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Abstract
We parameterize the restricted Eisenstein series Exm(Q) = 2 o(n)q" interms
n=1
n=a(modm)
of certain theta functions for m = 8 and then use this parameterization to evaluate the

n—-1
convolutionsum Y’ o(m)s(n—m) foralne Nandalac {0,1,2,3,4,5,6,7}.
m=1
m= a(mod 8)
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1. Introduction

Throughout this paper g denotes acomplex variable satisfying|g| < 1. Letac Zandme N.
We define the restricted Eisenstein series E; m(q) by

oo

Eam(@):= X  o(nd",
=1
n= ar\](mod m)

where o(n) denotes the sum of the positive divisors of n. An easy calculation shows that
for al a,b e Z and me N we have

Eam(@Ebam@= Y Sam(n" (L1)
n=1

n=b (mod m)

Received: December 9, 2010; Revised: April 4, 2011
*E-mail addresses: aalaca@connect.carleton.ca, salaca@connect.carleton.ca, fuygul @connect.carleton.ca,
kwilliam@connect.carleton.ca



2 Ayse Alaca, Saban Alaca, Faruk Uygul and Kenneth S. Williams

where the convolution sum S; m(n) is given by

Sm(n):= Y  o(ko(n—k), neN. (1.2)

k =a(mod m)

Thus, we can evaluate S; m(n) for al n € N with n= b (mod m) if we can determine the
power series expansion of Eam(q)Ep—am(0) in powersof qinadifferent way. We show that
this can be donein the case m = 8 by parameterizing E, g(q) in terms of the thetafunctions.
We remark that the sums S, m(n) have been evaluated for m=1in[6, eqg. (3.10)], for m=2
in[6, egs. (5.3), (5.4)], for m=3in[7, Theorem 1.2] and for m= 4 in [4, Theorem 1.1].
We prove the following theorem in Section 3. For brevity we abbreviate S; g(n) to Sa(n).

Theorem. Let n € N. For k € N define

Y d oi(n)=o(n), ok(t)=0, if t¢N,
deN
d|n

and

oo

Ex=Ex(a) =[] (1-

Defineintegersc(n),d(n),e(n) (ne N) by

Y c(n)q" = gEZE], 2 d(n)q":= PE°E;¢,
n=1

> e(mq":=g°E, “Ef?Eg “Efe.

n=1

(i) If n=0(mod 8), then

So(1) = 500g05(M) + 52205(1/2) + (15~ 5n)o(1), (13)
S1() = S7(n) = 5503(1) ~ 505(1/2) ~8e(/8), (L4)
() = S5(1) = 1500 ~ 1503(1/2), 19)
So(n) = S5() = 2500() — 5505(1/2) +8c(n/8), 19)
Su(n) = 0a() — £ 05(0)2). a7
(i) If n= 1 (mod 8), then
So(n) = Su() = o 0s() + (5~ 31l + el (9)
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S:(n) = S1(n) = 0 (n) — el + Se(n) 19)
Ss() = o) = 050 — oy () — Se(r). (110)
Su() = S5() = 2505(1) — () (L11)
(iii) If n= 2 (mod 8), then
S =S(0) = Zos(n/2) + (5 - J0)o/2 + cn/2),  (112)
Su() = 305(1/2) + 76(n/2) + 7(n) (L13)
S5() = Sr(1) = 7o5(1/2) ~ 3¢(/2), (114)
Sin) = So(n) = S505(1/2) — 23c(/2), (L15)
S5(n) = 305(1/2) + 76(n/2) — 7d(n) (L16)
(iv) If n= 3 (mod 8), then
So() = S5(1) = 50 + (5~ gN)oM) — ppeln),  (117)
1) = So) = 5 05(0) — oy &(N) + (1), (118)
Si(N) = $1(1) = 72505(1) + 2p5C(r). (119)
S() = Ss() =y 05(0) — oy (n) — Se(n) (120)
(v) If n= 4 (mod 8), then
So(n) = Su() = r05(1/4) + (5~ 20 o(/4), (.21
Su(n) = Sy(n) = 203(n/4) + 2(—1) ™ /c(n/4). 122)
S:() = 203(17/4) + 5c(n/4), (123)
S5(n) = Sy(n) = 203(n/4) — 2(—1) ™ ¥/c(n/4). (124)
So() = 205(n/4) — 2c(n/4). (125)

2 2
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(vi) If n=5(mod 8), then

So() = S5() = 50+ (5~ gN)olM) +opcll),  (129)
1) = Su(n) = 208(n) — 7=cln), (127
() = S5(n) = 0 (n) — ozclr) + Seln) (.29
So() = S1(1) = r0a(1) — oyclr) — Seln). (129)
(vii) If n= 6 (mod 8), then
So(0) = So(n) = 0s(0/2)+ (5~ 2n) oV + c(n/2), (130
i) = S5() = 705(17/2) + 7¢(n/2), (1.31)
S() = Sun) = 505(1/2) — 22c(/2), (132)
So(n) = 503(1/2) - 56(n/2) +8e(n/2), (139
S/(n) = 505(n/2) ~ 70(n/2) ~ 8e(n/2). (139
(viii) If n=7 (mod 8), then
S = S1() = 0o+ (55— g)olm — rem,  (L39)
1) = Ss(n) = y03(1) — yclr) — el), (139)
S) = S5() = 5y 0(0) — g () + e(r). (1.37)
S(n) = S(n) = %Gs(n) + ngsc(”)' (1.38)

We remark that
c(n)=e(n) =0, ifn=0(mod 2), d(n)=0, if n# 2 (mod 8).

There are 8 sums S;(n) (a=0,1,2,...,7) to be evaluated in 8 cases depending upon
n (mod 8). Thus there are 8 x 8 = 64 formulae in total. It is interesting to note that of
these 64 formulae just 6 require only the divisor functions ¢ 3 and 6, while of the remaining
58 formulae, in addition to the divisor functions ¢ 3 and G, 38 require ¢, 18 require c and g,
and 2 require c and d. It issimple to check that no linear relation of the type

d(n) = (A+B(~1)"?/8)63(n/2) + (C+D(—1)"2/®)¢(n/2)



Restricted Eisenstein Series and Certain Convolution Sums 5

+(E+F(-1)"2/8)g(n/2), n= 2 (mod 8), (1.39)

existsso that d isreally required.
In proving our theorem we make use of the following result of Williams[8, Theorem 1]

D G(m)c(n—Sm):r3203() 614 63(n/2) + —03(n/4) lcxo,(n/8)

meN
m<n/8

1 1 1 1 1
(2= 3o+ (55~ 37)o(/8) — ggeln).
2. Parameterization of Theta Functions and Restricted Eisen-
stein Series
The theta functions (q) and y(q) are defined by

oo

=Y %, w@:=Y q"™Y2 gec, |g <L (2.1)

N=—co n=0

The basic properties of these functionsare

o(a) +9(—0a) = 20(q*), [5, eq. (3.6.1)],
©?(a) +0*(—a) = 2¢%(¢?), [5, eq. (3.6.7)],
(@e(—a) = ¢*(—a?), [5, eq. (1.3.32)],
(@) —o(—0q) = 4qu(q®), [5, eq. (3.6.2)].

2.2)
¢
¢

Using the first three of these relations we can parameterize ¢(+q), 9(£9?), (£q?),
o(+0®) and @(£qg*®) interms of the parameters A, B and X defined by

A=A(Q) = 9(0), B=B(d) = 0(~a), X =X(0) = ;ABA’+BY), (23

namely

(2.9
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For future use, we note that under the transformation q — —q, we have

A(=0) =B, B(—a) = A, X(=0q) =X, (2.5)

and under the transformation q — g2, we have

we = (252 ' b= m)t

A(eP)B(cf) = X2,

e(cP) + B(cf) = BB

e(cp) — Be(a) = BB 29
(@) + () = AT o,

(@) ()= AT ot

x(@) = BB

We recall next how E12(0) = ) o(n)q" can be parameterized in terms of A and B.
n=1
n=1(mod?2)

Jacobi proved that the number r4(n) of representations of an odd positive integer n as the
sum of four integral squaresisgiven by r4(n) = 8c(n). Hence

A—B* = o¢*q)— 2r4 q—2r4

=2 ¥ nmd=16 Y o

n=1 n=1
n=1(mod2) n=1(mod2)
o that
1
E f—BY. :
12(0) = 16(A BY) (2.7)

It followsfrom (2.4), (2.6), (2.7), and [1, Theorem 2.4] that

E14(0) = (A~ B)(A+B)
E24(0) = 3E12(¢%) = 5 (A~ BY2(A+B)? 9
E34(0) = (A~ B)’(A+B)
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Alsofrom (2.4), (2.6), (2.7), (2.8) and [1, Theorem 2.4] it can be deduced that

E16(0) = o5 (A B)(A+B)° + (A B)X)
E25(0) = 3E14(0P) = 237((A B)2(A+B)2+4(A—B)2X2),

E35(0) = 5 (A~ B)*(A+B) + 2(A- B},

7
28

E55(0) = o5 (A~ B)(A+B)° ~8(A-B)X)

Eoa(0) = 3Eaa(c”) = %((A— B)2(A+B)2—4(A—B)2X}),

Ess8(q) = 7E12(q%) = =5 (A—B)*,

E75(0) = (A~ B)*(A+B) — 2(A~B)XH).

Jacobi has shown that
B, EZ , E}
_E%E‘%a - Eza _Ega
so that

i c(n)q" = ?AZBZ(A— B)(A+B)(A2+B?),
Y d(n)a’ = o (A-B)*(A+B)XE,

Y e(n)q = 218(A B)3(A+ B)(A2+ B)X}.

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

Applying the mapping q +— ¢ successively threetimesto (2.11), and appealing to (2.6), we

obtain _
2 lAB(A B)2(A+B)?(A2+B?),
i l - (A—B)*(A+B)?X?,
i (g = = (A—B) A+ B)*X} — 4(A—B)*(A+B)X}).

214
Applying the transformation q +— q? to (2.13), and appealing to (2.6), we obtain

ie(n)qzn 212((A B)2(A+B)5X4 — 4(A— B)2(A+B)3X1).

Finally, we require two other parameterizations, namely

(2.14)

(2.15)

(2.16)

(2.17)
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S (1) gn/a)

n=1
n=4 (mod 8)
- 2—12((A— B)*(A+B)3X% +4(A—B)*(A+B)X7) (2.18)
and
il e(n/Z)qnzz—t(A—B)G(AJrB)X%. (2.19)
n=
n=6 (mod 8)

We just prove (2.18) as the proof of (2.19) can be carried out in a similar manner. Since
(seefor example[1, eg. (2.11)])

¢(iq) = 9(q*) + 5(9(a) —o(—1)

and
o(-ig) = o(q") — 5 (0(a) — 9(~0)),
under the transformation g — ig, we have
. A+B) .(A—-B
A= B8 A,

2
B(ig) = A7E) i AZE)

2
24B2 2.20
AiB(iq) = 22 (220

A2(iq) + B%(iq) = 2AB,
| X(iq) = X.

Mapping g +— igin (2.11), and appealing to (2.20), we obtain

3. c(n))°
= %AZ(iQ)BZ(iQ)(A(iQ) —B(ia))(A(iq) +B(iq)) (A%(iq) + B*(ia))
1 AP
- 27_1( 2

- %AB(A— B)(A+ B)(A2+B?)2.

>2i(A—B)(A+ B)2AB

Then, applying the transformation g — g2 and appealing to (2.6), we deduce

3 (i) = %A(QZ)B(QZ) (A%(®) —B*(a)) (A%(q”) + B%())
n=1

i o4 (A—-B)? (A+B)*

2

25 2 22
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[ 1
- ?(A—B)Z(A+B)4X%.
Applying the transformation g — g2 again, we obtain
- . [ 1
> emig’)” = Z5(AE) ~B(6) (AQ) +B(a”)*X(dP)?
n=1
[ 1
= g(Az(qz) — BX(?)X(A(6P) +B(?))?X(¢P)?
i (A-B)*/(A+B)? 1\ (A+B) 1
- B 2 (F5raxd)
[ 1 3
= ﬁ((A—B)4(A+B)3X4+4(A—B)4(A+B)X4).
Finally, we have
Y ()™ Be/ad = Y ()" P Pc(n)g™
n=1 n=1
n=4(mod 8) n=1(mod?2)
=it X cemig)" =it e(m)(igh)"
n=1 n=1
n=1(mod 2)
1
— 5 ((A-B)*(A+ B)3X7 +4(A— B)*(A+B)X3),
whichis (2.18).
3. Proof of Theorem
We begin by determining So(n) for all n€ N. If me N, it is easy to show that 6(8m) =
150(m) — 14c(m/2) so that
n—-1
SMn) = Y o(mo(n—m)
m=1
m= 0 (mod 8)
= 6(8m)o(n—8m)
meN
m<n/8
= Y (150(m) —140(m/2))c(n—8m),
meN
m<n/8
that is
So(n) = 15Tg(n) — 14Ty6(N), (31
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where
T(n):= Y o(mo(n—km), kneN. (32
me N
m< n/k

Aswe mentioned in the introduction, Williams[8, Theorem 1] has shown that

1

To(n) = 155051 + 5 05(1/2) + 205(1/4) + 305(1/9) (339

+(ag— 0ol + (2—4—§1n) o(n/8) — Zcln).

Further Alaca, Alacaand Williamsin [2, Theorem 1.1] have shown that

Tle(n) = ! —(53(n/4) i(53(”/8) + %(53(n/16) (34)

1
76803 + 55503(n/2) + 6
+<2%1_6%1”>0(”)+<2%1_%1”> o(n/16) - 256C16( )
where [3, Theorem 3.1]

2 ¢(n/2), ifn=0(mod?2),

c1e6(N) = < c(n), if n=1(mod 4), (3.5)
—% c(n), ifn=3(mod4).
Putting (3.3), (3.4) and (3.5) into (3.1), we obtain

23 23 23 33 14

So(n) = 35708(N) + 15503(N/2) + 3503(n/4) + 5°03(n/8) — -05(n/16)
+ <2i4 - %n> o(n) + (g - 1745n> o(n/8) - <1—72 - ;”> o(n/16)
%c(n/Z) if n=0(mod2),
+{ oc(n), if n=1(mod4) (36)
—o(n), if n=3(mod4)

This formula for Sy(n) reduces to those given in the Theorem in the eight cases n =
0,1,...,7(mod 8).
We now return to the evaluation of Sy(n) fora=1,2,...,7. Itiseasy to prove that

Sa(n) = S-a(n), if n=c(mod8), (3.7)
and

Sa(n) +Sara(n) = Saa(n). (3.8)
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Asthe S, 4(n) have been determined in [4] these formulae reduce the number of cases we
must consider. In some cases they give us the value of S;(n) immediately. For example if
n = 2 (mod 8) then by (3.7) we have

S(n) = S(n) (3.9)
and by (3.8)
S$(n) +Sr(n) = S34(n). (3.10)
From [4, Theorem 1.1] we have
Ssa(n) = 7505(n) — 2c(n/2) (311)
so that (3.9), (3.10) and (3.11) yield
() = Si() = 3Ssa(n) = 5503(n) — 2c(/2) (3.12)

= %103(n/2) - %c(n/Z).

However, in many cases they do not suffice and we use the parameterization of theta func-
tions and restricted Eisenstein series given in Section 2. We illustrate the ideas involved in
three cases.

First we show that for n = 0 (mod 8)

(1) = 3505(1) ~ 2503(0/2) ~ 8o(8)
A A (3.13)
S(n) = 503( ) — icg(n/2)+8c(n/8).

Using (1.1) and (2.9), we have

oo

Y, (Sun)—S5(n))g" = E18(q)Erg(q) — Ezg(a)Esg(a)

nzg(:m%)dS)
— o ((A-B)(A+B) +8(A-B)X}) (A-B)*(A+B) —2(A-B)°)XY)
o1 (A-B)*(A+B) +2(A-B*x}) ((A-B)(A+B)° ~8(A-B)XT).

Using the identity
(R+S)(T —U) — (R—9)(T +U) = 2ST — 2RU
withR= (A—B)(A+B)3 S=8A—B)Xi, T = (A—B)3(A+B),U = 2(A—B)3X%, and

the formula (2.16), we obtain

2 (S =Sm)d"
n= g(zm:(L)d 8)
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1

211
1
55

— 24 2 c(ng® = —-16 i c(n/8)q".
n=1 n=

n=0( d8)

(8(A—B)*(A+B)Xi —2(A—B)*(A+B)3X3)

A—B)*(A+B)3X7 —4(A—B)*(A+B)X?)

Thus
Si(n) — Ss(n) = —16¢(n/8), n= 0 (mod 8).
By (3.8) and [4, Theorem 1.1], we have

1)+ S5(m) = Sua(n) = 7

Adding and subtracting (3.14) and (3.15) we obtain (3.13).
Secondly we prove for n= 2 (mod 8).

o3(n) — 116 63(n/2), n=0(mod 4).

Su() = 305(1/2) + 76(n/2) + 5d(n)
S5() = ;05(0/2) + 5(n/2) ~ 3d(n).
Appedingto (1.1), (2.9) and (2.12) we obtain

S (Sun) - Ss(m)a" = LZg(q) — LZ4(q)

nEg(::(L)dS)
_Zi((A—B)(A—i—B) +8(A—B)X1)2
(A= B)(A+ B~ 8(A- BXI)?
:2—17(A B)2(A+B)3x1
— 3 d(n)q”
n=1
- Y dne
nEg(::(L)dS)

asd(n) =0fornz 2 (mod 8), so
Si(n) —S(n) =d(n), n=2(mod 8).
Now, by (3.8) and [4, Theorem 1.1], we have

1)+ S5(n) = Sua(n) = 7

o3(n) + %c(n/Z), n=2(mod 4).

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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Adding and subtracting (3.17) and (3.18), we obtain the formulae of (3.16).
Finally we prove for n = 3 (mod 8)

3 3 3
{Sl(n) = 5293(N) — gz ¢ + Se(n), (3.19)

S(n) = icxo,(n) — %c(n) — ge(n).

Now appealing to (1.1), (2.7), (2.9) and (2.13) we obtain

j=1357 n=1 n=1
n= j (mod8) n=j (mod8)

= Y (E28(9)Ej 28(a) —Ees(q)Ej-65(0))

j=1357

=E28(0) Y, Ej28(0)—Ess(d) Y Ej-es(q)
i=1357 j=1,357

= E28(0)E1,2(d) — Es8(d)E12(0)
= (E28(q) —Es8(q))E12(0)
1

= > 8(A-BX} (A B)(A LB+ (A B(A+B))

_ %(A— B)3(A+B)((A+B)2+ (A—B)2)X}
3

= 25(A-B) A+ B) (A + B2)X 2

(
0 $(n) —Ss(n) =3e(n), n=1(mod 2). For n= 3 (mod 8), by (3.7) we have
Si(n) =S(n) and Ss(n) = Ss(n),

SO
Si(n) —Ss(n) = 3e(n), n=3(mod 8). (3.20)
By (3.8) and [4, Theorem 1.1], we have
Si(N)+S(n) = Sua(n) (321)
= %Gg(n) — %c(n), n=3(mod4).

Adding and subtracting (3.20) and (3.21), we obtain (3.19). O
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