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Abstract

An explicit normal relative integral basis is given for the normal
closure of a pure cubic field over Q(

√−3). This basis is shown to be
unique up to permutation and units.

1 Introduction

In [1] Carter proved that k = Q(
√−3) is a Hilbert-Speiser field of type C3. This

means that if E is a tamely ramified normal extension of k with Gal(E/k) ∼= C3

then E has a normal relative integral basis over k.
Let K be a pure cubic field. Let L = K(

√−3) so that L is the normal
closure of K. By Carter’s theorem we know that if L/k is tamely ramified then
L/k possesses a normal relative integral basis (NRIB). We prove that in this
case the converse holds, that is, if L/k possesses a NRIB then L/k is tamely
ramified. When L/k is tamely ramified we use the relative integral basis (RIB)
given in [2] to give explicitly a NRIB for L/k. Further we show that this NRIB
is unique up to permutation and units of k. We prove

Theorem 1.1. Let K be a pure cubic field so that K = Q
(

3
√

ab2
)

for some

coprime squarefree integers a and b. Let L be the normal closure of K. Let
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k = Q(
√−3).

(i) The extension L/k is tamely ramified if and only if

3 � a, 3 � b, 9 | a2 − b2. (1.1)

(ii) A NRIB exists for L/k if and only if (1.1) holds.

(iii) If (1.1) holds then

{
1

3

(
1 +

(−3

a

)
(ab2)

1/3
+

(−3

b

)
(a2b)

1/3

)
,

1

3

(
1 +

(−3

a

)
ω (ab2)

1/3
+

(−3

b

)
ω2 (a2b)

1/3

)
,

1

3

(
1 +

(−3

a

)
ω2 (ab2)

1/3
+

(−3

b

)
ω (a2b)

1/3

)}

is a NRIB for L/k, where ω =
1

2

(−1 +
√−3

)
, and for m ∈ Z the Legendre-

Jacobi-Kronecker symbol

(−3

m

)
is given by

(−3

m

)
=

⎧⎨
⎩

+1, if m ≡ 1 (mod 3),
−1, if m ≡ 2 (mod 3),
0, if m ≡ 0 (mod 3).

(iv) The NRIB given in (iii) is unique up to permutation and units.

2 Proof of Theorem 1.1

We begin with a simple lemma.

Lemma 2.1. Let Q ⊆ E ⊆ F be a tower of fields with F/E normal. Suppose
that {θ1, θ2, . . . , θn} is a normal relative integral basis for F/E. Then θ1 +θ2 +
· · · + θn is a unit in OE, the ring of integers of E.

Proof. Let t = θ1 + θ2 + · · ·+ θn (∈ OF ). As θ1, θ2, . . . , θn are conjugates over
E, we have t ∈ OE . Then

1 =
1

t
θ1 +

1

t
θ2 + · · · + 1

t
θn.
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But {θ1, θ2, . . . , θn} is a relative integral basis for F/E so
1

t
∈ OE. Hence t is

a unit of OE.

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. (i) By [2, eq. (2.6), p. 1624] we have

d(L/k) =

{
a2b2, if 3 � a, 3 � b, 9 | a2 − b2,
9a2b2, otherwise.

If 3 � a, 3 � b, 9 | a2 − b2,
√−3 is not ramified in L/k so that L/k is a tamely

ramified extension. Otherwise, as
√−3 = P 3 for some prime ideal P , L/k is

wildly ramified.

(ii), (iii) We begin with the case 3 | a, 3 � b. In this case the integers of L are
of the form [2, Table 3.1(i), p. 1624]

α + β(ab2)1/3 + γ
(a2b)1/3

√−3
, (2.1)

where α, β, γ ∈ Ok. Suppose that {θ1, θ2, θ3} is a NRIB for L/k. Then we see
from (2.1) that

θ1 + θ2 + θ3 = 3α.

By Lemma 2.1, 3α is a unit of Ok. This is impossible. Hence L/k does not
possess a NRIB.

The cases 3 � a, 3 | b and 3 � a, 3 � b, 9 � a2 − b2 follow in exactly the same
way using [2, Table 3.1(ii)(iii), p. 1624]. Again L/k does not possess a NRIB
in both cases. In the remaining case 3 � a, 3 � b, 9 | a2 − b2, we claim that
{r1, r2, r3} is a NRIB for L/k, where

r1 =
1

3

(
1 +

(−3

a

)
(ab2)1/3 +

(−3

b

)
(a2b)1/3

)
,

r2 =
1

3

(
1 +

(−3

a

)
ω(ab2)1/3 +

(−3

b

)
ω2(a2b)1/3

)
,

r3 =
1

3

(
1 +

(−3

a

)
ω2(ab2)1/3 +

(−3

b

)
ω(a2b)1/3

)
.

It is clear from [2, Table 3.1, p. 1624] that each ri (i ∈ {1, 2, 3}) is an integer
of L. Further a simple calculation shows that

(det R)2 = a2b2 = d(L/k),
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by [2, eq. (2.6), p. 1624], where

R =

⎛
⎝ r1 r2 r3

r2 r3 r1

r3 r1 r2

⎞
⎠ .

Hence {r1, r2, r3} is a NRIB for L/k.

(iv) Suppose that {s1, s2, s3} is another NRIB for L/k, where 3 � a, 3 � b,
9 | a2 − b2. Then there exist A, B, C ∈ Ok such that

s1 = Ar1 + Br2 + Cr3,

s2 = Cr1 + Ar2 + Br3,

s3 = Br1 + Cr2 + Ar3.

Let

S =

⎛
⎝ s1 s2 s3

s2 s3 s1

s3 s1 s2

⎞
⎠ .

Then

(det S)2 = (A + B + C)2(A2 + B2 + C2 − AB − BC − CA)2(det R)2.

Hence (A + B + C)2(A2 + B2 + C2 − AB − BC − CA)2 is a unit of Ok. As
A+B +C ∈ Ok and A2 +B2 +C2 −AB −BC −CA ∈ Ok, each of A+B +C
and A2 + B2 + C2 − AB − BC − CA is a unit of Ok. But the units of Ok are
{±1,±ω,±ω2} so that there exist m,n ∈ Z such that

A + B + C = ±ωm (2.2)

and

A2 + B2 + C2 − AB − BC − CA = ±ωn.

Then

(A + B + C)2 − 3(AB + BC + CA) = ±ωn

so that

AB + BC + CA =
1

3

(
ω2m ∓ ωn

)
.

As AB + BC + CA ∈ Ok we must have

1

3
ω2m ∓ 1

3
ωn ∈ Ok.
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But {1, ω} is an integral basis for k so 2m ≡ n (mod 3) and the minus sign
holds. Hence

AB + BC + CA = 0. (2.3)

Then

AB + (A + B)(±ωm − (A + B)) = 0

so

A2 + (B ∓ ωm)A + B(B ∓ ωm) = 0. (2.4)

Hence the quadratic polynomial x2 + (B ∓ ωm)x + B(B ∓ ωm) ∈ Ok[x] has a
root A in Ok. Thus its discriminant must be a square in Ok, that is

(B ∓ ωm)2 − 4B(B ∓ ωm) = H2

for some H ∈ Ok, that is(
3B ∓ ωm +

√−3H
) (

3B ∓ ωm −√−3H
)

= 4ω2m.

As Ok is a unique factorization domain and 2 is a prime in Ok, we have(
3B ∓ ωm +

√−3H
)

= ±2ωf ,(
3B ∓ ωm −√−3H

)
= ±2ω2m−f ,

for some f ∈ Z. Then

3B ∓ ωm = ± (
ωf + ω2m−f

)
so

3B = ±ωf
(
1 + ω2m−2f ± ωm−f

)
.

As 1 ± ωr + ω2r ≡ 0 (mod 3) in Ok if and only if the plus sign holds, we see
that the plus sign holds in 1 + ω2m−2f ± ωm−f . Thus

3B = ±3ωf or 0,

that is B is a unit of Ok or 0. From (2.4) and then (2.3) and (2.2), we deduce
that exactly one of A, B, C is a unit and the others are 0. This proves that
s1, s2, s3 is a unit multiple of a permutation of r1, r2, r3.
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