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Abstract

Some new theta function identities are proved and used to determine the
number of representations of a positive integer n by certain quaternary
quadratic forms.
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1 Introduction

Let N, Ny, Z, Q, R and C denote the sets of positive integers, nonnegative
integers, integers, rational numbers, real numbers and complex numbers re-
spectively. For ¢ € C with |¢| < 1 Ramanujan defined the one-dimensional
theta function ¢(q) by

(1.1) plg) = q".

neZ

For a,b,c,d € N and n € Ny we define
(1.2)  N(a,b,c,d;n) = card{(z,y, z,t) € Z* | n = ax® + by + c2* + dt*}.

In [1] the authors determined N(a,b,c,d;n) (n € N) for the following quater-
nary quadratic forms:

Y e A
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22+ y? + 222 + 612
2 4+ 2y + 222 4+ 3¢2
2+ 2y? + 422 + 612
2+ 3y® +32° 4 317
x? + 3y + 62° 4 61°
22% + 3y + 327 + 6%

For all of these seven forms, N(a, b, ¢, d;n) was given in terms of the arithmetic
functions A(n), B(n), C(n) and D(n) given in Definition 2.1. In this paper
we consider the sixteen forms

22+ y? + 22+ 122
22+ % 4 327 + 4t?
2 4 y? + 422 4 12t
2 4 2% + 222 4 1242
2 4 3y% + 322 4 124
2?4+ 3y? + 422 + 42
2+ 3y* + 1227 + 1242
o2+ 4y? 4+ 422 + 1282
2?4+ 6y? + 622 4+ 1242
2+ 12y% + 122% + 1242
227 + 2y° + 32° 4 412
32 4 3y? + 327 4 4t?
322 + 3y? 4+ 42° + 1242
322 + 4y + 42° + 4t?
32?4 4y* + 627 + 6t
3% + 4y* + 1222 4 12¢2
and show that N(a,b,c,d;n) for these forms can be given in terms of A(n),

B(n), C(n), D(n) and the two additional arithmetic functions E(n) and F(n)
defined in Definition 2.2.

2 Notation and Preliminary Results

For ¢ € C with |g| < 1 we set

(2.1) plg) = q"

neN
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As in [5, pp. 32, 33] we define

(2.2) p=0plq) =

2¢0*(¢°)
and
o (@)
(2.3) k=k(q):= 0

The representations of p(¢?) (j € {1,2,3,4,6,12}) in terms of p and k are
given in Proposition 2.1 (see [1, Theorem 2.4].

Proposition 2.1. Define p and k by (2.2) and (2.3) respectively. Then
() w(g) = (1+2p)""k'72,

(b) ¢le®) = \% ((1+2p)*% + (1 - p)*2(1 +p)1/2)1/2 kY2,

(©)  @(g®) = (1+2p)"/*k?,

(d) (") = ! ((L+2p)** + (1 —p)*/* (1 +p)/*) K2,

2
(e) (¢®) = % (1+2p)+ (1 —p)"2(1 +p)3/2)1/2 kY2
(f) W(qm) = % ((1 + 2p)1/4 + (1 —p)1/4(1 +p)3/4) L2,

Using Proposition 2.1 in conjunction with the following well-known basic
properties of ¢(q)

(2.4) o(q) + o(—q) = 2¢(q"),
(2.5) (@) + ¢*(—q) = 2¢%(¢%),
and

(2.6) e(q)p(—q) = *(—¢*),

we obtain p(—¢’) (j € {1,2,3,4,6,12}) in terms of p and k.
Proposition 2.2.

(a) @(—q) = (1—p)¥*(1+p)/ &2,
(b)  @(—¢*) = (1+2p)*3(1 — p)*/*(1 + p)" /K72,
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@) o(=¢*) = (1= p)V1+ p)¥ k',
(d)  o(—q) = 2741 + 2p)*/10 (1 4 p)/10(1 — p)?/16

x (14 2p)%2 4 (14 p)/2(1 — p)*/2) VK12,
(€) o(—q%) = (1+2p)/3(1 + p)*/3(1 — p) /3K,
(f)  @(—¢'?) = 27Y4(1 4 2p)V10(1 + p)>/16(1 — p)*/16

x (14 2p)2 + (14 p)¥2(1 — p)1/2) /112,

In [1, Definition 3.1] we introduced the multiplicative arithmetic functions
A(n), B(n), C(n) and D(n).

Definition 2.1. For n € N we set

0 Sa) ()
DS ) - )
9 ::zd<;—z> ()-S50

dln dln
W o= Xa(2) -5

D
where (?) (k € N) is the Legendre-Jacobi- Kronecker symbol for discriminant
D.

The following result was given in [1, Theorem 3.1].

Proposition 2.3. Let n € N. Set n = 2*3°N, where o, 3 € Ny, N € N and
ged(N,6) = 1. Then

(a) A(n) =2"3PA(N),

() Bn) = (-1 () AW),

(c) C(n) = (~1)*H7HV=D23IA(N),
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Simple consequences of Proposition 2.3 are

A(n) = B(n), C(n)=D(n), ifn=1 (mod3),
A(n) = —B(n), C(n)=—D(n), ifn=2 (mod 3),
A(n) =C(n), B(n)=D(n), ifn=1 (mod 4),
A(n) = —C(n), B(n)=—D(n), ifn=3 (mod 4).

The next result was deduced from the work of Petr [20], see [1, Theorem
3.2].

Proposition 2.4. For |g| <1

S Am® = Lol @)+ @)

- P @e-0)e(~¢") ~ S~ P)e(~),
iB(W = 200~ 5Pl

F P @e-0e(—) — e~ (),
ian)qn = 1P @e(-0)e(~¢") — -0,
iD(n)Q” = 1- isf(q)w(—q)w(—q?’) - %w(—q)ﬁ(q?’)w(—f)-

n=1

Solving for the quantities ¢(q)¢*(¢%), ¢*(a)e(d®), ¢*(q)p(—q)p(—¢®) and
0(—q)¥*(¢*)(—¢?) in Proposition 2.4, we obtain the following result, see [1,

Theorem 3.3].

Proposition 2.5. For |g| <1

(a) (g =1+ Z (2A(n) 4 2B(n) — C(n) — D(n))q",
(b) —1+ Z (6A(n) — 2B(n) + 3C(n) — D(n))q",

(©) *(@e(—a)p(—q") =1+ Z(3C(n) -
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(d)  e(=q)¢*(¢*)e(—¢*) =1 =Y (C(n) + D(n))q".
Proposition 2.6.
S )T = 2 (plg) — p(-0) (o)
Proof. See [2, Theorem 2.1]. |

Proposition 2.7.

o0

> (=) gt =

m = —0o0

m odd

(e(q*) — o(=¢)) ela?)e(—4").

DN —

Proof. Replacing ¢ by ¢* in Proposition 2.6, and using the identity (2.6) with
q replaced by ¢'2, we obtain Proposition 2.7. N

Definition 2.2. Forn € N we set

E(n) = Z (_1)(%’—1)/22' and F(n) — (_1)(]‘—1)/2]-.
(i,g) € ¥ (i,) € NV
i,j odd i,j odd
4n = i? + 352 dn = i% + 352

Proposition 2.8. Let n € N. Then
E(n)=F(n) =0, ifn is even.

Proof. If i and j are both odd and 4n = 7>+ 3% then 4n = 1+3 =4 (mod 8),
so n is odd. |

Clearly, as

4dn = (:l:z)2 + 3(ﬂ:])2, (_1)(—i—1)/2(_2-) _ (_1)(1'—1)/22'

and
(~D) IR (=) = (=),
we have
1 , 1 .
(27) B(n) =7 > (D@2 and F(n) =3 Y (-1umnrzg
(1,9) € 22 (i,§) € 72
i,7 odd i,7 odd

4n = i% + 352 4n = i? 4 352
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Theorem 2.1.

— 16
0) S Pl = 1o (0(a) — 9(~0)) (pla®) — o(~a")ela”) ()

Proof. (a) Appealing to Proposition 2.8 and (2.7), we obtain

@9 3 B =Y pot =g 3 0 (Y )

n=1 i = —00 j = —o00
n odd i odd j odd

Now, by (2.4), we have

29 > = - > M zw(q)—w(q‘l):%(w(q)—w(—q))-
wead

Appealing to (2.8), Proposition 2.6, (2.6) (with ¢ replaced by ¢*) and (2.9)
(with ¢ replaced by ¢) we obtain part (a).

(b) Appealing to Proposition 2.8 and (2.7), we obtain

(210) S F)g" = 3 F(n)g™ = i( > ) (e,
o e e

Appealing to (2.10), (2.9) and Proposition 2.7, we obtain part (b). |

Theorem 2.2.

(a) ©*(@)e(—*) — @*(—a)p(d®)
= 3(p(9)¢*(¢*)
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Proof. (a) We start with the identity
(142p)° = (1 —p)* =3(1+2p) = 3(1 —p)(1 +p).
Multiplying both sides by
(1+2p) /4 (1 = p)*(1 + p)**k?,
we obtain
(1+2p)"* (1= p)* (1 +p)* 'K — (14 2p) /4 (1 = p)”* (1 + p)*/*&?
= 3(1+2p)”* (1 — p)* (1 +p)*/*k* = 3(1 +2p)"/* (1 — p)*/* (1 4 p) "*k*.

By Propositions 2.1 and 2.2, we have

PQ)e(—¢®) = 1 +2p)4(1 — )1+ p)l 2,
P—)e(@®) = (1+2p)4(1 = p)* (1 + p)* k2,
@A (@)p(—®) = (1+2p)/2 (1 — p)YA(1 + p)P/ 182,
() (P e(g®) = (14 2p)* 1 — p)/ (1 + p)/*2,

and part (a) follows.

(b) We have
20(—¢")p(—4¢")
=92. 2—1/4(1 _p)3/16(1 +p)1/16(1 + 2p>3/16
X ((1+2p)"2 + (1= p)*2(1 4 p)/2) k2
><2_1/4(1 _ p)1/16(1 +p)3/16(1 + 2p>1/16
X((14+2p)"2 + (1= p)M2(1 4+ p)2) /2
_ 21/2(1 _ p)1/4(1 —|—p)1/4(1 + 2p)1/4

1/4

x(2+4p+ 20" +p' + 21 +p+pP) (1 — ) 2(L+p) (1 +2p)*) Tk
_ 21/2(1 . p)1/4(1 +p)1/4(1 + 2p>1/4
X(L+p+p”+ (1 —p)2(1+p)/2(1+2p)'7?)

_ (1 _p)1/4(1 +p)1/4(1 + 2p>1/4

1/2

k

1/2

X (24 2p + 2p% + 2(1 — p) (1 + p) 2 (1 + 2p)?) 7k
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(1—p)* X +p) (1 +2p)"* (1 +p) 2 (1 +2p)"* + (1= p)*)k
(1= p) (14 p)** (1 +2p)**k + (1= p)** (1 + p)/* (1 + 2p) "k
¢

(@)e(=a*) + o(=0)e(q?).

Also
40(q)p(q"®) = (lq) + o(—=0)) (2(q”) + ©(—¢"))
= 2(@)e(¢®) + e(=0)(@®) + ¢(Q)p(=a°) + p(=0)p(=a°).
Hence
4(p(g9(a") = o(=a")p(=¢"))
= 0(0)9(d’) + p(=0)¢(@’) + ©(@)p(—¢°) + p(—=a)p(—4°)
—20(9)p(—=4°) — 20(=q)p(q°)
= 0(0)(¢°) — (=) p(@®) — (@) o(—¢°) + p(—a)o(—¢°)
= (p(@) = ¢(=) (¢(°) — p(=4%)).
(c) We have
3(0(q) — o(—=9) ((¢*) — o(=¢))p(a")p(—4"?)
= 12(90( Nelq'?) - ( Ne(=4%))e(¢?)e(=¢")  (by part (b))
= 12(p(¢)¢* (@) p(—¢") — p(=q") (") p*(—¢")

= 4(* (¢ (=) — £’ (—q")e(¢'?)) (by part (a) with ¢ replaced by ¢*)

as asserted.

(d) We start with the identity
(1+p)?—=1=1+2p)— (1 -p)(1+p)
Multiplying both sides by
(1+2p)**(1 = p)**(1 +p)/*k?,
we obtain
(1+2p)** (1 = p)** (1 +p)”*k* — (1 4 2p)*/*(1 = p)**(1 4 p)/*k?
= (1+2p)"* (1 = p)** (14 p) 'R = (14 2p)* (1 = p)* (1 + p)* k.
By Propositions 2.1 and 2.2 we obtain
()9’ (—=¢°) — (=) (¢°) = P (De(—a)e(¢®) — Y* () p(a)e(—¢°)

as asserted. [ |
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Theorem 2.3.

(a) il E(n)¢" = %(902(61)90(—(1)90(613)—s@(q)s@Z(—q)s@(—qg))
= = (PP ) ~ (-0 (@))

(b) il F(n)¢" = i(@(q)ﬁ(q?’)w(—q?’)—s@(—q)w2(—q3)s@(q3))
= = Sl - ¢ (-a)el(d)

Proof. (a) By Theorem 2.1(a) and Theorem 2.2(b), we deduce

~—

> En)g" = %(@(q)—s@(—q))(s@(q?’)—s@(—q3))90(q4)90(—q4)
 odd |

= 7(p(@)e(™) = p(=a)p(=4"))e(g")e(=a").

Replacing ¢* by ¢, we obtain appealing to Theorem 2.2(d)

I S I SN

which is part (a).

(b) By Theorem 2.1(b) and Theorem 2.2(b), we have

> Fn)g™ = i(@(q‘*)s@(q”)—s@(—q‘*)s@(—q”))s@(q”)s@(—qm)-

Replacing ¢* by ¢, we obtain appealing to Theorem 2.2(a)

> Fn)g" = %(s@(q)s@(q?’)—s@(—q)s@(—q?’))s@(q?’)s@(—qg)
= PP P)P(~0*) — el-0)ela )P ()

ol =
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which is part (b). |

We conclude this section by giving some arithmetic properties of E(n)
and F'(n). These properties can be used to slightly simplify Theorem 7.2 and
Corollary 7.1 when n is odd by splitting into subcases modulo 3 and /or modulo
4. However we do not do this.

Theorem 2.4. Let n € N. Then

(a) F(3n) = E(n)
and
(b) E(3n) = —3F(n)

Proof. (a) We have

F33n) = Z (— 1)(J D25 — Z (_1)(j—1)/2j

(i,) € N2 (k,j) € N2
i,7 odd k,j odd
12n =2 + 352 12n = (3k)? + 352
= Y (DU =E).
(j, k) € N2
4,k odd
4n = 52 + 3k
(b) We have
E@n) = > (-DEVRi= Y (1)@
(5,5) € N2 (k,j) € N2
i,7 odd k,j odd
12n =2 + 352 12n = (3k)? + 352
= =3 > (~=)* Pk =—3F(n),
(j, k) € N2
j,k odd
4n = j2 + 3k2
as asserted. [ |

Theorem 2.5. Let n € N. Then

E(n)=F(n)=0, if n=2(mod 3).
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Proof. If (i, j) € N? is such that 4n = i? + 352, then n = 4n = i + 352 = ¢*
0, 1 (mod 3), so n =2 (mod 3) implies E(n) = F(n) = 0.

Theorem 2.6. Let n € N. Then
{ F(n), if n=1 (mod 4),

Bln) = —3F(n), if n=3(mod 4).

Proof. Let n € N be odd. First we observe that by (2.7) we have (replacing
i by j + 2k)

(2.11)  4F(n) = Z (—1)U=D/25 = Z (—1)6-1725,
i’j = -0 j,k‘ = -0
1,5 odd j odd
4n = i? + 352 n =32 + jk + k>

Secondly, we see that (asn = j2+jk+k* <= n=72+j(—j—k)+(—j—k)?)

Z (_1)(j—1)/2j — Z (_1)(j—1)/2j

j,k:—OO j,k:—OO
j odd, k even j odd, k odd
n=j2+jk+k? n =32+ jk + k2
1 o0
— (G-1)/2;
(2.12) = 5 > (pu
J k= —o0
j odd
n =32+ jk + k?

= 2F(n)
by (2.11).

Thirdly, we see that (asn = j°+ jk+k* = jk+2=j+k+1 (mod 4) for
j=k=1 (mod 2))

Z (—1)(j_1)/2k — Z (_1)(N+1)/2+(k—1)/2k
j, k= —00 j, k = —o0
jjodd, k odd jjodd, k odd
n =32+ jk + k2 n=j%+jk +k?
= (FnE 3T (—)uy,
J k= —o0
j odd, k odd
n =32+ jk + k>
that is
(2.13) Z (—1)(j_1)/2k:—2(—1)("_1)/2[7(71),
i,k = —o00
jj,kodd

n =352+ jk 4+ k?
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by (2.12).
Fourthly, we have (as n = j2+ jk+k* <= n = j2+j(—j— k) +(—j—k)?)
Z (—1)(j_1)/2k — Z (_1)(j—1)/2(_j — k)
j, k = —oco j,k = —o0
jjodd,k even jj7k odd
n =32+ jk + k2 n =32+ jk+k?
- Z (=1)U=b725 — Z (—1)U=172,
Jr k= —o0 J k= —0
j, k odd j, k odd
n=j? + jk + k? n = j2 + jk + k?
that is
(2.14) Y (~D)I2E = —2F(n) + 2(~1)" V2 F(n),
i,k = —o00
jjodd,keven

n=j%+ jk+k?

by (2.12) and (2.13).

Finally
ABm) = 3 ()= 3T (<) 4 2k)
i,j = —00 J k= —0
1,5 odd j odd
4n =% + 352 n =32+ jk+ k2
— _1\G-1/2,; _ _1\G-1)/2,
(1) j (1) j
j k= —o0 J k= —o0
j odd, k even j, k odd
n=j% 4 jk+ k? n = j2 + jk + k?
42 Z 1)0-D2E — 2 Z 1)U-172p
J k= —0 J k= —o0
j odd, k even j, k odd
n=j2+jk+k? n =32+ jk+ k>

= 2F(n) —2F(n) — 4F(n) 4+ 4(—1)" Y2 F(n) + 4(=1)""V/2F(n)
= 42(-1)"V2 = 1F(n),

by (2.7), (2.12), (2.13) and (2.14), so that

as asserted. [ |
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3 The power series of ©*(q)o(—¢?)

We see from Proposition 2.5 that the coefficients of ¢ in the power series expan-

sions of (q)¢°(¢°), ¥*(@)e(a), ¢*(9)p(=a)p(=¢") and ¢*(¢*)p(—=q)p(—¢)
involve A(n), B(n), C(n) and D(n). In Sections 3-6 we determine the power

series expansions of ¢*(q)p(—¢%), ¥*(@)e(—a)p(a®), v(9)¢*(¢*)p(—¢*) and
©0(q)¢*(—¢?®) in powers of ¢ and show that they involve A(n), B(n), C(n),
D(n), E(n) and F'(n), see Theorems 3.1, 4.1, 5.1 and 6.1. These four products
of theta functions occur in Theorem 2.3 together with those obtained from
them by replacing ¢ by —q.

In this section we determine the power series expansion of ©?(q)¢(—¢?) in
powers of q.

Theorem 3.1.

n even

+6 Z F(n)q".
n=1
n odd

We require a lemma before proving Theorem 3.1.
Lemma 3.1. Let n € N. Then

B(n), if n =2 (mod 4),

N(1,1,1,12;n) = { B(n)+3C(n) — D(n), ifn=0 (mod 4).

N[W N[O

Proof. If 2% + y? + 2% + 12t> = n = 2 (mod 4) then exactly one of z,y and 2
is even. Thus, by [1, Theorem 5.1] and Proposition 2.3(a)(b), we have

N(1,1,1,12n) = 3N(1,1,4,12;n)
— 3N(1,1,2,6:1/2)
— 9A(n/2) + 3B(n/2)
_ gA(n)—gB(n).

If 2> + y? + 22+ 12t = n = 0 (mod 4) then z, y and z are all even and, by [1,
Theorem 4.1] and Proposition 2.3, we have
N(1,1,1,12;n) = N(1,1,1,3;n/4)
= 6A(n/4) —2B(n/4) + 3C(n/4) — D(n/4)
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— gA(n) — %B(n) +3C(n) — D(n).

Proof of Theorem 3.1. By Lemma 3.1 we have

o0

> N(LLLL12n)g"

n=1
n even

n=1

n =0 (mod 4)
S5 ()

n=3 (mod 4
(T R =

n even

n=1
n even

2 Z 1)"/2(3A(n) — B(n) — 3C(n) + D(n))q".

n=1
n even

On the other hand we have

o0

> ON(1,1,1,1,12n)¢"

n=1
n even

:—ZNl,l,l,l,lan + = ZN1,1,1,1,12 n)(—q)"

n=1 —

1/ I
~ (SN L1112 ”_1) —( N(1,1,1,1,12:n)(— ”—1)
2<n0 ( n)q + 5 % ( n)(—q)

1

P (@0)9(a”) + 59 (—a)p(ad?) = 1



554 A. Alaca, S. Alaca, M. F. Lemire and K. S. Williams

’(—q)e(g"?) —1

)

w
S
+
AS)

Pa)eld®) + 1 (~ae(—a") +

(14 (64(m) = 2B(n) +3C(n) - D)) ")

N > R S B R

ﬂ
L

Equating the two expressions for Z N(1,1,1,1,12;n)q", we obtain

n=1
n even

% Z 1)"?(3A(n) — B(n) — 3C(n) + D(n))q"

n even

SO

n=1
n even

From Theorem 2.3(b) we have
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Adding these two equations, and dividing by 2, we obtain

P@)e(—¢*) = 1= > (=1)"*(3A(n) — B(n) —3C(n) + D(n))q"
+6 i F(n)q",
as asserted. [ |

4 The power series of ©*(q)o(—q)o(q?)

In this section we determine the power series expansion of ©*(q)p(—q)p(¢®) in
powers of q.

Theorem 4.1.
P@e(—a)e(d®) = 1+ > (=1)"*(34(n) — B(n) +3C(n) — D(n))q"

n=1
n even

+2 Z E(n)q".
 odd
We require a number of lemmas. For n € N we set
R(n) :=card {(z,y,2,t) €Z* | n =2+ y* + 2> + 3>, 2%t (mod 2)}.
Lemma 4.1. Let n € N be such that n =0 (mod 4). Then

card {(z,y,2,t) € Z' | n = 2° + y* + 2° + 3t%,
z=t=1 (mod 2), z=t(mod4)} = R(n/4).

Proof. Let n € N satisfy n =0 (mod 4). Set

T(n) = {($aya2,t)€Z4’n=$2+y2+z2+3t2,
z=t=1(mod 2), z=1t (mod 4)}

and

Uln) ={(z,y,2,t) € Z* | nfd=2"+y* + 2 + 3¢, z2#1 (mod 2)}.
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The mapping f : T'(n) — U(n) given by

P2,y 2.) = (2/2,/2. (= + 30 /4, (z = )/4)
is a bijection. Thus

card T'(n) = card U(n) = R(n/4),

as asserted. |
Lemma 4.2. Let n € N be such that n =0 (mod 4). Then

N(1,1,1,3;n) = N(1,1,1,3;n/4) + 6R(n/4).
Proof. If 22 +y* + 22+ 3t> =n =0 (mod 4) then

(z,y,2t) = (0,0,0,0), (0,0,1,1),(0,1,0,1) or (1,0,0,1) (mod 2).

Thus

N(1,1,1,3:n) = N(1,1,1,3;n/4)
+3 card{(x,y,z,t) €Z' n=2>+y*+22+3t* z2=t=1 (mod 2)}
= N(1,1,1,3;n/4) +6 card{(x,y,z,t) €7 | n=a®+y*+ 2%+ 3t%
z=t=1(mod 2),z =t (mod 4)}
= N(1,1,1,3;n/4) + 6R(n/4),
by Lemma 4.1. [

Lemma 4.3. Let n € N be such that n =0 (mod 4). Then
N(1,1,3,4:n) = N(1,1,1,3;n/4) + 4R(n/4).

Proof. If 22 +y?>+322+4t> =n =0 (mod 4) then 22+ y?+ 322 = 0 (mod 4)
S0

(x,y,2) = (0,0,0),(1,0,1) or (0,1,1) (mod 2).
Thus

N(1,1,3,4;n) = N(1,1,1,3;n/4)
+2 card {(x,y,z,t) c€Z'|n=a2>+9*+322+ 4%, =1 (mod 2),
y =0 (mod 2), z=1 (mod 2)}.

Now

card{(x,y, 2 t) €Z | n =2 +y? + 322+ 4t (v,y,2) = (1,0,1) (mod 2)}
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= card {(xl,yl,zl,tl) €Z' | n=a]+y°+ 2] + 3t

(1,91, 21,t1) = (0,0,1,1) (mod 2)}
= card {(z1,y1,21,t1) € Z* | n = a7 + y7 + 2} + 37,

(21,t1) = (1,1) (mod 2)}
= 2 card {(xl,yl,zl,tl) €Z'|\n=a}+y5+ 27 + 33,

z1 =t =1 (mod 2),2; = t; (mod 4)}
— 2R(n/4),

by Lemma 4.1. The asserted result now follows. ]

Lemma 4.4. Let n € N be such that n =0 (mod 4). Then
1 2
N(1,1,3,4n) = 2N(1,1,1,3n/4) + SN(L1,1,3;n).

Proof. This result follows by eliminating R(n/4) from the formulae of Lemmas
4.2 and 4.3. u

Lemma 4.4 was stated but not proved by Liouville [11, p. 184].

Lemma 4.5. Let n € N. Then

N(1,1,3,4n) = 5 A(n) — S B(n) +3C(n) — D(n), if n =0 (mod 4).
Proof. By [1, Theorem 4.1] we have

N(1,1,1,3;n) = 6A(n) —2B(n) + 3C(n) — D(n), n € N.
Hence, by Proposition 2.3, we obtain for n = 0 (mod 4)

N(1,1,1,3;n/4) = 6A(n/4) — 2B(n/4) + 3C(n/4) — D(n/4)

_ gA(n) _ %B(n) +3C(n) = D(n).
Then, by Lemma 4.4, we deduce
N(1,1,3,4n) — %(gA(n) - %B(n) +30(n) ~ D(n))
+§(6A(n) — 2B(n) + 3C(n) — D(n))
9

- 5A(n) — gB(n) +3C(n) — D(n),

as claimed. [}
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Lemma 4.6. Letn € N. Then
3 1 .
N(1,1,3,4;n) = §A(n) - iB(n), if n =2 (mod 4).

Proof. If 2 + 32+ 322 +4t> = n =2 (mod 4) then 22 +y?+ 322 = 2 (mod 4)
sox =y (mod 2) and z =0 (mod 2). Hence

3= (5 + (5 raeeo(5)
— = 2t° 4+ 6| =
2 <2 * 2 * * 2

so that by [1, Theorem 5.1] we have
3 1
N(1,1,3,4;n) = N(1,1,2,6;n/2) = 3A(n/2) + B(n/2) = §A(n) - §B(n),
if n =2 (mod 4). N
Lemma 4.7. Letn € N. Ifn =0 (mod 2) then
1 n/2 1 n/2
N(1,1,3,4n) = 3(1 +5(-1) )A(n) - (1 +5(-1) )B(n)
3 1
+§<1 + (—1)”/2)C(n) = (1 + (—1)”/2)D(n).

Proof. This follows from Lemmas 4.5 and 4.6. |

Proof of Theorem 4.1. We have by Lemma 4.7

o0

> N(1,1,3,4;n)¢"

n=1
n even
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On the other hand we have by (2.4) and Proposition 2.5(b)

n=1 n=1

n=1
n even

<ZN1134nq—1) <ZN1134n q)" 1)

= 2P @eld)eld) + 5P (a)e(~)ple’) 1
— %gp?(q)@(q%(cp(q) +(—q)) + isaQ( 0)e(—2")(p(a) +(=q)) — 1
1 3 3 1 3 3
= 19" (@e(@) + 79" (—a)e(—4")
+i(902(q)90(—q)90(q3) + ¢ (—)e(a)e(—¢%) — 1
- i n ; <gA(n) - lB(n) - %cm) - —D(n))q”
Y8 ST AT
+i<g02(q)cp(—q)cp(q3) + SO(Q)SOQ(—Q)@(—Q?’)) —1
o 3
- Z <3A(n) — B(n) + 50( ) — 5D( ))

L @e-0ele) + o) —hol—e") - &
— Z ( 1)”/2<2A(n) — %B(n) + gC(n) _ —D(n))q”
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from which we obtain

P (@e(—0)e(d®) =1+ Y (=1)"*(3A(n) — B(n) +3C(n) — D(n))q"
+2 i E(n)q",
as asserted. [ |

5 The power series of ©(q)0*(¢*)o(—¢?)

In this section we determine the power series expansion of ¢(q)p?(¢*)p(—q?)
in powers of g. The method of proof follows that of Theorem 4.1.

Theorem 5.1.

(@’ (@)p(—¢") = 1+ > (=1)"*(A(n) + B(n) — C(n) — D(n))q"

n=1
n even

+2 Z F(n)q".
n=1
n odd

We require a number of lemmas before giving the proof of Theorem 5.1.
For n € N we set

S(n) = card{(x,y, 2, t) €24 |n =2 +3y* +32° + 3%, v #y (mod 2)}
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Lemma 5.1. Let n € N be such that n =0 (mod 4). Then

card {(x, y,2,t) € Z* | n = 2% + 3y* + 322 + 127
r=y=1(mod 2), =y (mod 4)} = S(n/4).

Proof. Let n € N satisfy n =0 (mod 4). Set

V(n)={(z,y,21t) € Z" | n = 2 + 3y* + 322 + 12¢%,
r=y=1(mod 2), z =y (mod 4)}

and
W(n) = {(%?J,Zat) €z % =2 + 3y + 32% + 3¢,  # y (mod 2)}

The mapping g : V(n) — W (n) given by

r+3y r—y 2
y Y 7t :< 9 7_7t)

is a bijection. Thus
card C'(n) = card D(n) = S(n/4),

as claimed. [}
Lemma 5.2. Let n € N be such that n =0 (mod 4). Then

N(1,3,3,3;n) = N(1,3,3,3;n/4) + 6S(n/4).
Proof. If 22 +3y* + 322 + 3t = n =0 (mod 4) then

(z,y,2t) = (0,0,0,0),(1,1,0,0), (1,0,1,0) or (1,0,0,1) (mod 2).

Thus

N(1,3,3,3;n) = N(1,3,3,3;n/4)
+3card {(x,y, 2 t) €2 |n=a2" +3y° +32°+ 3%, r =y =1 (mod 2)}
= N(1,3,3,3;n/4) + 6 card {(x,y, z,t) € Z* | n = 2 + 3y + 32° 4 317,
r=y=1(mod 2),r =y (mod 4)}
= N(1,3,3,3;n/4) + 6S(n/4),

by Lemma 5.1. [
Lemma 5.3. Let n € N be such that n =0 (mod 4). Then

N(1,3,3,12;n) = N(1,3,3,3;n/4) + 45(n/4).
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Proof. If 22 + 3y* + 322 + 12t> = n = 0 (mod 4) then x? + 3y> + 322 = 0
(mod 4) so

(2,9,2) = (0,0,0), (1,1,0) or (1,0,1) (mod 2).
Thus
N(1,3,3,12;n) = N(1,3,3,3;n/4)

+2card {(x,y, 2, t) €2 | n=2" +3y* + 322+ 12%, 2 =1 (mod 2),
y=1(mod 2), z=0 (mod 2)}.

Now

card {(x, y,2,t) € Z* | n = 2%+ 3y* + 322 + 127

(z,y,2) = (1,1,0) (mod 2)}
= card {(x,y, z,t) € ZY | n = 2% + 3y* + 327 + 1282,

(2,9) = (1,1) (mod 2)}

= 2card {(x,y, z,t) € Z* | n = 2 + 3y® 4+ 327 + 1243,
r=y=1(mod 2), z =y (mod 4)}

— 25(n/4),

by Lemma 5.1. [

Lemma 5.4. Let n € N be such that n =0 (mod 4). Then
1 2
N(1,3,3,12;n) = §N(1,3,3,3;n/4) + §N(1,3,3,3;n).
Proof. From Lemmas 5.2 and 5.3 we obtain

N(1,3,3,12;n) = N(1,3,3,3;n/4) —|—4S(n/4)
= N(1,3,3,3;n/4) + 6(N(1 3,3,3;n) — N(1,3,3,3;n/4))

1
= 3N(1.3.3.3;n/4) + 3N(1.3.3,3:n),

2
3
as asserted. [ |

Although Lemma 5.4 is an analogue of Lemma 4.4, it was not stated by
Liouville.

Lemma 5.5. Letn € N. Then

N(1,3,3,12:n) — gA(n) + gB(n) —C(n) = D(n), ifn=0(mod 4).



Theta function identities 563

Proof. By [1, Theorem 8.1] we have
N(1,3,3,3;n) =2A(n) +2B(n) — C(n) — D(n), n € N.
Hence for n =0 (mod 4) we have by Proposition 2.3

N(1,3,3,3;n/4) = 2A(n/4)+2B(n/4) — C(n/4) — D(n/4)

= LA() + 3B(n) ~ C(n) — D).

Then, by Lemma 5.4, we obtain

N(1,3,3,12n) = %(%A(n) + %B(”) —C() - D(”))
+§(2A(n) +2B(n) — C(n) — D(n))
— gA(n) + gB(n) —C(n) — D(n)
for n =0 (mod 4). "

Lemma 5.6. Letn € N. Then

1 1
N(1,3,3,12;n) = iA(n) + iB(n), if n =2 (mod 4).
Proof. If 22 + 3y* + 322 + 12t> = n = 2 (mod 4) then x? + 3y* + 322 =
(mod 4) so (z,y,2) = (0,1,1) (mod 2). Hence

n T\ 2 Y+ 2\2 Y — 2\?2 9
5=23) +3(i5) walt) o
2 2 +3 5 +3 5 +

Then, by [1, Theorem 10.1] and Proposition 2.3, we have for n = 2 (mod 4)

N(1,3,3,12;n) = N(2,3,3,6;n/2) = A(n/2) — B(n/2) = %A(n) + %B(n),

as asserted. [ |

Lemma 5.7. Letn € N. Then

N(1,3,3,12;n) = (1 + %(—1)”/2)A(n) + (1 + %(—1)”/2)3(71)

— (1 () o) - 2 (14 (-1)77) D),

ifn=0 (mod 2).
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Proof. This follows from Lemmas 5.5 and 5.6. [ ]

Proof of Theorem 5.1. By Lemma 5.7 we have

> N(1,3.3,12n)"

n=1
n even

5 2 (U2 (AWm) + B(n) - C(n) — D) )q"

On the other hand we have by (2.4) and Proposition 2.5(a)

\)

o0

> N(1,3,3,12n)q :§;N(1,3,3,12,n)q +§;N(1,3,3,12,n)(—q)

n=1
n even

1/ — 1/ —
_ 1,3,3,12: ”—1) —( N(1,3,3,12:n)(— ”—1)
2<ZN( 3,3,12:n)q +5 % (1,3,3,12;n)(—q)

= Lo @F(@)ela™) + o~ (~P)e(?) ~ 1

= @@ + (0 + o~ () ela) + (%) ~ 1
— o0 d") + o) ()

(P (@)e(—) + o) ()la’)) ~ 1

_ i + i v (2A(n) +2B(n) — C(n) — D(n))q"
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=2+ > (AW) + B@) — 5Cm) — D)) g

n=1
n even

+7 (P(@e(@")p(=¢") + p(=a)e(a")¢* (—4").
Equating the two expressions for Z N(1,3,3,12;n)q¢", we obtain

n=1
n even

2(0)e* (@) e(—a%) + e(—a)e(¢*)* (—¢°)

=242 Y (=1)"*(A(n) + B(n) — C(n) — D(n))q".

n=1
n even

From Theorem 2.3(b) we have

Adding these two identities, and dividing by 2, we obtain

(@) (@)e(—¢*) =1+ Y (=1)"*(A(n) + B(n) — C(n) — D(n))q"

+2 Y F(n)q",
n=1
n odd

as asserted.

6 The power series of ¢(q)p*(—¢?)

In this section we determine the power series expansion of p(q)p*(—¢®) in
powers of q. The proof is similar to that of Theorem 3.1.

Theorem 6.1.

o0

PP (") = 1— Y (~1)"*(A(n)+ B(n) + C(n) + D(n))q"

n=1
n even
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+2 Z E(n)q".
n=1
n odd

We need a lemma.
Lemma 6.1. Letn € N. Then
A(n) + 3B(n) —C(n) — D(n), ifn =0 (mod 4),

N(3,3,3,4;n) = { A(n) + %B(n), if n =2 (mod 4).

N N

Proof. If 322 +3y*+ 322 +4t> = n = 0 (mod 4) then 2% +y*+22 =0 (mod 4)
sox=y=2z=0 (mod 2). Thus
N(3,3,3,4;n) = N(1,3,3,3;n/4)
= 2A(n/4) +2B(n/4) — C(n/4) — D(n/4)
1 1
= §A(n) + iB(n) — C(n) — D(n)

by [1, eq. (8.1)] and Proposition 2.3.

If 322 4+ 3y* + 322 + 41> = n = 2 (mod 4) then z° +y*+ 22 =2 (mod 4) so
(x,y,2) =(1,1,0),(1,0,1) or (0,1,1) (mod 2). Hence, for n =2 (mod 4), we
have
N(3,3,3,4;n)

= 3card {(x,y, z,t) € Z* | n = 32”4 3y* + 327 + 412,
r=y=1(mod 2), z=0 (mod 2)}

= 3card {(x,y, z,t) € Z* | n = 3% + 3y + 1227 + 4t
r=y=1(mod 2)}

2 N2
:3card{(x,y,z,t)eZ4]g:?)(x;y) +3<x2y) +2t2+622}

= 3card{(x,y, z,t) € Z* | g = 22 4 3y + 322 —|—6t2}

— 3(A(n/2) - B(n/2))

= 2An) + 3B(n)

by [1, Theorem 10.1] and Proposition 2.3. |

Proof of Theorem 6.1. We have by (2.4) and Propostion 2.5(a)

o0

> N(3,3,3,4;n)q"

n=0

n even
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— % i N(3,3,3,4;n)¢" + % > N(3,3,3,4;m)(—q)"
1 ; 3 NPT ”:Z
= 5@ (@)e(d") + 597 (=a")e(d)
= 12 (00) + o(—0) + 12 (0")(e(0) + o)
- i(sa<q><,a3<—q3> +o(—)¢(a%) + i(w(qw%f”’) +(-0)¢'(=0"))
= e@P () + o~ ()

(1 ¥ Z (2A(n) + 2B(n) — C(n) — D(n))q"

+1+Z (24(n) +2B(n) - C(n) — Dn))(~q)")

n =0(mod 4)

94 °p )”
+ Zl <2 (n) +5B(n) g
n52(?nod4)

14 Y (AW + Bl - 2C0) - LDm)e”

n even
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_% Z (=1)"2(A(n) + B(n) + C(n) + D(n))q"

n even

Thus, equating the two expressions for Z N(3,3,3,4;n)q", we have
n=20

()¢’ (=) + (=)’ ()

=22 Z (—1)"2(A(n) + B(n) + C(n) + D(n))q".

n=1
n even

By Theorem 2.3(a) we have

p(0)¢*(—¢°) — p(—0)¢’(¢°) = 4 i E(n)q".

1
n odd

Adding these two identities, and dividing by 2, we obtain

o0

PP (=) = 1— Y (=1)"*(A(n) + B(n)+C(n) + D(n))q"

as asserted.

7 Sixteen quaternary forms

Our first theorem of this section shows that the generating functions of the
sixteen forms listed in Section 1, namely,

o’ (Q)e(q"?), ©*(@)e(d’)e(q"),

P (@e(a")e(d?), e(@e*(@®)e(e™),

() (@)e(a?), el@)e(@®) ("),
(7.1) (@)@’ (@), e(@)e*(a")e(d"),

P(@)e*(@®)e(@?), w(Q)¢’(@"),
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e(@®)e(a")e* (), (@) e(d")e* ("),

can all be expressed as linear combinations of the eight products

(7.2) p(—0)e*(

and the eight products formed from them by replacing q by —gq.

Theorem 7.1.
() P@9(a?) = 56°@e() + 56° @~
(b) ¢*(@)e(d)p(q") = %w?’(q)so(q?’) + 52" (@e(—a)¢(d”)
© F@ela)ela”) = 170 + 1P @e(-a)e(e)
e @)e(—) + 17 @ e(-)e( )
@) e @)ela”) = 16 @ela’) + 1o a)e(—0)
0@ (—0)old?) + 9@ (—a)ol(—0)
() 2@ (@)e(a”) = Fe(@)e’(”) + %w(q)ﬁ(q?’)w(—q?’)
0 e@e@)ee) = 16 @eld®) + o@Dl
5 @) e(-a)e(d”)
@) P@)eld)P (@) = 1@ ") + 1o@ele’ 1)



570 A. Alaca, S. Alaca, M. F. Lemire and K. S. Williams

)o@ @)e(d) = 2o (@ed®) + 2e*@)e(—¢*) + ~o(@) P (—a)eld?)

+%w(q)s@2(—qw(—;) + iﬁ(q)w(—gq)w(cﬁ + }a%;w(—q)w(—qg)
0) e @)e(a”) = @) + 1@ )e(—1)
+79(@)e*(=")p(e”) + 70(0)9* (—a")
(i) wl@)e’(@”) = ge(@)e’(@’) + gw(q)s@Q(q?’)s@(—qg)
+20(0)9(¢)2*(=¢") + 20(0)#* (=)
(k) (@)e(@")eld") = 79 (D)e(@”) + 79°(0)(=a)¢(a”)
+70(0)#* (=0)¢(a’) + 79(¢°)¢ (—9)
) ¢ @)eld") = 2o (@) + 3o(-0)ea)
(m)  ¢*(¢*)e(a")e(a"™) —i (@¢°(¢*) + is@(q)ﬁ(q?’)w(—qg)
0P @) + 1o~ @)~
M) ol@)(d) = 2@ + 36 (~0)eld)
2@ (0)pla’) + 3P (0)e- 0o
©0) ¢l@eld)F (") = @) + 1o~ (@)
0@ () + (0ol ()
(p) s@(q?’)s@(q‘*)ﬁ(q”)—% (q)wg(q3)+%w(—qw3(q3)
@@ (") + Se(-a)pld)H ()
Fe @ @P)e(~d") + 790 ol —0)

Proof. We just give the proof of formula (n) as the rest can be proved similarly.
We have by (2.4)

ole'a") = ola")(50(0) + 5o(-a))
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as claimed. [}

The power series expansions of the products listed in (7.2) are given in
Proposition 2.5 and Theorems 3.1, 4.1, 5.1 and 6.1. Using these in Theorem
7.1 we obtain our main result.

Theorem 7.2. Let n € N. Then

3A(n) — B(n) + 5C(n)
—1D(n) + 3F(n), ifn=1(mod 2),
(a) N(1,1,1,125n) = 9 A(n) — 3B(n), if n =2 (mod 4),
3A(n) — LB(n) +3C(n) — D(n), ifn=0 (mod 4).
((3A(n) — B(n) + 3C(n)
—1D(n) + E(n), ifn=1(mod 2),
(b) N(1,1,3,4;n) = 3 A(n) — LB(n), ifn =2 (mod 4),
l 2A(n) — £B(n) +3C(n) — D(n), ifn=0 (mod 4).
( 3A(n) — 3B(n) + 5C(n)
“1D(n) + LE(n) + £F(n), ifn=1(mod 2),
(c) N(1,1,4,12;n) = 3A(n) — LB(n), if n =2 (mod 4),
| 3A(n) — 1B(n) +3C(n) — D(n), ifn =0 (mod 4).
( 3A(n) —1B(n) = LE(n)+3F(n), ifn=1 (mod 2),
(d) N(1,2,2,12;n) =< 3A(n) — 1B(n), if n =2 (mod 4),
| 2A(n) — 1B(n) +3C(n) — D(n), ifn =0 (mod 4).

—1D(n) + F(n), if n =1 (mod 2),
(e) N(L3,:3,12i0) = 1)) 4+ 1B(n), if n.=2 (mod 4),
[ 2A(n) + 2B(n) — C(n) — D(n), ifn =0 (mod 4).



(h) N(1,4,4,12;n) =

(i) N(1,6,6,12;n)

() N(1,12,12,12;n)

(k) N(2,2,3,4;n) =

(1) N(3,3,3,4;n)

Ve
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1B(n) + E(n), ifn =1 (mod 2),
if n =2 (mod 4),

, ifn=0 (mod 4).
ifn =1 (mod 2),
if n =2 (mod 4),

, ifn=0 (mod 4).

<3A@n-_zxn)+3cxn)
~D(n) + E(n) + 3F(n))

1
4

if n =1 (mod 2),

0, if n =2 (mod 4),
3A(n) — $B(n) +3C(n) — D(n), if n=0 (mod 4).
L(A(m) + B(n) + E(n) + F(n)), ifn =1 (mod 2)
1A(n) + $B(n), if n =2 (mod 4),
1A(n) 4+ 2B(n) — C(n) — D(n), ifn=0 (mod 4).
( i(A(n) + B(n) + C(n)

if n =1 (mod 2),

0, if n =2 (mod 4),
\ %A(n) + %B(n) —C(n) — D(n), ifn=0 (mod 4).
SA(n) ~ LB(n) + $B(n) — $F(n), ifn =1 (mod 2)
%A(n)—%B(n), if n =2 (mod 4),
3A(n) — +B(n)+3C(n) — D(n), ifn=0 (mod 4).
A(n) + B(n) — 1C(n)
—%D(n) — E(n), ifn =1 (mod 2),
3 A(n) + 2B(n), if =2 (mod 4),
$A(n) 4+ 3B(n) — C(n) — D(n), ifn=0 (mod 4).
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[ 1(A@) + Bn) - C(n)
(m) N(3,3,4,12;n) = ~Dln) = Bn) + F(n))’ ifn=1(mod 2),
3A(n) + 3B(n), if n =2 (mod 4),
L %A(”) + %B(n) —C(n) — D(n), ifn=0 (mod 4).
[ 1(34(n) - B(n) - 3C(n)
(n) N(3,4,4,4;n) = +D(n) +3E(n) - 3F(n))’ ifn=1(mod 2),
0, if n =2 (mod 4),
L %A(n) - %B(n) +3C(n) — D(n), ifn=0 (mod 4).
[ 1(Am) + B(n) - E(n) = F(n)), ifn=1 (mod 2),
(0) N(3,4,6,6:n) = ¢ FA(n) + 3B(n), ifn =2 (mod 4),
| 3A(n) +3B(n) = C(n) = D(n), ifn =0 (mod 4).
[ 1(A@m) + B(n) - C(n)
(p) N(3,4,12,12;n) = D)~ Eln) + F(”))’ if n =1 (mod 2),
0, if n =2 (mod 4),
| 3A(n) +3B(n) = C(n) = D(n), ifn=0 (mod 4).

Appealing to Theorem 7.2 and Proposition 2.3, and using the identity
A(n) + sB(n) +tC(n) + stD(n)

= (D) PO (1) () AW),

we obtain the following corollary, see Liouville [6]-[19].

Corollary 7.1. Letn € N. Set n = 2°3°N, where « € Ny, 3 € Ny, N € N
and gcd(N,6) = 1. Then

(a) N(1,1,1,12;n)
(124 (—1)F) <3ﬂ+1 - (—1)ﬁ<g)>A(N) +3F(n), ifa=0,
- 3<3ﬂ+1 + (—1)ﬁ<%)>A(N), ifa=1,

\ (2&—1 n (—1)a+ﬂ+¥) (3ﬁ+1 . (—1)a+ﬂ<g)>A(N), ifa>2.
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L2+ () (3 - (—1)ﬂ<%)>A(N) +E(n), ifa=0
= <3,8+1 +(=1)° <g)>A(N) ifa=1
| (82071 + (-0 5 ) (39 — (-1 (5) ) AY), ifa =2
(c) N(1,1,4,12;n)
()
+3E(n)+ 3F(n), if a =0,
- <3ﬂ+1 4 (—1)7 <%)>A(N), ifa=1,
\ (2&—1 n (—1)a+ﬂ+¥) (3ﬁ+1 - (—1)a+ﬂ<%)>A(N), ifa>2.

(d) N(1,2,2,12;n)

(13- <—1>ﬂ(§ JAW) ~ SB) + 3F0).  ifa=D0,
=1 (37 + (- ( ))Am), ifa=1,
\ (2 Ly (—1)ersr i ) (3ﬂ+1 _ (—1)a+ﬂ<g)>A(N), ifa>2.

(e) N(1,3,3,12;n)
2 (cymR) (304 (—1)f@<g)>A(N) +F(n), ifa=0,
= <3ﬂ - (—1)f@<§)>A(N), ifa=1,
(

3.90-1 _ (—1)a+ﬂ+¥) (3ﬂ 4 (—1)ets <%)>A(N), ifa>2.

G (—1)ﬁ<ﬂ)>A(N) + E(n), if a=0,
={ 0, if a =1,

<2a n (—1)a+ﬂ+%) (3ﬁ+1 - (—1)a+ﬂ<g)>A(N), ifa>2.
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(g) N(1,3,12,12;n)

i(l + —1)ﬂ+%) (3ﬂ+1 - (—1)f@<g)>A(N)
+1E(n)+3F(n) ifa=0
) o ifa=1
\ <2a—14-( 1)a+ﬂ+ﬂf-)(3ﬂ+1 (—J)a+ﬂ<€§)>l4(AU ifa>2
(i) N(1,6,6,12;n)
%(?ﬁ + (—1)ﬂ<g)>A(N) +1E(n) + 1F(n) ifa=0,
=4 (- (5)) A fa=1,
| (20 = (0=t ) (37 4+ (- () )AY), ifaz2

(i Co) ()

L3 - (17 (5)) AWV + 1B () — 3R (n) ifa=0
=1 (4 (—1)ﬂ<g))A(N) ifo=1
\ (2&—1 + 1)a+ﬂ+b) (3ﬂ+1 (—1)‘““’(%))14(]\0 ifa>2
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(1) N(3,3,3,4

p

(m) N(3,3,4,
(

1
2

(n) N(3,4,4,

p

(o) N(3,4,6,
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;n)

N

- ()
(- o) (),

12;n)

(1 _ (—1)ﬁ+¥) (3ﬂ + (—1)ﬁ<ﬂ))A(N)
sE(n) + 3F(n),

N

(- ()
[ (- o) o (),

4;n)

6;n)

, ifa=0,

ifa=1,

if a > 2.

if a =0,
if =1,

if a > 2.

\ (2&—1 n (—1)a+ﬂ+¥) (3ﬁ+1 - (—1)a+ﬂ<ﬂ)>A(N), ifa>2.

ifa=0
ifa=1
if e > 2
ifa=0
ifa=1
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8 Conclusion

We conclude by noting that the quantities R(n) and S(n) used in Sections 4
and 5 respectively can be determined explicitly. Replacing n by 4n in Lemma
4.2 we obtain

R(n) == (N(1,1,1,3;4n) — N(1,1,1,3;n)) .

| =

From [1, Theorem 4.1] we have
N(1,1,1,3;n) = 6A(n) —2B(n) + 3C(n) — D(n).
Thus, by Proposition 2.3, we have
N(1,1,1,3;4n) = 24A(n) — 8B(n) + 3C(n) — D(n).

Hence

R(n) = 3A(n) — B(n) = 2° (3ﬂ+1 - (_1)a+ﬂ<%)) AN,

which is Theorem 13.2 of [1]. In a similar way starting from Lemma 5.2 and
appealing to Theorem 8.1 of [1], we can obtain an explicit formula for S(n).
We leave this to the reader.

The methods of this paper can be used to determine explicit formulae for
N(a,b,c,d;n) (valid for all n € N) for other forms az? + by* + cz? + dt?, see
for example [3], [4].
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