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THE NUMBER OF REPRESENTATIONS OF A POSITIVE
INTEGER BY CERTAIN OCTONARY QUADRATIC FORMS

SABAN ALACA, KENNETH S. WILLIAMS

Abstract: The number of representations of a positive integer by each of the octonary quadratic
forms ac% +ac% +3ac§ +3aci +3ac§ -l—?;:v%3 +3:v$ +3a:§, ac% + :v% +a:§ +aci + 3ac§ +3acg +3ac$ +3a:§,
x% + x% + x% + xi + x% + x% + 3:t$ + 315 is determined.
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1. Introduction

Let N, Ny, Z, Q, R and C denote the sets of positive integers, nonnegative integers,
integers, rational numbers, real numbers and complex numbers respectively so that
No =NU{0}. For ay,...,as € N and n € Ny, we define

N(ai,...,ag;n) = card{(z1,...,28) € Z® | n = a12? + - - - + agx?l}. (1.1)

Clearly
N(aq,...,as;0) =1. (1.2)
For k € Z and n € Q we set
S dk, ifnéeN,
ar(n) = G (1.3)
0, ifneQ\N.
We write o(n) for o1(n).
For a,n € N we set
Niqo(n):=N(1,1,1,1,a,a,a,a;n). (1.4)
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It is a classical result of Jacobi [5, §§40-42, pp. 159-170] that for all n € N
Ni1(n) = 1603(n) — 3203(n/2) + 25603(n/4).

In [7, Theorem 2, p. 388] it was shown that for all n € N

Nj2(n) = 4os(n) —4o3(n/2) — 1603(n/4) + 25603(n/8) + 4cs(n)
and in [2, Theorem 1.2, p. 4] (see [3, Theorem 3.1, p. 348]), [3, Theorem 1.1(iv)],
[4, Theorem 1.1(vi)] that

Ni.4(n) = o3(n) + 303(n/2) — 6803(n/4) + 4803(n/8)
—4
%—25603(n/16)+»(34—4(—5—))(%(n)4—1208(n/2L

where

(—_4) o, if n =0 (mod 2),
n/ | (=1D)®D/2 if n=1 (mod 2),

and the integers cg(n) (n € N) are given by
oo (o]
IIl—q 1-¢"m'  gecC, Jqd<1.
=1 n=1
Clearly Cg( ) =0 for n =0 (mod 2).

In this paper we determine N;3(n) = N(13*n) = N(1,1,1,1,3,3,3,3;n)
for all n € N. We also find formulae for N(123%n) := N(1,1,3,3,3,3,3,3;n)
and N(1°3%;n) := N(1,1,1,1,1,1,3,3;n). These formulae are given in terms of
os(n), o3(n/2), o3(n/3), o3(n/4), o3(n/6), o5(n/12) and the integers b(n) and
¢(n) (n € N) defined by

Yoo =[] (1 - a1 -1 - (1 - ") (15)
n=1 n=1

and

S = [[ (a1 -1 - (1 -¢)°,  (16)

n=1

where ¢ € C and |¢q| < 1. The first 12 values of b(n) and ¢(n) are given in Table 1.

Table 1
b(n) | ¢(n) n | bn) | ¢(n)
1 0 7] -16| —4
2 1 8 -8 4
31 —1 9 9 0
4 -2 || 10 | —12 6
6
6

41 11 12 —4
=3 || 12 | —12 6
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It is known from the work of Mason [6, p. 189] that b(n) is a multiplicative
function of n. Clearly ¢(n) is not multiplicative. We prove the following theorem
in Section 3 after some preliminary results are given in Section 2.

Theorem 1.1. Let n € N. Then

(i) N(123%; ) = §0'3(’I’L) - 83403(71/3) - %403("/4) + %44"3(”/12)
n 1_56;)(71) _ %c(n) + 4—;(—1)”6(71),
(ii) N(143%n) = %ms(n) _ ?03(71/2) %03@/3) - %os(n/ﬁl)
- 1;;403( /6) + %03( /12) + %—1)”‘16(”%
() n(632 ) = 2_;303(n) _ 1_;’8 3(n/3) — %03( /4) + L5)280'3(n/12)
+ Fb(n) - 6—;c(n> + %(—1)%@).

2. Notation and Preliminary Results

The theta function p(q) is defined by

e 2
> g, qeC, Jq<1,

so that for aq,...,as € N we have
ZN a, ... ag;n)q" = (™) - p(¢*®), qgeC, Jgl <1 (2.1)

The Eisenstein series Fy(q) is given by
Er(q) :=1- —— Uzk 1(n)g",  q€C, g/ <1, keN, (2:2)

where By, (m € Np) is the m-th Bernoulli number given by
o0
= Bu

m=0

so that Bo =1, By = —1/2, Bo = 1/6, B3 =0, By = —1/30, . ... For our purposes
we require

, xR, |z <2m,

3\&3

M(q) = Ea(q) =1+240) o3(n)q", q€C, gl <L (23)

n=1
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As in [1, pp. 32, 33] we define

and
3(,3
h=ile) = sé;gg))

From (2.4) and (2.5) we deduce

plg) = (1+2p)* k12
and

(q’) = (1+2p)" /K12,
It was shown in [1, egs. (3.14)-(3.19), p. 34] that

M(q) = (1 + 124p + 964p? + 2788p> + 3910p*
+2788p° + 964p° + 124p™ + p®)k*,
M(q?) = (1 + 4p + 64p> + 178p> + 235p*
+ 178p° + 64p° + 4p” + p®)k?,
M(q®) = (1 + 4p + 4p* + 28p° + 70p?
+ 28p° + 4p°® + 4p” + p®)k*,
M(g*) = (1 + 4p + 4p — 2p® + 10p* + 28p°
%pﬁ — 2749297 + 1—16pg)k4,
M(q®) = (1 +4p + 4p® — 2p° — 5p*
—2p° 4+ 4pS + 4p” + ¥k,
M(q"?) = (1 +4p +4p® — 2p* — 5p* — 2p°
+ ipG + ip7 + %6178)/4:4.
From [1, egs. (2.1) and (3.28)-(3.33)] it can be deduced that

o0

[Ha-e

n=1

:q—1/242—1/6p1/24(1 —|—p)1/6(1—p)1/2(1—|—2p)1/8(2+p)1/8k}1/2,

[Ta-¢m

n=1

:q71/12271/3p1/12(1 _’_p)1/12(1_p)1/4(1_’_2p)1/4(2_’_p)1/4]€1/27

(2.5)

(2.6)

(2.7)

(2.12)

(2.13)

(2.14)

(2.15)



The number of representations of a positive integer by certain octonary quadratic forms 49

[lo -

n=1
_ q71/8271/6p1/8(1 +p)1/2(1 _p)1/6(1+2p)1/24(2 +p)1/24k1/2, (216)
0
[Ja—-¢"
n=1

= q 52723 O (1 4 )2 (1 — p) /B (1 + 2p) /B (2 + p) K2, (2.17)

[I0 -4

n=1
_ q71/4271/3p1/4(1 +p)1/4(1 _p)1/12(1 + 2]7)1/12(2 _’_p)1/12]€1/27 (218)
0
[Ta—-q"
n=1

_q—1/22—2/3p1/2(1 —l—p)l/g(l—p)1/24(1+2p)1/24(2+p)1/6k1/2. (219)

From (1.5), (2.14), (2.15), (2.16) and (2.18), we deduce

> _bin p(1+p)*(1 = p)*(1+2p)(2 + p)k* (2.20)

n=1

1
= 1(2}7 +5p% — 2p® — 10p* — 2p° + 5p° + 2p7)k4.

From (1.6), (2.14), (2.15), (2.16) and (2.18), we obtain

> en P*(1+p)(1 = p)(1 +2p)(2 + p)k* (2:21)

n=1

1
= §(2p2 + 5p% — 5p° — 2p%)k*.

A simple calculation shows that

00 N oo (1 . an)B
g (1 —(=q) ) =11 ErOE=ro) (2.22)

Replacing ¢ by —g in (1.5), and appealing to (2.22), we obtain

0 2n)\8 n)8
> b(n)(—q) ——qH (L=q™) (1=d™) . (2.23)

(a0 (=g )
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Replacing ¢ by —¢ in (1.6), and appealing to (2.22), we deduce

> W oy =) (=) (1)’
I e e e

Then, from (2.14)-(2.19) and (2.23), we deduce

—~

bn)(—a)" =~ 7p(1+ P)(1 ~ p)(1 + 20)*(2 + p)K* (2:25)

NE

n=1

1
= —Z(Zp +9p% + 10p® — 5p* — 12p° — 4p°®)k*,

and, from (2.14)-(2.19) and (2.24), we obtain
— 1
Y e = 2p*(1+p)*(1 = p)(1+2p)(2 + p)k* (2.26)
n=1
1 .
= §(2p2 + 7p% + 5p* — 5p® — Tp® — 27p") KL
We are now in a position to prove Theorem 1.1.

3. Proof of Theorem 1.1

(i) We have
2.1 2.6) and (2.7
ZN (1235 m)g" 2 () (gh) = T (14 2
Then by (2.8), (2.10), (2.11), (2.13), (2.20), (2.21) and (2.26)

1 7 4 28
N(123%n —M(q) — —M - —M = M(qg*?
Z = 300 (q) 100 (@) = (q )+25 (%)

23 - T Y e + 5 el (—a)”
n=1 n=1 n=1
4

25 4 z:l (%ag(n) - %ag(n/i’)) - %03(71/4) + 1354403(n/12)
+ 3 b(n) — Leln) + 2 (1)"e(n) )"

Equating coefficients of ¢" (n € N) in the above equation, we obtain formula (i)
of Theorem 1.1.
Table 2 illustrates part (i) of Theorem 1.1. We set

Fi(n) = gag( )= 8—;03@/3) - %Ug(n/él) + i;“ag(n/m)
+ ?b(n) - %c(n) + 4—;(—1)%@).
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Table 2
[ N5 [ o500) [03(2)] 05(2) [ 03 ()] b(n) | e(n) | (—1)e(n) | Fi(n)
1 4 1 0 0 0 1 0 0 4
2 4 0 0 0 -2 1 1 4
3 12 28 1 0 0 -3 -1 1 12
4 52 73 0 1 0 4 -2 -2 52
5 56 126 0 0 0 6 4 —4 56
6 60 252 9 0 0 6 -3 -3 60
7 288 344 0 0 0 -16 —4 4 288
8 340 585 0 9 0 -8 4 4 340
9 164 757 28 0 0 9 0 0 164
10 888 1134 0 0 0 —12 6 6 888
11| 1168 1332 0 0 0 12 —4 4 1168
12 300 2044 | 73 28 1 —12 6 6 300
(ii) We have
- (2.1) (2.6) and (2.7)
dONABLn)et = e gt (@®) T = T (L4 2p) 'K
n=0
(2.8)—(2.13) and (2.25) 1 3 8
= —M(q) — —M M M
150 (9) 75 (g )+50 (g )+75 (g )
3 24 32
— M 12 b
oM @") + Z
. = /8 16 72 128
(23) 1+ nz::l (gog(n) - Ea:»,(n/?) + EO—S(”/S) + ?0'3(71/4)
144 1152 32

- - 0s(n/6) + —oa(n/12) + (= 1)"b(m) )"

Equating coefficients of ¢" (n € N) in the above equation, we obtain formula (ii)
of Theorem 1.1.

Table 3 illustrates part (ii) of Theorem 1.1. We set

Fo(n) = %Ug(n) _ ?Ug(n/Q) %Ug(n/i’)) + 1—5803(71/4)
—%03( /6) + 21 5203(n/12)+%(—1)"’1b(n).
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Table 3
n|N(1*3%n)[o3(n) |os(5)|03(5) | 03(§)] o3(§) o3(5)] (=1)""b(n)] F2(n)
T 8 1 0] 0] 0 0 0 1 8
2 24 of 1] 0 | 0 0 0 2 24
3 0 28 0 | 1 0 0 0 ~3 40
4 88 73 9 0 1 0 0 ) 88
5| 240 126] 0] 0 | 0 0 0 6 240
6] 376 %2 28| 9 | 0 1 0 6 376
7| 448 334 0] 0 | 0 0 0 ~16 448
8| 984 585 73] 0 | 9 0 0 8 984
9] 1672 7571 0] 28 | 0 0 0 9 1672
10| 1488 || 1134126 | 0 | 0 0 0 12 1433
11| 2208 || 1332] 0] 0 | 0 0 0 12 2208
12 420 || 2044] 252 | 73 | 28 9 1 12 4280
(iii) We have
© (2.1) (2.6) and (2.7)
S ON@On)g" = (93 (¢®) T = T (14 2p)°kY,
n=0
Then by (2.8), (2.10), (2.11), (2.13), (2.20), (2.21) and (2.26)
SN )" = - M(g) — M) — ZM(e) + oM ()
2 = 300\ T g\ ) T g ) T g
32 L 64 I (e .
+ T b = Y el + 10 S eln)(—a)
n=1 n=1 n=1
2.3 = /28 108 448
ey (Eag(n) — —03(n/3) = —03(n/4)
n=1
1728 32 64 176
—03(n/12) + £-b(n) — e(n) + == (~1)"c(n) )"

Equating coefficients of ¢" (n € N) in the above equation, we obtain formula (iii)
of Theorem 1.1.

Table 4 illustrates part (iii) of Theorem 1.1. We set

F3(n) = 2—5803(n) — %03(%/3) _ ?03(71/4) N 1728
+ %b(n) — %40(71) + 1_;6(_1)nc(n).

o3(n/12)
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Table 4
N85 [ 0(n) [oa(3) [ o3 (] os ()] 0(n) [ etn) | (—17e(n) | Fs()
1 12 1 0 0 0 1 0 0 12
2 60 9 0 0 0 -2 1 1 60
3 164 28 1 0 0 -3 -1 1 164
4 300 73 0 1 0 4 -2 -2 300
5 552 126 0 0 0 6 4 —4 552
6 1188 252 9 0 0 6 -3 -3 1188
7| 2016 344 0 0 0 —-16 | —4 4 2016
8| 2508 585 0 9 0 -8 4 4 2508
9| 3692 757 | 28 0 0 9 0 0 3692
10[ 6408 1134 0 0 0 -12 6 6 6408
11| 7728 1332 0 0 0 12 —4 4 7728
12| 7764 2044 | 73 28 1 -12 6 6 7764
This completes the proof of Theorem 1.1. [ |

4. Concluding remarks

From (2.20), (2.21), (2.25) and (2.26), we deduce

2 3" (b(n) +2c(n))g" = > b(n)g" + > b(n)(—
n=1 n=1

= n=1
n even

+2Z n)q" +QZ

n=1 n=1

so that
b(n) = —2¢(n), n e N, n =0 (mod 2).

It is not possible to use the method of this paper to determine formulae for
N(1'37:n), N(1°3%n), N(13%n) and N(173%;n) as 0(9)¢"(¢%), ¢*(0)¢°(¢°),
0" (¥ (¢°) and ¢7(q)p(q®) are respectively (1 + 2p)*/2k*, (1 + 2p)7/2k*,
(1+2p)%2k* and (1 + 2p)''/2k* and so are not of the form f(p)k*, where f(p) is
a polynomial in p.
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