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Seven octonary quadratic forms
by

AYSE ALACA, SABAN ALACA and KENNETH S. WILLIAMS (Ottawa)

1. Introduction. Let N, Ny, Z and C denote the sets of positive inte-
gers, nonnegative integers, integers and complex numbers respectively. For
k,ai,...,ar € N and n € Ny, we define

(1.1)  N(ay,...,ap;n) = card{(zy1,...,z3) € Z¥ | n = a1zt + - - - + apxi}.

As N(aq,...,a;n) remains invariant under a permutation of ay, ..., ax, we
may suppose that
(1.2) ap < -0 < .
Clearly,
(1.3) N(ay,...,a,;0) = 1.
If [ of a1,...,ax are equal, say
a; = Aj41 =+ = Qj4]—-1 = @,
we indicate this in N(ay,...,ax;n) by writing a’ for a;, a;y1,...,a;4 1. For

k € N the sum of divisors function oy(n) is defined by

de if n €N,

or(n) == Cil€|§

0 if n ¢ N.
We write o(n) for o1(n).

The authors and M. F. Lemire have recently proved formulae for
N(1%,44%n) for i € {1,2,3,4} and all n € N in terms of o(n),o(n/2),
o(n/4),0(n/8) and o(n/16) [1, Theorems 1.6, 1.7, 1.11 and 1.18]. The ori-
gins of these formulae are given in [1, pp. 284-286].

2000 Mathematics Subject Classification: Primary 11E25.

Key words and phrases: octonary quadratic forms, convolution sums, sum of divisors
function.

The research of the second and third authors was supported by research grants from
the Natural Sciences and Engineering Research Council of Canada.

[339] © Instytut Matematyczny PAN, 2008



340 A. Alaca et al.

PROPOSITION 1.1. Letn € N. Then

(i) N (1% n) = 8o(n) — 320(n/4),

(ii) N(13,4;n) = <4 +2 <_n4 >U(n) — 200 (n/4)
+ 240 (n/8) — 320(n/16),

(i) N(12,4% ) = <2+2<_n4>>0(n) — 9%0(n/2)
+ 80 (n/8) — 320(n/16),

(iv) N(1, 43 n) = <1 + (:‘)) o(n) — 30(n/2)

+ 100(n/4) — 320(n/16),
where (_74) is the Legendre—Jacobi—Kronecker symbol for discriminant —4,
that is,
A +1 ifn=1 (mod 4),
<_> =< =1 ifn=3(mod4),
0 ifn=0 (mod 2).
Proof. See [1, pp. 296, 297, 298, 303|. =

DEFINITION 1.1. For k,n € N we define

Wi(n) = Y o(m)o(n—km).
meN
m<n/k
In recent years the convolution sums Wy (n) have been evaluated explic-
itly for certain values of k£ and all n € N. We require the evaluations for
k=116, eq. (3.10), p. 236], k = 2 [6, Theorem 2, p. 247], k = 4 [6, Theo-
rem 4, p. 249], k = 8 [7, Theorem 1, p. 388], and k = 16 [2, Theorem 1.1,
p. 4].

PROPOSITION 1.2. Let n € N. Then

() Wiln) = 5 os(n) + (112 - ’;)a<n>.
() W) = o) + o) + (7 - § Joto)
1 n
+ <24 - 4>U(n/2)
() Waln) = 1 03(n) + 1 05(n/2) + 3 o3(n/4)
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F}QO’?’( ) 614 (n/2)+%03(n/4)+é03(n/8)

(=)o (i oo

where the integers cg(n) (n € N) are given by

(iv)  Ws(n)=

[e.9]

(1.4) > es(n)g" = H L— ™) (1 - g™

n=1

() Wigln) = oo o3(n) + 552 03(n/2)

+ o os(n/4) +  o5(n/8) + S o5(n/16)

+ (214 - 671) (n) + (214 - Da(n/m) - % c16(n),

where the rational numbers ci6(n) (n € N) are given by

3 1
(1.5) 2016 = Al( )+ 115 A2(@) + 555 4s(a)
1 3 1
- §A5(Q) T 112 AG(Q) 994 A?(Q)
with

(1.6) Ak(q) == (1+ qn)24—4k(1 _ qn)8<1 _ q4n_2)16—2k.

8

n=1

We remark that for n € N,

(1.7) cg(n) =0 ifn=0 (mod 2)
(see [7, p. 388]), and

(1.8) Tci6(n) € Z

(see [2, eq. (1.6), p. 4]).

DEFINITION 1.2. For a € Z and m,n € N we define

n—1
Sam(n):= > o(lo(n—1).
lEa(l;Odm)

Clearly,
Sam(n) = Spm(n) if a =b (mod m),
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and
m—1
Z Sam(n) =Wi(n).
a=0

These sums were introduced in [6, p. 255]. We require the evaluation of
Sa,4(n) given in [3, Theorem 1.1].

PROPOSITION 1.3. Let n € N.
(i) If n =0 (mod 4) then
29 17 1 n
= - 2 - =
Soaln) = s ran) + g aa00/2) + (35— 5 o).

$1.4(n) = < 73(n) — < 73(n/2),
9 9
S2,4(n) = g7 03(n) — 27 03(n/2),
5374(n) = %O’g(ﬂ) - T16 0’3(?1/2).
(ii) If n =1 (mod 4) then

Soa(n) = = o5(n) +

(iv) If n =3 (mod 4) then

Soa(n) = L os(n) + (1 - ”)a<n> + 3 ),
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3 3

S14a(n) = 3 o3(n) — 32 cg(n),
Sn.a(n) = o os(n) — = cs(n),

S3a(n) = % o3(n) + (214 - Z) o(n) + % cs(n).

In this paper we use Propositions 1.1, 1.2 and 1.3 to determine
N(14,43=%n) for i € {1,2,3,4,5,6,7} and all n € N. We prove

THEOREM 1.1. Let n € N. Then

(i) N(17,4;n) = (8 - (f))ag(n) — 1603(n/2) 4+ 13603(n/4)
— 14403(n/8) + 25603(n/16)
+ 7<_n4>68(n) + 28¢g(n/2).

(i)  N(1%,4%n) = (4 - <_4>)03(n) — 403(n/2) — 1603(n/8)

n

+ 25603(n/16) + (2 + 7(‘1;1))@8(71) + 28c5(n/2).

n

(i) N(17,4%n) = (2 - ;(_4>)03(n) + 205(n/2) — 6803(n/4)
+ 4803(n/8) + 25603(n/16)
(5 2 (2 Yoo+ 22
(iv) N1 4%n) = o3(n) + 303(n/2) — 6803(n/4) + 4803(n/8)
+ 25605(n/16) + (3 4 4(:1))@(71) +12¢5(n/2).

(v)  N(13,4% ) = (; + i(‘f))ag(n) + gag(n/Q) ~ 340y(n/4)

+ 1603(n/8) + 25603 (n/16)
+ (2 + % <_n4)>08(n) + 6es(n)2).
(vi) N(12,455) (i + i(;‘))ag(n) — 2 03(n/2) ~ 1603(n/8)

+ 25605(n/16) + (1 + Z <_n4>>08(n) + 2cs5(n/2).
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(vii) N(1,47:n) = (; + é(f))ag(m - %Ug(ﬂ/?) +1703(n/4)

— 3203(n/8) + 25603(n/16) + (; + ;(;4)>Cg(n).

Part (iv) of Theorem 1.1 was proved in [2, Theorem 1.2, p. 4] in terms
of c1¢ rather than cg.

2. Some preliminary results. The following sums will be needed in
the proof of Theorem 1.1.

DEFINITION 2.1. For r;s € Ny and n € N, we define

(2.1) X(2",2%n Z (m/2")o((n —m)/2%).
Clearly,
(2.2) X(27,2%n) = X(2°,27;n).

ProrosITION 2.1. Letr,s € Ng and n € N. Then

Wor—s(n/2%) ifr > s,

X(@,25n) = {Wzs—r(n/ZT) if r <s.

Proof. If r > s then

X(2",2%n) = Z J(??’L)O’(; - 2T_Sm> = Wayr—s(n/2%).
meN
m<n/2"

If r < s then

X(2T,2S;n) == X(28,2T,n) = WQs—r(n/2T). ]

PRroOPOSITION 2.2. Forn € N,
om)o(n—m
m

Y (s (Mot s B o) et
(n 48 204 0
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Proof. We have

— \m
m= n—1 n—1
= o(m)o(n —m) — o(m)o(n —m)
m=1 m=
m=1 (mod 4) m=3 (mod 4)

by Definition 1.2, and the asserted result follows from Proposition 1.3. =
PROPOSITION 2.3. Forn € N,

5 <_4>o<m>o—<<n —m)/2) = (jf) (—Wa(n) + 6Wa(n) — AWs(n)).

m
m=1

Proof. We have

leN
l<n/2
= lzl\:l (n_—44l> o(2l)o(n —4l)
l<6n/4
N % <n . 2(241 _ 1)>0(2l — Do(n - 2(21 - 1))
I<(n+2)/4
= <_> Z o(2l)o(n —41)
leN
I<n/4
4
+(n . 2) %\; o2l — 1)o(n — 2(2 — 1))
I<(n+2)/4
= <_n4> Z o(2l)o(n — 41)
leN
I<n/4
_ (n‘l> (X ootn—20— 3 o(2oln—an)

leN leN
I<n/2 l<n/4
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_ ‘74 S o(o(n - 21) %4 > o(2)o(n —41)
( )liiN/Q l 21 +2( )lii% 21 4l

= (1) X oot +2( 1) 2 (o) 200/2)0(n — 40
( >£\/}2 l 2z+2< >lii1>]43 1) — 20(1/2 41

—4
= <n) (—Wg(n) + 6W4(n) — 4W8(n)),
as asserted. m
ProPOSITION 2.4. For k,n € N with k > 2,

ni (ﬁ)ﬂ(m)a((n - m)/2") = (f) Wk (n).

m=1

Proof. As k > 2 we have
—4 —4
(o) = (5)
and so

nZl <,_,,f>0(m)0((n —m)/25) =) <n_;l> o(n —21)0(1)

m=1

leN
l<n/2k

by Definition 1.1. =

3. The relationship between cg(n) and cjg(n). Let g be a complex
variable with |¢| < 1. As in [4, p. 6] we set

(3.1) pl@)= > ¢

n=—oo

The infinite product representations of ¢(q) and ¢(—q) are due to Jacobi,
namely

00 5 00
(1—¢) (1-¢")
(32) (g = :
,Hl (1—q")?(1 = g'n)? 1;[ 1—g*n
DEFINITION 3.1. For k € N and ¢ € C with |¢| < 1, we define

o

By = Ex(q) == [J (1 = ¢").

n=1
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From (3.2) and Definition 3.1, we deduce
(3.3) vla) = B E3E;,
(3.4) p(—q) = EYE; .
LEMMA 3.1. For k € N and q € C with |q| < 1,
A(@) = " F(9)¢e" (—a).
Proof. We have

ny _ — _ 1
n=1 n=1
0 O dn—2 4n O 2n
a2y _ T A= =¢") ypl-9¢"_
H(l_qn )_H 1_q4n _Hl_q4n_E2E4‘
n=1 n=1 n=1
Thus, by (1.6), we obtain
o0
H ny2dk( gmy8(q q4n—2)16—2k = Ek—16 pio—6k p2k—16

_ _9.8—k _1\k _
= (B} 2EzE4 ) (E%EZ 1) = 908 k(Q)SOk(*Q)- u
Following Berndt [4, pp. 119-120] we set

4
(3.5) r=1- fpi (cj)’
(3.6) 2= ¢*(q).
From Berndt’s catalogue of formulae for theta fuctions [4, p. 122] we have
(3.7) p(q) = V=,
(3.8) p(—q) = V(1 — )",
Following Cheng and Williams [5, p. 564] we set
(3.9) g=(1—z)"%

LEMMA 3.2. For k € N and q € C with |q| < 1, we have
Ap(q) = g~

Proof. By Lemma 3.1 and (3.7)—(3.9), we have
8—k k
Ar(q) = (V2)" "(Va(l — o))" = (1 —a)/t = gkt
LEMMA 3.3.
ic (n)g" Lo 3 ey L s 3 6 1 7\
20 q 3297 1129 T oY 219 " 129 2249

Proof. This follows from (1.5) and Lemma 3.2. m
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LEMMA 3.4. For g € C with |q| < 1, we have

[e.9]

. 1
(i) >, "= (9+207+9° — g’ —2° —g")s"
=1
nElrnimod4)
Nt 1
(ii) >, "= (—ot+20° — g’ +9" =20 + 97"
=1
nz37zm0d4)
> 1
(iid) Y. /2" =g 9-9" =" +g")"
=1
nEOnmod 2)

Proof. Part (i) is [3, Theorem 2.3(i)]. Part (ii) is [3, Theorem 2.3(ii)]. By
[3, Theorem 2.4] and (1.7), we have

o0 o0

n n 1
S /= Y esn/2e" = 9 —g' — "+ gN)" -
n=1 n=1
n=0 (mod 2) n=2 (mod 4)

THEOREM 3.1. Forn € N,

%Cg(n/2) if n=0 (mod 2),
cig(n) = { cs(n) if n=1 (mod 4),
_71 cs(n) if n=3 (mod 4).

Proof. By Lemmas 3.3 and 3.4 we have

o)

1 3 1 1 3 1
n_ [ — Y2 -3 _ - 5 < 6 _ - 7 4
cs(m)q” = (329+ 27 "1 9 o4 ? 12?224 >Z

n=1

_ 1 1 2 1 3 1 5 1 6 1 7 4
_<64g+329+649 647 " 327 "619 )"

1/ 1 1, 1 4, 15 1,4 1\,
7< 647 T3 e Tt TRt Tad )

L1201 PR SO SR O
1289 " 1289 T 1289 T1287 )*

7
- 1 12 <
D DR (7 SRRV SN OTE P
n=1 n=1 n=1
n=1 (mod 4) n=3 (mod 4) n=0 (mod 2)

Equating coefficients of ¢", we obtain the assertion. =
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We note that the first equality of Theorem 3.1 is Corollary 2.1 of [2]. We
also observe that Theorem 3.1 can be expressed as

(3.10) cr6(n) = ;<3 + 4<_n4>>68(n) + 172 cs(n/2).

4. Proof of Theorem 1.1. We just prove part (i) as the remaining
parts can be proved similarly. Appealing to (1.3), Proposition 1.1(i)—(ii),
Definition 2.1 and Propositions 2.1-2.3, we obtain

N7, 4;n) = ZN134m N(1*n —m)
n—1
= N(1*%n)+ N(1% 4;n) + > N3, 4m)N(1%n —m)
m=1

=80(n) — 320(n/4)

+14+2 <_n4)>a(n) —200(n/4) + 240(n/8) — 320(n/16)

m=1

n—1
+ ) (40(m) — 200(m/4) + 240(m/8) — 320(m/16))
X (8a(n —m) — 320((n —m)/4))

+ 2 2< ) m)(8a(n —m) — 320((n —m)/4))

_ (12 42 (;14) ) o(n) — 520(n/4) + 240(n/8) — 320(n/16)

+32X(1,1;n) — 160X (4, 1;n) + 192X (8, 1;n) — 256X (16, 1; n)
— 128X (1,4;n) + 640X (4,4; ) — 768X (8, 4; n)

n—1
+1024X(16,4;n) + 16 Z <;;L>J(m)a(n —m)

m=1

- 642 (5 )omlatn - m)/a

- (12 +2 <;‘)>a(n) — 520(n/4) + 240 (n/8) — 320(n/16)

+ 32W (n) — 288Wy(n) + 192Ws(n) — 256Wi6(n)
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+ 640W; (n/4) — T68Wa(n/4) + 1024Wy(n/4)

1 n

+ 16(_714> (418 oa(n) + (24 _ 4>a(n) + % cs(n))

+ 16¢5(n/2) — 64<_n4>W4(n).

The asserted result now follows from Proposition 1.2 and Theorem 3.1. »

[7]
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