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1. Introduction

Let N, N0, Z and C denote the sets of positive integers, nonnegative integers, integers
and complex numbers, respectively. For a, b, c, d ∈ N and n ∈ N0, we define

N(a, b, c, d; n) = card{(x, y, z, t) ∈ Z
4 | n = ax2 + by2 + cz2 + dt2}. (1.1)

Clearly

N(a, b, c, d; 0) = 1. (1.2)

Also
∞∑

n=0

N(a, b, c, d; n)qn = ϕ(qa)ϕ(qb)ϕ(qc)ϕ(qd), (1.3)

where ϕ(q) denotes Jacobi’s theta function, namely

ϕ(q) :=
∞∑

n=−∞
qn2

, q ∈ C, |q| < 1. (1.4)

13
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The basic properties of ϕ(q) are

ϕ(q)ϕ(−q) = ϕ2(−q2), (1.5)

ϕ(q) + ϕ(−q) = 2ϕ(q4), (1.6)

ϕ2(q) + ϕ2(−q) = 2ϕ2(q2), (1.7)

see, for example, [2, p. 40]. In Sec. 2, we deduce from (1.4)–(1.7) a few identities
involving ϕ, for example

2ϕ(q)ϕ(q4) = ϕ2(q) + ϕ2(−q2),

which will be used in Sec. 3, see Lemmas 2.1–2.4. In Sec. 3, we define

α(q) := ϕ(q)ϕ2(−q)ϕ(q2)

and

β(q) := ϕ2(q)ϕ(q2)ϕ(q4) − ϕ(q)ϕ(q2)ϕ2(q4),

and give their basic properties, see Lemmas 3.1–3.7. In the remainder of Sec. 3, we
use Lemmas 3.1–3.7 to express ten products involving ϕ in terms of α and β, see
Theorems 3.1–3.10. In Sec. 4, we define the arithmetic functions

R(n) :=
∑
d|n

d

(
8
d

)
, n ∈ N,

and

S(n) :=
∑
d|n

n

d

(
8
d

)
, n ∈ N,

where d runs through the positive integers dividing n and
(

8
d

)
is the Legendre–

Jacobi–Kronecker symbol for discriminant 8, that is

(
8
d

)
=




+1, if d ≡ 1, 7 (mod 8),
−1, if d ≡ 3, 5 (mod 8),
0, if d ≡ 0 (mod 2).

The basic properties of R(n) and S(n) are given in Theorem 4.1 and Corollary 4.1.
By appealing to results of Petr [14] we show that

∞∑
n=1

R(n)qn =
1
2
− 1

2
α(q)

and
∞∑

n=1

S(n)qn =
1
2
β(q),
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see Theorem 4.2. From these we deduce immediately the series expansions of α(q)
and β(q) in powers of q, namely

α(q) = 1 − 2
∞∑

n=1

R(n)qn

and

β(q) = 2
∞∑

n=1

S(n)qn,

see Theorem 4.3. Finally, in Sec. 5, we use the results obtained in Secs. 3 and 4
to determine formulae for the number of representations of n ∈ N by each of the
following ten quaternary quadratic forms:

x2 + y2 + z2 + 2t2 (Theorem 5.1)
x2 + 2y2 + 2z2 + 2t2 (Theorem 5.2)
x2 + y2 + 2z2 + 4t2 (Theorem 5.3)
x2 + 2y2 + 4z2 + 4t2 (Theorem 5.4)
x2 + y2 + 4z2 + 8t2 (Theorem 5.5)
x2 + 4y2 + 4z2 + 8t2 (Theorem 5.6)
x2 + 2y2 + 2z2 + 8t2 (Theorem 5.7)
x2 + 2y2 + 8z2 + 8t2 (Theorem 5.8)
x2 + 8y2 + 8z2 + 8t2 (Theorem 5.9)
x2 + y2 + z2 + 8t2 (Theorem 5.10)

These formulae were stated but not proved by Liouville [4–12].

2. Identities Involving ϕ(q)

In this section we use (1.4) and the three basic properties of ϕ(q), namely (1.5),
(1.6) and (1.7), to prove further identities involving ϕ(q1/2), ϕ(q), ϕ(q2), . . . . The
following is an immediate consequence of (1.6)

ϕ(q) − ϕ(−q) = 2(ϕ(q) − ϕ(q4)) = 2(ϕ(q4) − ϕ(−q)),

which we will use on a number of occasions without comment.

Lemma 2.1. (ϕ(q1/2) − ϕ(q2))2 = 2ϕ(q)ϕ(q4) − 2ϕ2(q4).

Proof. We have

(ϕ(q1/2) − ϕ(q2))2 = ϕ2(q1/2) − 2ϕ(q1/2)ϕ(q2) + ϕ2(q2)

= ϕ2(q1/2) − 2ϕ(q1/2)
1
2
(ϕ(q1/2) + ϕ(−q1/2))

+
1
2
(ϕ2(q) + ϕ2(−q)) (by (1.6) and (1.7))
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= −ϕ(q1/2)ϕ(−q1/2) +
1
2
ϕ2(q) +

1
2
ϕ2(−q)

= −ϕ2(−q) +
1
2
ϕ2(q) +

1
2
ϕ2(−q) (by (1.5))

=
1
2
ϕ2(q) − 1

2
ϕ2(−q)

=
1
2
ϕ2(q) − 1

2
(2ϕ(q4) − ϕ(q))2 (by (1.6))

= 2ϕ(q)ϕ(q4) − 2ϕ2(q4)

as asserted.

Lemma 2.2. 2ϕ(q)ϕ(q4) = ϕ2(q) + ϕ2(−q2).

Proof. We have

2ϕ(q)ϕ(q4) = ϕ(q)(ϕ(q) + ϕ(−q)) (by (1.6))

= ϕ2(q) + ϕ(q)ϕ(−q)

= ϕ2(q) + ϕ2(−q2) (by (1.5))

as asserted.

Lemma 2.3.

ϕ(iq) = ϕ(q4) + i(ϕ(q) − ϕ(q4)),

ϕ(−iq) = ϕ(q4) − i(ϕ(q) − ϕ(q4)).

Proof. We have from (1.4)

ϕ(iq) =
∞∑

n=−∞
(iq)n2

=
∞∑

n = −∞
n even

qn2
+ i

∞∑
n = − ∞

n odd

qn2

=
∞∑

n=−∞
q4n2

+ i

( ∞∑
n=−∞

qn2 −
∞∑

n=−∞
q4n2

)

= ϕ(q4) + i(ϕ(q) − ϕ(q4)).

Then, from (1.6), we obtain

ϕ(−iq) = 2ϕ(q4) − ϕ(iq)

= 2ϕ(q4) − (ϕ(q4) + i(ϕ(q) − ϕ(q4)))

= ϕ(q4) − i(ϕ(q) − ϕ(q4)).
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It is convenient to set ω = e2πi/8 so that


ω =
1 + i√

2
, ω2 = i, ω3 =

−1 + i√
2

, ω4 = −1,

ω5 = −ω =
−1 − i√

2
, ω6 = −i, ω7 = −ω3 =

1 − i√
2

, ω8 = 1.

(2.1)

Lemma 2.4.

ϕ(ωq) = ϕ(−q4) + ω(ϕ(q) − ϕ(q4)),

ϕ(ω3q) = ϕ(−q4) + ω3(ϕ(q) − ϕ(q4)),

ϕ(−ωq) = ϕ(−q4) − ω(ϕ(q) − ϕ(q4)),

ϕ(−ω3q) = ϕ(−q4) − ω3(ϕ(q) − ϕ(q4)).

Proof. Let r ∈ {1, 3, 5, 7}. Then for n ∈ Z we have

ωrn2
= ωr, if n ≡ 1 (mod 2),

and

ωrn2
= (−1)n/2, if n ≡ 0 (mod 2).

Hence, by (1.4), we deduce

ϕ(ωrq) =
∞∑

n=−∞
(ωrq)n2

=
∞∑

n = − ∞
n≡ 0 (mod 2)

(−1)n/2qn2
+ ωr

∞∑
n = − ∞

n≡ 1 (mod 2)

qn2

=
∞∑

n=−∞
(−1)nq4n2

+ ωr




∞∑
n=−∞

qn2 −
∞∑

n = − ∞
n≡ 0 (mod 2)

qn2




=
∞∑

n=−∞
(−q4)n2

+ ωr

(
ϕ(q) −

∞∑
n=−∞

q4n2

)

= ϕ(−q4) + ωr(ϕ(q) − ϕ(q4)).

The asserted results now follow using (2.1).

3. Identities Involving α(q), β(q) and ϕ(q)

It is convenient to set

α(q) := ϕ(q)ϕ2(−q)ϕ(q2) (3.1)

and

β(q) := ϕ2(q)ϕ(q2)ϕ(q4) − ϕ(q)ϕ(q2)ϕ2(q4). (3.2)
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It is easy to check that α and β satisfy the basic relations

α(q) + α(−q) = 2α(q2)

and

β(q) + β(−q) = 4β(q2).

In the next few lemmas we give the properties of α(q) and β(q) that we shall
need.

Lemma 3.1.

β(q) − β(−q) = ϕ(q)ϕ(q2)ϕ2(q4) − ϕ(−q)ϕ(q2)ϕ2(q4).

Proof. Appealing to (3.2) and (1.6) we obtain

β(q) − β(−q) = ϕ2(q)ϕ(q2)ϕ(q4) − ϕ(q)ϕ(q2)ϕ2(q4)

−ϕ2(−q)ϕ(q2)ϕ(q4) + ϕ(−q)ϕ(q2)ϕ2(q4)

= (ϕ2(q) − ϕ2(−q))ϕ(q2)ϕ(q4) − (ϕ(q) − ϕ(−q))ϕ(q2)ϕ2(q4)

= 2(ϕ(q) − ϕ(−q))ϕ(q2)ϕ2(q4) − (ϕ(q) − ϕ(−q))ϕ(q2)ϕ2(q4)

= (ϕ(q) − ϕ(−q))ϕ(q2)ϕ2(q4),

as asserted.

Lemma 3.2.

i(β(iq) − β(−iq)) = −(ϕ(q) − ϕ(−q))ϕ(−q2)ϕ2(q4)

= −2(ϕ(q) − ϕ(q4))ϕ(−q2)ϕ2(q4).

Proof. Replacing q by iq in Lemma 3.1, and appealing to Lemma 2.3, we obtain

i(β(iq) − β(−iq)) = i(ϕ(iq) − ϕ(−iq))ϕ(−q2)ϕ2(q4)

= −(ϕ(q) − ϕ(−q))ϕ(−q2)ϕ2(q4),

as asserted.

Lemma 3.3.

β(q) − β(−q) − iβ(iq) + iβ(−iq) = 4ϕ(q)ϕ2(q4)ϕ(q8) − 4ϕ3(q4)ϕ(q8).

Proof. Appealing to Lemma 3.1, Lemma 3.2 and (1.6), we have

β(q) − β(−q) − iβ(iq) + iβ(−iq)

= ϕ(q)ϕ(q2)ϕ2(q4) − ϕ(−q)ϕ(q2)ϕ2(q4)

+ ϕ(q)ϕ(−q2)ϕ2(q4) − ϕ(−q)ϕ(−q2)ϕ2(q4)

= 2ϕ(q)ϕ2(q4)ϕ(q8) − 2ϕ(−q)ϕ2(q4)ϕ(q8)

= 2(ϕ(q) − ϕ(−q))ϕ2(q4)ϕ(q8)
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= 4(ϕ(q) − ϕ(q4))ϕ2(q4)ϕ(q8)

= 4ϕ(q)ϕ2(q4)ϕ(q8) − 4ϕ3(q4)ϕ(q8),

as asserted.

Lemma 3.4.

β(q4) =
1
2
ϕ3(q4)ϕ(q8) − 1

2
ϕ(q4)ϕ3(q8).

Proof. Appealing to (3.2), (1.5)–(1.7), we deduce

β(q4) = ϕ2(q4)ϕ(q8)ϕ(q16) − ϕ(q4)ϕ(q8)ϕ2(q16)

= ϕ2(q4)ϕ(q8)
1
2
(ϕ(q4) + ϕ(−q4))

−ϕ(q4)ϕ(q8)
1
2
(ϕ2(q8) + ϕ2(−q8))

=
1
2
ϕ3(q4)ϕ(q8) +

1
2
ϕ(q4)ϕ(q8)ϕ2(−q8)

− 1
2
ϕ(q4)ϕ3(q8) − 1

2
ϕ(q4)ϕ(q8)ϕ2(−q8)

=
1
2
ϕ3(q4)ϕ(q8) − 1

2
ϕ(q4)ϕ3(q8),

as claimed.

Lemma 3.5.

ωβ(ωq) − ωβ(−ωq) = 2iϕ(iq2)(ϕ(q) − ϕ(q4))ϕ2(−q4),

ω3β(ω3q) − ω3β(−ω3q) = −2iϕ(−iq2)(ϕ(q) − ϕ(q4))ϕ2(−q4).

Proof. By Lemmas 3.1 and 2.4, we obtain

β(ωq) − β(−ωq) = ϕ(ωq)ϕ(iq2)ϕ2(−q4) − ϕ(−ωq)ϕ(iq2)ϕ2(−q4)

= (ϕ(ωq) − ϕ(−ωq))ϕ(iq2)ϕ2(−q4)

= 2ω(ϕ(q) − ϕ(q4))ϕ(iq2)ϕ2(−q4)

so that

ωβ(ωq) − ωβ(−ωq) = 2iϕ(iq2)(ϕ(q) − ϕ(q4))ϕ2(−q4).

Also by Lemmas 3.1 and 2.4, we have

β(ω3q) − β(−ω3q) = ϕ(ω3q)ϕ(−iq2)ϕ2(−q4) − ϕ(−ω3q)ϕ(−iq2)ϕ2(−q4)

= (ϕ(ω3q) − ϕ(−ω3q))ϕ(−iq2)ϕ2(−q4)

= 2ω3(ϕ(q) − ϕ(q4))ϕ(−iq2)ϕ2(−q4)
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so that

ω3β(ω3q) − ω3β(−ω3q) = −2iϕ(−iq2)(ϕ(q) − ϕ(q4))ϕ2(−q4).

This completes the proof.

Lemma 3.6.

ωβ(ωq) − ωβ(−ωq) + ω3β(ω3q) − ω3β(−ω3q)

= −4(ϕ(q) − ϕ(q4))(ϕ(q2) − ϕ(q8))ϕ2(−q4).

Proof. Appealing to Lemmas 3.5 and 2.3, we obtain

ωβ(ωq) − ωβ(−ωq) + ω3β(ω3q) − ω3β(−ω3q)

= 2iϕ(iq2)(ϕ(q) − ϕ(q4))ϕ2(−q4)

− 2iϕ(−iq2)(ϕ(q) − ϕ(q4))ϕ2(−q4)

= 2(iϕ(iq2) − iϕ(−iq2))(ϕ(q) − ϕ(q4))ϕ2(−q4)

= −4(ϕ(q2) − ϕ(q8))(ϕ(q) − ϕ(q4))ϕ2(−q4),

as required.

Lemma 3.7.

ωβ(ωq) − ωβ(−ωq) − ω3β(ω3q) + ω3β(−ω3q) = 4i(ϕ(q) − ϕ(q4))ϕ2(−q4)ϕ(q8).

Proof. Appealing to Lemma 3.5 and (1.6), we deduce

ωβ(ωq) − ωβ(−ωq) − ω3β(ω3q) + ω3β(−ω3q)

= 2iϕ(iq2)(ϕ(q) − ϕ(q4))ϕ2(−q4)

+ 2iϕ(−iq2)(ϕ(q) − ϕ(q4))ϕ2(−q4)

= 2i(ϕ(iq2) + ϕ(−iq2))(ϕ(q) − ϕ(q4))ϕ2(−q4)

= 4iϕ(q8)(ϕ(q) − ϕ(q4))ϕ2(−q4),

which is the asserted result.

We now come to the main goal of this section, which is to show that each
of the ten products ϕ3(q)ϕ(q2), ϕ(q)ϕ3(q2), ϕ2(q)ϕ(q2)ϕ(q4), ϕ(q)ϕ(q2)ϕ2(q4),
ϕ2(q)ϕ(q4)ϕ(q8), ϕ(q)ϕ2(q4)ϕ(q8), ϕ(q)ϕ2(q2)ϕ(q8), ϕ(q)ϕ(q2)ϕ2(q8), ϕ(q)ϕ3(q8)
and ϕ3(q)ϕ(q8) can be expressed in terms of α and β.

Theorem 3.1.

ϕ3(q)ϕ(q2) = α(q) + 4β(q).
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Proof. By (1.6), (3.1) and (3.2), we have

ϕ3(q)ϕ(q2) = 4(ϕ2(q)ϕ(q2)ϕ(q4) − ϕ(q)ϕ(q2)ϕ2(q4)) + ϕ(q)ϕ(q2)(2ϕ(q4) − ϕ(q))2

= 4β(q) + ϕ(q)ϕ(q2)ϕ2(−q)

= α(q) + 4β(q).

Theorem 3.2.

ϕ(q)ϕ3(q2) = α(q) + 2β(q).

Proof. By (1.7), Theorem 3.1 and (3.1), we obtain

ϕ(q)ϕ3(q2) =
1
2
ϕ(q)ϕ(q2)(ϕ2(q) + ϕ2(−q))

=
1
2
ϕ3(q)ϕ(q2) +

1
2
ϕ(q)ϕ2(−q)ϕ(q2)

=
1
2
(α(q) + 4β(q)) +

1
2
α(q)

= α(q) + 2β(q).

Theorem 3.3.

ϕ2(q)ϕ(q2)ϕ(q4) = α(q2) + 2β(q).

Proof. Appealing to (3.2), (1.6), (1.5) and (3.1), we obtain

ϕ2(q)ϕ(q2)ϕ(q4) = 2ϕ2(q)ϕ(q2)ϕ(q4) − ϕ2(q)ϕ(q2)ϕ(q4)

= 2(ϕ2(q)ϕ(q2)ϕ(q4) − ϕ(q)ϕ(q2)ϕ2(q4))

+ ϕ(q)ϕ(q2)ϕ(q4)(2ϕ(q4) − ϕ(q))

= 2β(q) + ϕ(q)ϕ(−q)ϕ(q2)ϕ(q4)

= 2β(q) + ϕ(q2)ϕ2(−q2)ϕ(q4)

= 2β(q) + α(q2).

Theorem 3.4.

ϕ(q)ϕ(q2)ϕ2(q4) = α(q2) + β(q).

Proof. By Theorem 3.3, we have

ϕ2(q)ϕ(q2)ϕ(q4) = α(q2) + 2β(q),

and by (3.2) we have

ϕ2(q)ϕ(q2)ϕ(q4) = β(q) + ϕ(q)ϕ(q2)ϕ2(q4).
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Hence

ϕ(q)ϕ(q2)ϕ2(q4) = α(q2) + β(q)

as asserted.

Theorem 3.5.

ϕ2(q)ϕ(q4)ϕ(q8) = α(q4) + β(q) − 1
2
(iβ(iq) − iβ(−iq)).

Proof. By (3.1), (3.2), Lemma 3.2, (1.5)–(1.7), we obtain

α(q4) + β(q) − 1
2
(iβ(iq) − iβ(−iq))

= ϕ(q4)ϕ2(−q4)ϕ(q8) + ϕ2(q)ϕ(q2)ϕ(q4)

−ϕ(q)ϕ(q2)ϕ2(q4) + ϕ(q)ϕ(−q2)ϕ2(q4) − ϕ(−q2)ϕ3(q4)

= ϕ(q4)(ϕ2(−q4)ϕ(q8) + ϕ2(q)ϕ(q2)

−ϕ(q)ϕ(q2)ϕ(q4) + ϕ(q)ϕ(−q2)ϕ(q4) − ϕ(−q2)ϕ2(q4))

= ϕ(q4)
(

1
2
ϕ(q2)ϕ(−q2)(ϕ(q2) + ϕ(−q2)) + ϕ2(q)ϕ(q2)

−ϕ(q)ϕ(q2)ϕ(q4) + ϕ(q)ϕ(−q2)ϕ(q4) − ϕ(−q2)ϕ2(q4)
)

=
1
2
ϕ(q4)(ϕ2(q2)ϕ(−q2) + ϕ(q2)ϕ2(−q2) + 2ϕ2(q)ϕ(q2)

− 2ϕ(q)ϕ(q2)ϕ(q4) + 2ϕ(q)ϕ(−q2)ϕ(q4) − 2ϕ(−q2)ϕ2(q4))

=
1
2
ϕ(q4)(ϕ2(q2)ϕ(−q2) + ϕ(q2)ϕ2(−q2) + 2ϕ2(q)ϕ(q2)

−ϕ(q)ϕ(q2)(ϕ(q) + ϕ(−q)) + ϕ(q)ϕ(−q2)(ϕ(q) + ϕ(−q))

−ϕ(−q2)(ϕ2(q2) + ϕ2(−q2)))

=
1
2
ϕ(q4)(ϕ2(q2)ϕ(−q2) + ϕ(q2)ϕ2(−q2) + 2ϕ2(q)ϕ(q2)

−ϕ2(q)ϕ(q2) − ϕ(q)ϕ(−q)ϕ(q2) − ϕ2(q2)ϕ(−q2) − ϕ3(−q2)

+ ϕ2(q)ϕ(−q2) + ϕ(q)ϕ(−q)ϕ(−q2))

=
1
2
ϕ(q4)(ϕ2(q)ϕ(q2) + ϕ(q)ϕ(−q)ϕ(q2) − ϕ(q)ϕ(−q)ϕ(q2)

−ϕ(q)ϕ(−q)ϕ(−q2) + ϕ2(q)ϕ(−q2) + ϕ(q)ϕ(−q)ϕ(−q2))

=
1
2
ϕ(q4)ϕ2(q)(ϕ(q2) + ϕ(−q2))

=
1
2
ϕ(q4)ϕ2(q)2ϕ(q8)

= ϕ2(q)ϕ(q4)ϕ(q8).
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Theorem 3.6.

ϕ(q)ϕ2(q4)ϕ(q8) = α(q4) + 4β(q4) +
1
4
(β(q) − β(−q) − iβ(iq) + iβ(−iq)).

Proof. By (3.1), Lemma 3.4, Lemma 3.3 and (1.7), we have

α(q4) + 4β(q4) +
1
4
(β(q) − β(−q) − iβ(iq) + iβ(−iq))

= ϕ(q4)ϕ2(−q4)ϕ(q8) + 2ϕ3(q4)ϕ(q8) − 2ϕ(q4)ϕ3(q8)

+ ϕ(q)ϕ2(q4)ϕ(q8) − ϕ3(q4)ϕ(q8)

= ϕ(q4)ϕ(q8)(ϕ2(−q4) + ϕ2(q4) − 2ϕ2(q8) + ϕ(q)ϕ(q4))

= ϕ(q)ϕ2(q4)ϕ(q8).

Theorem 3.7.

ϕ(q)ϕ2(q2)ϕ(q8) = α(q4)+ β(q)− 1
4
(ωβ(ωq)−ωβ(−ωq)+ ω3β(ω3q)−ω3β(−ω3q)).

Proof. Appealing to (3.1), (3.2) and Lemma 3.6, we obtain

α(q4) + β(q) − 1
4
(ωβ(ωq) − ωβ(−ωq) + ω3β(ω3q) − ω3β(−ω3q))

= ϕ2(−q4)(2ϕ(q4)ϕ(q8) + ϕ(q)ϕ(q2) − ϕ(q)ϕ(q8) − ϕ(q2)ϕ(q4))

+ ϕ2(q)ϕ(q2)ϕ(q4) − ϕ(q)ϕ(q2)ϕ2(q4).

Next, by using (1.5)–(1.7), we obtain

α(q4) + β(q) − 1
4
(ωβ(ωq) − ωβ(−ωq) + ω3β(ω3q) − ω3β(−ω3q))

= ϕ(q2)(2ϕ(−q2)ϕ(q4)ϕ(q8) + ϕ(q)ϕ(q2)ϕ(−q2) − ϕ(q)ϕ(−q2)ϕ(q8)

−ϕ(q2)ϕ(−q2)ϕ(q4) + ϕ2(q)ϕ(q4) − ϕ(q)ϕ2(q4)) (by (1.5))

= ϕ(q2)(ϕ(−q2)ϕ(q4)(2ϕ(q8) − ϕ(q2)) + ϕ(q)ϕ(q2)ϕ(−q2)

−ϕ(q)ϕ(−q2)ϕ(q8) + ϕ2(q)ϕ(q4) − ϕ(q)ϕ2(q4))

= ϕ(q2)(ϕ2(−q2)ϕ(q4) + ϕ(q)ϕ(q2)ϕ(−q2) − ϕ(q)ϕ(−q2)ϕ(q8)

+ ϕ2(q)ϕ(q4) − ϕ(q)ϕ2(q4)) (by (1.6))

= ϕ(q)ϕ(q2)(ϕ(−q)ϕ(q4) + ϕ(q2)ϕ(−q2)

−ϕ(−q2)ϕ(q8) + ϕ(q)ϕ(q4) − ϕ2(q4)) (by (1.5))

= ϕ(q)ϕ(q2)(ϕ2(q4) + ϕ(q2)ϕ(−q2) − ϕ(−q2)ϕ(q8)) (by (1.6))

= ϕ(q)ϕ(q2)(ϕ2(q4) + ϕ2(−q4) − ϕ(−q2)ϕ(q8)) (by (1.5))

= ϕ(q)ϕ(q2)(2ϕ2(q8) − ϕ(−q2)ϕ(q8)) (by (1.7))
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= ϕ(q)ϕ(q2)ϕ(q8)(2ϕ(q8) − ϕ(−q2))

= ϕ(q)ϕ2(q2)ϕ(q8) (by (1.6)).

Theorem 3.8.

ϕ(q)ϕ(q2)ϕ(q8)2 = α(q4) +
1
2
β(q)

− 1
8
(ωβ(ωq) − ωβ(−ωq) + ω3β(ω3q) − ω3β(−ω3q))

− i

8
(ωβ(ωq) − ωβ(−ωq) − ω3β(ω3q) + ω3β(−ω3q)).

Proof. By (3.1), (3.2), Lemma 3.6, Lemma 3.7, (1.5)–(1.7), we have

α(q4) +
1
2
β(q) − 1

8
(ωβ(ωq) − ωβ(−ωq) + ω3β(ω3q) − ω3β(−ω3q))

− i

8
(ωβ(ωq) − ωβ(−ωq) − ω3β(ω3q) + ω3β(−ω3q))

= ϕ(q4)ϕ2(−q4)ϕ(q8) +
1
2
ϕ2(q)ϕ(q2)ϕ(q4) − 1

2
ϕ(q)ϕ(q2)ϕ2(q4)

+
1
2
(ϕ(q) − ϕ(q4))(ϕ(q2) − ϕ(q8))ϕ2(−q4) +

1
2
(ϕ(q) − ϕ(q4))ϕ2(−q4)ϕ(q8)

= ϕ(q2)ϕ(−q2)ϕ(q4)ϕ(q8)

+
1
2
ϕ2(q)ϕ(q2)ϕ(q4) − 1

2
ϕ(q)ϕ(q2)ϕ2(q4) +

1
2
(ϕ(q) − ϕ(q4))ϕ(q2)ϕ2(−q4)

= ϕ(q2)
(

ϕ(−q2)ϕ(q4)ϕ(q8) +
1
2
ϕ2(q)ϕ(q4) − 1

2
ϕ(q)ϕ2(q4)

+
1
2
ϕ(q)ϕ2(−q4) − 1

2
ϕ(q4)ϕ2(−q4)

)

= ϕ(q2)
(

ϕ(−q2)ϕ(q4)
1
2
(ϕ(q2) + ϕ(−q2)) +

1
2
ϕ2(q)ϕ(q4) − 1

2
ϕ(q)ϕ2(q4)

+
1
2
ϕ(q)ϕ2(−q4) − 1

2
ϕ(q4)ϕ2(−q4)

)

=
1
2
ϕ(q2)(ϕ2(−q4)ϕ(q4) + ϕ(q4)ϕ(q)ϕ(−q) + ϕ2(q)ϕ(q4) − ϕ(q)ϕ2(q4)

+ ϕ(q)ϕ2(−q4) − ϕ(q4)ϕ2(−q4))

=
1
2
ϕ(q)ϕ(q2)(ϕ(−q)ϕ(q4) + ϕ(q)ϕ(q4) − ϕ2(q4) + ϕ2(−q4))

=
1
2
ϕ(q)ϕ(q2)(2ϕ2(q4) − ϕ2(q4) + ϕ2(−q4))
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=
1
2
ϕ(q)ϕ(q2)(ϕ2(q4) + ϕ2(−q4))

=
1
2
ϕ(q)ϕ(q2)2ϕ2(q8)

= ϕ(q)ϕ(q2)ϕ2(q8).

Theorem 3.9.

ϕ(q)ϕ3(q8) = α(q4) +
1
2
α(q2) − 1

2
α(q) + 2β(q4)

+
1
8
(β(q) − β(−q) − iβ(iq) + iβ(−iq))

− 1
8
(ωβ(ωq) − ωβ(−ωq) + ω3β(ω3q) − ω3β(−ω3q)).

Proof. We have

4ϕ(q)ϕ3(q8) = 4ϕ(q)
1
2

(
ϕ(q2) + ϕ(−q2))

1
2
(ϕ2(q4) + ϕ2(−q4)

)
(by (1.6) and (1.7))

= ϕ(q)ϕ(q2)ϕ2(q4) + ϕ(q)ϕ(−q2)ϕ2(q4)

+ ϕ(q)ϕ(q2)ϕ2(−q4) + ϕ(q)ϕ(−q2)ϕ2(−q4)

= ϕ(q)ϕ(q2)ϕ2(q4) + ϕ(q)(2ϕ(q8) − ϕ(q2))ϕ2(q4)

+ ϕ(q)ϕ(−q2)ϕ2(q2) + ϕ(q)ϕ2(−q2)ϕ(q2) (by (1.6) and (1.5))

= 2ϕ(q)ϕ2(q4)ϕ(q8) + ϕ(q)(2ϕ(q8) − ϕ(q2))ϕ2(q2)

+ ϕ(q)(2ϕ2(q4) − ϕ2(q2))ϕ(q2) (by (1.6) and (1.7))

= 2ϕ(q)ϕ2(q4)ϕ(q8) + 2ϕ(q)ϕ2(q2)ϕ(q8)

−ϕ(q)ϕ3(q2) + 2ϕ(q)ϕ(q2)ϕ2(q4) − ϕ(q)ϕ3(q2)

= 2ϕ(q)ϕ2(q4)ϕ(q8) + 2ϕ(q)ϕ2(q2)ϕ(q8)

+ 2ϕ(q)ϕ(q2)ϕ2(q4) − 2ϕ(q)ϕ3(q2).

Thus

ϕ(q)ϕ3(q8) =
1
2
ϕ(q)ϕ2(q4)ϕ(q8) +

1
2
ϕ(q)ϕ2(q2)ϕ(q8)

+
1
2
ϕ(q)ϕ(q2)ϕ2(q4) − 1

2
ϕ(q)ϕ3(q2)

=
1
2

(
α(q4) + 4β(q4) +

1
4
(β(q) − β(−q) − iβ(iq) + iβ(−iq))

)

+
1
2

(
α(q4) + β(q)− 1

4
(ωβ(ωq) − ωβ(−ωq)+ ω3β(ω3q)−ω3β(−ω3q))

)
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+
1
2
(α(q2) + β(q))

− 1
2
(α(q) + 2β(q)) (by Theorems 3.6, 3.7, 3.4 and 3.2)

= α(q4) +
1
2
α(q2) − 1

2
α(q) + 2β(q4)

+
1
8
(β(q) − β(−q) − iβ(iq) + iβ(−iq))

− 1
8
(ωβ(ωq) − ωβ(−ωq) + ω3β(ω3q) − ω3β(−ω3q))

as asserted.

Theorem 3.10.

ϕ3(q)ϕ(q8) = α(q4) + 3β(q) − 8β(q4)

− 1
2
(β(q) − β(−q) + iβ(iq) − iβ(−iq))

− 1
4
(ωβ(ωq) − ωβ(−ωq) + ω3β(ω3q) − ω3β(−ω3q)).

Proof. Appealing to Lemma 2.2, we have

ϕ3(q)ϕ(q8) + ϕ(q)ϕ2(−q2)ϕ(q8) = ϕ(q)ϕ(q8)(ϕ2(q) + ϕ2(−q2))

= 2ϕ2(q)ϕ(q4)ϕ(q8).

Next, by (1.7), we deduce

ϕ(q)ϕ2(−q2)ϕ(q8) = ϕ(q)(2ϕ2(q4) − ϕ2(q2))ϕ(q8)

= 2ϕ(q)ϕ2(q4)ϕ(q8) − ϕ(q)ϕ2(q2)ϕ(q8).

Hence

ϕ3(q)ϕ(q8) = 2ϕ2(q)ϕ(q4)ϕ(q8) − 2ϕ(q)ϕ2(q4)ϕ(q8) + ϕ(q)ϕ2(q2)ϕ(q8).

Appealing to Theorems 3.5–3.7, we obtain

ϕ3(q)ϕ(q8) = 2
(

α(q4) + β(q) − 1
2
(iβ(iq) − iβ(−iq))

)

− 2
(

α(q4) + 4β(q4) +
1
4
(β(q) − β(−q) − iβ(iq) + iβ(−iq))

)

+ α(q4) + β(q) − 1
4
(ωβ(ωq) − ωβ(−ωq) + ω3β(ω3q) − ω3β(−ω3q))
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= α(q4) + 3β(q) − 8β(q4)

− 1
2
(β(q) − β(−q)) − 1

2
(iβ(iq) − iβ(−iq))

− 1
4
(ωβ(ωq) − ωβ(−ωq) + ω3β(ω3q) − ω3β(−ω3q))

as claimed.

4. The Functions R(n) and S(n)

For n ∈ N we define

R(n) :=
∑
d|n

d

(
8
d

)
(4.1)

and

S(n) :=
∑
d|n

n

d

(
8
d

)
, (4.2)

where d runs through the positive integers dividing n and
(

8
d

)
is the Legendre–

Jacobi–Kronecker symbol for discriminant 8, that is

(
8
d

)
=




+1, if d ≡ 1, 7 (mod 8),

−1, if d ≡ 3, 5 (mod 8),

0, if d ≡ 0 (mod 2).

Using the properties of the Legendre–Jacobi–Kronecker symbol it is easy to prove
the following theorem.

Theorem 4.1. Let n ∈ N. Set n = 2αN, where α ∈ N0, N ∈ N and N is odd. Then

(a) R(n) = R(N) =
(

8
N

)
S(N)

and

(b) S(n) = 2α

(
8
N

)
R(N) = 2αS(N).

An immediate consequence of Theorem 4.1 is the following result.

Corollary 4.1. Let n1 ∈ N and n2 ∈ N be such that n1 = 2βn2 for some β ∈ N0.
Then

(a) R(n1) = R(n2)

and

(b) S(n1) = 2βS(n2).
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Our next theorem of this section gives the power series
∑∞

n=1 R(n)qn and∑∞
n=1 S(n)qn in terms of Jacobi’s theta function ϕ.

Theorem 4.2. Let q ∈ C be such that |q| < 1. Then

(a)
∞∑

n=1

R(n)qn =
1
2
− 1

2
ϕ(q)ϕ2(−q)ϕ(q2)

and

(b)
∞∑

n=1

S(n)qn =
1
2
ϕ2(q)ϕ(q2)ϕ(q4) − 1

2
ϕ(q)ϕ(q2)ϕ2(q4).

Proof. We appeal to classical results of Petr [14]. Petr uses the following notation:


Θ1 = 2
∞∑

n=0

q(2n+1)2/4, Θ1(0, 2τ) = 2
∞∑

n=0

q(2n+1)2/2,

Θ2 = 1 + 2
∞∑

n=1

(−1)nqn2
, Θ2(0, 2τ) = 1 + 2

∞∑
n=1

(−1)nq2n2
,

Θ3 = 1 + 2
∞∑

n=1

qn2
, Θ3(0, 2τ) = 1 + 2

∞∑
n=1

q2n2
,

Θ3(0, τ/2) = 1 + 2
∞∑

n=1

qn2/2.

(4.3)

He proves [14, (19′), third equation]

Θ2
1Θ3Θ3(0, τ/2) = 4

∞∑
n=1


∑

d|n

n

d

(
8
d

) qn/2 (4.4)

and [14, (19′), second equation]

Θ2
2Θ3Θ3(0, 2τ) = 1 − 2

∞∑
n=1


∑

d|n
d

(
8
d

) qn. (4.5)

From (1.4) and (4.3) we obtain

Θ1 = ϕ(q1/4) − ϕ(q), Θ1(0, 2τ) = ϕ(q1/2) − ϕ(q2), (4.6)

Θ2 = ϕ(−q), Θ2(0, 2τ) = ϕ(−q2), (4.7)

Θ3 = ϕ(q), Θ3(0, 2τ) = ϕ(q2), Θ3(0, τ/2) = ϕ(q1/2). (4.8)

Replacing q by q2 in (4.4), we obtain

Θ2
1(0, 2τ)Θ3Θ3(0, 2τ) = 4

∞∑
n=1


∑

d|n

n

d

(
8
d

) qn. (4.9)
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Appealing to (4.2), (4.6) and (4.8), we deduce

(ϕ(q1/2) − ϕ(q2))2ϕ(q)ϕ(q2) = 4
∞∑

n=1

S(n)qn. (4.10)

Next, appealing to Lemma 2.1, we obtain

4
∞∑

n=1

S(n)qn = 2ϕ2(q)ϕ(q2)ϕ(q4) − 2ϕ(q)ϕ(q2)ϕ2(q4)

from which (b) follows on dividing both sides by 4.
Appealing to (4.1), (4.7) and (4.8), (4.5) becomes

ϕ2(−q)ϕ(q)ϕ(q2) = 1 − 2
∞∑

n=1

R(n)qn

from which (a) follows.

From (3.1), (3.2) and Theorem 4.2 we obtain immediately

Theorem 4.3. For q ∈ C with |q| < 1 we have

(a) α(q) = 1 − 2
∞∑

n=1

R(n)qn

and

(b) β(q) = 2
∞∑

n=1

S(n)qn.

5. Representations by Quaternary Quadratic Forms

In this section, we use the theta function identities proved in Theorems 3.1–3.10 in
conjunction with Theorems 4.1 and 4.3 to determine the number of representations
of n ∈ N by the ten quaternary quadratic forms listed at the end of Sec. 1.

Theorem 5.1. Let n ∈ N. Set n = 2αN, where α ∈ N0, N ∈ N and gcd(N, 2) = 1.
Then

N(1, 1, 1, 2; n) = 2
(

2α+2 −
(

8
N

))
S(N).

Proof. By (1.3), Theorems 3.1 and 4.3, we have
∞∑

n=0

N(1, 1, 1, 2; n)qn = ϕ3(q)ϕ(q2)

= α(q) + 4β(q)

= 1 − 2
∞∑

n=1

R(n)qn + 8
∞∑

n=1

S(n)qn.
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Equating coefficients of qn (n ∈ N), we deduce

N(1, 1, 1, 2; n) = 8S(n) − 2R(n), n ∈ N.

Appealing to Theorem 4.1, we obtain the assertion of the theorem.

Theorem 5.1 was stated but not proved by Liouville in [4]. Pepin [13] used
Liouville’s elementary methods and recurrence relations to prove Theorem 5.1.
Petr [14] evaluated N(1, 1, 1, 2; n) in terms of the class number of binary quadratic
forms. Benz [1, pp. 168–175] gave a proof of Theorem 5.1 using recurrence rela-
tions and theta function identities. Demuth [3, pp. 241–243] deduced Theorem 5.1
from Siegel’s mass formula. Wild [15] used modular forms to prove Theorem 5.1.
Recently, Williams [16] has given a completely arithmetic proof of Theorem 5.1
without recourse to recurrence relations.

Theorem 5.2. Let n ∈ N. Set n = 2αN, where α ∈ N0, N ∈ N and gcd(N, 2) = 1.
Then

N(1, 2, 2, 2; n) = 2
(

2α+1 −
(

8
N

))
S(N).

Proof. By (1.3), Theorems 3.2 and 4.3, we have
∞∑

n=0

N(1, 2, 2, 2; n)qn = ϕ(q)ϕ3(q2)

= α(q) + 2β(q)

= 1 − 2
∞∑

n=1

R(n)qn + 4
∞∑

n=1

S(n)qn.

Equating coefficients of qn (n ∈ N), we deduce

N(1, 2, 2, 2; n) = 4S(n) − 2R(n), n ∈ N.

Appealing to Theorem 4.1, we obtain the assertion of the theorem.

Theorem 5.2 was stated without proof by Liouville [4] in 1861. In 1884,
Pepin [13] proved Theorem 5.2 using Liouville’s elementary methods and re-
currence relations between N(1, 1, 1, 2; n) and N(1, 2, 2, 2; n) as well as between
N(1, 2, 2, 2; 2αN) and N(1, 2, 2, 2; N). In 1964, Benz [1] gave a proof of Liouville’s
formula for N(1, 2, 2, 2; n) using theta functions and recurrence relations such as
N(1, 2, 2, 2; 2n) = N(1, 1, 1, 2; n). Recently, Williams [16] has given a completely
arithmetic proof of Theorem 5.2.

Theorem 5.3. Let n ∈ N. Set n = 2αN, where α ∈ N0, N ∈ N and gcd(N, 2) = 1.
Then

N(1, 1, 2, 4; n) =
(

2α+2 − (1 + (−1)n))
(

8
N

))
S(N).
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Proof. By (1.3), Theorem 3.3, Theorem 4.3 and Corollary 4.1, we have

∞∑
n=0

N(1, 1, 2, 4; n)qn = ϕ2(q)ϕ(q2)ϕ(q4)

= α(q2) + 2β(q)

= 1 − 2
∞∑

n=1

R(n)q2n + 4
∞∑

n=1

S(n)qn

= 1 − 2
∞∑

n=1

R(2n)q2n + 4
∞∑

n=1

S(n)qn

= 1 − 2
∞∑

n = 1
n even

R(n)qn + 4
∞∑

n=1

S(n)qn

= 1 −
∞∑

n=1

R(n)(1 + (−1)n)qn + 4
∞∑

n=1

S(n)qn.

Equating coefficients of qn (n ∈ N), we obtain

N(1, 1, 2, 4; n) = 4S(n) − (1 + (−1)n)R(n).

Appealing to Theorem 4.1, we obtain the assertion of the theorem.

Theorem 5.3 was stated without proof by Liouville in [10]. The authors have not
located a proof of this theorem in the literature.

Theorem 5.4. Let n ∈ N. Set n = 2αN, where α ∈ N0, N ∈ N and gcd(N, 2) = 1.
Then

N(1, 2, 4, 4; n) =
(

2α+1 − (1 + (−1)n)
(

8
N

))
S(N).

Proof. By (1.3), Theorem 3.4, Theorem 4.3 and Corollary 4.1, we have

∞∑
n=0

N(1, 2, 4, 4; n)qn = ϕ(q)ϕ(q2)ϕ2(q4)

= α(q2) + β(q)

= 1 − 2
∞∑

n=1

R(n)q2n + 2
∞∑

n=1

S(n)qn

= 1 − 2
∞∑

n=1

R(2n)q2n + 2
∞∑

n=1

S(n)qn
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= 1 − 2
∞∑

n = 1
n even

R(n)qn + 2
∞∑

n=1

S(n)qn

= 1 −
∞∑

n=1

R(n)(1 + (−1)n)qn + 2
∞∑

n=1

S(n)qn.

Equating coefficients of qn (n ∈ N), we deduce

N(1, 2, 4, 4; n) = 2S(n) − (1 + (−1)n)R(n).

Appealing to Theorem 4.1, we obtain the assertion of the theorem.

Theorem 5.4 was stated without proof by Liouville [8]. The authors have not
found a proof of this theorem in the literature.

Theorem 5.5. Let n ∈ N. Set n = 2αN, where α ∈ N0, N ∈ N and gcd(N, 2) = 1.
Then

N(1, 1, 4, 8; n) =




4S(N), if n ≡ 1 (mod 4),

0, if n ≡ 3 (mod 4),

4S(N), if n ≡ 2 (mod 4),

2
(

2α −
(

8
N

))
S(N), if n ≡ 0 (mod 4).

Proof. By (1.3), Theorems 3.5 and 4.3, we obtain
∞∑

n=0

N(1, 1, 4, 8; n)qn

= ϕ2(q)ϕ(q4)ϕ(q8)

= α(q4) + β(q) − 1
2
(iβ(iq) − iβ(−iq))

= 1 − 2
∞∑

n=1

R(n)q4n + 2
∞∑

n=1

S(n)qn −
∞∑

n=1

S(n)qn(in+1 − (−1)nin+1)

= 1 − 2
∞∑

n=1

R(n/4)qn + 2
∞∑

n=1

S(n)qn

+ 2
∞∑

n = 1
n≡ 1 (mod 4)

S(n)qn − 2
∞∑

n = 1
n≡ 3 (mod 4)

S(n)qn

= 1 − 2
∞∑

n=1

R(n/4)qn + 4
∞∑

n = 1
n≡ 1 (mod 4)

S(n)qn + 2
∞∑

n = 1
n even

S(n)qn.
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Equating coefficients of qn (n ∈ N), we obtain

N(1, 1, 4, 8; n) =




4S(n), if n ≡ 1 (mod 4),

2S(n), if n ≡ 2 (mod 4),

0, if n ≡ 3 (mod 4),

−2R(n/4) + 2S(n), if n ≡ 0 (mod 4).

Appealing to Theorem 4.1 and Corollory 4.1, we deduce

N(1, 1, 4, 8; n) =




4S(N), if n ≡ 1 (mod 4),

4S(N), if n ≡ 2 (mod 4),

0, if n ≡ 3 (mod 4),

2
(

2α −
(

8
N

))
S(N), if n ≡ 0 (mod 4),

as asserted.

This result was stated without proof by Liouville [11]. The authors have not
located a proof in the literature.

Theorem 5.6. Let n ∈ N. Set n = 2αN, where α ∈ N0, N ∈ N and N is odd. Then

N(1, 4, 4, 8; n) =




2S(N), if n ≡ 1 (mod 4),

0, if n ≡ 3 (mod 4),

0, if n ≡ 2 (mod 4),

2
(

2α −
(

8
N

))
S(N), if n ≡ 0 (mod 4).

Proof. By (1.3), Theorems 3.6 and 4.3, we obtain
∞∑

n=0

N(1, 4, 4, 8; n)qn = ϕ(q)ϕ2(q4)ϕ(q8)

= α(q4) + 4β(q4) +
1
4
(β(q) − β(−q) − iβ(iq) + iβ(−iq))

= 1 − 2
∞∑

n=1

R(n)q4n + 8
∞∑

n=1

S(n)q4n

+
1
2

∞∑
n=1

S(n)qn(1 − (−1)n − in+1 + (−1)nin+1)

= 1 − 2
∞∑

n=1

R(n/4)qn + 8
∞∑

n=1

S(n/4)qn + 2
∞∑

n =1
n≡ 1 (mod 4)

S(n)qn.
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Equating coefficients of qn (n ∈ N), we obtain

N(1, 4, 4, 8; n) =




2S(n), if n ≡ 1 (mod 4),

0, if n ≡ 2, 3 (mod 4),

−2R(n/4) + 8S(n/4), if n ≡ 0 (mod 4).

Appealing to Theorem 4.1, we obtain the assertion of the theorem.

This result was stated by Liouville [7] without proof. The authors have not found
a proof in the literature.

Theorem 5.7. Let n ∈ N. Set n = 2αN, where α ∈ N0, N ∈ N and N is odd. Then

N(1, 2, 2, 8; n) =




0, if n ≡ 7 (mod 8),

2S(N), if n ≡ 1 (mod 4),

4S(N), if n ≡ 3 (mod 8),

4S(N), if n ≡ 2 (mod 4),

2
(

2α −
(

8
N

))
S(N), if n ≡ 0 (mod 4).

Proof. By (1.3), Theorems 3.7 and 4.3, we obtain

∞∑
n=0

N(1, 2, 2, 8; n)qn = ϕ(q)ϕ2(q2)ϕ(q8)

= α(q4) + β(q) − 1
4
(ωβ(ωq) − ωβ(−ωq)

+ ω3β(ω3q) − ω3β(−ω3q))

= 1 − 2
∞∑

n=1

R(n)q4n + 2
∞∑

n=1

S(n)qn

− 1
2

∞∑
n=1

S(n)(ωn+1 − (−1)nωn+1 + ω3n+3 − (−1)nω3n+3)qn

= 1 − 2
∞∑

n=1

R(n/4)qn + 2
∞∑

n=1

S(n)qn

+ 2
∞∑

n =1
n≡ 3 (mod 8)

S(n)qn − 2
∞∑

n =1
n≡ 7 (mod 8)

S(n)qn.
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Equating coefficients of qn (n ∈ N), we obtain

N(1, 2, 2, 8; n) =




2S(n), if n ≡ 2 (mod 4),

2S(n) − 2R(n/4), if n ≡ 0 (mod 4),

2S(n), if n ≡ 1 (mod 4),

4S(n), if n ≡ 3 (mod 8),

0, if n ≡ 7 (mod 8).

Appealing to Theorem 4.1, we obtain the assertion of the theorem.

Theorem 5.7 was stated without proof by Liouville [12]. No proof appears to
exist in the literature.

Theorem 5.8. Let n ∈ N. Set n = 2αN, where α ∈ N0, N ∈ N and N is odd. Then

N(1, 2, 8, 8; n) =




0, if n ≡ 5, 7 (mod 8),

2S(N), if n ≡ 1, 3 (mod 8),

2S(N), if n ≡ 2 (mod 4),

2
(

2α−1 −
(

8
N

))
S(N), if n ≡ 0 (mod 4).

Proof. By (1.3), Theorems 3.8 and 4.3, we have

∞∑
n=0

N(1, 2, 8, 8; n)qn

= ϕ(q)ϕ(q2)ϕ2(q8)

= α(q4) +
1
2
β(q) − 1

8
(ωβ(ωq) − ωβ(−ωq) + ω3β(ω3q) − ω3β(−ω3q))

− i

8
(ωβ(ωq) − ωβ(−ωq) − ω3β(ω3q) + ω3β(−ω3q))

= 1 − 2
∞∑

n=1

R(n)q4n +
∞∑

n=1

S(n)qn

− 1
4

∞∑
n=1

S(n)(ωn+1 − (−1)nωn+1 + ω3n+3 − (−1)nω3n+3)qn

− i

4

∞∑
n=1

S(n)(ωn+1 − (−1)nωn+1 − ω3n+3 + (−1)nω3n+3)qn
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= 1 − 2
∞∑

n=1

R(n/4)qn +
∞∑

n=1

S(n)qn +
∞∑

n =1
n≡ 3 (mod 8)

S(n)qn

−
∞∑

n = 1
n≡ 7 (mod 8)

S(n)qn +
∞∑

n =1
n≡ 1 (mod 8)

S(n)qn −
∞∑

n = 1
n≡ 5 (mod 8)

S(n)qn.

Equating coefficients of qn (n ∈ N), we obtain

N(1, 2, 8, 8; n) =




2S(n), if n ≡ 1, 3 (mod 8),

0, if n ≡ 5, 7 (mod 8),

S(n), if n ≡ 2 (mod 4),

S(n) − 2R(n/4), if n ≡ 0 (mod 4).

Appealing to Theorem 4.1, we obtain the assertion of the theorem.

Theorem 5.8 was stated by Liouville [9] without proof. We have not found a
proof in the literature.

Theorem 5.9. Let n ∈ N. Set n = 2αN, where α ∈ N0, N ∈ N and N is odd. Then

N(1, 8, 8, 8; n) =




0, if n ≡ 3, 5, 7 (mod 8),

2S(N), if n ≡ 1 (mod 8),

0, if n ≡ 2 (mod 4),

2
(

2α−1 −
(

8
N

))
S(N), if n ≡ 0 (mod 4).

Proof. By (1.3), Theorems 3.9 and 4.3, we have

∞∑
n=0

N(1, 8, 8, 8; n)qn

= ϕ(q)ϕ3(q8)

= α(q4) +
1
2
α(q2) − 1

2
α(q) + 2β(q4)

+
1
8
(β(q) − β(−q) − iβ(iq) + iβ(−iq))

− 1
8
(ωβ(ωq) − ωβ(−ωq) + ω3β(ω3q) − ω3β(−ω3q))

= 1 − 2
∞∑

n=1

R(n)q4n +
1
2
−

∞∑
n=1

R(n)q2n − 1
2

+
∞∑

n=1

R(n)qn
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+ 4
∞∑

n=1

S(n)q4n +
1
4

∞∑
n=1

S(n)(1 − (−1)n − in+1 + (−1)nin+1)qn

− 1
4

∞∑
n=1

S(n)(ωn+1 − (−1)nωn+1 + ω3n+3 − (−1)nω3n+3)qn

= 1 − 2
∞∑

n=1

R(n/4)qn −
∞∑

n=1

R(n/2)qn +
∞∑

n=1

R(n)qn + 4
∞∑

n=1

S(n/4)qn

+
∞∑

n =1
n≡ 1 (mod 4)

S(n)qn +
∞∑

n =1
n≡ 3 (mod 8)

S(n)qn −
∞∑

n =1
n≡ 7 (mod 8)

S(n)qn.

Equating coefficients of qn (n ∈ N), we deduce

N(1, 8, 8, 8; n) =




−2R(n/4)− R(n/2) + R(n) + 4S(n/4), if n ≡ 0 (mod 4),

−R(n/2) + R(n), if n ≡ 2 (mod 4),

R(n) + S(n), if n ≡ 1 (mod 4),

R(n) + S(n), if n ≡ 3 (mod 8),

R(n) − S(n), if n ≡ 7 (mod 8).

Appealing to Theorem 4.1, we obtain

N(1, 8, 8, 8; n) =




(
2α − 2

(
8
N

))
S(N), if n ≡ 0 (mod 4),

0, if n ≡ 2 (mod 4),(
1 +

(
8
N

))
S(n), if n ≡ 1 (mod 4),

(
1 +

(
8
N

))
S(n) = 0, if n ≡ 3 (mod 8),

(
−1 +

(
8
N

))
S(n) = 0, if n ≡ 7 (mod 8),

which gives the assertion of the theorem.

Theorem 5.9 was stated by Liouville [6] without proof. We have not located a
proof of Theorem 5.9 in the literature.

Theorem 5.10. Let n ∈ N. Set n = 2αN, where α ∈ N0, N ∈ N and gcd(N, 2) = 1.
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Then

N(1, 1, 1, 8; n) =




6S(N), if n ≡ 1 (mod 4),

4S(N), if n ≡ 3 (mod 8),

0, if n ≡ 7 (mod 8),

12S(N), if n ≡ 2 (mod 4),

2
(

2α −
(

8
N

))
S(N), if n ≡ 0 (mod 4).

Proof. By (1.3), Theorems 3.10 and 4.3, we have
∞∑

n=0

N(1, 1, 1, 8; n)qn = ϕ3(q)ϕ(q8)

= α(q4) + 3β(q) − 8β(q4)

− 1
2
(β(q) − β(−q) + iβ(iq) − iβ(−iq))

− 1
4
(ωβ(ωq) − ωβ(−ωq) + ω3β(ω3q) − ω3β(−ω3q))

= 1 − 2
∞∑

n=1

R(n)q4n + 6
∞∑

n=1

S(n)qn − 16
∞∑

n=1

S(n)q4n

−
∞∑

n=1

S(n)(1 − (−1)n + in+1 − (−1)nin+1)qn

− 1
2

∞∑
n=1

S(n)(ωn+1 − (−1)nωn+1 + ω3n+3 − (−1)nω3n+3)qn

= 1 − 2
∞∑

n=1

R(n/4)qn + 6
∞∑

n=1

S(n)qn − 16
∞∑

n=1

S(n/4)qn

− 4
∞∑

n =1
n≡ 3 (mod 4)

S(n)qn + 2
∞∑

n =1
n≡ 3 (mod 8)

S(n)qn

− 2
∞∑

n =1
n≡ 7 (mod 8)

S(n)qn.

If n ≡ 1 (mod 4), we have

N(1, 1, 1, 8; n) = 6S(n) = 6S(N).

If n ≡ 3 (mod 8), we have

N(1, 1, 1, 8; n) = 6S(n) − 4S(n) + 2S(n) = 4S(n) = 4S(N).
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If n ≡ 7 (mod 8), we have

N(1, 1, 1, 8; n) = 6S(n) − 4S(n) − 2S(n) = 0.

If n ≡ 2 (mod 4), we have

N(1, 1, 1, 8; n) = 6S(n) = 12S(N).

If n ≡ 0 (mod 4), we have

N(1, 1, 1, 8; n) = −2R(n/4) + 6S(n) − 16S(n/4)

= −2
(

8
N

)
S(N) + 6 · 2αS(N) − 16 · 2α−2S(N)

= 2
(

2α −
(

8
N

))
S(N).

Theorem 5.10 was stated by Liouville [5] without proof. The authors have not
located a proof of Theorem 5.10 in the literature.

6. Conclusion

There are twenty quaternary forms x2 + ey2 + fz2 + gt2 with

e, f, g ∈ {1, 2, 4, 8}, e ≤ f ≤ g.

In this paper N(1, e, f, g; n) (n ∈ N) was evaluated for ten of these forms in terms
of the sum S(n) =

∑
d|n

n
d

(
8
d

)
. Of the remaining ten forms, N(1, e, f, g; n) can be

evaluated in terms of σ(n) =
∑

d|n d for six of them and in terms of σ(n) and

the sum
∑

(i, s) ∈ N0 × Z

i2 + 4s2 = n

(−1)
i−1
2 i for the remaining four forms, see Acta Arith. 130

(2007) 277–310 and Int. J. Modern Math. 2 (2007) 143–176.
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