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Quadratic forms and a product-to-sum formula
by

KENNETH S. WILLIAMS (Ottawa)

1. Introduction. The set of positive integers is denoted by N and the
set of nonnegative integers by Ny so that Ny = N U {0}. The domain of all
integers is denoted by Z and the field of complex numbers by C. Throughout
this paper ¢ € C is taken to satisfy |¢| < 1. For such g we define

(1.1) By =FEBi(g) = [[1-¢"), keN
neN
We note for later use that replacing ¢ by —¢ in (1.1) gives

By
(1.2) Ep(—q) = Eo B if k is odd,

E; if k is even.
If f(q) =>_,20 fng" we write

[f(@)]n = fn, n€No.

Scattered throughout the mathematical literature there are a number of
results of the form

(1.3) ["E%, - Bitln= > P(z1,...,zm), neN,
(%1500 ) EL™
Q(a1,...tm)=n
where a € Ng, £ € N, mq,...,my € N with m; < -+ < my, a1,...,ap €
Z\ {0}, m € N, P is a polynomial in x1,...,x,, with rational coefficients
and @ is a positive-definite, diagonal, quadratic form in zy,...,x,, with

integral coefficients. For example it is a classical result of Klein and Fricke
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[16, Vol. 2, p. 377] that

1

(1.4) 0Bl = Y. g(ai-4a3), neNg
(w1,22)€Z?
$%+4:c§:n

see also Mordell [I9, p. 122]. More recently Chan, Cooper and Liaw [0
Theorem 4.1, p. 309] have proved that

1

(1.5) BSES), = > 5@ = 323),  n €N
(z1,22)EZ>
:c%—i—?)x%:n
Our purpose is to give a fairly general result of the type (1.3) with my,...,my

€ {1,2,3,4,6,8,12,16}, which includes (1.4), (1.5) and many other similar
results as special cases. The following theorem is proved in Section 3 after
some preliminary results are established in Section 2. Four examples of the
theorem are given at the end of Section 3 and two applications in Section 4.
The first application is to sums of squares and the second to the Ramanujan
tau function.

THEOREM 1.1. Let k € Ng and ¢ € N. Let r,s,t,u € Ng be such that

(1.6) r+s+t+u==k.
Let v,w,x,y € Ny be such that

(1.7) vtw+xz+y=>~
Set

(1.8) m=k+ 2/

so that m € N and m > 2. Let

1 r+v r4+v+w
_ 2 2 2 2
(1.9)  P(@r,...,am) = o I @2—222 000y T] (22— 3200 0piiesy)
g=r+1 g=r+v+1
r+uvtw+x r+0
2 2 4 2,2
X H (mg B 4$g+s+t+€+y+u) H (xg o Bxgxg-&-y)
g=r+v+w+1 g=r+v+w+z+1
and
(1.10) Q(= Tm) =TT+ -+ 2204, + 227 4o 222
. 1y--esdm) — &7 r+l+y r+l+y+1 r+s+l+v+y

2 2
T 3T, st voty+1 T T T s vty

2 2
AT i ttwryr1 T AT,
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Let
a] = —2r + 2v + 4y, ag = 5t + 3w,

(1.11) ag = dr — 25 + v + 3w + 2y, ag = —25 4 du + 2v,
az = —2t, ag = —2t,

ag = —2r+5s—2u+v+6x+4dy, ag=—2u.
Then, for n € N with n > £, we have

(112)  [¢'E{'E3EQEQ ECEFEPEC v = Y. P(z1,...,2m)
(1500 ) EZ™
Q(wla---ax'm):n

and

(1.13) a1 + 2a9 + 3as + 4ay4 + 6ag + 8ag + 12a12 + 16a16 = 244.

We remark that the first product on the right hand side of (1.9) contains
v factors, the second w factors, the third x factors and the fourth y factors.
Also, on the right hand side of (1.10) there are r + ¢ 4+ y squares with
coefficient 1, s + v squares with coefficient 2, ¢ + w squares with coefficient
3 and u + x squares with coefficient 4. We observe that (1.13) follows easily
from (1.11) and (1.7).

We note that the choice x =1, r=s=t=u=v =w =y = 0 gives,
by (1.6)*(1.11), k = 0, { = 1, m = 2, a] — a2 — a3 — g = ag — a12 —
aig = 0, ag = 6, P(x1,22) = %(w% —423), Q(x1,22) = 2% + 423, so that
Theorem 1.1 gives Klein and Fricke’s identity (1.4) in this case. Also the
choicew=1,r=s=t=u=v=x=y=0gvesk=0,{=1,m=2,
a] = a3 = a4 = ag = a12 = a1 = 0, as = 3, ag — 3, P(a;l,acg) = %(CE%—?}CE%),
Q(z1,72) = 3 + 323, so that Theorem 1.1 reduces to the identity (1.5) of
Chan, Cooper and Liaw. Thus identities (1.4) and (1.5) are indeed special
cases of Theorem 1.1.

2. A two-dimensional theta function. For £ € Ny and n € Q we

define
> d¥ ifneN,
N deN
(2.1) Ge(n) :=1{ ‘dn
n/dodd
0 ifneQ,n¢N.

We set a(n) := 61(n). The Eisenstein series £ (q) is defined for £ € N with
k=1 (mod 2) by

k., n

(22) 6l0) =Y (" =3 1
n=1

n=1
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The one-dimensional theta function ¢ (q) is defined for k& € Ny by

o0 n2
(2.3) ve(q) == Y n*q
We set
(24) QD((] Z q = E2E27

where the infinite product representation is due to Jacobi. Replacing ¢ by
—q in (2.4), and appealing to (1.2), we obtain

E2
2. —g) = =L
(2.5) P-0) =7
which is another classical result of Jacobi. We also require the theta function
2. — n(n+1)/2 _ ~2
(2.6) ¥(q) nE:O q B

where again the infinite product representation is due to Jacobi. Basic iden-
tities satisfied by ¢ and v are

(2.7) P(Q)p(—q) = ¢*(—¢%),
(2.8) e(q)v(q?) = v*(q),
(2.9) o(q) + o(—q) = 20(q"),
(2.10) o(q) — o(—q) = 4qp(¢°),
(2.11) ©*(q) + ©*(—q) = 2¢%(¢°),
(2.12) ©*(q) — ¢*(—q) = 8q¥*(q")
(see for example Berndt [3, pp. 15, 71, 72]).

Some recent results of Toh [21I] enable us to give ¢1(q) and ¢2(g) in terms
of ¢(q) and Eisenstein series.

THEOREM 2.1. For q € C with |q| < 1 we have

(1) 1(q) = —20(9)&1(—9),

(ii) ¢2(q) = 20(q) (663 (—q) — &3(—q))-

Proof. Take j = 3 in formulae (2.17a) and (2.17b) in Toh [21| p. 187]. =

We next define the two-dimensional theta function @ ¢, (q) by

(2.13) D om(q) = Z (7"\/2—1— s\/—m)quETQJFmSQ, k,f,m e N.

r,8=—00

It is easy to show that
(2.14) Brme(q) = (=1)*Pr 1. (q).
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Taking ¢ = m in (2.14), we deduce
(2.15) @k7&g(q) =0 if £ is odd.

Applying the binomial theorem to (rv/¢ + sv/—m)?*, and then inter-
changing the order of summation in (2.13), we obtain

k
(2.16) ékﬁnxq>::j{j«—1>f(2k)ek<%nj¢hﬁxq6¢y<qm>

j=0 2

as y oo nzk_lqnz = 0 for £ € N. In anticipation of evaluating @4, . (q)
for k =1 and 2, we define for £, m € N the quantities

Agm(q) = te1(—q") — mé&r(—q™),
2.17 '
247 { Bem(q) = £7€3(—q") + m*E3(—q™).
Clearly
(2'18) AE,m(Q) = _Am,Z(Q)7 BK,m(Q) = Bm,Z(Q)'
From (2.17) and (2.18), we have
(2.19) Are(q) =0,  Buy(q) = 20%¢3(—q").

THEOREM 2.2. For ¢,m € N we have

(1) P1em(q) = —240m(0) (¢ (™),
(i) Po0m(q) = 2(647,,(q) — Bom(a))(d")e(q™).

Proof. (i) Taking k =1 in (2.16), we have
B10m(q) = Lor(q")e(q™) — meo(g )pr(q™).
Appealing to Theorem 2.1(i) and (2.17), we deduce
D10m(q) = —200(q")p(q"™)é1(—q") + 2me(q ) p(q™) 1 (—q™)
= —20(q")o(q™) (61 (—q") — m&i(—q™)) = —2A1m(a)0(a") o (™).
(ii) Taking & = 2 in (2.16), we have
Dy.0m(q) = L02(q")p(q™) — 60mepr (¢ )p1(q™) + m*o(q")2(q™).

Appealing to Theorem 2.1(i), (ii) for the values of ¢1(q) and ¢2(q), we
deduce

gZ)2,€,'rn((])
= 2(6(¢&1(—q") — m&i(—q™)* = (P&(—q") + m*Ea(—q™))e(d") e(q™).
Then, appealing to (2.17), we obtain
B 0.m(q) = 2(647,,(q) — Bem(2)e(q)o(q™). =
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By (2.4) we have
0 my __ ESZESm

(2.20) (g )p(d™) = Ez?E?nEZeEZm

Thus, by Theorem 2.2(i) and (2.20), we see that @1 4,,(¢) can be expressed
as an infinite product if Ay ,,(¢) can be expressed as a product of finitely
many E, (r € N). Similarly, by Theorem 2.2(ii), (2.19) and (2.20), ®2(q)
can be expressed as an infinite product if By(g) can be expressed as a
product of finitely many E, (r € N). To this end we prove the following
result.

THEOREM 2.3. For q € C with |q| < 1 we have

(i) Ara() = _q§2§i
(i) A1s(q) = —qE%EE%EE‘%gE%?,
() Buata) = 228
2

Proof. (i) By (2.17) we have A;2(q) = &1(—q) — 2£(—¢?). From (2.2) we
have

Hence -
qn 2q2n
A = " —
o) = (1
Now )
n n n
T q SRS i
L—g* 1-(=1)"¢" 1— g%
and 2 2 4 2
2q°" q" q" q"
= — (1 1" .
1_q4n 1_(_1)nq2n ( +( ) )1_q4n + 1_q2n
Thus

[e'e) . qn q2n
A12(q) = Zn(_l) (1 — (=1)gq" 1 (1)"(]2”)

- ot - ).

1—gq
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Define
> n 2n
q q
2 = (—1rgn 1= (-T)g
4n 8n
q q
G pu—
(q) 4 1”(1_q4n 1 q8n>
Then

It is well-known that

Hence, by (2.7), (2.12), (2.5) and (2.6), we have
A12(q) = %( 1(=q) = ¢'(=¢%)) = §(¥" () — ¥*(D)¢*(—a))
—39(=0)(¢*(a) = ¢* () = ¥’ (—)¥* (")

2 E4E4
~o i) () -2
(ii) We recall (see e.g. [2, p. 223]) the identity
Zlnq W (@)9*(g").
n=1

3tn

By (2.2) and (2.17) the left hand side is & (q) — 3&1(¢®) = A1 3(—q). By (2.6)

. L piEs
the right hand side is ¢37%. Thus
13

E4E4
E2E2 '

A13(—q) =
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Changing ¢ to —q, and appealing to (1.2), we obtain

E?E2E?F?

A13(q) = S/t et S S 21
EZF?

(iii) We note that in the course of the proof of part (i), we showed that
(2.21) A19(q) = =4 (—9)¥*(¢").

Appealing to (2.17), (2.21), (2.8), (2.7), (2.9), (2.10), (2.11), (2.5), (2.4) and
(2.6), we obtain

Ara(q) =& (—q) — 461(—q") = (&1 (—q) — 261(—q ))+2(€1( %) —261(—q")
= A12(9) +2412(¢°) = —¢*(—=)¥*(¢") — 2¢°P*(=*)¥*(¢%)
= —qp(—)¥(®) (e(—a)(q") + 2q0(q)¥(q ))
= —300(—)¥(®) (=) ((q) + (=) + ¢(a)((q) — ¢(—q)))
= —§qs0( Q)1( )( %( Q) ©*(—q)) = —ap(—q)* (") ¥ (q®)

(8 (E) - B
E2E2 ESES

(iv) The following identity is well-known:

o0 3 .n
wWig) =

1_q2n

n=1

(see for example Cooper [8, eq. (3.71), p. 136]). Hence, by (2.2), we have
&(q) = @®(q). Appealing to (2.6), we deduce

E}°
§3(q) = quig'
Changing ¢ to —q, and appealing to (1.2), we obtain
ESES
&3(—q) = —q—=5+
Ej

Then, by (2.19), we have B; 1(q) = 2§3(—q) = 2qE1E4

We are now ready to evaluate @112(q), P1,1,3(q), 1,1,4(¢) and P211(q).

THEOREM 2.4. For g € C with |q| < 1 we have
oo
(W) Priola) = D (r+ V=2 = WEBEE,

r,8=—00
[e'¢)

(i) Prosle) = Y. (r+svV=3)%q " = 2EE},

r,8=—00
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o0
(ili) P1,14(q) =
r,8=—00
o0
(iv) @21,1(q) =

r,8=—00

S (e s

= 2qE%,

ST sV = 4qBE3E].

Proof. (i) By Theorem 2.2(i), Theorem 2.3(i) and (2.20) we have

B112(0) = —241 2()0(0)0ld?) = —2(

= 2qE}EyE,F2.

E{EY (B3E3
"m2E2 )\ B2E2

(ii) By Theorem 2.2(i), Theorem 2.3(ii) and (2.20) we have

B115(0) = —2415(0)0()0(d?) — —2(—q

= 2qF3ES.

E%Ey?EiEfg) <

ESES
E3E¢

EYE3EER,

(iii) By Theorem 2.2(i), Theorem 2.3(iii) and (2.20) we have

B114(0) = —2414(0)0(a)o(a?) = —2(—q

= 2¢ES.

(iv) By Theorem 2.2(ii), (2.19), Theorem 2.3(iv) and (2

Da11(q) = 2(614%,1(97) -

10
EQ

B (

ESES
ESER

EYELER,

.4) we have

B1,1(0))¢*(q) = —2B1,1(q)¢*(q)

EYES
()
2

E{E}

) — 4qE{E2E}. »

As Y00 2kl ¢~ =0 for k € N, we have

o0
(222) > (r+svmm)Pg T
r,8=—00
and
o 5 9 oo
Z (7’—|—S /_1)4qr +s5% _ Z (
r,8=—00 r,6=—00
o0
= >«
r,8=—00
so that
[e.9]
(2.23) ST sV
r,8=—00

2 2
_ Z (T2_m52)qr +ms7

rd— 37"232)q7"2+32 + (st — 35%2

e}

m € N,

r,8=—00

2 2
r* — 6122 + 84)qT +s

2 2
)* )

o0

=2 >

r,8=—00

37“2 82 qr2+52
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3. Proof of Theorem 1.1. Let £ € Ny and £ € N. Let r,s,t,u € Ny be
such that

(3.1) r+s+t+u==k.

Let v, w, x,y € Ny be such that

(3.2) vtw+x+y=>~

Set

(3.3) m=k+2/(

so that m € N and m > 2. We consider the product

(3.4) I(q) := p(q) T2 0(¢?) () T (g

x A12(q)"A13(9)" A1.4(¢)" B1,1(q)Y.

Using the infinite product representations of ¢(q), ¢(¢?), ©(¢*) and ¢(g*),
which follow from (2.4), as well as the values of A1 2(q), A1,3(q), A1,4(q) and
Bi1(q) given in Theorem 2.3, (3.4) becomes

- Y 0 1 —2r+2v+4y ~5r—2s5+v+3w+2y —2t
(35)  I(q) = (—1)'2Y¢E; ES E;
—2r4+-5s—2u+v+6x+4y 5t+3w r—2s+5u+2v —2t —2u
x I B33 B2 B2

On the other hand, from Theorem 2.2(i), we have

_ P1a2(9) _ $113(9) _ P114(9)
420 = oot T Spiel YT (et
and, from (2.19) and Theorem 2.2(ii),

P21.1(9)
) = S0y
Then we deduce from (3.2) and (3.4) that
1\
36 @) = e e e e

2
X 1,1,2(9)"P1,1,3(0) " P1,1,4(9) " P11 (9)”
Hence, by (2.4), (2.13), (2.22) and (2.23), we obtain

_ )ﬁ ( qi2>r (Z quz)s (Z q3i2)t (Z q4i2>u
€L €L 1€EL 1€Z
S @ -2 ) (2 @ - 3j2)qi2+3f2)w

(i,j)€Z? (i,5)€Z?
(

( 4] 2+4J ) (2 Z 322]2 2+j2)y.
(1,9)€Z2 (i,§)€72

(3.7)  I(q) =
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Next we express the factors in the product (3.7) in the following way:

SV x e

i€Z (1,0, ) ELT
( ) E q2$3+z+y+1+”'+2$2+s+2+y ,
i€Z (Trpbty+1Trtstoty) ELS
t 2 2
(E q31 ) E GO Trtstetory1 T Tty
1€Z (TrgstttvtytlsTrtstitttoty)ELE
U 2 2
(E ¢ ) E g Trtsttttrory 1T AT by
(IS (TrpsptterotwtytlrThtttotwty)ELY
2 2y 242527
( > (2 =257 Y
(i,)€2?
THv 2 2 2 2
g=r+1
. 2v.
where the sum is over (Zy41,. .., Trivs Trpstlpy+is - - - s Trpstlioty) € L7
w r4+vtw
Z ] -2\ 524352 _ Z 2 2
(Z - 3] )q - H (‘Tg - 3$g+s+t+€+y)
(4.5)€Z? g=rt+v+l

2 2 2 2
% qxr+v+1 T T3 ooyt T BT oty ,

where the sum is over

2w,
(ererrl, <o Trdvtws Lrds+t+b+vt+y+1ly - - - 7xr+s+t+€+v+w+y) € 77"
r+vtw—+z
2 2y 24452\ % 2 2
Z (i° —45%)q = Z H (ajg - 4xg+s+t+€+y+u)
(i,)€Z? g=rtvtw+l

2 2
Xq‘rr+v+w+l+'”+rr+v+w+:c+4zr+s+t+é+v+y+w+u+1+ g, ,

where the sum is over

2x,
(Trotwtls -+ Trdotwte Lr+s+t+L+v+y+wtutls - - yTm) € L7
and
. 9. 2, 2\ Y
( > (it = 3i%%)g )
(i.j)ez?
it 2 2 2 2
_ 4 2,.2 x B i R
= Z H (xg —_ 3$g$g+y)q r4+v4+w+z+1 +£ +0+1 +l+y7

g=r+v+w+z+1

. 2
where the sum is over (Zyfptwtatis-- > Loty Trolpls - - > Trpbpy) € LY.
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Using these in (3.7) we obtain
II(q) = (—1)423’ Z P(xq,... ,xm)qQ(“ """ zm),

(9017--~7l‘m)EZm

(3.8) ()= (-2 Y Pai,...,zm).

n=0 (z1,...,xm)EL™
Q(x1,...,Tm)=n

Equating the two expressions for I1(q) given in (3.5) and (3.8), we deduce

(39) qéE;2r+2v+4yE25rf25+v+3w+2yE§2tE;2r+55—2u+v+6z+4y

5t+3w r—2s+5u+2v p—2t p—2u
x Eg Eg By Eyg

:Z Z P(xy,...,xm)q".

n=0 (1500 Tm ) EZ™
Q(a:l:"'vxm):n

Equating coefficients of ¢" in (3.9) for n > ¢, we obtain (1.12). =
Incidentially, equating coefficients of ¢" for 0 < n < /¢ — 1, we deduce
Z P(xi,...,xm) =0, n=0,1,...,0—1.

(ml,...,mm)EZm
Q(x1,...,Tm)=n

We close this section by illustrating Theorem 1.1 with four examples.

ExAaMPLE 3.1. We choose

v=1, r=s=t=u=w=x=y=0,
so that k =0, £ =1, m = 2. Then
P(z1,22) = (2 — 223),  Q(a1,22) = 2 + 223,

and Theorem 1.1 gives the following result.

THEOREM 3.1. Let n € N. Then

4ETEREsES), = ) g(af — 243).

(z1,22)€Z2
m%+2m§:n

ExaAMPLE 3.2. We choose
r=v=1, s=t=u=w=xz=y=0~0,
so that k =¢ =1, m = 3. Then
P(x1,29,23) = %(w% —222),  Q(x1, 10, 23) = 2% + 23 + 223,

and Theorem 1.1 gives the following result.



Quadratic forms and a product-to-sum formula 91

THEOREM 3.2. Let n € N. Then

6 2
E2 ES —
q =
Ey |, 5
(z1,22,23)EZL
z%+:p%+2x§:n

(w5 — 2a3).

N[ =

ExampLE 3.3. We choose
w=y=1, r=s=t=u=v=x=0,
so that k =0, £ =2, m = 4. Then
P(z1,x9,x3,24) = %(:r% — 3$Z)(1‘§1 — 31‘%1‘%),
Q(z1, 22,23, 24) = 7 + 25 + 23 + 327.
Theorem 1.1 gives
PEIESE{E = ) qlel - 3ad)(a) - 3a3ad), n>2

(z1,02,73,24) €L
x24a2+a2+322=n
1TE2TT3 4

Mapping x1 — 3, T2 — T1, T3 — X2 in this sum, we obtain the following
result.

THEOREM 3.3. Let n € N satisfy n > 2. Then
[PEVESE{ES, =5 ) ai(e] - 323)(a3 - 343).

(w1,22,23,04) €L
22 4a2+a24322=n
1TT2TT3 4=

ExAMPLE 3.4. We choose
r=v=x=1, s=t=u=w=y=0,
so that k=1, £ =2, m =5. Then
P($1,$2,1‘3,$4,IB5) = %(l‘% - 2$Z)(1‘§ - 4$§)7
Q(x1, 2, 3, T4, T5) = 3 + 25 + 23 + 227 + 4a2.
By Theorem 1.1 we have
2065 2] 1 2 2\ /(.2 2
n— 1 - - ) - &
lg”Ey B} EX] 1 Z (x5 — 2a7) (25 — 4x5) n =2

.
(w1,22,%3,74,05)EL°
224 x24a24+202+4x2=n
1TT2TT3 4 5=

Clearly, for n odd we have [¢?ESE;EZ], = 0 so
(4" By Y ES]on = 1 > (5 — 2a) (2§ — 423), n>1.

(21,m2,23,24,35)EL5
a:f—f—x% +:c§+2x421 +4x§:2n

Replacing g by ¢ we obtain the following theorem.
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THEOREM 3.4. Letn € N. Then
qES B3 B, = § >, (@3 — 223) (23 — 423).

(x1,@2,03,24,85)ELS
x% +$§+z§+2$i+4$§:2n

4. Applications of Theorem 1.1. We give two applications of Theo-
rem 1.1.

First application: Sums of 10, 12 and 14 squares. Let N be an
integer with N > 2. We choose

r=N-2, s=0, t=0, u=0, v=0, w=0 z=0 y=1,
sothat k=N —2,¢=1, m= N. Then

P(xi,...,xN) = %(mj{,_l—BfL’%\;_lx?\,), Q(x1,...,xN) = m%—I—m%—l—- . -—l—x?v.
Theorem 1.1 gives, for all n € N,
(41  [@BTVENTES M = Y (eho - 3aRaR).

(.Il,...,xN)EZN
m§+---+x?\,:n

Thus, relabelling 1 as xy_1, 2 as xn, tny—1 as x1 and T as Ta, we obtain

oo
4 (X -l ) - 2E P
n=1 Ny, .an)€ZN
w?—i—-w—i-a:?\,:n
Taking N = 2 in (4.2) we obtain
o
(1.3 > (ol -salad) )" = Bl
n=1 N(zq,20)€Z?

2 .2
r{+x3=n

The number r19(n) of representations of n € N as a sum of 10 squares is

given by
4 —4 64 —4 32
= - — )dt+ — — )d*+ =
r10(n) 5Z<d> + 5Z<n/d> + 5a(n)
deN deN
dln din
(see for example [Il, p. 1429]), where
oo
a(n)q" = qE{ E3Ej.
n=1
Thus
a(n) =3 Y (a1 —3aix})
(z1,m2)€Z2
z%Jr:E%:n
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and so we have

'I”]_O(’I’L) = 5Z<d>d + 5Z<7’L/d)d + g Z ($1 —3x1x2),
deN deN (1‘1,1‘2)622
din din 22 4z2=n
1 2
which is a formula first given by Liouville [I7] in 1865 in a slightly different
form. When n = 3 (mod 4) there are no (21, r2) € Z? such that % + 23 = n,

Af =4\ Gd( -4\,
deN deN
din din
a formula first given by Eisenstein [10, p. 135; Werke I, p. 501] (see also
Glaisher [15], p. 482]).

Taking N = 3 in (4.1) we obtain, for n € N,
(4.4) BYEIE]ln = ), (a3 — 3a3a}).

(ml,l’g,m?,)EZS

x%+m§+x§:n
When n = 7 (mod 8) there are no integers z1, z2, r3 satisfying 23 + 23 + 23
=, SO

(4.5) [qE?EYE3), =0, mn=7 (mod 8).
Taking N =4 in (4.1) we obtain, for n € N,
(4.6) 0Bl = D g(af— 3afad),

4
(z1,22,23,14)EZL

r24x2+aitai=n
1Th 3Tl =

SO

(@) S X st - s

n=1 (z1,09,23,24) €L
x%er%erg +xﬁ:n

Now the number r12(n) of representations of n € N as the sum of 12 squares
is given by
r12(n) = 8os(n) — 51205(n/4) + 16b(n)

(see for example [22] p. 241]), where

> b(n)q" = qE3”.
n=1

Thus
b(n) = 3 > (z] — 3xia3)

(z1,02,73,54)EZ>
w% +x§+x%+x% =n
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and so

ri2(n) = 8os(n) — 51205(n/4) + 8 Z (2] — 3z3z3),
(m17m27m3,x4)622
mf+x§+x?+x%:n
which is a formula of Bulygin [4] (see also for example Carlitz [5, p. 411],
Glaisher [15] p. 484] and Lomadze [18, p. 9]).
Taking N = 6 in (4.2) we obtain, for n € N,

22

Ey
(4.5) S X Gl-sdd)r -ty
n=1 (xl, ,T6) EZG
x + +a:6—n

Taking m = 3 in Cooper [8, Theorem 3.3, p. 131] we have

4 o~ (1)7(2) — 1)6q* 1 256 7°¢
14
® (Q)_1+61; 1— %1 Zl+q2j
1456
——qE} E}
o ¢ (—q)E1%(q®)

Now

SV S50

j=1 n=1 “deN
din
o0 6 ] [o@] _4
>t = (X (o))
= q,
2
j:11+q] n=1 de‘N n/d
dln

and by (1.2) and (4.8),

E22 0
BB =gty =43 (X - anted) o
1+4

Hence
§r14( )" = M) =1+ ?;(;(%) 6>qn
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Equating coefficients of ¢" (n € N), we obtain

256 -4\ 5 4 —4\ 5 728 4 9 9
ria(n) = 612<n/d>d _612<d)d t5r Z (2] — 3zi23).
deN deN (21,..,26)EZO
din dn 234 taZ=n
This formula can be found in Bulygin [4], Glaisher [I5] p. 480] and Lomadze

18, p. 9].

Second application: Ramanujan’s tau function. We recall that
Ramanujan’s tau function T( ) is defined for n € N by
o0
q H L—g")* =Y 7(n)g".
n=1
A number of explicit formulae for 7(n) have appeared in the literature: see
for example Chan, Cooper and Toh [7], Dyson [9], Ewell [11l 12} [13], Gallardo
[14] and Niebur [20]. We just mention Dyson’s formula,

T(n) = Z F(zy,...,z5),
(@1,...,25)EZP
(z1,22,23,24,25)=(1,2,3,4,0) (mod 5)
1+ +r5=0
ac%+-'~+a:§:10n
where 1
F(xy,...,25) i= ——— H (xr — x5),

11213!4!
1<r<s<5

as well as the formula of Chan, Cooper and Toh,

)= — 432[1) = X (DO Im((ey b)) (e iz V3.

.’El, ,$4)€Z4
+z2+:c3+3x =12n
z1=1 (mod 6)
z2=4 (mod 6)
23=2 (mod 6)
z4=1(mod 4)

We use Theorem 1.1 to prove the following new formula for 7(n).
THEOREM 4.1. For n € N we have
rin)=5 Y, aied(a? - 3u)(aF - 3ad).

(21,...,08)EZ8
x%+~--+x§:2n

Proof. We choose
r=4, s=0, t=0, =0, v=0, w=0, =z=0, y=2
so that k =4, £ =2, m = 8. Then

1
P(aﬁ,...,l’g):?( — 3a222)(xf — 32222), Q(x1,...,x8) =27+ - + 2.
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With this choice Theorem 1.1 gives

ES =1 ). (a5 —3ufaR)(af - 3agaf), n>2.

(x1,...,x8)EZE
$%+~"+$§=n

Hence
B =1 ) afai(al —3a3)(a3 —32}), n>2.

(w1,...,z8)€Z8
z%+---+x§:n

Clearly, for n odd we have

[4* B3] = 0.
Thus
CE =t Y tded - sl -sed). nx1
(xl,...,xg)ezs
x%+--~+x§:2n
Now

[*E5*an = [¢ETY]n = 7(n)
and the asserted formula follows. =

Many other applications of Theorem 1.1 are possible.

5. Final comments. An important ingredient in the proof of Theorem
1.1 is the fact that each of A1 2(q), A1,3(q), A1,4(q) and By 1(q) is expressible
as a single infinite product consisting of a product of certain of the Fj
(k € N) (Theorem 2.3). Any other Ay ,,(q) or 6Azm(q) — By.m(q) expressible
in this manner would permit an extension of Theorem 1.1 via Theorems 2.2
and 2.3.
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