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Formulae, originally conjectured by Liouville, are proved for the number of repre-
sentations of a positive integer n by each of the eight sextenary quadratic forms
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m% + mg + 2:2% + 233421 + 433% + 433%, x% + 2:2% + 2:2% + 4:23 + 4:2% + 4:2%.
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1. Introduction

Let Z and N denote the sets of integers and positive integers, respectively. Let
No =NU{0}. For n € Ny and a1, ...,as € N we let

N(ay,...,a6;n) = card{(x1,...,26) € Z° | n = a123 + - +aexd}. (1.1)
Clearly
N(a17...,a6;0):1. (12)

For n € N, we define

() mr(@e o
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where d runs through the positive integers dividing n and (_74)(19 € N) is the
Legendre—Jacobi-Kronecker symbol for discriminant —4, that is

1, ifk=1 (mod4),
—4
(—) =< -1, fk=3 (mod4), (1.4)
0, k=0 (mod?2).
It is easy to show that
G4(2n) =4G4(n), Ha(2n) = Hy(n), neN. (1.5)

In [3], we proved the following formulae:

N(1,1,1,1,1,1;n) = 16G4(n) — 4Hy(n), (1.6)
N(1,1,1,1,2,2;n) = 8G4(n) — 2(1 + (—1)")Hy(n), (1.7)
N(1,1,2,2,2,2;n) = 4Ga(n) — 2(1 + (—1)")Ha(n), (1.8)
and
N(1,2,2,2,2,4;n) = {2G4(n)’ ?f n#0 (modd), (1.9)
2G4(n) —4Hy(n/4), ifn=0 (mod 4).

The formula (1.6) is the classical formula of Jacobi [5, §§40-42] for the number of
representations of n (€ N) as a sum of six squares. The remaining three formulae
were stated but not proved by Liouville [7-9]. In this paper, we obtain similar
formulae for

N(1,1,1,1,1,4;n), N(1,1,1,1,4,4;n), N(1,1,1,4,4,4;:n), N(1,1,4,4,4,4:n),

N(17 47 47 47 47 4; n)’ N(17 17 1’ 27 2’ 4; n)’ N(17 1’ 27 2’ 47 4; n)7 N(l’ 27 2’ 47 47 4; n)’
valid for all n € N. These formulae are given in terms of G4(n) and Hs(n) when
n #Z 1 (mod 4). However, when n = 1 (mod 4), in addition to G4(n) and Ha(n), we
require the function

In):== Y (=4, n=1 (mod?2). (1.10)
(z,y)€Z?

n:m2+4y2
We note that 22 +4y?> =0 or 1 (mod 4) for (z,y) € Z? so that
I(n)=0, ifn=3 (mod4). (1.11)

Let C denote the field of complex numbers. The basic property of I(n) that we shall
use to prove the conjectured formulae of Liouville [10-17] is

- n - n 6
Yoo It =2q[[1-¢"), qeC, o<1, (1.12)
n=1 n=1

n=1(mod 4)
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which can be found in [6, Vol. 2, p. 377] and [18, p. 122]. We prove

Theorem 1.1. Let n € N. Then

(1) N(lv ]-7 17 ]-7 174;77‘) =

(i) N(1,1,1,1,4,4;n) =

(i) N(1,1,1,4,4,4;n) =

(iv) N(1,1,4,4,4,4;n) =

(v) N(1,4,4,4,4,4;n) =

(vi) N(1,1,1,2,2,4;n) =

(vi)) N(1,1,2,2,4,4;n) =

(viil) N(1,2,2,4,4,4;n) =

6G4(n) + 2I(n),
10G4(n)7
6G4(n) — 4Ha(n),

4G4(n) + I(n),
4G4 (n),

4G4(n) — 4H4(n),
2G4(n) + I(n),
2G4(n),

2G4(n) —4Hy(n),

ifn=1 (mod 4),
ifn=2,3 (mod4),
ifn=0 (mod 4).
ifn=1 (mod 4),
ifn=3 (mod 4),
ifn=2 (mod 4),
ifn=0 (mod 4).
ifn=1 (mod 4),
ifn=3 (mod 4),
ifn=2 (mod 4),
ifn=0 (mod 4).
ifn=1 (mod 4),
ifn=3 (mod 4),
ifn=2 (mod 4),
ifn=0 (mod 4).
ifn=1 (mod 4),
ifn=2,3 (mod 4),
ifn=0 (mod 4).
ifn=1 (mod 4),
ifn=2,3 (mod 4),
ifn=0 (mod 4).
ifn=1 (mod 4),
ifn=2,3 (mod4),
ifn=0 (mod 4).
ifn=1 (mod 4),
ifn=2,3 (mod 4),
ifn=0 (mod 4).
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2. Preliminary Results

For ¢ € C with |¢| < 1 we set

P (2.1)
and
) _ Z qn(n+1)/2' (22)
n=0

The basic properties of ¢(q) are (see, for example, [4, pp. 15, 71, 72])

(@) +p(—a) = 20(q"), (2:3)
¥*(q) + 0% (—a) = 2¢0*(¢%), (2.4)

p(@)p(—q) = ©*(—a*); (2.5)
v(a) — p(—q) = 4qv (). (2.6)

Jacobi [5] (see, for example, [4, Corollary 1.3.4 and Theorem 1.3.10]) has shown
that

o0 2n)5
: (2.7)
n:l ]- - C] q4n)2
T (l—q )
= H (2.8)
n=1 1 o q
and
oo 2
(1—q*)
wg) = T —L L. 2.9
0 =115 (2.9)
Theorem 2.1. For g € C with |g| < 1, we have
S n 1 5 1 5
Y. 1" =g’ @e(—0) - 5904’ (—a)
n=1
n=1(mod 4)
Proof. From (2.7) and (2.9), we see that
5
_ )
] 1—q2” (1= g5
= (1- q "’
L1 gtn) 2 q16n)2
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and

so that

n=1
Hence, by (1.12), we have
> In)g" = 240(9)e(—9)¢° (@°)e(g ) (¢®)
nElr(Lriid 4)
= 2P@P(-0)(#*(0) + P (-0)(a) + o(-0)(pla) ~ o)
= és@(q)s@(—q)(w“(q) —¢'(-9)
= 59" @e(-0) - 5p(9*(~0),
as asserted. O

Theorem 2.2. For g € C with |g| < 1 we have

() ZG4 "= 169°(@) — 1 6 (-a)
(i) 1 —4ZH4 = ¢*(9)¢" (—q).
Proof. Part (i) is [2, Lemma 2| and part (ii) is [2, Lemma 1]. O

Theorem 2.3. For g € C with |q| < 1, we have
Yo Gu)g" = aet (dDe(ah)v(ed).
nzl(;od 2)

Proof. Appealing to Theorems 2.2(i), (2.3), (2.4) and (2.6), we obtain

E E Gy(n)g" ——g Ga(n
n=1
n=1(mod 2)
L ey o L 2ty L6
33 (q) 35 (@)¢"(—q) 33 (—9)
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= L (0(a) — 9(~0)) (0(a) + P(~0)) (¢ (a) + ¢*(~0))?

32
= g0 (*)e(q") (%)

Theorem 2.4. For g € C with |q| < 1, we have

(o]

Y. Gam)g" =4¢%¢ (") e(a*)(¢").
nEQT(L;id 4)

Proof. Appealing to (1.5) and Theorem 2.3, we deduce

Y Gun)gt = > Gu(2n)g™
n=1 n=1

n=2(mod 4) n=1(mod 2)

=4 Z Ga(n)g*™
n=1
n=1(mod 2)

= 44*0* (") (a*)(¢"°).
Theorem 2.5. For g € C with |q| < 1, we have

> Gan)g" = ¢°(¢*) — (M)t (—q).
nEOT(L;(l)d 4)

Proof. Appealing to (1.5) and Theorem 2.2(i), we obtain

Y. Gu(n)g® =) Ga(dn)g™
n=1 n=1
n=0(mod 4)

=16 Z Ga(n)g™
=%(¢*) — (g ().

Theorem 2.6. For g € C with |q| < 1, we have

0 Y Gl = 5a(e* (@) + o -PDela W),
nzl?;(l)d 4)
(i) Y Gun)g" = %q(so“(qQ) — o' (=*) (g (d®).
n=1

n=3(mod 4)
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Proof. By Theorem 2.3, we have
Yo G+ D Gan)g" = ap*(P)ela(e®).  (2.10)
n=1 n=1

n=1(mod 4) n=3(mod 4)

Next, by Theorem 2.2(i), we have

(o] [ee]

Y. Gima"— D Guln)"
n=1 n=1
n=1(mod 4) n=3(mod 4)

_ % 3" Guln)((iq)" — (—ig)")
n=1

1

— (& (ia) — P09 (~ia) — ¢°(~ia) + & (~iq)p" (iq))
= 5(@2(@) — (=) (@2 (iq) + ©*(—iq))>.

From [1, Eq. (2.11), p. 145] we have

wlia) = ¢(q") + 5 (p(a) — p(—q))
and
o(ia) = p(a") ~ 5 (ola) ~ o(~0))
so that by (2.6) we obtain
¢”(iq) — ¢*(—iq) = 2i(p(q) — o(—0)p(q") = Bigp(g")¥(g®).
By (2.4) (with ¢ replaced by iq), we have

©*(iq) + ©*(—iq) = 2¢0°(—¢°).

Hence
Yo Gan)gt = D Gan)g" = g (=g v (g®). (2.11)
n=1 n=1
n=1(mod 4) n=3 (mod 4)
Adding and subtracting (2.10) and (2.11), we obtain (i) and (ii). O

Theorem 2.7. For g € C with |q| < 1, we have
1—4 > Hin)g" =¢*(@")e' (=Y.

n=1
n=0(mod 4)
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Proof. By (1.5) and Theorem 2.2(ii), we have

1-4 Z Hy(n)g" =1-4 Z Hy(4n)g™
n=1

n=1
n=0(mod 4)

=1-4 Z Hy(n)g™
n=1

= ¢*(¢")¢" (4. O
3. Proof of Theorem 1.1
For convenience, we set
pla)=a, ¢(g")=c (3.1)
By (2.3), we have
¢(—q) =2c—a. (32)
Then by (2.4),
0% (¢%) = %(a2 + (2¢ — a)?) = a® — 2ac + 2¢2. (3.3)
Next, by (2.5),
©*(—¢*) = a(2¢c — a) = 2ac — a*. (3.4)
Again, by (2.5),
o' (—¢") = (a® — 2ac + 2¢%)(2ac — a?). (3.5)
From (2.6),
1 1 1 1
8
= — —_ = 2 — - = — —C. M
P(e*) = ga— (2~ a) = za— s (3.)
From (2.3), (2.6), (3.3) and (3.4), we obtain
1
Ce(@)(a") = 7(a* = 2ac+ ). (3.7)

Proof of (i). By Theorems 2.7, 2.2(i), 2.5, 2.6(i), 2.1 and Egs. (3.1)—(3.6), we have

1—4 > Hi(n)g"+10>_ Ga(n)q"
n=1

= n=1
n=0(mod 4)
—4 Z Ga(n)q" — 4 Z Ga(n)q" + 2 Z I(n)q"
n=1 n=1 n=1

n=0(mod 4) n=1(mod 4) n=1(mod 4)
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= ¢ (¢)6H(a) + 26°(0) — 2P (@ (-a)
—4¢°%(q") + 402 (¢ ¢ (—a")
—2¢(p*(¢%) + 9" (=a*)p(a ) (d®)
+ iw‘r’(q)w(—q) - i@(q)f(—q)
54 5
= c*(a® — 2ac + 2¢*)(2ac — a?) + §a6 - §a2(2c —a)?
—4c% + 4% (a® — 2ac + 2¢2)(2ac — a?)

—(a —c)c(a? = 2ac + 2¢%)? — (a — ¢)c(2ac — a?)?

1 1
+ Za5(2c —a) — Za(Zc —a)®

=3 N(1,1,1,1,1,4;n)q".

n=0
Equating coefficients of ¢" (n € N), we obtain the asserted formula for
N(1,1,1,1,1,4;n). |

Proof of (ii). By Theorems 2.7, 2.2(i), 2.5, 2.3, 2.1 and Egs. (3.1)—(3.6), we obtain

1—4 Z Hy(n)q" + 6 Z Ga(n)g" —4 Z Ga(n)g"”
n=1 n=1 n=1
n=0(mod 4) n=0(mod 4)
-2 Z Gi(n)g™ +2 Z I(n)g"
n=1 n=1
n=1(mod 2) n=1(mod 4)
9/ 4\ 4, 4y, 9 3 5 4
=) (=) + 597 (@) — ¢ (97 (-a)
—4¢%(q") + 40%(¢") " (—q") — 209" (¢*)(g" ) (¢®)
1 1
+ 79" (@e(=0) = 79(@)¢"(=0)

= c(a® — 2ac + 2¢*)(2ac — a®) + ga(j - ga2(2c —a)?
—4c8 + 4% (a® - 2ac + 2¢*)(2ac — a?)

1 1
—(a® = 2ac+ ¢*)?cla —¢) + Za5(2c —a)— Za(?c —a)®
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=3 N(1,1,1,1,4,4;n)q".

n=0

Equating coefficients of ¢" (n € N), we obtain the asserted formula for

N(1,1,1,1,4,4;n).

Proof of (iii). By Theorems 2.7, 2.2(i), 2.6(ii), 2.5, 2.1 and Egs. (3.1)—(3.6),
deduce
1-4 Z Hy(n)q" +3 Z Ga(n)q" —2 Z Ga(n)q"
n=1 n=1 n=1
n=0(mod 4) n=3(mod 4)
(o ] 3 (o]
-2 Z:l Ga(n)g" + 5 Z:l I(n)q"
nEO(r;od 4) nEl(r;od 4)

= P (¢ )04 (") + 16(0) — (@ (~0)
—a(e*(@®) — o' (—=)ela" () — 26°(¢*) + 2% (¢*)p* (—q")
+ %s@S(q)w(—q) — %s@(q)sDS(—q)

= *(a® — 2ac + 2¢%)(2ac — a?) + ia6 — i(12(20 —a)t

- %((a2 — 2ac + 2¢*)? — (2ac — a®)*)c(a — ¢)

—2c% 4+ 2¢(a® — 2ac + 2¢?)(2ac — a?)

3 3
+—a’(2c—a) — Ea(2c —a)®

16
= a3C3
=¢*(q)¢"(¢")

=Y N(1,1,1,4,4,4;n)q".

n=0

|

we

Equating coefficients of ¢" (n € N), we obtain the asserted formula for

N(1,1,1,4,4,4;n).

|
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Proof of (iv). By Theorems 2.7, 2.2(i), 2.6, 2.1 and Egs. (3.1)—(3.6), we have

1—4 > Hin)g"+> Gin)g"+ > Galn)q"
n=1 n=1 n=1

et § et 4

FY Iwe- Y G

n=1(mod 4) n=8(mod 1

= (40" (") + 76°0) - 5P @ (-0)

+ 50 (@) + PPN ) + 59°(@)el(—0) — ela)e*(~a)

— 5 (@)~ ¢~ ela (")
= *(a* — 2ac + 2¢%)(2ac — a?) + Eaf* — Ea2(2c —a)?

+ i(a — O)((a? = 2ac + 2622 + (2ac — a®)?)c

+ %a5(20 —a) — —a(2e—a)® — ~(a — )((a? — 2ac+ 2¢%)? — (2ac — a?)?)e
= ¢*(9)¢" (¢

=Y N(1,1,4,4,4,4n)q".

n=0

Equating coefficients of ¢™ (n € N), we obtain the asserted formula for
N(1,1,4,4,4,4;n). O

Proof of (v). By Theorems 2.7, 2.2(i), 2.4, 2.6(ii), 2.1 and Egs. (3.1)—(3.7), we

have
1—4 > Hin)g"+) Gin)g"— > Ga(n)g"
n=1 n=1 n=1
n=0(mod 4) n=2(mod 4)
- Y Grtr Y T
=1 2 =1
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1 1

= ¢*(a)e"(=a") + 75¢°(2) — 75#*(@)¢" (q)
16 (e I) ~ 506" (@) — Pl (e)
+ 11—6</75(Q)S0(—Q) - 11—6</7(Q)</75(—Q)

1
= c?(a® — 2ac + 2¢*)(2ac — a?) + —a® — —a*(2c — a)*
1
— (a® — 2ac + *)c* — Z(a —o)((a® = 2ac + 2¢*)* — (2ac — a*)?)c

L 5 1 5
+16a (2¢—a) 16&(20 a)

=3 N(1,4,4,4,4,4;n)q".

n=0

Equating coefficients of ¢"™ (n € N), we obtain the asserted formula for
N(1,4,4,4,4,4;n). O

Proof of (vi). By Theorems 2.7, 2.2(i), 2.1 and Egs. (3.1)—(3.3), (3.5), we have

1—4 > Hin)g"+4) Gin)g"+ Y.  I(n)g"
n=1 n=1 n=1
n=0(mod 4) n=1(mod 4)

1 1
= c*(a® — 2ac + 2¢*)(2ac — a?) + Za6 - Za2(2c —a)?
1 1
+ §a5(26 —a) — ga(QC —a)®
= a®(a® — 2ac + 2¢%)c
= ¢* (09" (@*)e(g")

=Y N(1,1,1,2,2,4;n)¢".

n=0
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Equating coefficients of ¢" (n € N), we obtain the asserted formula for
N(1,1,1,2,2,4;n). |

Proof of (vii). By Theorems 2.7, 2.2(i), 2.1 and Egs. (3.1)-(3.3), (3.5), we have

1-4 Z Hy(n)q™ +2 Z Ga(n)q" + Z I(n)g"
— n=1 n=
n=0(mod 4) nzl(mfl)d 4)
2/ 4\ 4 L g L, 4
=9 (q )¢ (—q )+8</J (@) = g¥ (@9 (=q)
1
+ 59" (@¢(—a) — 3e(@)¢"(—q)
= ?(a® — 2ac + 2¢%)(2ac — a?) + éa(j - éa2(2c —a)?

1 1
§ a’(2c —a) — §a(20 —a)®
= a?(a® — 2ac + 2¢%)¢?

= 0% (Q)e*(*)¢* (")

=Y N(1,1,2,2.4, 4n)¢"
n=0

Equating coefficients of ¢™ (n € N), we obtain the asserted formula for
N(1,1,2,2,4,4;n). O

Proof of (viii). By Theorems 2.7, 2.2(i), 2.1 and Egs. (3.1)-(3.3), (3.5), we have

1
1—4 Z Hi(n)g" +ZG4 n)g" + 5 > It
n=1
n= O(mod 4) n=1(mod 4)
— ()t (—a") + =6%(@) — =2 (@)¢* (—)
16 16
L (@)e(—a) — = pla)e’(~a)
16410 q)P\—4a 16410 ' q
1 1
_ 202 2 ooy, e Lo g
= c“(a® — 2ac+ 2¢”)(2ac — a*) + 6% ~ 16° (2¢—a)

1
—|—16a ( C CL) 16(1( C CL)

= a(a® — 2ac + 2¢%)c3
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= ¢(0)* (@)’ (¢")

=) N(1,2,2,4,4,4;n)q".

n=0
Equating coefficients of ¢"™ (n € N), we obtain the asserted formula for
N(1,2,2,4,4,4;n). O

4. Conclusion

We conclude this paper by showing how to give an alternative formulation of The-
orem 1.1. Let n € N. We define &« € Ng and N € N with N = 1 (mod 2) uniquely
by n =2*N. Then

Gi(n) = 22*G4(N), Hy(n) = Hy(N)

and

HA(NV) = (‘W‘l) Gu(N) = (—1)N D2, ().

Thus, by Theorem 1.1(i), we have
N(1,1,1,1,1,4;n)

6G4(N) + 2I(N), ifa=0, N=1 (mod4),
10G4(N), ifa=0, N=3 (mod4),
40G4(N), if =1,

42213 ()N VRGN, ifa>2.

In a similar manner, we can express the remaining formulae of Theorem 1.1 in terms
of o, N, G4(N) and I(N).
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