n) and N(3,0,3,4,4,4;n) are also due to Walfisz [14] and were
also proved by Alaca, Alaca, Lemire and Williams [3]. The remaining two formulae
are new.

Theorem 1.5 gives the representation numbers of six forms which can be given
in terms of the functions S(n) (see (1.2)) and K;(n), where Ki(n) is defined for
n € N with n =1 (mod 2) by

Ki(n):== Y (=D)U"V2r (see 2, p. 146)). (1.4)

(r,s)ENXZ
r=1 (mod 2)
n:r2+252

It is observed in [2, p. 146] that K;(n) =0 for n = 5,7 (mod 8).
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Theorem 1.5. Let n € N. Set n = 2N, where a € Ng, N € N and ged(N,2) = 1.

Then
S(N)+ K1(N) ifn=1,3 (mod 8),
S(N) ifn=>57 (mod 8),
N(1,0,16,3,2,3;n) = { Y fn=2 (mod4),
125(N) ifn=4 (mod 8),
2 (20“1 - (%)) S(N) ifn=0 (mod 8);
0 ifn=1,5,7 (mod 8),
S(N)+ K1(N) ifn=3 (mod 8),
N(16,0,16,3,2,3;n) = 4 ° ifn=2 (mod 4),
25(N) ifn=4 (mod 8),
a— 8 - — .
2 (2 2 (N)) S(N) ifn=0 (mod 8);
S(N) — K;(N) ifn=1,3 (mod 8),
S(N) ifn=>57 (mod 8),
25(N) ifn=2 (mod 8),
N(2,0,4,4,4,5;n) = 45(N) ifn=06 (mod 16),
0 ifn=14 (mod 16),
4S(N) ifn=4 (mod 8),
2 (20“1 - (%)) S(N) ifn=0 (mod 8);
S(N)— Kq(N) ifn=1 (mod 8),
S(N) ifn=5 (mod 8),
N(4,0,8,4,4,5:n) — 0 ifn=2,3 (mod 4),
4S(N) ifn=4 (mod 8),
a— 8 ; —
2 (2 1 (N)) S(N) ifn=0 (mod 8);
S(N) — (%) Ki(N) ifn=1,3 (mod 8),
S(N) ifn=>5,7 (mod 8),
N(3,2,3,4,4,5;n) =< 0 ifn=2  (mod 4),
4S(N) ifn=4 (mod 8),
2 (3 cga-l <%>) S(N) ifn=0 (mod 8);
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0 ifn=1,7 (mod 8),
S(N)— K;i(N) ifn=3 (mod 8),
S(N) ifn=5 (mod 8),
N(4,4,5,6,4,6:n) — 0 ifn=2,14 (mod 16),
25(N) ifn=6,10 (mod 16),
25(N) ifn=4 (mod 8),
2 <2a‘2 — <%)) S(N) ifn=0 (mod 8).

All six formulae of Theorem 1.5 are new.

In Theorem 1.6 we give 14 forms all of whose representation numbers can be
expressed in terms of the functions o(n) (see (1.1)) and Ks(n), where Ky(n) is
defined for n € N with n = 1 (mod 2) by

Ko(n):= Y (=)D (see 2, p. 146)). (1.5)

(r,s)ENXZ
r=1(mod 2)
n:r2+452

It is noted in [2, p. 147] that Ks(n) = 0 if n = 3 (mod 4).

Theorem 1.6. Let n € N. Set n = 2*N, where a € Ng, N € N and ged(N,2) = 1.
Then

o(N) + (%) Ky(N) ifn=1 (mod4),
o(N) ifn=3 (mod 4),
N(1,0,8,3,2,3:n) = 0 ifn=2 (mod 4),
120(N) ifn=4 (mod ),
8c(N) ifn=8 (mod 16),
240(N) ifn=0 (mod 16);
o(N) — (%) Ky(N) ifn=1 (mod4),
o(N) ifn=3 (mod 4),
N(2,0,4,3,2,3:n) 20(N) ifn=2 (mod 4),
40(N) ifn=4 (mod 8),
8a(N) ifn=8 (mod 16),
240(N) ifn=0 (mod 16);
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0 ifn=1,7 (mod 8),
o(N) ifn=3 (mod 8),
o(N)+ K2(N) ifn=>5 (mod 8),
o(N) + (%) K(N) ifn=2  (mod 8),
N(2,0,16,3,2,3;n) = (N) ifn=6 (mod 8),
20(N) ifn=4 (mod 8),
40(N) ifn=38 (mod 16),
8a(N) ifn=16 (mod 32),
240(N) ifn=0 (mod 32);
30(N) + K2(N) ifn=1 (mod 4),
0 ifn=3 (mod 8),
20(N) ifn=7 (mod 8),
60(N) — 2 (%) K(N) ifn=2 (mod8),
N(1,0,1,4,4,5;n) = { 60(N) ifn=6 (mod 8),
6o (N) ifn=4 (mod 16),
20(N) ifn=12 (mod 16),
120(N) ifn=8 (mod 16),
8c(N) ifn=16 (mod 32),
240(N) ifn=0 (mod 32);
20(N) ifn=1 (mod 4),
0 ifn=3 (mod 4),
20(N) —2 (%) Ky(N) ifn=2 (mod 8),
20(N) ifn=6  (mod 8),
N({1,0,4,4,4,5m0) =9 6 ifn=4 (mod 16),
20(N) ifn=12 (mod 16),
120(N) ifn=8 (mod 16),
8a(N) ifn=16 (mod 32),
240(N) ifn=0 (mod 32);
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N(1,0,16,4,4,5;n) =

N(2,0,2,4,4,5;n) =

N(2,0,8,4,4,5;n) =

o(N)+ K3(N) ifn=1 (mod 4),

0 ifn=3 (mod 4),

0 ifn=2 (mod 8),

20(N) ifn=6  (mod 8),

40(N) ifn=4 (mod 16),

0 ifn=12 (mod 16),

40(N) ifn=8 (mod 16),

8a(N) ifn=16 (mod 32),

240(N) ifn=0 (mod 32);

o(N) — Ka(N) ifn=1 (mod 4),
0 ifn=3 (mod 8),
20(N) ifn="7 (mod 8),
20(N)+2 (%) Ks(N) ifn=2 (mod 8),
20(N) ifn=6 (mod 8),
60(N) ifn=4 (mod 16),
20(N) ifn=12 (mod 16),
120(N) ifn=8 (mod 16),
8a(N) ifn=16 (mod 32),
240(N) ifn=0 (mod 32);
0 ifn=1,3 (mod 8),
o(N) — K3(N) ifn=>5 (mod 8),
o(N) fn="7 (mod 8),
o(N) + (%) Ko(N) ifn=2  (mod 8),
o(N) fn==6 (mod 8),
20(N) ifn=4 (mod 8),
40(N) ifn=38 (mod 16),
8c(N) ifn=16 (mod 32),
240(N) ifn=0 (mod 32);
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N(4,0,4,4,4,5;n) =

N(4,0,16,4,4,5;:n) =

N(8,0,8,4,4,5;n) =

N(16,0,16,4,4,5;n) =

o(N)—Ks(N) ifn=1 (mod 4),

0 ifn=2,3 (mod 4),

60(N) ifn=4 (mod 16),

20(N) ifn=12 (mod 16),

120(N) ifn=38 (mod 16),

8c(N) ifn=16 (mod 32),

240(N) ifn=0 (mod 32);

o) - % (%) Ko(N) ifn=1  (mod 4),
0 ifn=2,3 (mod 4),
40(N) ifn=4,8 (mod 16),
0 ifn=12 (mod 16),
8c(N) ifn=16 (mod 32),
240(N) ifn= (mod 32);
0 ifn=1,3,7 (mod 8),
o(N) = K3(N) ifn= (mod 8),

0 if n= (mod 4),

20(N) if n= (mod 8),

40(N) ifn=38 (mod 16),

8c(N) ifn=16 (mod 32),
240(N) ifn=0 (mod 32);

0 ifn=1,3,7 (mod 8),
lU(N) + %Kg(N) ifn=>5 (mod 8),

0 ifn=2 (mod 4),
20(N) ifn=4 (mod 16),

0 ifn=8,12 (mod 16),
8c(N) ifn=16 (mod 32),
240(N) ifn=0 (mod 32);

1409



1410 S. Alaca, L. Pehlivan € K. S. Williams

o(N) — Ka(N) ifn = (mod 8),
a(N) fn=3 (mod 8),
0 ifn=>5,7 (mod 8),
o(N) — (%) Ky(N) ifn= (mod 8),
N(3,2,3,6,4,6;n) = a(N) ifn= (mod 8),
20(N) ifn=4 (mod 8),
40(N) ifn= (mod 16),
8a(N) ifn=16 (mod 32),
240(N) ifn=0 (mod 32);
o(N) — (%) K5(N) ifn=1 (mod 4),
0 ifn = (mod 4),
20(N) —2 (%) Ky(N) ifn= (mod 8),
0 ifn=6 (mod 8),
N(4,5,4,4.50) =14 40 ov) ifn=4 (mod 16),
0 ifn=12 (mod 16),
o(N) ifn=8 (mod 16),
o(N) ifn=16 (mod 32),
240(N) ifn=0 (mod 32).

All 14 formulae of Theorem 1.6 are new.

In Theorem 1.7 we give two forms whose representation numbers can be
expressed in terms of the functions o(n) and a(n), where a(n) is defined for
n € Ny by

oo

> aln H (1=a*") (1 =q") (1 = ¢")(1 —¢"*") (see [1, p. 278)),

n=0

(1.6)
where ¢ € C, |¢| < 1. It is noted in [1, p. 278] that a(n) = 0 for n = 0 (mod 2).

Theorem 1.7. Let n € N. Set n = 2°3°N, where o,8 € No,N € N and
gcd(N,6) = 1. Then
3311 —2)0(N) +3a(n) ifn=1 (mod 2),
N(2,0,6,1,1,1;n) = { 2(3°+ — 2)0(N) ifn=2 (mod 4),
6(35+1 — 2)a(N) ifn=0 (mod 4);



Representations of a positive integer as a sum of two binary quadratic forms 1411

30(N) +3(=1)"""2a(n) ifn=1 (mod 2),
N(4,0,12,1,1,1;n) = 0 ifn=2 (mod 4),
8a(NV) ifn=4 (mod 8),
12(2472 = 1)o(N) ifn=0 (mod 8).

Both formulae of Theorem 1.7 are new.

2. Proof of Theorem 1.1

We begin with a result on theta functions that we will use in the proof of Theo-
rem 1.1.

Theorem 2.1. Let M and N be positive integers such that
M>N, M=N (mod2). (2.1)
Then, for g € C with |q| < 1, we have

E qu2+2wa+My2

(x,y)€Z?
=g 7 )ela T ) —pla T (M)
— g 7 (@M 4 2p(g2 M) (M), (2.2)
where Ramanujan’s theta function ¢ is defined by
o)== " (2.3)

T€EZ

Proof. As M,N € N, M > N and M = N (mod 2), we see that
 M+N M—N

A: eN, B:= 5 € N.
Thus
M=A+B, N=A-B.
Now
Z qu2+2Nmy+My2 _ Z qM(y—z)2+2(M+N)(y—m)m+2(M+N)z2
(w,y)€Z? (w,y)€Z2

_ Z qu2+2(M+N)zz+2(M+N)m2

(z,2)€2?

_ E q(A+B)z2+4Aza:+4Aa:2

(z,2)€Z?



1412 S. Alaca, L. Pehlivan € K. S. Williams

2 2 2 2
_ Z qA(2m+z) +Bz* _ Z th +Bz

(w,2)€Z? (t,2)€7?
t=z(mod 2)
2 2 2 2
_ Z th +Bz® Z th +Bz
(t,z)ez? (t,2)ez?
t=0(mod 2)
2 2 2 2
_ Z th +Bz +2 Z th +Bz
(t,2)€Z? (t,2)€Z?
z=0(mod 2) t=2z=0(mod 2)

= o(g)e(d®) = o(a*)e(q")

— o(q™M)e(q*?) + 20(¢* ) (¢*P)

-N

M-—N M4N M
=0(g 7 )o(g 7 ) —plg™ = (g M)

14N

o™V + 202 M) ),

as required. O
We are now ready to prove Theorem 1.1.

Proof of part (i) of Theorem 1.1. For ¢ € C with |¢| < 1, appealing to Theo-
rem 2.1, we obtain

E N(a1,0,c1,a2,b2,c2;n)q"
neNp

_ E qalz2+cly2+agz2+b22t+cQt2
(z,y,2,t) €L

_ E qa1x2+cly2 E qa2z2+b2zt+62t2

(z.y)€Z? (z,t)€2?

— sD(qal)so(qcl) Z qM222+2N22t+M2t2
(z,t)€Z?

Mgy —Ng Mo+ Ny My —No

=@ )@ )ple 2 el 2 ) —wle = Ny

Jop(q? M2 N2)) 9 (gP M2 N2) ) (g2 (M2 N2 )

(P M2
Mo +Ny
—p(qg 2

— (@)l el 7 el ) — p(a™)ela™ )ela

Mo +No

— (@™ )p(@)plg™ 2 )

+20(q ) (g (g M2 N2 ) p (g2 (M2 N2))

My —No
2

) (g2 M2t N2)y

(g* (M= 1))
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( My — Ny My + N, ) .
=Y Nlaie, ;1) q

2 ’ 2 '
n€Np
My — N-
-). N (al,cl,%ﬂ(Mz-f—Nﬂ;n) q"
neNp
My + N-
- Z N (al?ch %72(]\42 - N2)7n) qn
n€Ng

+2 )" N(ar, 1, 2(Mz — Na), 2(Ms + Na);n)q™.

n&eNp

Equating coefficients of ¢" (n € N), we obtain the asserted formula. O

Proof of part (ii) of Theorem 1.1. For ¢ € C with |¢] < 1, appealing to
Theorem 2.1, we obtain

E N(CLl,bl,Cl,aQ,bQ,CQ;n)qn
neNy

_ E qa1z2+b1my+cly2+a222+b2zt+02t2

(@,y,2,t) €L
_ E qa1w2+b1wy+cly2 E qagz2+b2zt+02t2
(z,y)€2? (z,t)€Z?

_ Z qua:2+2N1wy+M1y2 Z qM2z2+2N2zt+M2t2
(z,y)€Z? (z,t)€Z?

M{—N M+ N My —N
=(plg = Dplg = ) —plg” = (g +N)

My +Ny

—pla™ = (@MY 4 2p(g2 M N ) (P

Moy — N Mo+ N. Mo —N.
X (g T plg = ) —plg = )p(gPMath2))

Mo+ No

— (g 7 )p(qP M2 N2)) 4 20p(P(M2mN2) ) o (g2 (M2 N2) ),

Multiplying this out and using ¢(¢*)¢(¢")¢(q°)e(¢*) = 3, en, N(a,b, ¢, d;n)g™ on
the resulting 16 products to evaluate coefficients of ¢" (n € N), we obtain the
asserted formula. 0

Proof of part (iii) of Theorem 1.1. Appealing to part (i) of this theorem, we
have

N(r,0,s,1,1,1;n) = N(4r,0,4s,4,4,4;4n)
= N(4r,4s,1,3;4n) — N (4r,4s,1,12;4n)
— N(4r,4s,3,4;4n) + 2N (4r,4s,4,12;4n).
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Now
N(4r,4s,1,12;4n) = N(4r,4s,4,12;4n) = N(1,3, 1, s;n),
N(4r,4s,3,4;4n) = N(4r,4s,12,4;4n) = N(1,3, 7, s;n),
N(4r,4s,4,12;4n) = N(1,3,r,s;n),
so that
N(r,0,s,1,1,1;n) = N(4r,4s,1,3;4n) = N(1,3,4r,4s;4n),
as claimed. 0O

Proof of part (iv) of Theorem 1.1. For g € C with |¢| < 1 we define

o= Y

(z,t)eZ?
It was shown in [3, Theorem 2.7(a)] that
a(q) = 2¢(q)¢(a”) — p(—a)p(=a").

Hence

D N(2r,0,25,1, 1, 15n)g" = ¢(¢* )e(q**)alq)

n=0

= o) e(d*) 20(q)(q®) — p(—q)p(—4*))
= 20(q)(q*)e(q” ) ()
—o(—=)e((—)*)e((—a)*)e((—q)*)

=2 N(1,3,2r,2s:n)q"

n=0

- Z N(1,3,2r,2s;n)(—q)".

n=0
Equating coefficients of ¢" (n € N), we deduce
N(2r,0,2s,1,1,1;n) = 2N(1,3,2r,2s;n) — (—1)"N(1,3,2r,2s;n)
from which the asserted formula follows. O

Proof of part (v) of Theorem 1.1. Appealing to part (i) of this theorem, we
have

N(r,0,s,2,2,2;n) = N(2r,0,2s,4,4,4;2n)
= N(2r,2s,1,3;2n) — N(2r,2s,1,12;2n)
— N(2r,2s,3,4;2n) + 2N (2r, 25,4, 12; 2n).
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Now
N(2r,2s,1,12;2n) = N(2r,2s,4,12;2n) = N(2,6,r,s;n),
N(2r,2s,3,4;2n) = N(2r,2s,12,4;2n) = N(2,6,r, s;n),
N(2r,2s,4,12;2n) = N(2,6,r,s;n),
so that
N(r,0,5,2,2,2;n) = N(2r,2s,1,3;2n) = N(1, 3, 2r,2s; 2n),
as claimed. O

3. Proof of Theorem 1.2

We just give the details for N(1,0,2,3,2,3;n)and N(1,0,3,1,1,1;n) as the remain-
ing eight representation numbers can be evaluated in a similar manner.

To determine N(1,0,2,3,2,3;n) we take a1 = 1, c1 = 2, ag = 3, by = 2
and ¢ = 3 in Theorem 1.1(i). Thus My = 3 and Ny = 1. Then, for all n € N,

we have
N(1,0,2,3,2,3;n) = N(1,1,2,2;n) — N(1,1,2,8;n)
~ N(1,2,2,4;n) + 2N(1,2,4,8;n). (3.1)

Consulting Table A.1 in Appendix we see that N(1,1,2,2:n), N(1,1,2,8;n),
N(1,2,2,4;n) and N(1,2,4,8;n) are evaluated in [1, Theorem 1.8], [2, Theorem 4.3],
[1, Theorem 1.14] and [2, Theorem 4.1], respectively. The evaluations are given in
terms of o and Ks. Using these evaluations in (3.1), we obtain the formula for
N(1,0,2,3,2,3;n) given in Theorem 1.2(i).

To determine N(1,0,3,1,1,1;n) we appeal to Theorem 1.1(iii). Taking r = 1
and s = 3 we obtain

N(1,0,3,1,1,1;n) = N(1,3,4,12;4n). (3.2)

Table A.1 tells us that N(1,3,4,12;n) is evaluated in [1, Theorem 1.17].
Using this evaluation, we obtain the formula for N(1,0,3,1,1,1;n) given in
Theorem 1.2(iii).

4. Proof of Theorem 1.3

We just give the proof of the formula for N(2,0,16,4,4,5;n). The remaining eight
representation numbers can be determined in a similar manner.
From Sec. 1 we have

N(2,0,16,4,4,5;n) = N(2,0,16,5,6,5: n).
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Taking a1 = 2, ¢; = 16, ag = 5, b = 6 and ¢o = 5 in Theorem 1.1(i), we have
My =5 and Ny = 3, so that
N(2,0,16,4,4,5:n) = N(2,16,1,4;n) — N(2,16,1, 16; n)
— N(2,16,4,4;n) + 2N (2,16, 4, 16;7n).
Hence
N(2,0,16,4,4,5;n) = N(1,2,4,16;n) — N(1,2, 16, 16; n)
— N(1,2,2,8,n/2) + 2N(1,2,8,8;1/2). (4.1)

From Table A.1 we see that formulae for N(1,2,4,16;n), N(1,2,16,16;n),
N(1,2,2,8;n) and N(1,2,8,8;n) are given in [2, Theorem 4.17], [2, Theorem 4.18],
[5, Theorem 5.7] and [5, Theorem 5.8], respectively. Using these formulae in (4.1),
we obtain the formula for N(2,0,16,4,4,5;n) stated in Theorem 1.3.

5. Proof of Theorem 1.4

We determine the formula for N(2,0,2,1, 1, 1;n). The remaining nine representation
numbers can be obtained in a similar manner.
Taking » = s = 1 in Theorem 1.1(iv) we obtain

N(2,0,2,1,1,1;n) = (2 — (—=1)")N(1,2,2,3;n). (5.1)

Appealing to Table A.1 we see that a formula for N(1,2,2,3;n) is given in [3,
Theorem 6.1], namely,

N(1,2,2,3;n) = (2"‘ + %(1 + (_1)n)(_1)a+ﬁ+(zv1)/z)

X (3ﬁ+1 — (—1)>tF (%)) A(N).

If n is odd then o = 0 and we have
N
N(2,0,2,1,1,1;n) = 3N(1,2,2,3;n) =3 <3f’+1 —(-1)" <§)) A(N).

If n is even we have
N(2,0,2,1,1,1;n) = N(1,2,2,3;n)

= (2% + (—1)HAT(V-1)/2) <3ﬁ+1 — (—1)ots (g)) A(N).

This completes the evaluation of N(2,0,2,1,1,1;n).

6. Proof of Theorem 1.5

We just give the details for the proof of the formula for N(3,2,3,4,4,5;n) as the
remaining five representation numbers can be treated similarly.
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As noted in Sec. 1 we have
N(3,2,3,4,4,5:n) = N(3,2,3,5,6,5:). (6.1)

Thus we can take M; = 3, Ny = 1, My = 5 and Ny = 3 in Theorem 1.1(ii). We
obtain

N(3,2,3,4,4,5;n) = —2N(1,1,1,2:n/4) + N(1,1,2,4;n)
+4N(1,1,2,4;n/4) — N(1,1,2,16;n)
—N(1,1,4,8;n)+ N(1,1,8,16;n)
+N(1,2,2,2;n/2) — 2N(1,2,2,8;n/2)
—2N(1,2,4,4;n) 4+ 3N(1,2,4,16; 1)

+3N(1,4,4,8:n) — 4N(1,4,8,16;n) (6.2)
as
N(2,4,4,4;n) = N(1,2,2,2:n/2),
N(2,4,4,16;n) = N(1,2,2,8:n/2),
N(4,8,4,4:n) = N(1,1,1,2:n/4),
N(4,8,4,16;n) = N(1,1,2,4;n/4).

Appealing to Table A.1 we see that explicit formulae for N(1,1,1,2;n),
N(1,1,2,4;n), N(1,1,4,8;n), N(1,2,2,2;n), N(1,2,2,8;n), N(1,2,4,4;n) and
N(1,4,4,8;n) are given in [5] and for N(1,1,2,16;n), N(1,1,8,16;n),
N(1,2,4,16;n) and N(1,4,8,16;n) in [2]. Using these formulae in (6.2), and
then appealing to (6.1), we obtain the formula for N(3,2,3,4,4,5;n) stated in
Theorem 1.5.

7. Proof of Theorem 1.6

We just prove the formula for N(3,2,3,6,4,6;n). The remaining 13 representation
numbers can be treated similarly.

We take My =3, Ny =1, My =6 and Ny = 2 in Theorem 1.1(ii). We obtain
N(3,2,3,6,4,6;n) = —N(1,1,2,2;n/2) — 2N(1,1,2,2; n/4)
+3N(1,2,2,4;n/2) + N(1,1,2,8;1/2)
—4N(1,2,4,8;n/2) +4N(1,2,2,4;n/4)
+N(1,2,2,4;n) — 2N(1,2,4,8:n)
—N(1,2,2,16;n) + 3N (1,2,8,16;n)
+N(1,4,8,8;n) — 2N(1,8,8, 16;n). (7.1)
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Appealing to Table A.1 we see that explicit formulae for N(1,1,2,2;n) and
N(1,2,2,4;n) are given in [1] and for N(1,1,2,8;n), N(1,2,4,8;n), N(1,2,2,16;n),
N(1,2,8,16;n), N(1,4,8,8;n) and N(1,8,8,16;n) in [2]. Putting these formulae
into (7.1), we obtain the formula for N(3,2,3,6,4,6;n) stated in Theorem 1.6.

8. Proof of Theorem 1.7

We evaluate N(2,0,6,1,1,1;n). The representation number N(4,0,12,1,1,1;7n) can
be done similarly.
We choose =1 and s = 3 in Theorem 1.1(iv). We obtain

N(2,0,6,1,1,1;n) = (2 — (—1)")N(1,2,3,6;n). (8.1)

From Table A.1 we see that a formula for N (1,2,3,6;n) is given in [1, Theorem 1.15],
namely

(351 —2)a(N) +a(n) ifn=1 (mod 2),
N(1,2,3,6;n) = < 2(3°F1 — 2)0(N) ifn=2 (mod4), (8.2)
6(3°T1 —2)o(N) ifn=0 (mod 4).

The formula for N(2,0,6,1,1,1;n) stated in Theorem 1.7 now follows from (8.1)
and (8.2).

9. Final Remarks

The authors have checked all the formulae of Theorems 1.2—1.7 numerically for all
positive integers less than or equal to 400.

Other explicit formulae for the number of representations of a positive integer
as a sum of two positive-definite, integral, binary quadratic forms can be deduced
from Theorem 1.1. For example, using Theorem 1.1(iv), N(4,0,4,1,1,1;n) can be
determined in terms of the function A(n) and the function E(n) given by

E(n):= > (-0
(i,5)EN?
4,7 odd
An=i2+4352
and N(12,0,12,1,1,1;n) can be determined in terms of the function A(n) and the
function F'(n) given by

F(n):= Y (-1)U V2
(i,5)EN?
i,7 odd
4n=i? 4352

The functions F(n) and F(n) are related, see [4] for details. However, there are
some representation numbers which are known explicitly, which we are unable to
deduce from Theorem 1.1. This occurs, for example, for the representation number
N(1,0,4,1,1,1;n) [15] since to apply Theorem 1.1 (parts (i) or (iii)) in this case we
need an explicit formula for N(1, 3,4, 16;n) and this is not known.
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Appendix

Table A.1. Location of evaluation of N(a,b,c,d; n).

abcecd

Evaluation of
N(a,b,c,d;n)

abcecd

Evaluation of
N(a,b,c,d;n)

1111
1112
1113
1114
1118
11112
11116
1122
1124
1126
1128
11216
1133
1134
11312
1144
1148
11412
11416
1188
11816
111212
111616
1222
1223
1224
1228
12212
12216
1236
1244
1248
12416

[1, Theorem 1.6]
[5, Theorem 5.1]
[3, Theorem 4.1]
[1, Theorem 1.7]
[5, Theorem 5.10]
[4, Corollary 7.1(a)]
[2, Theorem 4.10]
[1, Theorem 1.8]
[5, Theorem 5.3]
[3, Theorem 5.1]
[2, Theorem 4.3]
[2, Theorem 4.15]
[1, Theorem 1.9]
[4, Corollary 7.1(b)]
[1, Theorem 1.10]
[1, Theorem 1.11]
[5, Theorem 5.5]
[4, Corollary 7.1(c)]
[2, Theorem 4.8]
[2, Theorem 4.2]
[2, Theorem 4.16]
[1, Theorem 1.13]
[2, Theorem 4.6]
[5, Theorem 5.2]
[3, Theorem 6.1]
[1, Theorem 1.14]
[5, Theorem 5.7]
[4, Corollary 7.1(d)]
[2, Theorem 4.9]
[1, Theorem 1.15]
[5, Theorem 5.4]
[2, Theorem 4.1]
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