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Formulas are proved for the number of representations of a positive integer by each of the
four quaternary quadratic forms z24-y2+2224-3t2, 22+ 2y> +222 4612, 22 +3y> +322 +6t2
and 2x2 + 3y? + 622 4 6t2. As a consequence of these formulas, each of the four series
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is determined in terms of Ramanujan’s theta function.
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1. Introduction

In 2007, Alaca et al. [1] used their (p, k)-parametrization of Ramanujan’s theta
function

i 2
> q", q€C, |l <1, (1.1)

n=—oo

to determine the number N(a,b,c,d;n) of representations of a positive integer
n by each of the nineteen quaternary quadratic forms ax? + by? + cz? + dt?,
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where

(a,b,c,d) = (1,1,1,1),(1,1,1,4),(1,1,2,2),(1, 1,3, 3),
1,1,3,12),(1,1,4,4),(1,1,6,6),(1,1,12,12),
1,2,2,4),(1,2,3,6),(1,3,3,4),(1,3,4,12),
1,4,4,4),(1,4,6,6),(1,4,12,12),(2,2, 3, 3),
(2,2,3,12),(3,3,4,4),(3,4,4,12). (1.2)

(
(
(
(

Some of these evaluations had been conjectured by Liouville in the nineteenth
century and proved later by other authors, while some were new, see [1] for details.
We observe that in the list (1.2),“2” and “6” only occur as “22”, “26” or “66”.
The reason for this is that the parametrizations of ©%(¢?), v(¢®)¢(q®) and v?(q°)
in terms of p and k are fairly simple while those of p(¢?) and ¢(¢%) individu-
ally are more complicated. However, somewhat surprisingly, there are quaternary
quadratic forms ax? + by? + ¢2? + dt? (a,b,c,d € {1,2,3,4,6,12}) with a sin-
gleton “2” or a singleton “6”, which have a simple formula for N(a,b,c,d;n),
namely x? + y? + 222 + 32, 22 + 2y + 222 + 6%, 2% + 3y + 322 + 6t2 and
2224-3y%+622+6t2. These forms have not been considered before. The evaluations of
N(1,1,2,3;n),N(1,2,2,6;n),N(1,3,3,6;n) and N(2,3,6,6;n) are given in the first
part of Theorem 4.1. The second part of Theorem 4.1 gives alternative expressions
for N(1,1,2,3;n), N(1,2,2,6;n), N(1,3,3,6;n) and N(2,3,6,6;n). Theorem 4.1 is
proved in Sec. 4 using the “local densities” approach, which is described in Sec. 2.
Certain Gauss sums needed in the proof of Theorem 4.1 are evaluated in Sec. 3. As
an application of Theorem 4.1, we determine the series

>\ @G 2 (S E))

n=1
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n=1 d|n

in terms of ¢(q), ¢(q?), v(¢®) and ¢(¢°), see Theorem 5.1. We remark that in
the list (1.2) all the forms have abed = a square. In [2, 3, 7] the diagonal forms
considered all involve abcd = 3x a square, whereas the results in the present paper
are for abed = 6x a square.

2. Local Densities Approach

Let a1, a2,a3,a4 € N={1,2,3,...}. The discriminant of the positive-definite, diag-
onal, integral, quaternary quadratic form a;x? + asz3 + a3z + as2? is

21 0 0 0

= 16&1&2@3&4. (21)
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For a prime p and k,n € N we define
Nk (a1, az, a3, as;n) := number of solutions of the congruence
a1 22 + agxs + azri 4+ agzr =n (mod pf).  (2.2)

If the class of the quaternary form ayz? + a223 + azz3 + asx3 belongs to a genus of
discriminant 16a;asa3a4 containing one and only one form class, then Siegel’s mass
formula [10] asserts that

2n

/aA1020304

where dj (a1, as,as, aq;n) denotes the “local density” given by

N(CL17CL27CL37CL4; ) Hd a17a27a37a47 )7 (23)

Nk (a1, az, a3, as;n)
3%
p

dy(a1, a2, a3,a4;n) = hm (2.4)

k—oo

If a1 < as < asz < a4 then the least positive integer represented by the form
alx% + azx% + agx?), + awi is aq so that

N(a1,az,a3,a4;a1) > 0. (2.5)

Then, by (2.3), we have

7r2a1

\/a1a2a304
Hence, dividing (2.3) by (2.6), we obtain in view of (2.5) the formula

N(ai,a2,a3,a1;a1) = Hd (a1, a2,as3,aq;a1). (2.6)

a17a27a37a4; n’)

al,ag,ag,a4,a1)

n
N ) ) ) ; = N ) ) ) b 2'7

(a1,a9,as,a4;n) o (a1, az,as3,a4; a1 Hd (2.7)
Thus, if we can determine the local densities dp,(a1, az, as, as; n) for all primes p and
all n € N, then we can use the formula (2.7) to determine N (a1, az, as, as;n) for all
n € N since

if a1 < as,

(2.8)

2
4 ifa1=a2<a3,
N(ay,a2,a3,a4;01) = 6

if a1 =as = as < ayq,

8 ifa1=a2=a3=a4.
This is the local densities approach that we shall take to prove Theorem 4.1. In order
to determine the local density d, (a1, az,as,as;n) we evaluate Nk (a1, az, as,as;n)

for all primes p and all k,n € N using Gauss sums. The relevant Gauss sums are
evaluated in the next section.

3. Gauss Sums

In this section we give the evaluation of the Gauss sums that we need in Sec. 4 in
order to determine the local density d,(1,3,3,6;n) for all primes p and all n € N.
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Lemma 3.1. If k,l € N and m € Z then
lk—1

27rzm:r 27rzm:r
g e F —lg ek .

Proof. Each integer x satisfying 0 < < [k — 1 can be expressed uniquely in the
form

r=y+kz,

where y and z are integers satisfying 0 <y <k —1and 0 <z <[ — 1. Thus
lk—1 -1 k—1 -1 k—1

2-,(“”‘1 27r1m(y+kz)2 27r7,1ny 27r7,1ny
Do ET =Y D e =y ) e —lZe =
z=0 z=0y=0 z=0y=0
which is the asserted result. O

Lemma 3.2. If k,l € N and m € Z satisfy
k odd, gcd(k,m)=1,

then
Ik—1

S ()i VR
=0

Proof. This follows immediately from Lemma 3.1 and Gauss’ famous evaluation
k—1

Ze— — <%>Z<;>\/g

z=0
which is valid as ged(k,m) = 1 and k is odd, see for example [6, Theorem 1.5.2,
p. 26]. O

Lemma 3.3. If] € N, m € Z with m odd, and s € N then
1251 0 ifs=1,

2rima?
e 25 = 2 S
Z z(-) (14+i™)2%? ifs>2.
m

Proof. This follows immediately from Lemma 3.1 and the evaluation

251 0 if s =1,
2mima?
e 25 = 2 s
Z (-) (14i™)25/2 if s> 2,
m
given in [6, Theorem 1.5.1, Proposition 1.5.3, p. 26]. O

Our final sum that we need, although not a Gauss sum, is nevertheless an expo-
nential sum.
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Lemma 3.4. Let k,l,m be integers such that
k>1, [>0, m#0.
Let p be a prime with pfm. Then

k41 _ .
p ! 2rimx _pl ka - 1,
E e »F =
~ 0  ifk>2
T
Proof. We have
k41 _ l_ 1.k l_ 4. k_
p 1 2wimax p Lp 27ri1n(y+pkz) P Lp L 2mimy
E e »p = E E e p¥ = E E e p
z=0 z=0 y=0 z=0 y=0
pte ply ply
— k_ k—1_
. p_—1 2mimy p_—1 2mimy . p ! 2mimt
=p e »F — E e »F =p|0— E erF !
y=0 y=0 t=0

as claimed.

4. Determination of N(1,1,2,3;n), N(1,2,2,6;n), N(1,3,3,6;n)
and N(2,3,6,6;n)

1665

We see from the tables of Nipp [8] that each of the three forms x? + y? +
222 + 3t? (discriminant = 96), 22 + 2y? + 222 + 6t? (discriminant = 384) and
22 + 3y? + 322 + 6t% (discriminant = 864) belongs to a genus containing exactly
one form class so that each of N(1,1,2,3;n), N(1,2,2,6;n) and N(1,3,3,6;n) can
be determined from Siegel’s formula (2.7). The fourth form 22?% + 3y* + 622 + 6t>
(discriminant = 3456) is beyond the range of Nipp’s tables. From the webpage
http://www.kobepharma-u.ac.jp/~math/notes/note03.html we know that it too
belongs to a genus containing exactly one form class. The following result allows
us to determine each of N(1,1,2,3;n), N(1,2,2,6;n) and N(2,3,6,6;n) from
N(1,3,3,6;n), N(1,3,3,6;2n), N(1,3,3,6;3n) and N(1,3,3,6;6n). Thus it suffices

to determine N(1,3,3,6;n) from (2.7).
Lemma 4.1. For n € N we have

N(1,1,2,3:n) = N(1,3,3,6;3n),

3 1
N(1,2.2,6:n) = FN(1,3,3,6:n) — N(1,3,3,6:3n) + 3 N(1,3,3,6:6n),

1 1
N(2.3.6,6;n) = N(1,3,3,6:n) + 3 N(1,3,3,6:2n) — 7N(1,3,3.6:3n).
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Proof. We have

N(1,3,3,6;3n) = card{(x,y, z,t) € Z* | 2® + 3y* + 322 + 6t> = 3n}
= card{(z,y,z,t) € Z* | 2* +3y* +32°+6t* =3n,2 =0 (mod 3)}
= card{(z1,y,2,t) € Z*|92:% + 3y* + 32% + 6t* = 3n}
= card{(y, z,t,z1) € Z* | y* + 2% + 2t* + 32,% = n}
= N(1,1,2,3;n),

which is the first assertion of Lemma 4.1.
Asin [4, p. 178; 5, p. 91], we set

From [2, pp. 222-223; 3, pp. 541-542] we have

o(q) = (1+2p)*/4K1/2,
o(d?) = %«1 L ap)¥2 4 (1— p)P2(1 4 p) /2 2RV,
o(q®) = (1 + 2p)/4E1/2,

((1+ 2p)3/4 . p)3/4(1 +p)1/4)k:1/2, (4.1)
0(¢®) = —=((1+2p)"/* + (L —p)" /(1 + p)*/*) 2K /2,

((1+2p)* + (1= p)/H (1 +p)> k2,

and

—q) = (1= p)*/ (1 + )4k,

—¢2) = (14 2p)3/3(1 — p)3/3(1 + p)V/8k1/2,
o(—¢®) = (1 )1/4(1 +p)3/4k:1/2,

—q*) = 27141 + 2p)3/16(1 — p)3/16(1 4 p)1/16
< (1 20)/2 4 (1= p)2(0 4 p)/2) AR,
P(=a%) = (1+2p)M/3(1 = p) /(1 + p)*/k1/2,
o(—q'2) = 271/4(1 + 2p)1/16(1 — p)1/16(1 4 p)3/16
 ((1+2p)Y/2 + (1 — p)Y/2(1 + p)¥/2)V/4k1/2,

(4.2)
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Using this parametrization we find with the help of MAPLE that the following two
identities hold:

¢*(@)e(d®) + P (=) o(—4°)

= 40(¢*)p(q")(¢°) + 40 (4" p(a"?) — 69%(¢°)p(¢"?), (4.3)
0(0)9* () + o(=a)¢” (—4°)

=20°(¢")p(q") + 40(g")¢* (¢'?) — 40(®)p(a°) (") (4.4)

¥
Multiplying (4.3) by ¢(¢?) and (4.4) by ¢(q%), and then equating coefficients of ¢°"
(n € N), we obtain

N(1,1,2,3;2n) = 2N(1,1,2,3;n) + 2N (1,2,2,6;n) — 3N(1, 3,3,6;n)
and

N(1,3,3,6;2n) = N(1,1,2,3;n) + 2N (2,3,6,6;n) —2N(1,3,3,6;n).
By rearranging these two equations, we obtain the last two assertions of
Lemma 4.1. O

We are now ready to determine N(1,3,3,6;n). From (2.7) we have

(1,3,3,6:n)

d
N(1,3,3,6;n) =2n ] | dp(l 336.0) (4.5)
P D )Yy 9y Yy

as N(1,3,3,6;1) = 2. We make use of the simple result: For h € N and r € Z we
have

h-t ) 1 ifr=0 (mod h),
Z e27nrm/h — ( ) (46)
— 0 ifr£0 (mod h).

Theorem 4.1. Letn € N. Define o, € Ng = NU{0} and N € N with gcd(N, 6) =
1 uniquely by n = 2*3°N. Then

==

N(1,1,2,3;n)

e () (o) B )
N(1,2,2,6;n)
|
<

@) @) I
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N(1,3,3,6;n)

e or@) (roer @) L
N(2,3,6,6;n)
<
<

Ao @) @) B

Further, for n € N define

(5)a ws)

e
D(n) = > = <_78>d. (4.10)
Then
N(1,1,2,3:n) = 4A(n) — B(n) + gC(n) - %D(m
N(1,2,2,6:n) = 24(n) + B(n) — gcm) _ % (n),
N(1,3,3,6:n) %A(n) - %B(n) + %C(n) _ %D(n),
N(2,3,6,6:) = 2A(n) + £B(n) ~ 2C(n) — 3 D(n).

Proof. Let n € N. For each prime p we define a, € Ny and n,, € N uniquely by
n=p*n, pin,. (4.11)
Let k € N. Appealing to (2.2), (4.6) and (4.11), we have

pF-1

k
p¥—1
1 2mim (42 43,213,241 6,2 pop,
N,x(1,3,3,6;n) = — E g ¢ pb (@ITBTa ST 6rimpTny)

p

z1,72,73,£4=0 m=0
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Interchanging the order of summation, and isolating the terms with m = 0, we obtain

k
pr—1 —2mimn, [P 1 2mima?

N,x(1,3,3,6;n) = p3k—|— — Z e o or Z e ok

X =0
p —1 67rimm% p —1 67rimm§ p —1 127ri1nm?1
X E e »* e " e "
xro=0 x3=0 x4=0

Collecting together those terms having the same power of p in m, we obtain

k— 1p —1 —2mimnyp p _1

N,«(1,3,3,6;n) = p* kz Ze pFer Z e »F

p—1 ) pF—1

67rzmy2 12mimz2

Zep7

that is, for £ € N and any prime p, we have

1 k*lpk_uil _—2minpv pk71 2miva?
Npe(1,3,3,6:0) = p™ 4+ = 0 37 e Y e
p u=0 wv=1 z=0
piv
2
67r1vy2 127r7.‘uz

X e rFu Z e vk | (4.12)

First we treat the case p > 3. By Lemma 3.2 we have

k_1q —
L4 27r7,v1 k u'(pk*u_l)g k—u
E ert t =p" (A Dz,

6‘”“”’ SU kiu,(pk7“71)2 k—u
E epk v = — 7 p) Pz,

so that

pF-1 pF-1 pF-1

27”1):1‘ 6mivy? 127r7.'uz

k+u
6
Z e PP e rF v Z e »Fu :p2k+2“<—) . (4.13)
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Hence using (4.13) in (4.12), we obtain

k u
-1 —2minpv

klczlp2u(§) Z ert o (4.14)

N,(1,3,3,6;n) = p** + pF (—)
p u=0

p’rv

For u € Ny with 0 < u < k — 1 define

k—u_q

P —2minpv
Sim 3 eF
v=1
pfv
Ifu>k—apthen k—a, —u<0so
k u_q
LTSt = g w1
i
If u <k —ap then £ — o, —u > 1 so by Lemma 3.4 we have
pFu_1 _k27\-7,np‘1/ 0 ifugk—ap—2,
Z ert P = (4.16)
—p*r ifu=Fk—a,—1.

p’rv
Hence by using (4.15) and (4.16) in (4.14), we obtain

6 k k-1 6 u
Npk(1,3,3,6;n)=p3’“+pk<5) > p2“<]§) (pF —pt )

u=0

u>k—ay,
6 k k—1 6 u
+pk(—) 3 p2“(—) (—p™). (4.17)
p ~ p

u=k—oap—1
Three cases arise according as o, = 0,1 < ap, <k—1o0r k < ap. If o, = 0 then

from (4.17) we have
6\ ¥ 6\ AL
Np(1,3,3,6;n) = p** +0 - p" (5) p**Y (}—9) :

Hence
(4.18)

6
N,x(1,3,3,6;n) = p* — (5)p3“ if o,

If 1 <a, <k-—1 then from (4.17) we have

k -1 u
6 6 e
Npk(1,3,3,6;n)=p3k+p’“(1;) ) p2“<5) (p* = pt )

u=k—«

k k—a,—1
6 (6 .
+p’“(—) pAlE—on ”(—) (—pr),
P P
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that is
6 k k-1 6 [
Ny (1,3,3,6;n) = p** + p** (—) > (—) (" —p")
p u=k—ap p
6 ap+1
3k—a,—2
—p P - . 4.19
2) =
Now
k-1 1L
u( U u—1\ __ S k—a a
Z ri(s" —s"7) = . (rs)" (1 — (rs)*) (4.20)

u=k—a
for integers a and k with 1 < a < k and real numbers r and s with s # 1 and
rs # 1. Using (4.20) to evaluate the sum in (4.19), we obtain

N (15,3, 6:m) = p 1 2 (8 Q V) (1= (6)7 e
s () (O (- G))

a,+1
_p3kozp2<§> ! .
p
1 o
oy (175) (- G) )

c) — 3k k—a p p

Npk(1,3’3,67n)_p3 +p3 p(;) ( (6) )

I—(-)pr

p

6 ap+1
—p3’€%2<—> if1<a,<k-1 (4.21)
p

Thus

If & < oy, then from (4.17) we have

kk—1 u
(6 6 )
Npk(173,376;n)=p3’“+pk<2;> Zp%(;) (P* =" ) 40, (4.22)
u=0

that is

6 kk—1 6 u
Ny (1,3,3,6;n) = p** + p** (1—9) > (1‘,) (" —p" ). (4.23)

u=0

Using (4.20) to evaluate the sum in (4.23), we deduce

| 1_l> .
Nyi(1,3,3,6;m) = p** +p2’“<§>k<1<<6p)> (1 - (g) pk> if ay > k.
—(=)p
p

(4.24)
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In summary, putting together (4.18), (4.21) and (4.24), we have for p > 3

N,(1,3,3,6;n)

if opp =0,

ifl <o, <k-—-1,

if o, > k.

(4.25)
Thus, if p > 3 and ptn (so that a, = 0), we have by (4.25)
6
3k O\ 3k—2
_  N#(1,33.60) 7 (p)p
dp(1,3,3,6;n) = khlgo T = khigc p3k
6) 1
=1—-(-)=, p>3, pin 4.26
(p) p? T (4200
In particular we have
6\ 1
dp(l, 3,3, 6, 1) =1- (1—7) ]?, P> 3. (427)
Hence
6
dp(1,3,3,6;n) =
— Hip =1 (4.28)

d 13361) p>31_<§)
pin P

If p> 3 and p|n (so that a;,, > 1), we have by (4.25)

N, (1,3,3,6;
lim —pk( ’ - n)

dy(1,3,3,6:n) = | 3

1 or
6\ (1 - _> <1 - <§> Pa”> 6\ ortl
-1 _|_p—ap <_> p p _p—ap—2 <_> ,
p p
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that is

6 2 ap+1 § ot
dy(1,3,3,6;n) = <1_ <p2j ><<§> ; Ep) ) ifp>3, pln. (4.29)
— | = |p|port?
p

Hence, by (4.27) and (4.29), we deduce

PP (o 0 T

d 13361)_1—[

E -G -mar

Thus
ap+1
( ) e (5)
1,3,3,6:n 1 p
P 11 : (4.30)
L dp(1,3,3,6;1) Hpapp>3 . (g)
pln p>3 pln
pln

Secondly we treat the case p = 3. By Lemma 3.2 we have

3k_1

Z - =3(2) e
3 )

3k—1
27rlvy

k—u—1  gk—u—1_ e —u—
eaF—u—T _3u+1( ) )35~
3

b
y=0
3k 1 k—u—1
amivz? 20 sh—u—1_100 p_wu—1
§ : —u—T _ Qu+l1 ;
e3k—u—1 — 3 <§) Z( P} ) 3 Pl ,
z=0
so that
2
3k_1 3k_1 3k_1
orive? 2mivy? dmivz?
§ e ak—u § e3k—u—1 § eak—u—1
=0 y=0 z=0

= ghuts(_q)k—u-l <§> (—1)k—u=1;32%—2u=2,/3
_ (§>32k+2u+1\/__3'
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Hence (4.12) in this case becomes

k—13k-v_1

—2mingv

1
Nsi(1,3,3,6;n) = 33% + Z Z e3F—as—u <§>32k+2u+1\/__3,

2k
3 u=0 ov=1
3tv

that is

k—1 gk-u_q

v=1
3tv

Ny (1,3.3,6m) = 3% 4 3T 0 S (1)
u=0

For u € Ny with 0 < u < k — 1 define

gk—u_q
v —2mingv
Py g
v=1
3tv
If u>k— a3 then k — a3 —u <0 so
3k 3k |

T = Z(g): DS T N IS L L ey )

v=1 v=1 v=1
3fv v=1 (mod 3) v=2 (mod 3)

Next suppose that v =k — a3 — 1. Then 3#~@s—% =3 3k—u = 323+l 5nd

33Tl g . i
—27ingv
r= 3 (g)e ’
v=1
3tv
gestl_q 3e3+l_q

—2mingv —2mingv
= E e 3 — E e 3

393 _

! —27ming(3z41)
= E e 3
=0

393 _

! —27ming(3z42)
> e
=0

*3 a3 __

o 3 1 s 3 1

—27in, . —4min )

— 6% E 6727r1n3x _ 6% E 6727r1n3x
=0 =0

—2ming 2ming

=e 3 3% —¢e 3 3

.. [ 2mn3
— 3%
zsm( 3 )

()

(4.31)
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—2ming

Finally suppose that w < k — a3 —2. Then k —az —u —1 > 1 s0 esF-as—u-1 £ 1.
Hence

gk-u_q

(3 —2mingv
T — E (_ 63k70¢3—u
3
v=1
3tv
k—u k—u
3 -1 —2mingv 3 -1 —2mingv
— E esk—az—u _ E e3k—az—u
v=1 v=1
v=1 (mod 3) v=2(mod 3)
3k—u—1_1 3k7u71_1

—2ming(3z41) —2ming(3z+2)

— E e sk-az—u  _ E e sF-oaz—u

=0 =0
k—u—1_1 k—u—1_1
—2ming —2mingx —4ming —2mingx
— esk—aS—u § esk—ag,—u—l _€3k7a37u § e3k7a37u71
=0 =0
, : gerelog ;
—2ming —4ming —2mingx
— (egk—a3—u _ egk—a3—u) E esk—az—u—T
=0
= O7
as
k—u—1 . .
’ ! __—2mingz _ 1 — e~ 2min33"s
F—og—u—1 __ —
E esrasTy - —2ming =0.
=0 1 —esh-os—ut
Summarizing we have
0 ifu>k—as,
M3\ 0as 5
T: —?3 —3 lfu:k—ag,—l,
0 ifu<k-—as3—2.

Using this evaluation in (4.31), we have

k—1
Nyt (1,3,3,6:m) = 3% 4 350 1V=g 37 32 (—(2)3v/=3).
u=0
u=k—az—1

Henceif a3 <k —1then0<k—a3—1<k-—1so0
Ngk(1,3,3,6;n) — 33k: _|_ 3k?+1 /_3 32(/670(371) (_(@) 30(3,/_3)

3
— 33k 4 (E)SSk—ag
3 )
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whereas if a3 > k then k — a3 — 1 <0 so
N3 (1,3,3,6;n) = 33~

Summarizing we have

3%k 4 <_—3>33’“°‘3 if g <k —1,
N3 (1,3,3,6;n) = ng

(4.32)
33k if g > k.
Hence for all n € N, we have from (4.32)
-3
33k: 4 (_ 33k7(13
. N3(1,3,3,6;n) . ng
B(1,3,3,6:m) = Jim ZESmmm = lim ——
-3\ 1
=1 — .
+ < ns ) 393
In particular we have
ds(1,3,3,6;1) = 2.
Thus we have
ds(1,3,3,6;n) 1 -3
= 393 — |/, eN. 4.33
ds(1,3,3,6;1) 2-393 + ns " ( )

Finally we treat the case p = 2. By Lemma 3.3 we have for 0 < u < k —1 and
v odd

ok _q 0 ifu=Fk—1,
Z 21rki'u.7:2 e
ek = W (2\77
= 2%<—> (1+4") f0<u<k-—2,
v
ok_1 - ok _q1 ) 5 0 1fu:k—1,
CEE Y S
V=0 ) 272 (—) 1+ if0<u<k-—2,
3v
2k ifu=Fk—1,
27 e A 2mi(3v) 22 0 ifu=*k-2,
Z e ok—u — e ok—u—1 —
z=0

z=0 k 1 2 hru—d
2%<_> (1+4*) if0<u<k-3.



Quaternary Quadratic Forms 1677

Hence

2
2k 1 2k_1 2k_1

2mivae? 6mivy? 12mivz?
g e 2k—u e 2k—u E e Tok—u
z=0

0 ifu=Fk—1k—2
2

22k+2u+% =
v

)(—1)k—“—1(1 +i%) (1 4+ if0<u<k-—3.

Thus, by (4.12), we have
NQk (1a 37 3a 67 TL)

—2mingv

k=3 2F v —1
2
_23k+_z Z eFF—az2— “22k+2u+%<—)(—1)k_u_1(1—|—iv)(1+i3v)3.

v

v odd

As (1+14")(14i3)% = —(=L)4i for v odd, we deduce

ok—u_1
_2 —27ingv
Noi(1,3,3,6;n) = 23% 4 2F+2(—1)ky/ =2 2: ?“Ej(—)whwﬂ.

v
v=1
v odd
(4.34)
If Kk =1 we have
N>(1,3,3,6;n) = 8.
If &k = 2 we have
Ny(1,3,3,6;n) = 64.
Thus we may suppose k > 3. For 0 < u < k — 3 set
gk—u_1q 9 ;27rin2v
T:= —er .
> ()
o odd
Ifu>k—oasthen k—as —u<0so
2k7u_1 2 . 2 zk—u—S_l
_ v=8+y _
r- Y (F)Er T (F) oo
Uvozdld y=1,3,5,7 =0

() ) () (7))

=231 41-1-1)=0
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so that

T=0 ifu>k—as.
HTu<k—-—ay—1thenk—as—u>1so

ok—u_1q —2mingv
T Z _2 ok—ag—u
- — |€
v

v=1

v odd
—2mingy 28781 —2mingx
v=8z+y z : -2 oF—az—u Qk—ag—u—3
= — |€ E (& .
y=1357 \ Y =0

We now consider cases according as u > k—as—3oru < k—as—4. Ifu > k—ay—3
then £k —as —u—3<0so

9 omingy 2FTU 81

— F—ag—u

T = E (—)62 2 E 1
y=1,357 \ Y =0

—2ming —6ming —107ing —ldming
Jk—ag—u k—ag—u SF—os—u Sk—os—u

= ok—u=3(¢ +e —e —e ).

Ask—ay —3<u<k—ag—1 we have
u=k—ay—3, k—ay—2 or k—as—1.
If u=Fk— as — 3 we have

—2ming —6ming —107ming —1ldmwing

T=2%ee 8 4+e 8 —e 8 —e 38

km (2 1 ok (=21
cos—= = | 7 sin—- = | — 5
for k odd, we have after a short calculation

—2ming —6ming —10ming —1l4ming -2
e & +e 8 —e & —e 8 :—2<—)\/—2

As

n2
so that
T = —2a2+1<__2>\/__2 fu—Fk—ay_ 3.
ng
If u =k — as — 2 we have
T =20l (e W o T T

= 9 () o (i) () (i))
— _2042—1(Z-n2 4 Z-3n2 _ 7:5n2 _ Z'7TL2)
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so that
T=0 fu=k—ay—2.
If u=Fk— as—1 we have
T _ 2042_2(6 727;“12 + e —67;in2 e —IO;rinz _ 6714;“12
=2%272(1 —1+1+1)
so that
T=0 fu=k—ay—1.
Finally we treat u < k — as — 4 in which case k —as —u —3 > 1 and
9 —2mingy 2FTwT8_1 —27ing z
— F—ag—u F—ag—u—23
r— Y (_)62 Sy <62 2 )
y=1357 \ Y =0
—2ming
Sk—ag—u—3
Ase® =# 1 we have
Z € =———m;— =0
__—aming
=0 1— ezk—QQ—u—;s
SO
T=0 fu<k-—ay—4.
Summarizing we have: For £k > 3 and 0 < u < k — 3 we have
T =0 1in all cases except when ao < k—3 and u=k—as—3
in which case
-2
T = —202t! <—> V=2
n2
Thus appealing to (4.34), we obtain for k > 3
23k if k <as+2,
Nox(1,3,3,6;n) = -2 4.35
2 ) 23k _ (—1)a2 <—>23’H“2—2 if k> as+3. (4.35)
n2

It is clear that (4.35) is also true for £k =1 and k& = 2. From (4.35) we deduce

Nok(1,3,3,6; -2 1
dy(1,3,3,6;n) = lim Ng(1,3,3,6;n) =1—(—1) <—> neN.

k—oo 23k Qaz+2 ’

n2
In particular for n =1 (so that ag = 0, ng = 1) we have
1 3

d2(1,3,3,6,n):1— Z = Z
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Hence

dy(1,3,3,6:n) 1 L
3 9y9, U, — 2a2+2 (1) 2 . n
d2(1,3,3,6;1) 3.2 (=1 " , neN (4.36)

Appealing to (4.5), (4.28), (4.30), (4.33) and (4.36), we obtain for n € N

N(1,3,3,6;n) = %(2“2” - (=n® (%)) (3% - (%))

6 ap+1
-0
<I1 b . (4.37)

o
pln p

Now we express n in the form

n=2%3°N, where a,3€ Ny, N €N, ged(N,6)=1.
Then we have

as=a, as=/0, ny=3°N, ng=2%N.
-2 -2 -3 ol =3
(#)-(F) &)~ (F)

Thus (4.37) becomes
(o (3)) (e (7))

6 y+1
-0
< I1 é’ ,
p7IIN p— (—)
p
as asserted.

Then, by Lemma 4.1 and (4.38), we have

Hence

N(1,3,3,6;n) =

W =

(4.38)

N(1,1,2,3;n) = N(1,3,3,6;3n)

(@) e ()

+1
p7+1 _ <§>7
<[] P

G
pY[|N p— |-
p

as claimed.
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Also, by Lemma 4.1 and (4.38), we have
N(1,2,2,6;n)

_ gN(1,373,6;n) ~ N(1,3,3,6;3n) + %N(1,373,6;6n)
e @) ()
o @) or(?)
(s @) ()
)

6\
+1_ (2
_l gat +(-1) __2 36+ —(-1)~ __3 H " <p)
-3 N N (6) ’
v p—| =
p
ted.
Further, by Lemma 4.1 and (4.38), we have
N(2,3,6,6;n)

= N(1,3,3,6:n) + 1N(l 3,3,6;2n) — %N(1,373,6;3n)
sl e (F) (o (7))
e @) -or(3)

3y o (Z2)) (904 e (V)] T (
@) e ) L
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+1
< 11 I VYA

A=
o §7+1
e cr @) -er@) A

as claimed. This completes the proof of the first part of the theorem.

We now turn to the proof of the final four formulas of the theorem. From (4.7)-
(4.10) it is easy to verify that for n € N with ged(V,6) = 1 and o, € Ny we
have

and
- () () - (2o
B = (5 ) ),
cw) = (5 )ow) = (5 )
and
e (SYT
oIz <>)H8
Hence

v+1
p“/+1 _ < )
A@203°N) = 2030 [[ ———2—

()
pY|[|N p—| -
p
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y+1
B(2°3°N) = (-1)*3° (%) 11 %7

S
=
2
]
|
A/~
o
N

pY[|N p—

Q
~—~
)
Q
w
=
I
T
—_
N—
Q
)
Q
7 N
|
|4,
~~_
S
2
+
=
|
N
RVIok o QI
V\_/Q
+
=

o 6\
wero- (17
p

Thus, from these and the first four formulas of the theorem, we obtain

N(1,1,2,3:n) = 4A(n) — B(n) + %C(n) - %D(n),
N(1,2,2,6:n) = 24(n) + B(n) — §C(n) - %D(n),
N(1,3,3,6:n) = gA(n) _ %B(n) + gcm) - %D(n),
N(2,3,6,6:n) = %A(n) + %B(n) _ §C(n) _ %D(n),

as claimed.

5. Evaluation of the Generating Functions of A(n), B(n),
C(n) and D(n)

1683

Recall that Ramanujan’s theta function ¢(q) was defined in (1.1). In [2, pp. 225

227], it was shown that the identities

SIENEE
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g (% (?) (n_—;il)d) q" = gw(q)s@3(q3) - %so‘?’(q)w(f’)

+ 5P @e(-0e (") - 2P )l
> (Z <_73) (%)d) q" = %s@(q)s@?’(q?’) + %soz”(q)w(q?’)
n=1 d|n

- P @el-0)e(~a") - 3PN,

follow easily from some identities of Petr [9]. A different proof of these identities
has been given by Cooper [7].

As an application of our theorem (Theorem 4.1), we evaluate the analogous
infinite series with the discriminant —4 replaced by —8. We prove the following
result.

Theorem 5.1. For g € C with |q| < 1 we have

= 79@0¢*(@))e(") = 70(*)p(a”)¢* ("), (5.1)
- -3\ /-8 "
2 (Z (7) (F)d) q
= —%@Q(q)@(q2)@(q3) + ¢(0)¢* () (q°)
+ %@(Q)wQ(q3)s@(q6) — () e(d®)e* (¢°), (5.2)
> -3\ [/ -8 "
2 (Z (Z) (n—/cz)d) a
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d|n
= —%@2@)‘/7(92)@@3) — 0(9)9*(a*)p(d%)
+ 2000 (@)eld®) + 3e()p(a’) 6 (a). (4)

Proof. From the second part of Theorem 4.1 we obtain

1 1
1 1
- ZN(1a373a67n) - ZN(2a376a67n)a
1
B(n) = _§N(]—717273;n)+N(1727276;n)

+ N(1a373a67n) - N(273a6767n)7

(Rl Y

1
N(1,1,2,3;n) + ZN(I’ 2,2,6;n)

=
2
I

3
+-N(1,3,3,6;n) — 11\7(27 3,6,6;n),

e~

1
D(n) = §N(1, 1,2,3;n) + N(1,2,2,6;n)

- gN(1,3,3,6;n) —3N(2,3,6,6;n).

Hence
i D(n)q" = % 21 N(1,1,2,3;n)¢" + g N(1,2,2,6;n)q"
_ gi N(1,3,3,6;n)q" — 3T§:1N(2, 3,6,6:n)q"
— % 21\](1, 1,2,3;n)¢" + éN(L 2,2,6;n)q"
_ g iN(1,373,6;n)q" - 3i N(2,3,6,6;n)¢"
n=0 n=0

|
S
N | —
+

—

I

N W
|

w
S~
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1

= 597 @e(@)e(@) + (9)¢* (4*)¢(a")

3

= 59(@0)¢*(@))e(°) = 3p(a)e(a*)¢*(d") +3,

from which (5.4) follows. Identities (5.1)—(5.3) follow in a similar manner. O
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