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Abstract Let N, Ny, Z, Q, and C denote the sets of positive integers, nonnegative
integers, integers, rational numbers, and complex numbers, respectively. If f(g) is a
complex-valued function with

f(CI)IanCI" (q eC,|q| < 1)

n=0
we define
[f @], =1 (neNy.

For k € N we define

o0

Ex:=][](1-4") (geC.lgl<1).

n=1

We show how modular equations of a special form can be used in conjunction with
the representation numbers of certain quadratic forms to determine

[q’E;”u~Efn’”]n (reNg,meN,ay,...,am €7)
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for certain products ¢" E{" - - - E,". For example, we show that

0 ifn=1 (mod 4),

4l —a(N) ifn=3 (mod4),
2E1E16 _ : —

q W = O’(N) 1fn=2(m0d4),

278 -n 40(N) ifn=4 (mod8),

0 if n =0 (mod 8),

where N denotes the odd part of the positive integer n and

o(n):= Z d.

deN
dln

Keywords Infinite products - Quadratic forms - Representations - Theta functions -
Modular equations

Mathematics Subject Classification 11E25 - 11F27 - 11B65 - 05A19

1 Introduction

Let N, Ny, Z, Q, and C denote the sets of positive integers, nonnegative integers, in-
tegers, rational numbers, and complex numbers, respectively. Throughout this paper,
q denotes a complex variable such that |g| < 1. If the complex-valued function f(g)
has a power series expansion Y .-, f,q" valid for || < 1, we use [ f(¢)], to denote
the coefficient f, (n € Np).

For k € N we define

o0

Ex=Ex(@) :=[](1-4"). (1.1)

n=l1

We are interested in determining the coefficient of ¢ (n € Ny) in the expansion of
aproduct g"E{' - Ey" (r e No,m € N,ay,...,am € Z,(ay,...,an) # (0,...,0))
in powers of g. Clearly, the coefficient of ¢" is O for n < r and is 1 for n = r.
We describe a simple method by which it is possible to do this for certain prod-
ucts ¢ E{" - - - E," using modular equations of a special type (Sect. 2) in conjunction
with known formulae for the number of representations of a positive integer by cer-
tain quadratic forms (Sect. 3). Applying this method in Sects. 4-9, we obtain the
following results, where (g) (d € N) is the Legendre—Jacobi—Kronecker symbol for
discriminant D. Section 10 gives an application of our results.

Theorem 1.1 Letn € N. Then
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The power series expansion of certain infinite products 25
o [3]-~2(@) 2T
i — | =- — — ;
2 9
LE) dn deN d deN d
dn dn/2
[ E} —4 —4
o [il-5@)-56)
- E4 n deN d deN d
din din/2
i [ E’ELE} —4 —4
o[B8 s ()
L 35451210 deN deN
dln dn/3
- 3 2
(iv) M} — Z(j)_ Z <__4>
) ;
L EVE3Ey Jn d deN d
dln dln/3
'E1E4E%0:| —4 —4
W [EEE] v () isy (2,
EsEx J, deN a deN d
dln dln/5
[ E3EsEx —4 —4
o [R5 26)
- E1Es 1, deN d deN d
dn dln/5
.. [ E2E3E4E -8 -8
o [ SR -2(@) -2 (7))
L 158 dn gen deN
dln din/3
TECEgT -3 -3
(viii) — =—6Z<—)+122<—>;
-EZE -n deN d deN d
d|n din/2
FESE;T -3 -3
w25 X (F) 2 (F):
-E1E6'" deN d deN d
dln dln/2
[ E2EST -3 -3
o gl 22(@) 2 (7)
LETEgln g\ 4 e N 4
d|n din/2
E3 -3 -3
o [8-2G) 2 6)
LE3 1, deN d deN d
dn dln/3
E1E6 -3 -3
o o] = 2(7)- 2 (%)
- E2E3 n deN d deN d
dln din/2
For our next theorem we need the arithmetic function
Kx(n)y:= Y (=)D neN, (1.2)

(r,s)eNXZ
r=1 (mod 2)
n=r244s>
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26 L. Pehlivan, K.S. Williams

which was defined in [3, p. 146] and was originally used by Liouville in his work on
quadratic forms [20, p. 413].

Theorem 1.2 Let n € N. Set n =2*N, where o € No, N € N and gcd(N,2) = 1.
Then
© [E_f} | =80(N) ifn=1(mod 2),
E}l,  |240(N) ifn=0 (mod 2);

4(=1)"D26(N) ifn=1 (mod 2),

- [Eng] _Jo ifn=2 (mod 4),
E? |, |-8a(N) ifn=4 (mod 8),
240 (N) ifn =0 (mod 8);

4(5Ho(N) ifn=1 (mod 2),

EM* 0 ifn=2 (mod 4),
(iii) | = ;
EVE] 1, —80 (N) ifn=4 (mod 8),
240 (N) ifn =0 (mod 8);
4(B)K2(N) ifn=1 (mod 4),
0 ifn=3 (mod 4),
) [ E) ] _ 4(5Ho(N)  ifn=2 (mod 4),
EtEZ], |0 ifn=4 (mod 8),
—80(N) ifn =28 (mod 16),
240 (N) ifn =0 (mod 16);
[E2E-E3 8
o [958 ()
L E} |, % d
d[N
R— —46(N) ifn=1 (mod 2),
(vi) ﬁ} ={8(N) ifn=2(mod 4),
- T2Te A 240 (N) ifn=0 (mod 4);
—4(3)K2(N) ifn=1 (mod 4),
0 ifn=3 (mod 4),
. [E;‘Ej] _J4GhHe (V) ifn=2 (mod 4),
(Vll) 2 2 - N
E3EZ], |0 ifn=4 (mod 8),
—8a(N) ifn =8 (mod 16),
246 (N) ifn =0 (mod 16);
ElE,4 8
(viii) [ 2 ] =2(—1"t! d(—);
E}EZ ], % d
d[N
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(ix)

(x)

(xi)

(xii)

(xiii)

(xiv)

(xv)

(xvi)

(xvii)

(xviii)

24
ETEg

4110
[ EVEq

2 b b
ESE Efe

],

4710
[ E1E16 i| _
2 4 4 -
E2E8E32 n

41313
I:E1E4E8:| _
42
EyEfs dn

4313

|:E1E8E16i| _
222 -
E2E4E32 n

8
o]
E5 |,

o
o

[ESEZ] - [2(—1><”‘>/2ZdeNd(§)

—40(N)
0

40 (N)
8a(N)
240 (N)

—26(N)
0

45 (N)
0

45 (N)
80 (N)
240 (N)

2a+2

0

ifn
dIN

ifn=1 (mod 4),
ifn =3 (mod 4),
ifn=2 (mod 4),
ifn=4 (mod 8),
ifn =0 (mod 8);

—2(3) k()

—4ZdeN 2
2( ))Z

_4ZdeN
d|N

ﬁ&
N (

d

&

4 N8
g1 (@)

(2a+1

— 2(%))2%5 uaes)

ifn=1 (mod 2),
ifn =0 (mod 2);

K>(N
2B = {( 8)K2(N)

0

r E14

A
EE16 {

r ElO

T

2 4
L EjE5

o(N)

0

I EE‘EQ} (+
q—— =
IS P (U

ifn=1 (mod 4),
ifn#1 (mod 4);

ifn=1 (mod 4),

ifn# 1 (mod 4);

1o (N)

ifn=1 (mod 2),
ifn =0 (mod 2);

1 (mod 2),

2(=1)FDRY yend(S) ifn=0 (mod 2);
d|N

ifn=1 (mod 4),
ifn=3 (mod 4),
ifn =2 (mod 8),
ifn =6 (mod 8),
ifn=4 (mod 8),

ifn =8 (mod 16),
ifn =0 (mod 16);

ifn=1 (mod 2),

ifn =0 (mod 2);

ifn=1 (mod 4),

ifn=73 (mod 4),
ifn=2 (mod 4),

ifn=0 (mod 4);

1o(N) + S(Z)Ka(N)

0

ifn=1 (mod 4),
ifn#£1 (mod 4);
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28 L. Pehlivan, K.S. Williams

r 3 2
(xix) qEzE‘Z‘ES} ZZE(§);
- E n deNd d
d|n
R o(N) ifn=1(mod 2),
) g—% i} =1 —45(N) ifn=2(mod 4),
L ESE;1n .
0 ifn =0 (mod 4);
- 10 o(N) ifn=1 (mod 2),
(xxi) qE24E68 ={40(N) ifn=2 (mod 4),
- T1Ta - 0 ifn =0 (mod 4);
[ EsElT | Xaen T ifn=1(mod2),
(xxii) i —— = d[N
EyEfs 1n 0 ifn =0 (mod 2);
[ ElE}T Yaen ¥ (&) ifn=1(mod 4),
(xxiii) q 4 2 = d[N
EfE5 10 |0 ifn % 1 (mod 4);

—o(N) ifn=3(mod4),
o(N) ifn=2 (mod 4),

0 ifn=1 (mod 4),
4 -4
(xxiv) [q2E1E16:| =

278 40(N) ifn=4 (mod 8),
0 ifn=0 (mod 8);
0 ifn=1 (mod 4),
(xxv) [zEéoEi‘e} _Joe) ifn=2.3 (mod 4),
ETEIEZ ], |40(N) ifn=4(mod 8),
0 ifn =0 (mod 8);
0 ifn=1,7 (mod 8),
r 334 N X .
(xxVvi) 2%] = Zdﬁsfg d) ifn=3,5 (mod 8),
1w sy, Tﬁ’%(ﬁ) ifn =0 (mod 2);
i) | 3E§Ei‘6} _[ieny ifn=3(mod 4,
- E7 1, |o ifn %3 (mod 4);
—30(N)+ 3(F)K2(N) ifn=1(mod 4),
EApd 0 ifn=2,3,7 (mod 8),
4 L1883 [ _ g
(xxviii) [q W] =10(N) ifn=4,6 (mod 8),
2716 46 (N) ifn =8 (mod 16),
0 ifn =0 (mod 16);
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The power series expansion of certain infinite products 29

30(N) = 3(DK2N)  ifn=1(mod 4),
E10 g4 0 ifn=2,3,7 (mod 8),
(xxix) I:q4ﬁ] o(N) ifn=4,6 (mod 8),
PraTe - 40 (N) ifn =8 (mod 16),
0 ifn =0 (mod 16);
0 ifn=1,3 (mod 8),
E3E3ES %ZdeN 2 ifn=>5,7 (mod 8),
(XXX) q4u — N 8 .
E2EZE% ], |20 —( N de deN 7 (q) ifn=2(mod 4.
29723 gen T %) ifn =0 (mod 4);
d|N
o) [ qué‘Eé‘z} _[ge) =3 KNy ifn=1 (mod 4),
E;E} 1, |0 ifn# 1 (mod 4).

Theorem 1.3 Ler n € N. Set n = 293P N, where o, B € Ng, N € N and
gcd(N,6) = 1. Then

124t — Do (N)  ifn=0 (mod 3),

r 6
i) E—;} =1{-62*t' —1)o(N) ifn=1 (mod 3),
-3 3¢ — 1o (N)  ifn=2 (mod 3);
—E3E3_
(ii) L2 1 =303 —4)o(N);
| E3E6 |, ( )
_E4E4_
(iii) - 2 =42t = 3)o(N);
| E3E2 ],
[ETEIT
@iv) 2| =2+ 3~ 12)0 (V)
| ESE2 1,
‘E12E2‘
) L8 =12(3. 29t 2. 38 — D)o (N);
L E2E3 Hdn
'E12E2'
(vi) 22| =332 43 —4)o(N);
L E] E6 dn
’EZEIZ‘
(vii) 22| =42 237 =3)0(N);
| EFES |,

g —12** 4+ o (N) ifn=0 (mod 3),
(viii)[ ! 6] =1{-302*" + 1)o(N) ifn=1 (mod 3),

33
2£3 6(2**t! + 1)o (N) ifn =2 (mod 3);
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30 L. Pehlivan, K.S. Williams

42*t1 —3)o(N)  ifn=0 (mod 3),

[E\ELE2
(ix) lEi 3} =1 “3)e(N)  ifn=1 (mod 3),
- 6 " 22t —3)6(N) ifn=2 (mod 3);
@ 'E;‘EgEg] _ | —4e) ifn=1(mod 2),
LEFEZEZ, |, | 12377 =2 — Do (N) ifn=0 (mod 2);
) [ ENE} ] _ 2@ =3 o ifn=1 (mod 2),
| E2E2E3E ],  |6Q2* T =3P —2)0(N) ifn=0 (mod 2);
- g4 g6 2% (N) ifn=1 (mod 3),
(xii) quEj =1 -29t6(N) ifn=2 (mod 3),
-2 2225 (N)  ifn=0 (mod 3);
- E3E3_
(xiii) S0 —3b5(N);
_q E\E» |,
[ ESE}T
(xiv) q 2°6 =2%(N);
L ETES 1,
- E7E7_
156 | _ (2B+2 a+3 .
XV =(3 -2 o(N);
(xv) _quEi_n ( Jo (N)
. [ E\E3E¢En @ — 38 o (N) ifn=1 (mod 2),
(xvi) T3 | T ) et _2pe2 :
L E5E; n 2 —3PT)o(N) ifn=0 (mod 2);
.. [ EPEGE?, B3P —2)a (N) ifn=1 (mod 2),
(xvii) q———| =
" ESEES [, | BFF2—2Tho(N) ifn=0 (mod 2);
E2E12
25156 _ (~a B .
XViil = (2% —=3P)o(N);
GV [ EQ‘E?L ( Jo (D)
. LESEZELT [P —Do(N)  ifn=1(mod 2),
xix) ¢ 55| =
E’E2E} |, |G —2%)0(N) ifn=0 (mod 2).

Theorem 1.4 Letn € N. Set n =2%N, where « € Ng, N € N and gcd(N,2) = 1. Let

N = Hp"”’

PIN
be the prime factorization of N. Set

1— (%)0{,,%»1]77201,,72

F(N):=N*T]

—— (1.3)
pIN 1_(74)P 2

Then
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The power series expansion of certain infinite products 31

. _Ellz _ n( ~2a+4 —4 .
€y _E—SL_(_I) (2 _4<W)>F(N)’

. i E?Eg 1 n+1 [ 72a+2 n —4 .
(i) _qEE‘Eiin(_l) <2 —(1—=(=D )<W>>F(N)’

[ E4ES 1 —4
27178 21\ n2a+l _ (1 _ 1\ .
(iii) _q E§E2‘L_ 8( D (2 (1—(=D )(N>>F(N),

. sE_ﬂ R R e A\ YR
(@iv) £ n_32<1 <N>)(1 (=D)")F(N).

Theorem 1.5 Let n € N. Then

) EJE! 5
) [72 3 } = Z(—l)"+"d(—>;
E\E4ESE5) 1, d

deN

d|n
E]E? 5
(ii) [qA] = (—1)”+dd<—>.
E3E3EsEx ], % n/d
d|n

For our final theorem of this introduction, we require the multiplicative arithmetic
function

a(n) :=[qE2E4E¢E12],  (n €N) (1.4)

which was defined and used extensively in [2]. Clearly, a(n) = 0 if n is even.

Theorem 1.6 Let n € N. Set n = 2*3/N, where o, € Ng, N € N and
gcd(N,6) = 1. Then

L@3P+o(N) —am)) ifn=1(mod2),
385 (V) ifn=2 (mod 4),

[ E§E3E3Ez4:| B
" 38+26(N) ifn=0 (mod 4).

33
E1E8

We remark that equivalent forms of some of the identities of Theorems 1.2 and 1.3
can be found in [32, Table 1, p. 999].

Theorems 1.1-1.6 give the evaluation of [¢"E f‘ .- Ep"], for 69 products
g"E{"--- E,". However, many other such products can be treated by our method.
For example, equation (1.11) in [1] (with g replaced by —¢q) and equation (2.13)
in [11], which are not used in this paper, provide other starting points for our method.
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32 L. Pehlivan, K.S. Williams

2 Some modular equations

Ramanujan’s theta function ¢ is defined by

o 5
=Y ¢ =2, @1
E2E

n=—0oo

see, for example, [10, p. 6]. We are interested in modular equations of the form

q"Ey' - Epr =bio(q7)e(q) + bag(7)0(4%), 2.2)

where r € Ng, m € N, ay,...,ay € Z, (ai,...,ayn) # (0,...,0), by,by € Q,
c1,¢2,¢3,¢4 €N, b1by # 0 and (c1, c2) # (c3,cq) o1 (c4,c3). Many examples of
identities of the type (2.2) occur in the literature. We list in the next theorem those
that we make use of.

Theorem 2.1
. E} 2 22
i) —5=-¢@) +2¢*(¢%).
E;
.. E{ 1., 202
(ii) qE—‘%—Zt((P (g)—¢ (‘I ))
Giy  FIEE L2032 ()
BEE; ~ 2 ¢ @+ ()
. E3EGE}, 1, 203
(iv) ¢ EESEL 1@ —¢%(a7)).
E\E4E3, 1 2 205
O Ty~ 2@+,
_ EJEsExn 1, , 2(,5
(vi) W—z(‘/’ (@) —¢°(q°)).
. EsE3E4Ey 1 2\ 3\ (6
(i) g = 5(e@e(a7) —e(a”)e(a°))-

Proof First, we prove (i) and (ii). We begin with the following two well-known iden-
tities

0% (@) + ¢*(—q) = 2¢*(¢%) (2.3)

and
0* (@) — 9*(—q) = 8q¥*(q?), (2.4)
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The power series expansion of certain infinite products 33

see, for example, [10, pp. 71, 72], where

o n(n+1)/2 _ ~2
V@) =) q =5 2.5)
n=0
By (2.3)—(2.5), we have
2 2oy Loy 2 2( 4 Eg
¢ @ =9 (@") =5(¢* (@) — ¢ () =44V (q )=4qﬁ,
4
which gives (i), and, as ¢(—q) = E?/E»,
2 2.2 2 E}
0° (@) =2¢°(¢°) = ¢ () = ——,
E3

which gives (i).
Next we prove (iii) and (iv). Becksmith, Brillhart, and Gerst [12, Theorem 3] (see
also [14, Theorem 3]) have shown that

@+ ( 3) _210_01 a _q12n+2)(1 _q12n+6)(1 _q12n+10)(1 _q12n+12)
P Te\a) = T =gy (1 = g 23 (1 — g 29) (1 — g 20511

and

( )_ ( 3) _, IO_O[ (1 _q]2n+2)(1 _q12n+6)(1 _ q12n+10)(1 _q12n+12)
Y9 v )= qn:O (1 _q12n+3)(1 _q12n+5)(1 _q12n+7)(1 _q12n+9) :

Multiplying these identities together, we obtain

s a3 5 o0 (1 _q4n+2)2
9’ (q) —¢°(q°) =49 E7, 1_[ (1 — g2+ 1) (1 — g123) (1 — g 12059y
n=0

As
ad E ad E
1 — g2ty = 1, 1 - g%+2) = 2,
lo--fe -5
E
1—[(1 _q12n+3)(1 _q12n+9) _ E_3’
n=0
we deduce
E3EGE?
20y — 02(s3) — 2 12
9 (@) —9*(4°) EEE

which gives (iv).
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34 L. Pehlivan, K.S. Williams

From [9, p. 232], we have

93 (q) 2<p3(—qz)

=3 3).
9@@® " 9(—¢%) @ela’)

Hence

B ¢3(q))so(q3) _,#(=aDe(d?)
(> ) e(q) (=4 e(q)
_ 9’ (=aDe(=4°
o(@)e(—q?)

3¢%(¢°) — ¢* (@) = (3¢(q)<ﬂ(q3)

as (g3 p(—q3) = p>(—q°). Then, using p(q)¢(—q) = p>(—q?), we have

— — a2V (—ab
(pz(q)_3(p2(q3)=_290( De(—=q)¢(=4")

9(=q3)
As
E2 E2 E2 E2
—g)= —L _g¥) =2 _g3 =23 _g%) = Z6
o) =5 o(—q°) 7 9(=q°) B 9(—q°) e
we have
E’E>E}
2 2(.3 1 6
-3 =-2—">
9* (@) —3¢°(¢°) B EiEr
which gives (iii).
Next we prove (v) and (vi). From [6, Theorem 3.3, p. 41] we have
E2E5E20
2 20,5 2
_ =4g—2 "=
9° (@) —¢°(¢°) =4q 5.,
which gives (vi), and from [6, Theorem 3.4, p. 42]
E1E4E?
2 2(,5 1E4E5)
0 (q) —5¢°\q") = —4——F—
(@) EsEx
which gives (v).
Finally, we prove (vii). Ramanujan’s theta function f(a, b) is defined by
o0
f(a,b):= Z "D 2pn =02y b e C, Jab] < 1, (2.6)
n=—0oo
see, for example, [10, p. 8]. Takinga =¢q and b = q5 in (2.6), we obtain
ad 2
fla.a°)= Y ¢ 2.7

n=—0oo
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The power series expansion of certain infinite products 35

By Jacobi’s triple product identity (see, for example, [15, Eq. (19.9.2), p. 283]), we
have

00 00
Z qkn2+€n _ l_[(l +q2kn+k—(i)(1 +q2kn+k+ﬂ)(l _q2kn+2k). (2.8)

n=-—00 n=0
Taking k =3 and £ = —2 in (2.8), we deduce

oo o0

Z q3n2—2n — 1—[(1 +q6n+5)(1 +q6n+1)(1 _ q6n+6)

n=—00 n=0

oo

(14+¢M 1 +¢%)
=F
[1 (1+¢>) (1 +g3)

n=1
. E%E3E12
- E{E4Eg’

as

Thus (2.7) gives

_ EZE(J Ey

_ 2 10y _
B ' f(q 4 ) E)ERE1y’

and so

_ EsE3E4En

f(q’qS)f(qZ’qIO)_W. 2.9)

The next identity is due to Chen and Huang [13, Corollary 3, p. 7]:

o@e(q®) —e(a))e(a®) =241 (4.4°) F (4% ¢"°). (2.10)
Appealing to (2.9), equation (2.10) becomes

2y _ (3 6\~ E2E3E4E
o(@e(q”) —e(a)e(q )—2q7E1E8 ,

which gives (vii). O

The 2-dimensional theta function of the Borweins is

o0

al@)= Y gy, @2.11)

X, y=—00

see, for example, [5, p. 177]. The modular equations involving a(g) that we need are
given in the next theorem.
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Theorem 2.2

() ggg = —a(q) +2a(q?).
(i) gggé - %a(q) + %a(qz).
(iif) Z?g - %a(q) + %a(qz).
(iv) i—i = —%a(q) + %a(aﬁ).
v) q%—ig = éa(q) - éa(qz)-

Proof We make use of the (p, k)-parametrization of theta functions given by Alaca,

Alaca, and Williams, namely,

p=p(q) =

ES
w(g) =

so that

2215
_E1E4E6
T pSp6p6 C

E2E3E12

By Theorem 2.1(iv), we have

o’ (@) - ¢*(¢)

so that

P=2q

From [8, Egs. (2.14)—(2.19), pp. 48-49] it follows that

2 253

1_p=E1E2E3E12
E4E]

10 4 4

_ By ESEY,

I+2p=— 0
E}E{E}

@ Springer

(@) — 9*(q°)
2¢%(q%)

see, for example, [5, p. 178]. By (2.1), we have

2
227
E}E;

3 (q?)

o(q) '

3613
=E2E3E12
E?E4E]



The power series expansion of certain infinite products 37

Alaca, Alaca, and Williams [5, Theorems 1-3, p. 178] have shown that
a(g) = (1 +4p+p2)k, a(q2)=(1+p+p2)k,

a(q®) = =(1+4p+ pP)k + 322/3((1 P +2p)2+ p) k.

1
3

Hence the Borweins’ theta function (2.11) satisfies the following relations:

_ EYEs
: _ 2
() —alg)+2a(¢*) =01 - p)’k E3E2,
.. 2 Eg 3
(i) al@)+alg’)=A+2p)Q+ pk =257
156
6
E>E
(i) a(q)+2a(q?) =301+ p)*k=3——3;
E1E6
1/3 3
@) —a(g)+3a(q®) =223 (1 - p*a +2p@+p) k= 2—3
E1E6
v) alg)—a(g®) =3pk=6q
Ez 3
This completes the proof of the theorem. g
3 Representation numbers for certain quadratic forms
Foray,az,...,a, € Nand n € Ny, we define
N(ai,an,...,an;n) :card{(xl, o Xm) €EZM | n =a1x12 + .- +amx,%,}. 3.1
Taking n =0 in (3.1), we see that
N(ay,az,...,a,;0)=1. (3.2)
From (2.1), (3.1), and (3.2), we see that
o
0(g“) - o(q“) =1+ _Na.....am:n)q".
n=1
If n ¢ Ng we understand N (ai, as, ..., an; n) =0. Also if k = gcd(ay, . .., an) then
N(ai,...,am;n)=N(ai/k,...,am/k;n/k). (3.3)

We use (3.3) without comment in what follows. For the remainder of this section, we
take n € N.
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When m = 2, we make use of the classical formulae

N(l, 1;n)=42<_74>, (3.4)

deN
d|n

N(,2; n):22<_78), (3.5

deN

d|n
as well as
-3
card{(x,y)EZZ|n=x2+xy+y2}=6 E (—) 3.6)
d
o

When m = 4 we require the following formulae. Set n = 2* N, where o € Ny,
N € N and gcd(N, 2) = 1. By Jacobi’s four squares theorem (see, for example, [2,
Theorem 1.6, p. 284]), we have

N1 L) = 80 (N) ifn=1 (mod?2), a7
T T 240(N)  ifn =0 (mod 2). '

By a theorem of Liouville [18] (see, for example, [2, Theorem 1.8, p. 284]), we
have

46 (N) ifn=1 (mod 2),
N(1,1,2,2:n) = {80(N) ifn=2 (mod 4), (3.8)
240 (N) ifn=0 (mod 4).

From [19] and [2, Theorem 1.11, p. 285], we have

40 (N) ifn=1 (mod 4),
0 if n=3 (mod 4),
N(1,1,4,4;n) = {40(N) ifn=2 (mod 4), (3.9)
8o(N) ifn=4 (mod8),
240(N) ifn=0 (mod 8).

From [30] and [4, Theorem 5.1, p. 29], we have
8 N /(8
N(1,1,1,2;n) =2( 207> — [ = —(=), 3.10
oz =2z (P))25(5)  aw

from [30] and [4, Theorem 5.2, p. 30],

N(1,2,2,2;n)=2<2°‘+1—(%))Z%(S), (3.11)
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from [23] and [4, Theorem 5.3, p. 30],
8 N /8
N1, 1,2, 4:n) =224 — (1 + (=D)") [ = —(=), 3.12
( n) ( (14 ))(N))Zd<d) (3.12)
from [21] and [4, Theorem 5.4, p. 31],

N(1,2,4,4:n) = 2(2‘”1 —(1+ (—1)”)(%)) > g <S> (3.13)
d

from [24] and [4, Theorem 5.5, p. 32],

4y 4en (%) ifn=1,2 (mod 4),
dIN
N(1,1,4,8:m) =10 if n =3 (mod 4), (3.14)
2(2% — (%))Zféle}vw N8y ifn=0 (mod 4),
and from [22] and [4, Theorem 5.8, p. 35],

0 ifn=35,7 (mod 8),
N (8 : —
N(1.2.8.8: 1) = 22%6]57(3) ifn=12,36(mod8), 35
227 = N uen F(B) ifn=0 (mod 4).
d[N

From [25] and [3, Theorem 4.2, p. 163], we have

20(N) +2(3)K2(N) ifn=1 (mod 4),

0 if n =3 (mod 4),

40 (N) ifn=2 (mod 8),
N(1,1,8,8n) =140 if =6 (mod 8), (3.16)

40 (N) if n =4 (mod 8),

8a(N) if n =8 (mod 16),

240 (N) if =0 (mod 16),

where K7 (N) was defined in (1.2).
We alsorequire N(1, 1,3,3;n) and N(1,2,3,6;n). Letn = 2938 N where «, B e
No, N € N and gcd(N, 6) = 1. Then

N L3 3 {40(N)1 ifn =1 (mod 2), G
424t —3)o(N) ifn=0 (mod 2),
BT —2)o(N) +a(m) ifn=1 (mod 2),
N(1,2,3,6;n) = {23t —2)5(N) ifn=2(mod 4), (3.18)

638 —2)a (N) if n =0 (mod 4),
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where a(n) was defined in (1.4). Formula (3.17) was stated without proof by Liouville

[17] and later proved by other authors; see, for example, [2, Theorem 1.9, p. 284].

A brief history of (3.18), as well as a proof, was given in [2, Theorem 1.15, p. 286].
In addition, we need

n n 5
N(1,1,1,5;n) = Z( 1) +d< )d+52( 1 +d( /d)d (3.19)

deN deN
d|n dln

and

n 5 n 5
N(1,5,5,5:n) = Z(—n +d<d>d—|— Z( 1) +d< /d>d (3.20)

deN deN
dn dln

which are valid for all n € N, see [6, Theorems 5.1, 6.1].
When m = 6, we require the following formulae. Let n = 2* N, where o €
No, N e Nand gcd(N,2) = 1. Let

N = Hp"”’

PIN

be the prime factorization of N. Define F(N) as in (1.3). Then
. 200+4 —4
N1, 1,1,1,1,;n)=(2 —4 N F(N), (3.21)
20+3 _ —4
N(1,1,1,1,2,2;n) = (2 2(14+ (=" ~ ) )FV. (322

N(1,1,2,2,2,2;n) = (22‘”2 2(1+ (=" )(N4>>F(N) (3.23)

see [7, Theorem 2.4, p. 553].
For a, b € N and n € Ny, we define

M(a, b;n) = card{(x, y,2,1) € z* |n= a(x2 +xy+ y2) +b(z2 + zt + tz)}.
(3.24)

Taking n = 0 in (3.24), we see that
M(a,b;0)=1. (3.25)

Alaca, Alaca, and Williams [5, Theorems 12, 13, 14, 17] (see also [26—29]) have
shown for n € N that

M, 1;n) = 120 (n) — 360 (n/3), (3.26)
M(1,2:n) = 60(n) — 120 (n/2) + 180 (n/3) — 360 (n/6), (3.27)
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120 (n) — 360 (n/3) ifn=0 (mod 3),

M(1,3;n) =4 60(n) ifn=1 (mod 3), (3.28)
0 if n =2 (mod 3),
—60 (n) + 120 (n/2) + 300 (n/3) — 600 (n/6) if n =0 (mod 3),
M@2,3;n)=10 if n =1 (mod 3),
60 (n) —120(n/2) if n =2 (mod 3).
(3.29)

4 Proof of Theorem 1.1

We just give the details for parts (iii) and (vi) as the rest can be proved similarly.
(iii) By Theorem 2.1(iii), we have

E%’E,E3 1
15256 2 2(g3
3
1 & 3
=—5 2 N Limg" + 23 ON(L 1in/3)q",
n=0 n=0

where (with the notation of (3.1)—(3.3))

N(L Lir) = card{(x, y) € Z* |r = x>+ y?} ifr e Np, @D
T if r € Q\ Np. '
As (see (3.4))
4 4en(ZH) ifneN,
N, 1:n) = dn @ (4.2)
1 ifn=0,
we have
E’E>E} s —4 4
1 6 n
drt =t [ (F) e (T) [
2
E3E4E 1 n=1 deN d deN d
dn din/3

where the sum over d | n/3 is understood to be 0 if 3 1 n. Equating coefficients of ¢"
(n € N), we obtain

E2E>E} —4 4
[21726] =-2), (7) +6) (7)
E3E4E12 I deN deN
din din/3

as claimed.
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(vi) By Theorem 2.1(vi) and (4.2), we have

E§E5E20_1 2 2(,.5
CIW—Z@ (@) —9¢°(q°))

_! ZN(L 1;n)g" — =~ ZN(L 1;n/5)q"

nO

L (@R (@)

n=1 n=1 deN
din/5

Equating coefficients of ¢" (n € N), we deduce
E2E5 Ey —4 —4
2 — )= _
|:q E1E4}_Z<d> Z(d)
n deN deN
d|n din/5
as asserted.
Parts (i), (ii), (iv), and (v) can be proved similarly to parts (iii) and (vi). To prove

part (vii), we use (3.5) in conjunction with part (vii) of Theorem 2.1. To prove parts
(viii)—(xii), we use (3.6) in conjunction with Theorem 2.2.

5 Proof of Theorem 1.2

The 31 parts of Theorem 1.2 follow from the identities given below which are conse-
quences of (2.1) and Theorem 2.1(i), (ii):

. E} 2
part ()  — = (—¢*(q) +2¢°(¢%))".
E2
4
1

= (—¢* (@) +2¢°(4°)) (=¢*(°) +2¢%(¢%)),

part (ii)

E
part (i)  —2— =% (q)(—¢?(¢%) + 207 (¢%)).
EVES

10

. E
part (1v)  — 2E§ =’ @) (~¢*(4") +20%(¢")).

E’E>E3
part (v) % =9(@)¢(q°) (—9*@) +20%(¢7)),
8

4 10

part (Vi)  ——t = ¢*(¢%)(—¢* (@) +2¢°(¢7)),
E2E8
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4 4

E‘E
part (vi) 3 = (—¢7(@) +2¢%(¢°)) (~¢*(¢") +267(¢")),
28
E'E
part (viii) EiE; =0(@9(q*)(—¢*(a*) +2¢%(4%)).
178
w0 25 o ar0(e?) (02 (a) + 20°(6))
p papi = @e(a)(=¢*(q 9°(q%)).
178
E4E10
part (x) — 15— =0(q*)(—¢* (@) + 2¢°(¢%)).
E2E4E16
E?Ellg 2( 8 2 2(,2
part (xi) =9 (q )(—§0 (g) +2¢ (‘1 ))
ESEGES,
EYE3E3
par i) L = 0ol (4@ +26%(6?).
... ETEJE], 4y, (8 2 2(,2
part (xiii) mz‘/’(‘l )o(a°) (=97 (@) +207(a7)).
) E_ff_l 202\ ( 20 2(2
part (Xiv) g—; = ¢ (61 )(‘P (@) —¢ (q ))’
E5; 4

1
part (xv) qE;E:= Z(—wz(q“) +20%(¢*) (¢* (@) — ¢*(¢?)).

EM 1
part (xvi) qE68E4 = 1¢(a") (¢’ @) —¥*(2%),
4716
. EgEg_l_zz 20N (02 (a) — o2 (a2
part (xvil) ¢ 5 —4( 9°(q7) +20° (%)) (9" (@) — 97 (¢7)).
4
10
part (xviii) g —10- = 192(¢%) (6%(@) — ().
EJE; 4
E3E4EZ 1
part (xix) g ZE‘; b= 10@9(@?) (¢’ @) - ¢*(4%)),
1
N EYEg 1, 202 (V02 (@) — 02 (a2
part (xx) ¢y = 7 (—¥7(@) +2¢ (4%))(#*(@) — ¢*(q7)).
2Ly
LOECEg 1, 0, 22
part (xxi) ¢ EiES =27 @ (9* (@) — ¢°(q7)).
. E4E] 1
part (xxii) ¢ E;Ef = 19(a")e(a") (¢’ @ - ¢*(¢%)),
2716
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73
1
part (xxiii) ¢ i ]26 = Zw(q4)<ﬂ(48)(<p2(q) —€02(q2))’
E4E32
art (xxi 2%_1_2 202 (a2 202\ 2¢ 4
part (xxiv) ¢ 212 —4( 0" (@) +2¢7(¢7)) (¢ (¢7) —¢7(¢")).
28
ENE?S 1
part (xxv) qusz—ft‘]l% = Zﬁl)z(q}((/’z(‘]z) - ‘P2(514))’
, E3EXEY. 1
part (xxvi) qzﬁ = Zfﬂ(Q)(ﬂ(qz)(‘Pz(qz) - ‘PZ(CI4))’
153
B EZEY. 1
part (xxvii) q38E—216 = R(‘PZ(C]) - (pz(qz))((pz(qz) - ‘/’2(414))’
4
4E?E§‘2 1 2 2(.2 20 4 2(.8
part (xxviii) ¢ g Z(—ﬂl? (@) +2¢°(¢°))(¢°(¢") — ¢7(a°)),
2716
ENE? 1
part (xXix) q4M = —¢2(q)(g02(q4) - ‘/’2(‘18))’
E{E{Ef; 4

E3E3EY 1
2432 — —o(@)e(q?) (0 (¢*) — ¢*(¢%)).

4
pal't (XXX) q P
El ES El6 4

EXEY 1
part (oxxi) g 558 = (@) — ¢*(¢7)) (¢*(¢") — #*(¢%))-
E4E16

The evaluations of the representation numbers that arise from these identities are
given in (3.7)—(3.16). We give the details for parts (xxi) and (xxviii). The other parts
can be proved in a similar manner.

(xxi) We have
ENEY 1
Pt I P VN 202
q EES 4(<p @) — " @ (q7))
1 o 0
=Z<ZN(1,1,1,1;n)q”—ZN(1,1,2, z;n)q”>
n=0 n=0

1 o0

n=1 n=1

as N(1,1,1,1;0) = N(1,1,2,2;0) = 1 by (3.2). Equating coefficients of ¢"
(n € N), we deduce

ENE? 1
|:q 2 68] =—(N(1,1,1,1;m) — N(1,1,2,2;m)).
EYES |, 4
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The asserted formula now follows from (3.7) and (3.8).

(xxviii) We have

EYE? 1 1
471732~ 2 20,4\ 1 2 2(,.8
2 - 2”@ (¢*) + ;9@ (d)
1 1
+ ng(‘lz)wz(Cf‘) — ng(qz)wz(qg)
e 1 &
_ . n, - . n
- 4n§:0N(1,1,4,4,n)q +4n§:ON(1,1,8,s,n)q

l & R e )
+§X(:)N(1,1,2,2;n/2)q —EXE)N(I,I,4,4;n/2)q
n= n=

ZZ(_ZN(I’ 1,4, 4:m) + 7 N(1, 1.8,8:n)

n=1
1 1 n
as N(1,1,2,2;0)=N(1,1,4,4,0)=N(1,1,8,8;0) = 1. Hence for n € N we have

JEVES, 1 1
——2| =—=N(1,1,4,4;n)+ -N(1,1,8,8;n)
E3Efgly 4 4

1 1
—|—EN(1, 1,2,2;n/2) — EN(]’ 1,4,4;n/2).

Appealing to (3.8), (3.9), and (3.16), we obtain part (xxviii) of Theorem 1.2.

6 Proof of Theorem 1.3

The 19 parts of Theorem 1.3 follow from the identities listed below, which follow
from (2.1), Theorem 2.1(iii), (iv), and Theorem 2.2:

6
part (i) E_;Z = 411(_“(‘1) +3a(q”))’,
i EE 2ot o)

part (ii) EiEe = 2( a(q) +2a(q”))(a(q) +a(q”)),
E}E} 1

part (i) —— = = (~a(q) +2a(q?))(alg) +2a(q?)).
E2E2 3

i TE] 1 2 2
part (iv) E3ED =6(d(t])+a(q N(a(q) +2a(q%)),
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er: )
part (v) 6 = (—a(q) +2a(q”))".
2£3
. EPEZ 1
part (vi) E216Eg3 = 1(0(4) +a(‘12))2’
.. EZE? 1 2
part (vii) 778 = 9(61(Q)+2a( )) ,
. EJEs 1 2 3
part (vii) —3— = = (—a(q) +2a(q”))(—a(q) +3a(q’)),
E3E3 2
E\E2E; 1
part (ix) lEi = c(a(@) +2a(q%) (~atq) +3a(¢%)),
6

E{E3ES 1, , 2/ 32
— (- 3 ,
T 4( 0> (@) +3¢%(4%))

part (x)

11 3

E 1
. 2 76 2 2 2(.3
art (x1 S5 T — = - 3 ’
part (xi) % % 2 - 2‘/’ (f])( v (q) + <P(q ))

416

3 ETES 1 2
part (xii) qESE31 12( ll(q)+3a( ))(G(Q)—a(q ))’

353

E3E} 1
part (xiii) ¢ E?Ez = la@ +2a(q%))(alg) — a(q?)).

4 4

s = 100 o) e ~ale?).

part (xiv) ¢

E]E] 1 2
part (xv) qESES 6( a(q) +2a(q ))(a(q)—a(q )
 EIE(EYEn 1
part (xvi) q% = —(—QDZ(Q) + 3€02(¢13))(§02(€1) - §02(q3))’
E3ES 8
.. EPEE}, 1, 2 20,3
part (xvii) T EE 4° @ (* (@) — 9*(q°)).
LEIEP? 1 2
part (xviii) ¢ E4E66 36 —(alg) —a(q 2)) ,
. LESEGEY, 1, 20 3)\2
part (xix) ¢° m— 16(('0 (@) —9°(q°))".

We just give the details for parts (v) and (x). The remaining parts can be treated
similarly using (3.7), (3.17), and (3.26)—(3.29).

@ Springer



The power series expansion of certain infinite products 47

(v) We have

12 2
12— g2(g) — da(g)alg?) + 4aX(g?)
ESES

273

o o0 o
=> M. 1;in)g" =4 M(1,2:n)q" +4 M1, 1;:n)g™"
n=0 n=0 n=0
o
=1+ (M1, 1:n) —4M(1,2:n) +4M (1, 1:n/2))q"

n=1

so that forn e N

E12E2
[ 16 461| =M({,1;n)—4M,2;n)+4M,1;n/2)
E2E3 n

= —120(n) + 960 (n/2) — 1080 (1/3)

by (3.26) and (3.27). Setting n = 293F N, where o, B €Np, N e Nand gcd(N, 6) =
1, we obtain

12 2
|:El E6

i } =602 = 1)(3F*! —1)o(N) +48(2* — 1) (3P — 1) (V)
273 Hn

—54(2°" — 1) (3% - 1)o(N)
=12(3.2%% — 2.3/t — 1) (V)
as asserted.
(x) We have

E4E2E6 1 3 9
1-276 4 2 2(.3 40 3

———===¢"(q) — 0" @¢°(¢°) + ~¢*(7°)
402 2

ESEIEL, 4 2 4

so that forn e N

E}E3ES 1 3 9
— =02 =-N(,1,1,1;n) = =N(1,1,3,3:n) + =N(1,1,1,1; n/3).
EJEIEL |, 4 2 4

Setting n = 2938 N, where «, B € Nog, N € Nand gcd(N, 6) = 1, we obtain

[ EVEJE] ] _[43P —wov) ifn=1(mod 2),
EIEFEY |, | 126+ 2% — )o(N) ifn=0 (mod 2),

by (3.7) and (3.17).
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7 Proof of Theorem 1.4

(i) We have by Theorem 2.1(i)

E12 E4 3
= (1) =r@re@)
= —0%(q) +6¢*(@)¢*(¢%) — 120*()¢* (¢%) + 8¢°(¢?)

o0 o
= —ZN(L 1,1,1,1,1;n)q" +6ZN(1, 1,1,1,2,2;n)q"
n=0 n=0

o o
—12) "N(1,1,2,2,2,2:n)¢" +8) N(2,2,2,2,2,2:n)q"
n=0 n=0

o0
=1+ (=N, L L1, 1in) +6N(1,1,1,1,2,2;n)

n=1

—12N(1,1,2,2,2,2;0) + 8N (1,1, 1,1, 1, 1;1/2))¢".

For n even, appealing to (3.21), (3.22), and (3.23), we obtain

E12
[E—lﬁ} =-N(, L LL1LLEn)+6N(1,1,1,1,2,2:n)
2 n

—12N(1,1,2,2,2,2:n) +8N(1, 1, 1,1, 1, 1;n/2)

—_ [ 72a+4 _ __4 20+3 _ __4

= (2 ) ) v o(2e0 - 4(5F) )P
_ 1o 22 —_4>> (2a+2_ (—_4>>
12(2 4<N F(N)+8(2 4 ))F@

_ 2+4 __4))

_(2 4<N F(N).

For n odd, appealing to (3.21), (3.22), and (3.23), we obtain

E12
|:E—16:| =—-N{1,1,1,1,1,1;n) +6N(1,1,1,1,2,2; n)
> dn

—12N(1,1,2,2,2,2;n)
—4
— _(220("1‘4 _ 4(W>>F(N) + 6 . 220[+3F(N)

—12-22*F2F(N)

— [ n2a+4 _ __4>>
- (2 4<N F(N).
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(ii), (iii), (iv) In a similar manner, we can prove parts (ii), (iii), and (iv). For part

(>ii), we use

q EVES _ (—¢* (@) + 2</>2(q2))21 (0*(@) — 9*(4°));
E3E} 4 ’

for part (iii), we use
E*ES 1 2
218 = (—p? (@) +20%(q%)) <—(¢2(q) - wz(qz))> ;
E3E] 4

and for part (iv), we use
E12 (1 3
Kt (2 202
—=(-(¢"@ —¢(q ))> :
6
E; 4

8 Proof of Theorem 1.5
(i) We have by (2.1) and Theorem 2.1(v)
557 5 5 2
EyEq Ly _Eiy EiR4Ej

3p3 T 2222
E\E4EJE5, E{E; ESE; EsEx

1
=0(@¢(q°) Z(—fpz(q) +5¢%(¢°))

1 5
= —Z<p3(q)¢(q5) + Zw(q)<p3(q5)

1 o
=1+ X}(—N(l, 1,1,5:n) +5N(1,5,5,5:n))q
"

so that by (3.19) and (3.20) we have

ESE], 1
—= 5| =5(=N,1,1,5n)+5N(1,5,5,5;n))
E\E4E3E5, |, 4
— Z(_l)n-‘rdd(g)
deN
d|N

(i) Similarly, we obtain
EIE> 1
[qA} = Z(N“’ 1,1,5;n) — N(1,5,5,5; n))
n

EEJEsEy
=Z(-1)n+dd i .
n/d

deN
d[N

This completes the proof of Theorem 1.5.

n
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We conclude this section by notmg that if g is replaced by —q in parts (i) and (ii)
and E2y(—q) = Eyy (m €N),

of Theorem 1.5, as E1(—q) = E1E4 Es(—q) =

X E5E20
we obtain
& SRR
(=%
|: n deN
d|N
and
E3 1EsE
|:q 101| Z( 1)d+ld< /d>’
n deN
d|N

which are Theorems 4.2 and 4.3 in [6], respectively.

9 Proof of Theorem 1.6
We have from (2.1) and Theorem 2.1(vii)

E3ESE;Ey  E; E} EyE3E4En
E3E] E%Eﬁ'EgEg'q E\Eg

= w(q)w(qz)%(w(q)w(qz) —o(a?)e(4°))

1 |
= —wz(q)wz(qz) —~ —w(q)w(qz)w(q3)so(q6)

o0

1
:EZN(I,I,Z 2;n)q" ——ZN(l 2,3,6:n)q"
n=0
=1
25 N(1,1,2,2;n) — N(1,2,3,6;n))q"
n=1

so that forn e N
[ ESE3E}Ey

1
EIE] L=E(N(L1,2,2;n)—N(1,2,3,6;n)). ©.1)

The asserted formula now follows from (3.8) and (3.18).

10 An application
Letn € N. In [31, pp. 117, 240] (see also [16]) it is shown that

—4\ 1 1 —4
> <E> =500 =20 (n/4) - EZ(7> (10.1)

(a.b.x,y)eN* deN
ax+by=n din
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and

Z (_4> =%U(n)—%0(11/2)—1—%001/4)—20(}1/8) (10.2)

ab
(a,b,x,y)EN4
ax+2by=n
4deN d 4 deN d
dln dn/2

As an application of our results, we use Theorems 1.1(iv) and 1.3(xvii) in conjunction
with a technique of Jacobi to evaluate the similar sum

—4
> — (10.3)
(a,b,x,y)EN4
ax+3by=n

for all n € N. To do this, we consider the infinite product

E]3E6E2
q 25_?_ (10.4)
E}E3ES
By Theorem 1.3(xvii), we obtain after a short calculation
[ E%3E6E%2} (n) +20(n/2) +30(n/3) (10.5)
————= =0 o(n o(n .
E3E5ES
— 120 (n/4) — 60 (n/6) + 120 (n/12)
in agreement with [32, Table 1, No. 75, p. 1000], so that
EPE6E}, &
20712 NN o (n) +20 (n/2) + 30 (n/3) (10.6)

5 6
EVE3E, —1

— 120 (n/4) — 60 (n/6) + 120(n/12))q".

Next we express the product (10.4) as

13 2 10 3 2
E)EeEf, _ E) _qE2E6E12
EJEsES  EYE} = E|E3E}

and determine the power series expansion of each member of the product. First, we
have

10
E2
4 -4

E}E]

o
=’ (@ =1+ Y N(1,1;n)g",

ni=1
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so that by (3.4)
EIO
g =1+ T (7 (107)
ni=1d;eN
diln
Secondly, by Theorem 1.1(iv), we have
E3EGE? s 4 _4
2 12 _ ny
R X (F)- T ()] oo
E1E3E4 np=1\ dr,eN d2 dreN d2
da|ny dy|nz/3

Multiplying (10.7) and (10.8) together, we obtain

EBEE? ad —4 —4
2 12 _ ny
2= () X (5| (109
EYE3E] T\ den d dreN a2
d|n2 dalnz/3

+4i Z Z<d1d2)_ Z Z(lcb)

n=1 ny,n2eN dp|ng ny,n2eN djlng
ni+n2=n dp|n, ni+3ny=n dr|ny

Equating coefficients of ¢ (n € N) in (10.6) and (10.9), we deduce
—4 —4 —4 —4
— ) - — 4 — -4 —
(7)-Z(@)e 2 (@) E (@)

deN (a,b,x,y)eN* (a,b,x,y)eN*
din din/3 ax+by=n ax+3by=n

=o((n)+20m/2)+30(n/3) —120(n/4) — 60 (n/6) + 120 (n/12).
Appealing to (10.1), we have the following result.

Theorem 10.1 L et n € N. Then

Z <_—4> =la(n)— lo(n/2)—§<7(n/3)—i—cr(n/4)—i—éo(n/6)
4 2 4 2

ab
(a,h,x,y)€N4
ax+3by=n

1 4\ 1 —4
o= () -5 2 (7)
deN deN
din d|n/3

By the same method, we can obtain many other arithmetic identities similar to
Theorem 10.1.
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