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1. Introduction

Let N, Ny, Z and C denote the sets of positive integers, nonnegative integers, integers
and complex numbers, respectively. For a,b,c,d € N and n € Ny, we define

N(a,b,c,d;n) = card{(z,y, z,t) € Z* | n = az® + by? + c2® +dt*}. (1.1

Clearly
N(a,b,c,d;0) = 1. (1.2)
Also
> N(a,b,e,din)g" = o(g")p(q")e(a) (). (1.3)
=0
where ¢(g) denotes Jacobi’s theta function, namely
S ¢ qeC, <1 (1.4)

13



14 A. Alaca et al.

The basic properties of ¢(q) are

o(q)e(—q) = ¢*(=4%), (1.5)
o(q) + o(—q) = 2¢(q*), (1.6)
©*(q) + ©*(—q) = 2¢*(4%), (1.7)

see, for example, [2, p. 40]. In Sec. 2, we deduce from (1.4)—(1.7) a few identities
involving ¢, for example

20(q)0(q") = ¢*(q) + ©*(—¢*),

which will be used in Sec. 3, see Lemmas 2.1-2.4. In Sec. 3, we define

and

B(q) = &> (@)e(a®)e(q") — e(@)e(d®) e (¢*),

and give their basic properties, see Lemmas 3.1-3.7. In the remainder of Sec. 3, we
use Lemmas 3.1-3.7 to express ten products involving ¢ in terms of a and f, see
Theorems 3.1-3.10. In Sec. 4, we define the arithmetic functions

= Zd(%), n €N
d|n

and

d|n

where d runs through the positive integers dividing n and (%) is the Legendre-
Jacobi-Kronecker symbol for discriminant 8, that is

< +1, ifd=1,7 (mod 8),
(E) =<-1, ifd=3,5 (mod ),
0, ifd=0 (mod 2).

The basic properties of R(n) and S(n) are given in Theorem 4.1 and Corollary 4.1.
By appealing to results of Petr [14] we show that

> RO = 5 - 0@

and
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see Theorem 4.2. From these we deduce immediately the series expansions of a(q)
and ((g) in powers of ¢, namely

alg) =1-2> R(n)q"
n=1
and
Bla) =2 S(n)g",
n=1

see Theorem 4.3. Finally, in Sec. 5, we use the results obtained in Secs. 3 and 4

to determine formulae for the number of representations of n € N by each of the

following ten quaternary quadratic forms:
22 4+ y? + 22 + 22
22 + 2y% + 222 + 2t
22 +y? + 222 4 4t>  (Theorem 5.3
22 +2y% + 422 + 4t  (Theorem 5.4

(Theorem 5.1)
( )
( )
( )
2% +y? + 422+ 82 (Theorem 5.5)
( )
( )
( )
( )

Theorem 5.2

2% + 4y? + 422 + 8t  (Theorem 5.6
22 +2y% + 222 + 8t  (Theorem 5.7
2% +2y% + 822+ 8t2 (Theorem 5.8
2% + 8y? + 822+ 8t2 (Theorem 5.9
22 +y? + 22 +8t2  (Theorem 5.10)

These formulae were stated but not proved by Liouville [4-12].

2. Identities Involving ¢(q)

In this section we use (1.4) and the three basic properties of ¢(¢), namely (1.5),
(1.6) and (1.7), to prove further identities involving ¢(q'/?), ¢(q), ¢(¢?),.... The
following is an immediate consequence of (1.6)

o(q) — (—q) = 2(p(q) — v(q*)) = 2(¢(q*) — ¢(—q)),

which we will use on a number of occasions without comment.
Lemma 2.1. (p(¢"?) — ¢(¢%))* = 20(a)(q*) — 2¢°(¢*).
Proof. We have

(p(a"?) = 2(¢*)* = *(a"?) = 20(a"?)e(a?) + ¢*(¢°)

=¢*(¢"?) - 2@(611/2)%(%0((11/2) +¢(—q"?))

(¢*(a) + ¥*(=q)) (by (1.6) and (1.7))

DO | =

+
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as asserted.

Lemma 2.2. 2¢(q)¢(q*) = ©?(q) + ©*(—¢?).

Proof. We have

20(q)0(q") = ¢(q)(e(q) + v(—q)) (by (1.6))
*(q) + ¢(q)p(—q)
*(q) +¢*(—¢%) (by (1.5))

as asserted.

Lemma 2.3.

Proof. We have from (1.4)

o0

plig) = Y ()" = > ¢ +i Y. ¢~

n=-—oo n = —oo n=—o0oo
n even n odd

_ Z q4n2+2< Z qn2_ Z q4n2>

n=-—oo n=-—oo n=—oo

= p(q*) +i(e(a) — o(q")).

Then, from (1.6), we obtain
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It is convenient to set w = €27/8 5o that
04, g -1+

4
w= , wi=1, w°= , wh=-—1,
V2 V2
(2.1)
w5——w—_1_z Wl =—i w7:—w3:1_2 Wwd=1
Lemma 2.4.
p(wa) = p(=¢*) +wle(a) - (a),
p(w’q) = o(—q") +w’(p(q) — w(g")),
p(~wa) = p(—q") —wlp(a) — (")),
p(=’q) = p(=¢*) — w’(p(a) — w(a*)).
Proof. Let r € {1,3,5,7}. Then for n € Z we have
W =W ifn=1 (mod 2),
and
W = (=1)™2, ifn=0 (mod 2).
Hence, by (1.4), we deduce
i 2 i 2 i 2
pwig)= > W™ = > (D" +wn D "
o nEnOZ(I:lC())g 2) nznlz(l:lc?g 2)
i 2 >0 2 >0 2
_ Z (_1)nq4n + o Z " - Z q"
o o nzn():(r;;s 2)
> 2 i 2
= D (=Y +w" (@(Q) - > ¢ )
= p(=¢") +w"((a) — #(a*))-
The asserted results now follow using (2.1). m|
3. Identities Involving a(q), B3(q) and ¢(q)
It is convenient to set
a(q) = (0)9*(—a)e(a?) (3.1)

and

B(q) == ¢*(@)e(@®)e(q") — v(@)e(d®) e (q*). (32)
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It is easy to check that « and § satisfy the basic relations

a(q) + a(—q) = 2a(q?)

and

B(q) + B(—q) = 45(¢?).
In the next few lemmas we give the properties of «(q) and ((¢) that we shall
need.

Lemma 3.1.

Proof. Appealing to (3.2) and (1.6) we obtain

Bla) = B(=q) = £*(@)e(a*)e(a*) — e(a)e(a®)¢*(a*)

—¢*(=0)p(@®)p(gh) + p(=) ()¢ (¢")
= (¢* (@) — P*(=0)e(@*)p(a") = (pla) — (=) (a*)¢*(a")
= 2(p(q) — ¢(=9)(@*)P*(a*) = (e(@) = v(—a)p(a®)p*(¢*)
= (p(q) = #(—=9)(d*)¢ (¢")
as asserted. O

Lemma 3.2.
i(B(iq) — B(—iq)) = —(e(q) — p(—9)e(—a*)¢* (¢*)
= —2(¢(q) — o(g")e(—a*)¢*(q*).
Proof. Replacing ¢ by ig in Lemma 3.1, and appealing to Lemma 2.3, we obtain
i(B(iq) — B(—iq)) = i(e(iq) — p(—iq))p(—a*)*(¢")
= —(p(q) — e(=9)e(—a*)*(q"),

as asserted. O

Lemma 3.3.
B(q) = B(—q) — iBliq) +iB(—iq) = 4p(@)¢”(a")p(¢®) — 4¢°(a")p(a?).
Proof. Appealing to Lemma 3.1, Lemma 3.2 and (1.6), we have
B(q) — B(—q) —iB(iq) + iB(—iq)
e(@)v(d®)e*(qh) — (=a)e(®)¢” (¢*)
+o(@)e(—=a*)¢*(d") — p(—=a)p(—4*)*(¢")

)P
=20(9)¢” (¢")e(¢®) — 20(—0)9 (") (¢®)
=2((q) — o(—0)*(g")e(q®)
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=4(p(q) — o(g")*(a")e(d®)
=4p(q)*(a")e(¢®) — 40°(¢)p(d®),

as asserted. O

Lemma 3.4.

Proof. Appealing to (3.2), (1.5)—(1.7), we deduce
B(a") = ¥*(a)e(@®)e(a') — v(a)e(d®)¢*(¢*°)

= P (")o(@") 5 (9(a") + $(~a")

= %s@g(q‘*)w(qs) + 50(a")e(¢")¢* (=a%)
- %w(q4)w3(q8) - %@(q“)@(qg)@Q(—qg)

as claimed. O

Lemma 3.5.

wB(wq) — wB(—wq) = 2ip(ig*)((q) — v(¢*)¥* (—q),
W Bwq) — w?B(—wiq) = —2ip(—ig®)(v(q) — (a*))e* (—q*).

Proof. By Lemmas 3.1 and 2.4, we obtain

Blwq) — B(—wq) = p(wq)p(ig®)e* (—q*) — e(—wq)e(iq®)p* (—q*)
= (p(wq) — p(—wq))e(ig®)e* (—q*)
=2w(p(q) — ¢(g*)p(ig®)*(—q*)

) -
(ig

so that

wh(wq) — wh(—wq) = 2ip(ig”)(p(q) — (")’ (—q*).
Also by Lemmas 3.1 and 2.4, we have
Bwq) = B(=w’q) = p(W*@p(=ig*)p?* (—q") — p(—w Q) (—ig®)p?(—q*)
= (p(w’q) — p(—w’))p(—ig*)*(—q")
= 22°(o(q) — (g*)p(—ig*) % (—q*)



20 A. Alaca et al.

so that
W B(w?q) — w?B(—w’q) = —2ip(—ig®)(¢(q) — ¢(a*)*(—¢*).

This completes the proof. O

Lemma 3.6.

wh(wq) — wh(—wq) + w’Bw?q) — w’B(—w?q)
= —4((q) — o(a")((¢®) — v(a®)*(—¢*).

Proof. Appealing to Lemmas 3.5 and 2.3, we obtain

wh(wq) — wh(—wq) + w’B(w’q) — w?A(-w’q)
=2i90(iq2)(90( ) — (g")¢*(—¢")

— 2ip(—iq”) (e(q) — p(q*)¢* (—q*)

= 2(ip(iq®) — ip(—ig*))(p(a) — v(¢")¥*(—q")
= —4(p(¢*) — ¢(4*)(p(a) — p(g")¢* (=",

as required. O

)
(

Lemma 3.7.
wB(wq) — wh(—wq) — w’B(wq) + w?B(—wiq) = 4i(p(q) — p(g*)) P (—a*)p(c®).-
Proof. Appealing to Lemma 3.5 and (1.6), we deduce

wh(wq) — wh(~wg) — W’ Bw’e) + W’ B(-w’q)
= 2ip(ig*)(p(q) — 2(a*)*(—a*)
+2ip(—iq”) (p(q) — p(g")¥*(—q")
= 2i(p(iq”) + p(=ia*))(w(a) — w(a"))*(—a")
= 4ip(q*) (p(q) — ¢(a")9*(—a*);
which is the asserted result. O
We now come to the main goal of this section, which is to show that each

of the ten products ©*(q)e(q?), w(q)¢*(q?), ¥*(q)e(a®)e(q"), w(q)e(d?)e*(¢"),

P (@e(a)e(a®), e(0)¢*(a)e(@®), v(@)*(@*)e(e®), (@)e(a®)e* (@), w(a)#*(d®)
and ©3(q)p(¢®) can be expressed in terms of a and 3.

Theorem 3.1.

©*(Q)p(q”) = alq) + 48(q).
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Proof. By (1.6), (3.1) and (3.2), we have

*(Q)e(q°) = 4% (Qe(@®)e(q*) — v(@)e(@®)e*(q")) + v(@)e(a®) (20(q*) — (q))?
=48(q) + ¢(a)(a*)¢*(—q)
= a(q) +48(q). O

Theorem 3.2.
o(0)¢*(¢%) = alq) + 26(q).

Proof. By (1.7), Theorem 3.1 and (3.1), we obtain

Theorem 3.3.

Proof. Appealing to (3.2), (1.6), (1.5) and (3.1), we obtain

*(@e(d*)e(q") = 20°(@)e(d®)e(q") — ©*(Q)v(d?)
= 2(2*(9)e(d®) (") — p(@)e(d*)*(¢"))
+e(@e@®)e(g")(20(q") — »(q))
=26(q) + e(@)e(—a)p(¢*)p(q")
=20(q) + ¢(q° )
= 20(q) + a(q®).

o(q*)
2/ 4

Theorem 3.4.
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Hence

e(q)p(a®)e* (q*) = ala®) + B(q)

as asserted.

Theorem 3.5.
P )ee®) = ala®) + Bla) — 3 (160iq) — i0(~ia)).
Proof. By (3.1), (3.2), Lemma 3.2, (1.5)—(1.7), we obtain
alg") + Bla) — 5(iBlia) — i6(~iq))
—qHe(¢®) + ¥* (@)e(d?)
q%Q()+¢()(qa
(—q)e(d®) + * (@)l
)e(qh) + e(@e(—*)e(d") — e(—a*)¢*(¢))

(¢
w(q)e(
(;w )+ o(—¢*)) + ©*(Q)p(d®)

o(q*)
©*(q*) — o(—=¢*)¢’ (")
)

- §w<q4><w2<q2> (%) +
—20(q)¢(a*)p(a") +20(q

= o) P @)e—a?) +

)’ (—¢*) + 2% (@) e(q?)

o(
Jo(—a*)e(q*) — 20(—q%)¢ (qY))

5 o(*)e*(—a*) + 20% () (q?)
—(q)e(d*)(0(q) + ©(—q)) + e(Q)p(—a*) (¢(q) + ©(—q))
( )

—p(=*)(P*(¢*) + ¥*(—4%)
= %@(94)@2((12)@(—(1 )+ 0(@)¢*(—¢%) + 20*(0)p(¢?)
- ) — (@) p(—)p(a®) — ¢*(@*)p(=a*) — ¢*(—4°)
—¢*) + ¢(@)p(—a)p(—4))
= %w(q‘*)(wz(q)w(qQ) +o(@)p(—0)e(e?) — (@) e(—a)p(a®)
—9(@)p(~0)p(—0*) + ¥*(p(—*) + p(Q)p(~0)p(—¢*))

= 2P @) + o)

= %w(q‘*)wz(q)?w(qs)

= o*(Q)pla")e(d®).
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Theorem 3.6.

o(@)e*(q")e(q®) = alq*) + 4B(q*) + 1(8(a) = B(=q) — iBiq) +iB(~ig)).

Proof. By (3.1), Lemma 3.4, Lemma 3.3 and (1.7), we have

alg*) +45(6") + 1 ((a) — B(~a) ~ iBlig) + iB(~iq)

o(q")e*(—q")e(d®) + 2¢°(q)p(d®) — 20(q*)0* (¢%)

+0(Q)¢*(d)e(d®) — & (a)e(d®)

e(a")e(@®) (@ (—q") + ¢*(q") — 20%(¢®) + p(a)(q))

o(@)*(a*)e(d®).

Theorem 3.7.

() (@*)e(q®) = alq*) + Blq) — %(Wﬁ(WQ) — wh(—wq) + w?B(wiq) — W B(—w?q)).

Proof. Appealing to (3.1), (3.2) and Lemma 3.6, we obtain

a(q*) + Blg) — i(wﬂ(wq) — wh(—wq) + W B(wq) — w?B(—w’q))

©*(—q")(20(a")p(d®) + (@) (a®) — e(a)e(d®) — p(a®)e(q*))

+ 0% (@)e(d®)e(qh) — e(@)e(d®) e (q*).

Next, by using (1.5)—(1.7), we obtain

a(q*) + B(q) — 1(WB(wa) — wh(—wa) + wB(w?q) — wB(—w’q))

= 0(®)2e(—a*)p(q")e(d®) + e(@)e(a®)o(—a%) — p(a)e(—a*)e(q®)

(by (1.5))

—o(®)p(—a*)p(q") + 0% (@) (q") — e(@)* ("))
= o(®)(e(—=*)p(a") (20(¢®) — 0(a®)) + ¢(@)p(a®)(—¢7)

o(q*) — e(9)¢*(q"))

() e(—a%) — e(@)p(—a*)e(q®)

(by (1.6))

— (@) o(=a*)p(q®) + ¥ (g
() (D> (—a*)p(ad") + (g

+ 0% (@)e(q") — e(@)* (¢*)

—

~—

—

—

~—

—~

—

~—~ = ~ —~
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= o(Q)e(@®)e(q®)(2¢0(¢%) — ¢(—¢7))
= 0(Q)9*(@®)e(q®)  (by (1.6)). |

Theorem 3.8.

e(@)e(@®)e(d®)? = alqh) + %ﬂ(Q)

(Whwa) —wh(-wq) + w?B(w’q) — w’B(-w’q))

OO|®~ OO|P—l

(wh(wq) — wh(~wq) — w’B(w’q) + W’ B(—w?q)).
Proof. By (3.1), (3.2), Lemma 3.6, Lemma 3.7, (1.5)—(1.7), we have
alg") + %ﬂ(q) - é(wﬁ(wQ) —wh(~wq) + w’B(w’q) — W B(~wq))

- é(wﬂ(WQ) — wh(—wq) — W B(wiq) + W’ B(—w?q))

2
+ ()¢’ (—q*) — 0(g))¥* (—q))

= %@(q)@(qﬂ(@(—q)@(q‘*) + o(@)p(q") — ¢*(d") + ¢*(—q"))
1
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= p(q)e(a®)e*(¢°) O
Theorem 3.9
Pl0)6*(@*) = ala") + 50(¢?) — 50(a) +25(a")

+ £(8(a) — Bla) — iB(ia) +i6(~ia))
- S (wg) — wB(—wa) + B ) — PH( ).

Proof. We have

106" @) = 46a) 5 ola (') + #*(-a") (O (16) and (1.7)
e(0)e(@®)p*(a") + e(@)e(—a*)p*(¢")
+e(@)e(@®)e* (") + e(@)e(—¢*) P (—q*)
e(Q)e(d®)e*(qh) + v(0)20(¢°) — (a*)¥?(q")
+0(@)e(=*)*(@°) + e(0)e* (—a*)p(¢®)  (by (1.6) and (1.5))
= 2@( )@ (0)e(d®) + (0)(20(¢°) — v (a*)* ()
+0(0)(2¢%(¢") — ©*(@*)e(¢®)  (by (1.6) and (1.7))
= 20(0)9*(¢")p(a®) + 20(0)¢*(¢*) (%)
20’ () + 20(0)e(d*)¥* (¢*) — v(9)” (¢%)
= 20(q)¢” (¢")e(q®) + 20(0)¥*(¢°) (%)
+20(0)e(q*) e (¢") — 20(a)” (¢°)
Thus
P06 (@*) = 3@ (@)pla") + 5006 (@)e(e?)
+ %w(q)@(qQ)@Q(q‘*) - %w(q)wB(qQ)
1 4 4, 1 s o
— 5(ate") + 456 + $0(0) ~ Bl=0) - 8a) + i5(-ia)

+ 5 {0la) + 0) - §B00) - wb(-w) +3B0) - B(-0)
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+
N = N =

(alq®) + B(q))

(alq) +28(q)) (by Theorems 3.6, 3.7, 3.4 and 3.2)

1

= a(¢") + 30(¢®) — 50(a) + 25(s")

+2(B(q) — B(—q) —iB(iq) +iB(—iq))

| —= 0o

(wB(wg) — wh(~wq) +w’B(w’q) — w’B(~w’q))
as asserted.

Theorem 3.10.

) +30(q) — 88(¢")

(8(q) — B(=q) +1B(iq) — iB(—iqg))

0> (9)¢e(¢®) = af

(=)

(wh(wq) — wh(~wq) + W Bw’q) — w’B(-w’q)).

== N

Proof. Appealing to Lemma 2.2, we have

S (@)e(q®) + 0@ (—*)e(d®) = (@) (d®) (% (@) + ©*(—¢7))
= 20%(q)(q")(q®).

Next, by (1.7), we deduce

(> (=) e(@®) = 0(a)2¢°(¢*) — ©*(a*))e(a®)
=20(q)¢*(q")¢(¢®) — e(a)¢* (@*)(q®).

2*(@)e(a®) = 20" (0)p(q)p(d®) — 20(0)¢* (¢*)0(®) + 0(0)” (¢)(q®).

Appealing to Theorems 3.5-3.7, we obtain
P@)ela®) =2(alah) + 8(0) - 5500 - i0(-i0)
~2((ala) + 49(6") + §(580) ~ B(-a) ~ iBlia) + 18(~i0) )

+a(gh) + B(q) — i(wﬁ(wq) — wh(—wq) + W B(W?q) — W B(—w?q))
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= a(q") +36(q) — 86(¢")
- 3(8(0) — A(-0) — 5(i5(ia) — i (~ia))
i(wﬂ(wQ) —wh(—wq) + W?Bw3q) — WPB(—w3q))

as claimed. O

4. The Functions R(n) and S(n)

For n € N we define
= %d<§> (4.1)
and
S(n) = ; g (%) (4.2)

where d runs through the positive integers dividing n and (%) is the Legendre—
Jacobi—Kronecker symbol for discriminant 8, that is

+1, ifd=1,7 (mod 8),

(%) = 1, ifd=3,5 (mod8),
0, ifd=0 (mod 2).

Using the properties of the Legendre—Jacobi—Kronecker symbol it is easy to prove
the following theorem.

Theorem 4.1. Letn € N. Set n = 2*N, where a € Ng, N € N and N is odd. Then

and

(b) S(n) =2~ (%)R(N) = 2°5(N).

An immediate consequence of Theorem 4.1 is the following result.

Corollary 4.1. Let ny € N and ny € N be such that ny = 2°ny for some 8 € Ny.
Then
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Our next theorem of this section gives the power series > -, R(n)¢" and
5% S(n)g™ in terms of Jacobi’s theta function .

n=1

Theorem 4.2. Let g € C be such that |q| < 1. Then
1 1

() Y R)q" =35 - 500’ (—0)¢(e’)
n=1

and

(b)Y Sn)g" = s¢*(@)e(d®)e(g*) - %w(q)w(ff)@?(q“)
n=1

Proof. We appeal to classical results of Petr [14]. Petr uses the following notation:

O =23 IV e(0,27) =2 ¢tV

n=0
0y =1+2) (-1)"¢"", ©,(0,27) —1+2Z g
N (4.3)
O3=1+2) ¢v, 93(0,27):1+2Zq2”27
n=1 n=1

03(0,7/2) =1+23 ¢"/2

n=1

He proves [14, (19), third equation]

o0

020303(0,7/2) = Z Z () q"? (4.4)

and [14, (19'), second equation]

020303(0,27) =1 — 2; dZd(%) q". (4.5)
From (1.4) and (4.3) we obtain
= o(@/*) = ¢(q), ©1(0,27) = ¢(¢""?) — ¢(q?), (4.6)
= (=), ©2(0,27) = p(—¢%), (4.7)
=0(q), ©5(0,21) = p(¢®), ©3(0,7/2) = p(q"/?). (4.8)

Replacing ¢ by ¢? in (4.4), we obtain

02(0,27)0303(0, 27) Z (Z ( )) q". (4.9)
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Appealing to (4.2), (4.6) and (4.8), we deduce
((q"?) = (@) ¢()p(q®) = 4 i S(n)g". (4.10)
n=1
Next, appealing to Lemma 2.1, we obtain
8! i S(n)g" = 20*(@)e(a*)e(a") — 20(a)p(a?)¢* (¢")
n=1

from which (b) follows on dividing both sides by 4.
Appealing to (4.1), (4.7) and (4.8), (4.5) becomes

¥’ (—9)e(9)e(q®) =1-2)  R(n)q"
n=1
from which (a) follows. m|

From (3.1), (3.2) and Theorem 4.2 we obtain immediately

Theorem 4.3. For g € C with |q| < 1 we have
(a) alg)=1-2> R(n)q"

n=1
and

(b) Blg) =2 S(n)g"
n=1

5. Representations by Quaternary Quadratic Forms

In this section, we use the theta function identities proved in Theorems 3.1-3.10 in
conjunction with Theorems 4.1 and 4.3 to determine the number of representations
of n € N by the ten quaternary quadratic forms listed at the end of Sec. 1.

Theorem 5.1. Let n € N. Set n = 2*N, where « € No, N € N and ged(N,2) = 1.
Then

N(1,1,1,2;n) = 2 (20‘“ - (%)) S(N).
Proof. By (1.3), Theorems 3.1 and 4.3, we have

D ON(L1L,1,25m)¢" = 9*(@)p(q?)
n=0

I
2
=2
+
S
=
=2

I
!
|
[\
10e
=2
=
=)
3
_|_
[02]
3
gk
n
=
()
'3
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Equating coefficients of ¢" (n € N), we deduce
N(1,1,1,2;n) =8S(n) — 2R(n), n €N.

Appealing to Theorem 4.1, we obtain the assertion of the theorem. O

Theorem 5.1 was stated but not proved by Liouville in [4]. Pepin [13] used
Liouville’s elementary methods and recurrence relations to prove Theorem 5.1.
Petr [14] evaluated N(1,1,1,2;n) in terms of the class number of binary quadratic
forms. Benz [1, pp. 168-175] gave a proof of Theorem 5.1 using recurrence rela-
tions and theta function identities. Demuth [3, pp. 241-243] deduced Theorem 5.1
from Siegel’s mass formula. Wild [15] used modular forms to prove Theorem 5.1.
Recently, Williams [16] has given a completely arithmetic proof of Theorem 5.1
without recourse to recurrence relations.

Theorem 5.2. Let n € N. Set n = 2*N, where a € No, N € N and gcd(N,2) = 1.
Then

N(1,2,2,2;n) =2 (20‘“ — (%)) S(N).
Proof. By (1.3), Theorems 3.2 and 4.3, we have

D ON(1,2,2,2:0)4" = 0(q)¢° (¢°)

n=0

= a(q) +26(q)
=1-2 Z R(n)¢" +4 Z S(n)q™.
n=1 n=1

Equating coefficients of ¢" (n € N), we deduce
N(1,2,2,2;n) =45(n) — 2R(n), neN.

Appealing to Theorem 4.1, we obtain the assertion of the theorem. O

Theorem 5.2 was stated without proof by Liouville [4] in 1861. In 1884,
Pepin [13] proved Theorem 5.2 using Liouville’s elementary methods and re-
currence relations between N(1,1,1,2;n) and N(1,2,2,2;n) as well as between
N(1,2,2,2;2*N) and N(1,2,2,2; N). In 1964, Benz [1] gave a proof of Liouville’s
formula for N(1,2,2,2;n) using theta functions and recurrence relations such as
N(1,2,2,2;2n) = N(1,1,1,2;n). Recently, Williams [16] has given a completely
arithmetic proof of Theorem 5.2.

Theorem 5.3. Let n € N. Set n = 2*N, where a € No, N € N and gcd(N,2) = 1.
Then

N(1,1,2,4;n) = (2‘”2 —(1+ (—1)”))(%)) S(N).
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Proof. By (1.3), Theorem 3.3, Theorem 4.3 and Corollary 4.1, we have

> N1, 1,2,450)" = ¢ (9)e(q®)e(g")

n=0

= a(q®) +26(q)

=123 Rn)¢™ +4_ S(n)q"
n=1 n=1

=1-2 i R(2n)¢*" + 4 i S(n)q"
n=1 n=1

=1-2 Z R(n)q" + 42 S(n)q"
n=1

n=1
n even

1= Rm)(1+ (—1))g" +43 S(n)g"
n=1 n=1

Equating coefficients of ¢" (n € N), we obtain
N(1,1,2,4;n) =4S(n) — (1 + (=1)")R(n).

Appealing to Theorem 4.1, we obtain the assertion of the theorem.

31

O

Theorem 5.3 was stated without proof by Liouville in [10]. The authors have not

located a proof of this theorem in the literature.

Theorem 5.4. Let n € N. Set n = 2*N, where a € Ny, N € N and ged(N,2) = 1.

Then
8
N(1,2,4,4;n) = (20‘“ -1+ (—1)")<N>)S(N).
Proof. By (1.3), Theorem 3.4, Theorem 4.3 and Corollary 4.1, we have

D ON(1,2,4,4m)0" = p(q)p(d®)¢” (")
n=0

= a(q®) + B(q)

=1-2 Z:l R(n)¢* + 2 Z:ls(n)qn

=1-2) R@2n)¢™ +2>_ S(n)g"
n=1 n=1
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=1-2>" Rn)g"+2>_ S(n)g"

n=1
n even

=1-Y Rm)(A+ (-1)"d" +2 S(n)g".
n=1 n=1

Equating coefficients of ¢" (n € N), we deduce
N(1,2,4,4;n) =25(n) — (1 + (-=1)")R(n).
Appealing to Theorem 4.1, we obtain the assertion of the theorem. O
Theorem 5.4 was stated without proof by Liouville [8]. The authors have not

found a proof of this theorem in the literature.

Theorem 5.5. Let n € N. Set n = 2*N, where « € Ng, N € N and gcd(N,2) = 1.
Then

4S(N), ifn=1 (mod4),
0, ifn=3 (mod4),
N(1,1,4,8;n) = { 4S(N), ifn=2 (mod4),

8
2 (20‘ - (N)) S(N), ifn=0 (mod4).
Proof. By (1.3), Theorems 3.5 and 4.3, we obtain

> ON(1,1,4,8;n)q"

n=0

= ©*(@)e(q")e(q

= a(q¢*) + B(q) —

I

(iB(iq) —iB(—iq))

=123 Rn)g™ +23 S(n)g" — 3 S()g" (" — (1))
n=1 n=1 n=1

=123 Rn/4)¢" +2_ S(n)g"

+2 Z S(n)g" —2 Z S(n)q"
n=1 n=1
n=1 (mod 4) n =3 (mod 4)
=1-2) R(n/4)"+4 > Sm)g"+2 > Shn)g"
n=1 n=1 n=1

n=1 (mod 4) n even
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(n € N), we obtain

N(1,1,4,8;n) =
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ifn=1
fn=2
ifn=3

—2R(n/4) +2S(n), ifn=0

Appealing to Theorem 4.1 and Corollory 4.1, we deduce

N(1,1,4,8;n) =

as asserted.

fn=1
fn=2
ifn=3

)) S(N), ifn=0

mod 4),
mod 4),
)
)

mod 4

)

(
(
(
(mod 4).

(mod 4),
(mod 4),
(mod 4),

(mod 4),

O

This result was stated without proof by Liouville [11]. The authors have not

located a proof in the literature.

Theorem 5.6. Letn € N. Set n =2*N, where a € Ng, N € N and N is odd. Then

ifn=1
ifn=3
ifn=2

Y0, rn=o

Proof. By (1.3), Theorems 3.6 and 4.3, we obtain

Y N(14.4.8:0)q" =

n=0

e(0)¢*(q")e(q®)

4 iwq) ~ B(~a) ~ ifia) + i6(~

(mod 4),
(mod 4),
(mod 4),

(mod 4).

—1—22Rn/4q —|—825’n/4q +2 Z

n=1
n=1 (mod 4)

iq))

S(n)q".
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Equating coefficients of ¢" (n € N), we obtain

25(n), ifn=1 (mod 4),
N(1,4,4,8;n) =<0, ifn=2,3 (mod 4),
—2R(n/4) +8S(n/4), ifn=0  (mod 4).

Appealing to Theorem 4.1, we obtain the assertion of the theorem.

a

This result was stated by Liouville [7] without proof. The authors have not found

a proof in the literature.

Theorem 5.7. Let n € N. Setn = 2*N, where o € Ng, N € N and N is odd. Then

0, ifn="7 (mod8),
25(N), ifn=1 (mod 4),
N(1,2,2,8;n) = 45(N), an f 3 (mod 8),
4S(N), ifn=2 (mod4),
2<2a_ (%)) S(N), ifn=0 (mod4).

Proof. By (1.3), Theorems 3.7 and 4.3, we obtain

D> ON(1,2,2,8n)¢" = ¢(q)*(¢)e(q”)
n=0

= a(q") + fla) — 7 (@B(wa) — wB(~wa)

+w’B(w?q) — w?B(—w’q))

—1—2§:R q4"+2ZS
n=1

l\DI»—~

=1- 2ZR(n/4)q"+QZS(n)q

+2 Z S(n)g™ —2 Z S(n)q".

n=1 n=1
n =3 (mod 8) n =7 (mod 8)

o0
Z whtl 1)nwn+1 + W33 _ (_l)nw3n+3)qn
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Equating coefficients of ¢" (n € N), we obtain

25(n), ifn=2 (mod 4),
25(n) —2R(n/4), ifn=0 (mod 4),
N(1,2,2,8;n) =< 25(n), ifn=1 (mod 4),
45 (n), ifn=3 (mod 8),
0, ifn=7 (mod 8)
Appealing to Theorem 4.1, we obtain the assertion of the theorem. O

Theorem 5.7 was stated without proof by Liouville [12]. No proof appears to
exist in the literature.

Theorem 5.8. Letn € N. Set n =2*N, where a € Ng, N € N and N is odd. Then

0, ifn=>5,7 (mod 8),
25(N), ifn=1,3 (mod 8),
N(1,2,8,8;n) = { 2S(N), ifn=2  (mod 4),

2 (20‘_1 - (%)) S(N), ifn=0 (mod 4).
Proof. By (1.3), Theorems 3.8 and 4.3, we have

> N(1,2,8,8n)q"

n=0

= o(q)p(a*)*(¢°)

=a(q") + lB(q) - é(wﬂ(wq) — wh(—wq) + W?B(WPq) — WPB(—wiq))

2
- %(wﬂ(wq) — wh(—wq) — W B(Wiq) + W B(—w?q))
=1-2> R(n)g" +>_ S(n)q"

S(n)(wnJrl o (_1)nwn+1 +w3n+3 o (_1)nw3n+3)qn

.
[M]8

n=1

S(n)(w"“ _ (_1)nwn+1 _ w3n+3 4 (_l)nw3n+3)qn

.
NE

1

3
I
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=1-2 Z R(n/4)¢" + Z S(n)g" + Z S(n)q"
n=1 n=1 n=1
n =3 (mod 8)
- > S+ >, St - Y, Sh)g™
n=1 n=1 n=1
n =7 (mod 8) n=1 (mod 8) n=>5 (mod 8)
Equating coefficients of ¢" (n € N), we obtain
25(n), ifn=1,3 (mod 8),
0, ifn=5,7 (mod 8),
N(1,2,8,8;n) =
S(n), ifn=2 (mod 4),
S(n) —2R(n/4), ifn=0 (mod 4).
Appealing to Theorem 4.1, we obtain the assertion of the theorem. O

Theorem 5.8 was stated by Liouville [9] without proof. We have not found a
proof in the literature.

Theorem 5.9. Let n € N. Set n =2*N, where o € Ng, N € N and N is odd. Then

0, ifn=3,5,7 (mod 8),
25(N), ifn=1 (mod 8),
N(1,8,8,8n) =10, ifn=2 (mod 4),

(o (2)) 50, nzo  wnis)

Proof. By (1.3), Theorems 3.9 and 4.3, we have

> N(1,8.8,8;n)q"

n=0
= 0(9)¢”(¢*)

= a(a*) + 30(¢®) — 50(0) +25(s")

+ 2 (B(q) — B(—q) —iB(iq) +iB(—iq))

|~ 00|

(wB(wq) — wh(-wq) + W’ Bw’q) — W B(-w’q))

=1-2 Z R(n)g*™ + 3~ Z R(n)¢*" — 3 + Z R(n)q
n=1 n=1 n=1
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+4Z S’(n)q Z Z n _ Zn+1 + (_1)nln+l)qn
n=1 n=1
1
Z z:: whtl 1)nwn+1 + w33 _ (_1)nw3n+3)qn

oo

—1-2 Z R(n/4)q" Z (n/2)q" + Y R(n)q" +4Y_ S(n/4)q

+ > S+ Y, S-S
n=1 n=1 n=1
n=1 (mod 4) n=3 (mod 8) n=7 (mod 8)

Equating coefficients of ¢" (n € N), we deduce

—2R(n/4) — R(n/2) + R(n) +4S(n/4), ifn=0 (mod 4),
—R(n/2) + R(n), ifn=2 (mod 4),
N(1,8,8,8;n) = ¢ R(n) + S(n), ifn=1 (mod 4),
R(n)+ S(n), iftn=3 (mod 8),
R(n) — S(n), ifn=7 (mod &)

Appealing to Theorem 4.1, we obtain

(2& - 2(%)) S(N), ifn=0 (mod4),
0, ifn=2 (mod 4),

8
1+ — ifn=1 4
N(1,8,8,8n) = ( " (N))S(”)’ =t mod
(1—1— <%>)S(n)=07 ifn=3 (mod 8),
8 .
(—1—|— (—))S(n)zo, ifn="7 (mod 8),
N
which gives the assertion of the theorem. |

Theorem 5.9 was stated by Liouville [6] without proof. We have not located a
proof of Theorem 5.9 in the literature.

Theorem 5.10. Letn € N. Set n = 2*N, where o € Nog, N € N and ged(N, 2) = 1.
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Then
6S(N), ifn=1 (mod4),
45(N), ifn=3 (mod8),
N(1,1,1,8;n) = 0, ifn=7 (mod 8),
125(N), ifn=2 (mod4),
a 8 L
2 (2= () SO, ifn =0 (mod )

Proof. By (1.3), Theorems 3.10 and 4.3, we have
D N1 L 8" = ¢ (g)e(d®)
n=0

= a(q*) +38(q) — 88(¢")
(B(q) — B(—q) +1iB(iq) — iB(—iq))

1
3
- 7 (B(wa) — wB(—wa) +PB(u’e) — PH(-we))
=1-2 Z R(n)g*™ +6 Z S(n)¢" — 16 Z S(n)q*
= n=1 n=1

- Z S(n ) )

Z Wt 1)nwn+l + Wwint3 _ (_1)nw3n+3)qn

[\J|F—‘

=1-2 Z R(n/4)q" + 6 Z S(n)g" — 16 S(n/4)q"
n=1 n=1 n=1

oo oo

-4 Z S(n)q" +2 Z S(n)g"
n=1 n=1
n=3 (mod 4) n =3 (mod 8)
-2 Z S(n)q".
n=1
n=7 (mod 8)

If n =1 (mod 4), we have
N(1,1,1,8;n) =6S5(n) = 65(N).
If n = 3 (mod 8), we have
N(1,1,1,8;n) = 65(n) —4S(n) +25(n) = 45(n) = 4S(N).
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If n = 7 (mod 8), we have
N(1,1,1,8;n) = 65(n) —4S(n) —25(n) =
If n =2 (mod 4), we have
N(1,1,1,8;n) = 6S(n) = 12S(N).
If n = 0 (mod 4), we have
N(1,1,1,8;n) = —2R(n/4) + 6S(n) — 16S(n/4)

-2 (%) S(N)+6-2“S(N) — 16 - 2*"2S(N)

(e (3)) 0 :

Theorem 5.10 was stated by Liouville [5] without proof. The authors have not
located a proof of Theorem 5.10 in the literature.

6. Conclusion
There are twenty quaternary forms x? + ey? + fz2 + gt with
e.f,9€{1,2,4,8}, e<f<y

In this paper N (1 e, f,g;n) (n € N) was evaluated for ten of these forms in terms
of the sum S(n) = 32, Z(8). Of the remaining ten forms, N(1,e, f,g;n) can be
evaluated in terms of o(n) = 3, d for six of them and in terms of o(n) and
i—1
the sum Z(z s) € Ng % Z( )
32 + 452 =n

(2007) 277-310 and Int. J. Modern Math. 2 (2007) 143-176.

i for the remaining four forms, see Acta Arith. 130
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