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SOME ARITHMETIC IDENTITIES INVOLVING DIVISOR
FUNCTIONS

SABAN ALACA, FARUK UvGuL, KENNETH S. WILLIAMS

Abstract: For a positive integer n, let

o(n):= Z d.

deN
d|n
The explicit evaluation of such arithmetic sums as
Z o(a)o(b)o(c) and Z ac(a)o(b)
(a,b,c)eN® (a,b)eN?
a+2b+4c=n a+2b=n

is carried out for all positive integers n.
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1. Introduction

Let N denote the set of positive integers, Ny := N U {0}, and Z the set of all
integers. For k € Z and n € N, we define as usual

or(n) = de. (1.1)
7

If n ¢ N, we set o,(n) = 0. Further, we set o(n) := o1(n).
For a complex variable ¢ satisfying |¢| < 1, Ramanujan’s Eisenstein series
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L(q), M(q) and N(q) are defined by

L(g):=1-24> o(n)q", (1.2)
n=1

M(q) :=1+240 ) o3(n)q", (1.3)

N(q) :=1-504) o5(n)q". (1.4)

Further, for » € Ny and s,k € N, we define

[, sl = Y n"ou(n)g"". (1.5)

n=1

Lahiri [4, p. 149] has derived the following thirteen identities from the work of
Ramanujan [5], [6, Theorem 2.4, pp. 141 - 142]:

L*(q) = 1 — 288[1,1]; + 2400, 3], (1.6)
L*(q) =1 —1728[2,1]; + 2160[1, 3]; — 504[0, 5], (1.7)
L*(q) = 1 — 6912[3, 1], + 10368[2, 3]; — 4032[1,5]; + 480[0,7];,  (1.8)
L°(q) = 1 —20736[4, 1], + 345603, 3], — 172802, 5], (1.9)

+ 3600[1, 7]; — 2640, 9]4,
M?(q) = 1+ 4800, 7], (1.10)
L(q)M(q) = 1 + 720[1, 3]; — 5040, 51, (1.11)
L*(q)M(q) = 1 +1728[2,3]; — 2016[1, 5]; + 4800, 7], (1.12)
L3(q)M(q) = 1 + 3456[3,3]; — 5184[2,5]; + 2160[1,7]; — 264[0,9];,  (1.13)
L(q)M?(q) = 1+ 720[1,7]; — 2640, 9], (1.14)
L(g)N(g) = 1 — 1008[1,5]; + 4800, 71, (1.15)
L%*(q)N(q) = 1 — 17282, 5]; + 1440[1,7]; — 264[0,9]1, (1.16)
M(q)N(q) =1 — 264[0,9], (1.17)
M?(q)N(q) = 1 — 24[0,13];. (1.18)

In this paper, we are interested in products of the form
L (q)L(q*) L (q") M™ (q) M (¢*) M (¢ )N ()N (¢*) N (¢*)  (1.19)

with
a17a27a47b17b27b47017027c4 S N07
max(ay,by,c1) €N, (1.20)

max(ag, bg, C2, 04, b4, 04) € N.
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We seek those products which can be expressed as a linear combination of the
series [r, s]1, [r, s]2 and [r, s]s4 (r € Np, s € N). Guided by (1.6)-(1.18), a computer
search for such products was carried out in the range

max(ay, az,a4) = 5,

I?(laX(bl7 bQ, b4) = 2,

ma.X(Cl, C2, C4) = 1) (121)
sgn(aq) + sgn(az) + sgn(aq) + sgn(br)

+sgn(be) + sgn(by) + sgn(cr) + sgn(ea) + sgn(eq) < 3.

The search produced seven possible identities. All seven candidates were subse-
quently proved and are given in Theorem 1.1. The proof of Theorem 1.1 is given
in Section 2.

Theorem 1.1. For g € C with |q| < 1, we have

(i)
L(g)L(¢*) = 1 — 72[1,1]; + 48[0,3]; — 288[1, 1]5 + 192[0, 3]2,
(i)
L(q)L(q*) = 1 —36[1, 1], + 12[0, 3], + 36[0, 3]> — 576[1, 1]4 + 192[0, 3]4,
(iii)
L(q)M(q*) = 1 — 240, 5]; + 1440[1, 3] — 480]0, 5]2,
(iv)
L(¢*)M(q) = 1+ 360][1, 3]; — 1200, 5]; — 3840, 5],
(v)
L(q)L?(¢%) = 1 — 144[2, 1], + 144[1, 3]; — 24[0,5]; — 2304[2, 1],
+ 2592[1, 3], — 48010, 5]2,
(vi)
L*(q)L(¢*) = 1 — 576[2,1]; + 648[1,3]; — 120[0, 5]; — 2304[2, 1],
+ 2304[1, 3]> — 3840, 5]2,
(vii)

L(q)L(¢*)L(q") = 1 = 72[2,1]s + 54[1, 3] — 6[0, 5],
— 576[2, 1]5 + 684[1, 3]5 — 114[0, 5,
— 4608[2, 1]4 + 34561, 3]4 — 384[0, 5]4.
Equating the coefficients of ¢" (n € N) in these identities, we obtain seven arith-

metic identities. These identities are given in Theorem 1.2. The proof of Theo-
rem 1.2 is given in Section 3.
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Theorem 1.2. Let n € N. We have
(i)

Z 2‘0((JJ)U(b) = %ag(n) + (214 - ;n) o(n) + %0’3(71/2)
o
11
+ <24 — 4n> o(n/2),
(i)
> otarls) = ggmsn) + (35 = g ) 70+ /2
P
+ 503(H/4) + <214 — 4n) o(n/4),
(iii)
1 1 1
Y ola)os(t) = gp5os(n) = zgotn) + 15o5(n/2)
P
+ (214 - én) o3(n/2),
(iv)
> 20(a)ag(b) = %Ug,(n) + (214 - 116n> o5(n) + 1—1505(n/2)
Sotbn
1
- %U(H/Z)’
(v)
( 1)2): . o(a)a(b)o(c) = 5—;605(71) + <hi4 - 916n> o3(n)
et emn

111,

+ <21§’8 - ;271> o3(n/2)

111,
it 2
* (288 32"t ag” )U(”/ )
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Z o(a)a(b)o(c) = %05(71) + <T;8 - én) o3(n)

(a,b,c)EN®
a+b+2c=n

+ L,i +i2 ()
288 32 T4t )W
1

+ %as(n/m + (36 - 112n> o3(n/2)

11 1,
gy 2
* (576 BT " )U(”/ )

(vii)

Z o(a)o(b)o(c) = 2310405(71) + (11552 — 251671) o3(n)

(a,b,c)EN?
a+2b+4c=n

(Lot L) om
576 128 192" )7
19 23 19
o) (e 2
2301722+ (1152 768n> o3(n/2)

1 5 1,
+ (576 - @n—k%n >o’(n/2)

+ 3%05(n/4) + (316 - 116n> o3(n/4)

11 1,
Parts (i), (ii), (iii) and (iv) of Theorem 1.2 are due to Huard, Ou, Spearman and

Williams [3, Theorems 2, 4, 6]. The rest are new. Two further arithmetic identities
are deduced from Theorem 1.1 in Section 4 (see Theorem 4.1).

+

2. Proof of Theorem 1.1

Let ¢ be a complex variable satisfying |¢| < 1. Define the theta function ¢(q)
(Ramanujan’s notation [1, p. 6]) by

Further, we define the parameters x = x(q) and z = z(q) by

o' (—q)
©*(q)

x:i=1-— ) 2= ¢*(q), (2.2)
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(see [1, pp. 119 - 120]). Then it is known that

L(g) = (1 — 5x)2* + 122(1 — z)22/, (2.3)
L(¢*) = (1 — 22)2* 4+ 62(1 — 2)27/,
L(¢") = <1 — ix) 22+ 3z(1 — x)27/, (2.5)
M(q) = (1 + 14z + 2?)2*, (2.6)
M(q®) = (1 -z +2?)z%,
M(q*) = <1 —z+ 116:E2) 24, (2.8)
N(q) = (1 — 33z — 3322 4 23)25, (2.9)
N(¢?) = (1 - gl‘ - ng + x?’) 28, (2.10)
N(¢*) = <1 - gx + ;—;xz + 614:c3> 28, (2.11)

d
(see [1, pp. 125 - 128]), where 2’ = d—z From (1.3) and (1.5), we have
T

= N 1 1
[0,3]: = ;%(n)q = %10 + mM(Q) (2.12)
From (1.4) and (1.5), we have
0,50 = oa(ma" = = — - (g, (2.13)
: P 504 504
Then, from (1.6) and (2.12), we deduce
[1,1]; = fiLz( )+LM( ) (2.14)
LT gt W T g M) '
From (1.11) and (2.13), we have
11,3)1 = == L(g) M(q) — =N (q) (2.15)
e O Vs N DT R ‘
From (1.7), (2.13) and (2.15), we obtain
211 = ——— L3(q) + = L(q) M(q) — — N(q) (2.16)
DT T T g O T gey D) '

We now carry out the details of the proof of part (v) of Theorem 1.1. The
remaining parts can be proved in a similar manner.
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Appealing to (2.3), (2.4), (2.6), (2.7), (2.9), (2.10), (2.13), (2.15) and (2.16),
we obtain

1 — 144[2,1]; + 1441, 3], — 24[0,5]; — 2304[ 1] + 2592[1, 3] — 480[0, 5]2

= 1144 ( — o T0) + %u DM(g) ~ N (@)

144 (= L0 M ) - 720N( 0) - 24557 — 55N (@)

720
~2304( — o Ie) + %u PIM(P) ~ o N(0P))
+ 2592(720L( 2)M(q?) — %N( )) - 480(@ - ﬁ]\r( 2))
- 1—12L3<q) — e @M (@) + 25 N(0) + S13(¢) — L) M(e?)

+ ﬁN( q°)
112 ((1 — 52)2% + 122(1 — z) 22’ )3

210 ((1 — 52)2% + 122(1 — z) 22’ )(1 + 14z + 22)2?

710 (1 — 33z — 3322 + 2°)2° %((1 — 22)2% + 6x(1 — m)zz’)g

- %((1 —2x)2% + 62(1 — x)zz’) (1—x+a2?)2*

+ 105(1 p” Tt )Z
= (1 —22)*(1 — 52)2° + 122(1 — ) (1 — 22)(2 — Tx)2"2
+3622(1 — 2)2(5 — 13x)2%2"% + 43223(1 — x)3232"3
2
- ((1 — 52)2% + 122(1 — x)zz') ((1 — 22)2% + 62(1 — x)zz/)
= L(Q)Lz(qQ)’
as asserted.

We remark that in the course of the proof of part (v), we proved the new
identity

1 1 4

Lg)L*(¢%) = 75L°(0) = 55 L) M (g) + 70N( 9) + 3 L%q%)
~ SLM() + =N (@), (27)

Similarly, from the proof of part (i), we have

L)L) = J12(@) + L(¢%) — 5 M(a) — 3

5 5M(q2), (2.18)
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from part (ii)

L)L) = §17(q) +2L7(q") — - M(q) + s M(¢®) — 9M(q),  (2.19)
from part (iii)
L)M(¢?) = 2L(P)M() + 5-N(a) ~ 2 N(g?), (220)
and from part (iv)
LM (@) = 5 L(a)M{g) ~ 2 N(a) + 5o N () (221)

The four identities (2.18) - (2.21) are due to Cheng and Williams [2, Theorems 3.1
and 4.1(i),(ii)]. The corresponding identities for parts (vi) and (vii), namely,

P = 3 1%0) ~ G H)M@) + 55N + 51567 (222)
- LM + S N()
and
L@L@)L") = 571%(0) ~ gs M) + S5N(@) + 315 (2.23)
- G LPMR) = N + 5T
- ?L((fl)M((f) + %N(q“)

3. Proof of Theorem 1.2

We only prove part (vi) of Theorem 1.2 as the remaining parts can be proved in
a similar manner.
Using (1.2) we have

138242 ( Z U(G)U(b)a(c)> " = 243 Z U(G;)U(b)G(C)qa+b+26

(a,b,c)eN® (a,b,c)eN?
a+b+2c=n

= <24Zc7(a)q“> 2420(c)q2c>
= (1-L(g))*(1 - L(¢*))

=1-2L(q) + L*(q) — L(¢*)
+2L(q)L(¢%) — L*(a)L(¢?).
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Appealing to (1.2), (1.6), (1.2) (with ¢ replaced by ¢?), Theorem 1.1(i) and Theo-
rem 1.1(vi) for the series expansions in powers of g of L(q), L?(q), L(¢?), L(q)L(¢?)
and L?(q)L(q?) respectively, and then equating the coefficients of ¢" (n € N), we
obtain the asserted formula on dividing by 13824. ]

4. Two Arithmetic Identities

Theorem 1.1 enables us to prove two more new identities involving the divisor
function o.

Theorem 4.1. Let n € N. We have

1 1 1,
> ac(a)o(b) = 53703(n) + <24n - 5" ) o(n)
(a,b)EN?
a+2b=n
+ Tnoy(n/2) — —=no(n/2)
6n03 n 12n o(n
and
S a0(@)o(b) = —nos(n) — —=n2o(n) + -=nos(n/2)
aocl\a)o = 48n03 n 48n agln 12n03 n
(a,b)EN?
2a+b=n

Proof. Differentiating (1.2) with respect to g, we obtain
qL'(q) = =24 no(n)q" = —24[1, 1];. (4.1)
n=1

Hence, by (1.6) and (2.12), we deduce
L?(q) = 1 — 288[1,1]; + 2400, 3],

11
14 12¢L(q) + 240 (—— + — M
+12qL7(g) + O< 910 T 240 (q)>

= 12¢L'(q) + M(q),

SO
1 1

qL'(q) = ELQ(Q) -5 M), (4.2)

which is a well-known identity.
We now prove the first identity of the theorem. Multiplying (4.2) by L(q?), we

obtain
qL'(q)L(¢*) = %LZ(Q)L(qQ) - %L(QQ)M(Q)-
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Appealing to Theorem 1.1 for the values of L?(q)L(¢?) and L(q?)M/(q), we obtain
qL/(q)L(qQ) = —48[2,1]; + 24[1, 3] — 192[2, 1] + 192]1, 3]2.
Now, by (4.2) and (1.2), we have

@i = (2o ) (1- 23 o))
e=1 b=1
= —24[1,1]; + 576 i ( Z ao(a)a(b)) q",
(

n=1 a,b)€N?
a+2b=n
SO
&S]
(¥ >a<b>)q"
n=1 \ (a,b)eN?
a+2b=n
1 1 1 1
1,1} 1 1 —=12,1 -1 .

Equating coefficients of ¢ (n € N), we obtain the first identity.
We now prove the second identity. Replacing ¢ by ¢* in (4.2) and then multi-
plying by L(q), we obtain

L@@ - LM,

QL/ 2 L

¢"L'(¢")L(a) = 5 13

Appealing to Theorem 1.1 for the values of L(q)L?(q?) and L(q)M (q?), we have
*L'(¢*)L(q) = 12[1,3]; — 12[2,1]; + 96[1, 3]s — 192[2, 1]5.

Now
L (@) L(a) = 24 ao(a)g® (1~ 24 o(b)d")
a=1 b=1

= —24[1,1]2 + 576 Z ( Z ac(a)a(b))q",

n=1 (q,b)eN?

2a+b=n
SO
2 ( 2. a >ff<b>>Q"
n=1 \ (a,b)eN?
2a+b=n
1 1 1 1
1,1 1 ,1 1 — =12, 1]s.

Equating the coefficients of ¢" (n € N), we obtain the second identity. |
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The second identity of Theorem 4.1 can be deduced from the first identity as
follows:

Y aoc(@)od)= Y bo(ao(t)= Y (n;a>a(a)a(b)

(a,b)EN? (a,b)EN? (a,b)EN?
2a+b=n a+2b=n a+2b=n
n 1
=3 > o(a)o(b) - 5 > ao(a)o(b)
(a,b)eN? (a,b)eN?
a+2b=n a+2b=n
n (1 1 1 1

. (1203(n) ; (24 - 8n> o(n) + 5o3(n/2) + (24 - in) a(n/2>>

_ % (2147103@) + (214n - 112n2> o(n) + énag(n/Q) - 112n2a(n/2>>

as claimed.
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