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Nineteen quaternary quadratic forms
by

AYSE ALACA, SABAN ALACA, MATHIEU F. LEMIRE
and KENNETH S. WiLLIAMS (Ottawa)

1. Introduction. Let N, Ny, Z and C denote the sets of positive in-
tegers, nonnegative integers, integers and complex numbers respectively.
Throughout this paper ¢ denotes a complex variable such that |¢| < 1.
For a,b,c,d € N and n € Ny we define
(1.1)  N(a,b,c,d;n) = card{(z,y, z,t) € Z* | n = ax® + by* + c2* + dt*}.
Clearly
(1.2) N(a,b,c,d;0) =1

In this paper we determine in a uniform manner a formula for N(a, b, ¢, d;n),
valid for all n € N, for each of the nineteen quaternary quadratic forms given
by

(1.3) (a,b,c,d) = (1,1,1,1), (1,1,1,4), (1,1,2,2), (1,1,3,3), (1,1,3,12),
(1,1,4,4), (1,1,6,6), (1,1,12,12), (1,2,2,4), (1,2,3,6),
(1,3,3,4), (1,3,4,12), (1,4,4,4), (1,4,6,6), (1,4,12,12),
(2,2,3,3), (2,2,3,12), (3,3,4,4), (3,4,4,12).

We show that for each of the forms listed in (1.3), formulae for N (a, b, ¢, d;n)
(n € N) can be given in terms of the sum of divisors function

d, neN,
(1.4) o(n) = ;;;
0, n¢N,

where d runs through the positive integers dividing n, and the integers a(n),
which are defined for n € Ny by

)
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[e.9]

15 > am)"=q ][0 - - ™A - - "),
n=0 n=1

so that a(n) = 0 for n = 0 (mod2). The formulae for N(a,b,c,d;n) for the
seven quaternary forms given by

(a,b,c,d) = (1,1,1,1), (1,1,1,4), (1,1,2,2), (1,1,3,3),
(1,1,4,4), (1,2,2,4), (1,4,4,4)

depend only on o(n), whereas those for the remaining twelve forms in (1.3)
depend upon o(n) and a(n). Numerical evidence suggests that the nineteen
forms listed in (1.3) are the only ones satisfying 1 < a <b < ¢ <d < 12,
ged(a,b,¢,d) =1 and a, b, ¢,d |12 for which N(a,b, ¢, d;n) can be expressed
in terms of o(n) and a(n) for all n € N.
We remark that the g-series with coefficients a(n) is a cusp form of
weight 2. In terms of Dedekind’s eta function 7n(z) we have
o0
> a(n)g™ =n(22)n(42)n(62)n(122),
n=1
where ¢ = €™ and Re(z) > 0. It is known that a(n) is a multiplicative
function of n [25, p. 4853].
It is also convenient for our purposes to define the integers b(n) (n € Ny)
by

) e 10 4
(1—g¢*) "(1—¢°)
(1.6) b(n)q" = ,
nZ:% }_[1 (1—gm)'(1 = g')*(1 - ¢'2)?
and the integers ¢(n) (n € Ny) by
) 0o 4 10
(1- q ") (1—q")
(1.7) = .
N L T T
Jacobi’s theta function ¢(q) is defined by
oo n2
(1.8) pa)= > 4
Using Jacobi’s infinite product expansions
O (1 _ q2n)5
pla) = " n
nHl(l—q )2(1—g*n)?

and
o0

H

n=1

TL

1—q
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we see that

10 4
) (1-¢°" 2, N 2/ 6
= ¢ ()" (—¢"),
B 1—q 4 — ') (1 - g'2n)?
o) 10
1—q ") (1—¢%) 2/ 9\ 2/ 3
= —-q q ),
I =gy gy = ¢ @)
so that for n € Ny,
b(n) = > (=1, ce(n) = > (=1)*.
(zy,2,t)€L? (z,y,2,t)€Z*
22492 +622+612=n 222+42y2+4322+43t2=n

Hence b(n) and c¢(n) can be viewed as “twists” of N(1,1,6,6;n) and
N(2,2,3,3;n) respectively.

The values of a(n), b(n) and ¢(n) for n € {0,1,2,...,20} are given in
Table 1.

Table 1
n a(n) b(n) c(n)
0 0 1 1
1 1 4 0
2 0 4 —4
3 -1 0 4
4 0 4 4
5 —2 8 —16
6 0 —4 4
7 0 —16 16
8 0 —12 —12
9 1 4 0
10 0 —8 8
11 4 —32 16
12 0 4 4
13 -2 24 —32
14 0 0 0
15 2 —16 8
16 0 —12 —12
17 2 40 —32
18 0 4 —4
19 —4 —32 48

[\™]
[en)
[en]
[\]
=
[N}
=
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We now describe how the formulae for N(a,b,c,d;n) for the nineteen
quaternary quadratic forms az? + by? + cz? + dt? listed in (1.3) are proved.
From (1.8) we see that

(1.9) > N(a,b, e, din)g" = o(g")(¢")e(g)p(a?).

Following [4, p. 178] we set
¥ (9) — ¥*(q°)
2<P2( 5
3
(1.11) k=kg) =7 Eq)),
which, as functions in the variable z, are modular forms of weights 0 and 2.

We begin by determining the series expansions of k2, pk?, p?k?, p3k? and
p*k? in powers of q. We prove the following theorem in Section 2.

(1.10) p=rp(q) =

THEOREM 1.1.

(a) =1+ Z —40(n) + 240(n/2) — 40(n/3) — 160(n/4)
—80(n/6) — 160(n/12))q¢"

[e.o]

(b)  pk*= Z(Qa(n) —120(n/2) + 60(n/3) + 80 (n/4)
= + 40(n/6) — 80 (n/12))¢"

[e.9]

(c) Pk =Y (40(n/2) —8o(n/3) + 4o(n/6))q"

n=1
e

(d) Pk = 2(80(11/3) — 8 (n/4) —8a(n/6) + 8a(n/12))q"

n=1
oS

(e)  p'k* =) (160(n/4) - 320(n/6) + 160(n/12))q"

n=1

The following corollary follows immediately from Theorem 1.1.

COROLLARY 1.1.

(a) (1+2p)k?=1+ Z (40(n) — 80(n/2) — 120(n/3) + 160 (n/4)
+ 240(n/6) — 480(n/12))q¢"

(b) (14 2p)%k —1+Z80 ) — 320(n/4))q"
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() (1+2p)(1+p +p2)/€2

=1+ Z (20(n) + 60(n/3) — 8o (n/4) — 240 (n/12))q"

(d) (A-p)A+p)1 +2p)k‘2

=1+ i(—‘w(n/ 2) + 160 (n/4) + 120(n/6) — 480(n/12))q"

n=1

Then in Section 3 we determine the series expansions in powers of g of
other functions of p and k for which the coefficients of the powers of ¢ can
also be expressed in terms of 0. Recall that the Legendre—Jacobi—Kronecker
symbol for discriminant —4 is defined for n € N by

(1.12) <__4> _ { (—1)=D/2if n s odd,

n 0 if n is even.

THEOREM 1.2.
(a) (1 —p)3/2(1 +p)1/2(1+2p)3/2k:2
=1+ (=80(n/2) +480(n/4) — 640(n/8))q"

n=1

(b)  (1=p)"*(1+p)**(1+2p) %k

—1+ i(—Sa(n/ﬁ) +480(n/12) — 640(n/24))¢"

n=1

() (1- )3/4(1 +p) /(14 2p)" K
=1+ Z ( ( > —80(n/4) + 480 (n/8) — 64a(n/16)>q"
() (1- )9/4(1 +p)3/4(1 +2p)° /4
=1+ Z( ( ) n) — 8c(n/4) + 485 (n /) — 640(n/16))
In Section 4 we determine each of the series Y~ a(n)q", > .2, b(n)q"

and > >, c¢(n)g"™ in terms of p and k.

THEOREM 1.3.

(e}

@ pCHR—p) )+ 2) R = Y ()

n=1

(b) (1=p) 1+ p)?H (1 +2p) 8 = Z b(n
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o0

(c) (L= (1 +p) 1+ 297k = e(n)d™
n=0

@ Q=) ) o) R = Z b

© (L= P )L 20 icm)(—n"q".
n=0

The next theorem shows that each of the quantities
P(1—-p) 21 +p) 21 +2p)' 2K, G e{0,1,2},

has a power series expansion in ¢ with coefficients depending only on o
and a. This result is proved in Section 5.

THEOREM 1.4.
(a)  (1—p)"2(1+p)2(1 + 2p)" /%K

=1+ i(2a(n/2) —120(n/4) — 100(n/6) + 160(n/8)
e 4600 (n/12) — 800(1/24) — 2a(n))q"
(b)) p(1—p)"2(1+p) (1 +2p) 2K

i —20(n/2) + 120(n/4) 4+ 20(n/6) — 160(n/8)
= —120(n/12) + 160 (n/24) + 2a(n))q"
() P'(1=p)2(L+p)2(1+2p)' 2k

Z (40(n/2) — 240(n/4) — 40(n/6) + 320(n/8)
e + 240 (n/12) — 320(n,/24))q"
As
1 =p)' 21 +p) (1 +2p)*? = (1 - p)/2(1 + p)'/*(1 + 2p)/?
+2p(1 — p)' (1 4 p)'/2(1 + 2p) "2,
(1=p)' 21+ p)*?(1+2p)*? = (1 - p)/2(1 + p)'/?(1 + 2p)'/?
+3p(1 —p) /(1 4 p)M/2(1 + 2p)"/?
+2p%(1 = p) 2 (14 p) (1 + 2p)" 2,
(1=p)*2(1+p) (1 +2p)"? = (1 - p)/2(1 + p)' /(1 + 2p)/?
—p(1—p)" (1 +p)2(1 +2p)' /2,

we obtain the following result from Theorem 1.4.
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COROLLARY 1.2.
(a)  (1—p)2(1+p)*2(1 + 2p)* %k
=1+ f:(4a(n/2) —340(n/4) — 120(n/6) + 320(n/8)
" +720(n/12) — 960 (n/24) + da(n))q"
(b)  (1—p)2(1+p)/2(1 + 2p)*/%k?

=1+ (—20(n/2) + 120(n/4) — 60(n/6) — 165(n/8)
e 4 360/(n/12) — 480(1n/24) + 2a(n))q"
() (1=p)*2(1+p)2(1 +2p)' /2K

=1+ i(4a(n/2) —240(n/4) — 120(n/6) + 320(n/8)
e +720(n/12) — 960 (n/24) — da(n))q".

Our next theorem, which is proved in [2, Theorem 2.4], expresses each
of p(q*) (k € {1,2,3,4,6,12}) in terms of p and k.

THEOREM 1.5.

(a) w(q) = (1 +2p)*/4k1/2,

(b) o(q*) = % (1 +2p)32 + (1 — p)*/2(1 + p)/2)1/21/2,
() 0(q®) = (14 2p)/*&/2,

(d) olq") = % ((1+2p)%4 + (1 — p)¥4(1 + p) /K2,

(e) p(d°) = \% (14 2p)"% 4 (1 — p)/2(1 + p)¥/2)/2K1/2,
(f) o(q"?) = 1+2p)4 + (1= p)YA(1 + p)*/YEV2,

1
S+
1.5(b)(e) we deduce

1

(1.13)  e(a)e(d”) = 5

We are now in a position to determine a formula for N(a,b,c,d;n)
(n € N) for each of the nineteen forms given in (1.3). For each (a,b,c,d)
in (1.3) we use (1.9) and Theorem 1.5 to express » > N(a,b,c,d;n)q" as
a function of p and k. Then, using Theorems 1.1-1.4 and Corollaries 1.1
and 1.2, we express this function in terms of Y20  o(n)¢*™ (k € {1,2,3,
4,6, 12}) Yo pa(n)g”, Dol yb(n)g™ and > o c(n)g™. The formula for
N(a b,c,d;n) 1s then found by equating coefficients of ¢" (n € N). Each
such formula depends at most on o, a, b and c. The details are carried out

From Theorem

(L+p+p°+ (1= p) 21+ )21+ 29) )
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in Section 6. The formulae are given in Theorems 1.6-1.24. In the course
of the proofs of these theorems, we obtain some relationships between a(n),
b(n) and c(n). These are stated in Theorem 1.25. Finally, we use Theo-
rem 1.25 to give all the formulae of Theorems 1.6-1.24 in terms only of o
and a. The reader is advised that the final form of those theorems marked
with an asterisk is given after Theorem 1.25.

THEOREM 1.6. Let n € N. Set n = 2*N, where a« € Ny, N € N and

ng(Na 2) =1. Then
N(1,1,1,1;n) = {80(]\7) ’L:fnzl (mod 2),
240(N) if n=0 (mod?2).

This is Jacobi’s famous formula for the number of representations of a
positive integer as the sum of four squares.

THEOREM 1.7. Let n € N. Set n = 2*N, where o« € Ng, N € N and
ged(N,2) = 1. Then

4+ 2(-1)N=D/2)g(N) if n=1 (mod?2),

N(1,1,1,4:n) = 120(N) if n=2 (mod4),
B 8a(N) if n=4 (mod8),
240(N) if n=0 (mod8).

This formula was stated without proof by Liouville [20] and proved by
Pepin [27].
THEOREM 1.8. Let n € N. Set n = 2*N, where a« € Ng, N € N and
ged(N,2) = 1. Then
40(N) if n=1 (mod2),
N(1,1,2,2;n) =< 80(N) if n=2 (mod4),
240(N) if n=0 (mod4).
This formula was stated without proof by Liouville [17] and proved by
Pepin [26], [27], Bachmann [8], and Deutsch [10].
THEOREM 1.9. Let n € N. Set n = 293°N, where a,3 € Ny, N € N
and gcd(N,6) = 1. Then
40(N f n=1 d?2),
N33 = {70 =1 (mod?)
42Tt —3)o(N) if n=0 (mod2).

This formula was stated without proof by Liouville [16] (see also [22])
and proved by Pepin [27], Bachmann [8] and Kloosterman [14].

THEOREM 1.10* Let n € N. Set n = 2*3°N, where a, 5 € Ny, N € N
and gcd(N,6) = 1. Then
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20(N) + 1b(n) if n=1 (mod2),

N(1,1,3,12;n) = :
( ) { 2(2011 = 3)o(N) + 2b(n) if n=0 (mod2).
Liouville did not consider this form.

THEOREM 1.11. Let n € N. Set n = 2N, where o € Ng, N € N and
ged(N,2) = 1. Then

40(N) if n=1 (mod4),
0 if n=3 (mod4),
N(1,1,4,4;n) = ¢ 40(N) if n=2 (mod4),
80(N) if n=4 (mod8),
240(N) if n =0 (mod8).

This formula was stated without proof by Liouville [18] and proved by
Pepin [26], [27] and Bachmann [8, p. 417].

THEOREM 1.12. Let n € N. Set n = 2*3°N, where a,3 € Ny, N € N
and gcd(N,6) = 1. Then
20(N)+2a(n) if n=1 (mod2),
N(1,1,6,6;n) =< 40(N) if n=2 (mod4),
42* = 3)a(N) if n=0 (mod4).
This form has been considered by Liouville [24], Kloosterman [14], Gon-
gadze [11] and Kohler [15].
THEOREM 1.13* Let n € N. Set n = 2*3°N, where a, 5 € Ny, N € N
and gcd(N,6) = 1. Then
o(N) +a(n) + $b(n) if n= )
)
N(1,1,12,12m) = 20(N) + 3b(n) if n=2 (mod4),
2(2* = 3)o(N) + 3b(n) if n= )
This form was not considered by Liouville.

THEOREM 1.14. Let n € N. Set n = 2“N, where a € Ng, N € N and
ged(N,2) = 1. Then

20(N) if n=1(mod?2),
) 4o(N) if n=2 (mod4),
N(1,2,2,4,n)— SJ(N) if n=4 (mOdS),
240(N) if n=0 (mod8).

This form has been treated by Liouville [21], Pepin [26, p. 177], [27,
pp. 31, 42] and Bachmann [8, p. 418].
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THEOREM 1.15. Let n € N. Set n = 2%3°N, where a,3 € Ny, N € N
and gcd(N,6) = 1. Then
(3841 —2)a(N) +a(n) if n=1 (mod?2),
N(1,2,3,6;n) = ¢ 2(3°t1 — 2)0(N) if n=2 (mod4),
6(35+1 — 2)a(N) if n =0 (mod4).
This form has been considered by Liouville [23], Bachmann [8, p. 423],
Griffiths [12], [13], Gongadze [11] and Kohler [15].

THEOREM 1.16* Let n € N. Set n = 2°3PN, where a, 5 € Ny, N € N
and ged(N,6) = 1. Then
20(N) + 3c(n) if n=1 (mod?2),

N(1,3,3,4;n) = { 2(2a+1 —3)o(N) + %c(n) if n=0 (mod?2).

This form was not treated by Liouville.

THEOREM 1.17* Let n € N. Set n = 2*3°N, where a, 3 € Ny, N € N
and gcd(N,6) = 1. Then
o(N)+ 1b(n) + Le(n) if n=1 (mod?2),
N(1,3,4,12;n) =4 0 if n=2 (mod4),
6(2271 — 1)o(N) + 1b(n) + 3c(n) if n=0 (mod4).

Elementary remarks on this form were given by Liouville [19] and Pepin
[27, p. 24].

THEOREM 1.18. Let n € N. Set n = 2N, where o € Ng, N € N and
ged(N,2) = 1. Then
20(N) if n=1 (mod4),
0 if n=2,3 (mod4),
80(N) if n=4 (mod8),
240(N) if n=0 (mod8).

N(1,4,4,4;n) =

This result was stated by Liouville without proof in [20] and proved by
Pepin [27, p. 43].

THEOREM 1.19* Let n € N. Set n = 2°3°N, where a, 5 € Ny, N € N
and gcd(N,6) = 1. Then
o(N)+a(n) if n=1 (mod2),
N(1,4,6,6;n) = { 20(N) + 3c(n) if n=2 (mod4),
2(2% —3)o(N) + 3¢(n) if n=0 (mod4).

Liouville did not consider this form.
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THEOREM 1.20F Let n € N. Set n = 2*3°N, where a, 3 € Ny, N € N
and gcd(N,6) = 1. Then
10(N) + 3a(n) + 1b(n) if n=1 (mod4),
N(1,4,12,12;n) =< 0 if n=2,3 (mod4),
2(2% — 3)a(N) + 2b(n) + c(n) if n=0 (mod4).
Liouville did not consider this form.

THEOREM 1.21. Let n € N. Set n = 2*3°N, where a,3 € Ny, N € N
and gcd(N,6) = 1. Then

20(N) —2a(n) if n=1 (mod?2),
N(2,2,3,3;n) = ¢ 40(N) if n=2 (mod4),
4(2* = 3)a(N) if n=0 (mod4).
Partial results were stated by Liouville [24] without proof.

THEOREM 1.22* Let n € N. Set n = 2°3°N, where a, 3 € Ny, N € N
and gcd(N,6) = 1. Then
o(N)—a(n) if n=1 (mod2),
N(2,2,3,12;n) = { 20(N) + 3b(n) if n=2 (mod4),
2(2% — 3)o(N) + 3b(n) if n=0 (mod4).
Liouville did not consider this form.

THEOREM 1.23* Let n € N. Set n = 2°3°N, where a, 3 € Ny, N € N
and gcd(N,6) = 1. Then

o(N) —a(n) + 2c(n) if n=3 (mod4),

L]0 if n=1 (mod4),
N(3,3,4,4n) = 20(N) + %c(n) if n=2 (mod4),
2(2 — 3)o(N) + 3¢(n) if n=0 (mod4)

Liouville did not treat this form.

THEOREM 1.24* Let n € N. Set n = 2*3°N, where a, 5 € Ny, N € N
and gcd(N,6) = 1. Then
Lo(N) — 3a(n) + Le(n) if n=3 (mod4),
N(3,4,4,12;n) = { 0 if n=1,2 (mod4),
2(2* — 3)a(N) + 1b(n) + 1c(n) if n =0 (mod4).
This form was not considered by Liouville.

In the course of proving Theorems 1.6-1.24 we establish the following
result.

THEOREM 1.25. Let n € N. Set n = 2*3°N, where a,3 € Ny, N € N
and gcd(N,6) = 1. Then
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(a) b(n)=20(N) + 2a(n) if n=1 (mod4),
(b) b(n) = —20(N) — 2a(n) if n=3 (mod4),
(c) c(n) = —20(N) + 2a(n) if n=1 (mod4),
(d) c(n)=20(N) — 2a(n), if n=3 (mod4),
(e) b(n) = —c(n) =4a(n/2) if n=2 (mod4),
(f) b(n)=c(n) =40(N) if n=4 (mod8),
(g) b(n)=c(n) = —120(N) if n =0 (mod8)

Applying Theorem 1.25 to Theorems 1.10*, 1.13*, 1.16*, 1.17%, 1.19*,
1.20%, 1.22*, 1.23* and 1.24*, we obtain formulae which do not depend upon b
and c.

THEOREM 1.10. Let n € N. Set n = 2*3°N, where a,3 € Ny, N € N
and gcd(N,6) = 1. Then

(30(N) + a(n) if n=1 (mod4),

o(N) —a(n) if n=3 (mod4),

N(1,1,3,12;n) = < 20(N) +2a(n/2) if n=2 (mod4),

120(N) if n=4 (mod8g),

4(2* — 3)o(N) if n=0 (mod8).

THEOREM 1.13. Let n € N. Set n = 2%3°N, where a,3 € Ny, N € N
and gcd(N,6) = 1. Then

20(N) + 2a(n) if n=1 (mod4),

0 if n =3 (mod4),

N(1,1,12,12;n) = { 20(N) +2a(n/2) if n=2 (mod4),
40(N) if n=4 (mod8),

42971 —=3)o(N) if n =0 (mod8).

THEOREM 1.16. Let n € N. Set n = 2*3°N, where o, 3 € Ny, N € N
and ged(N,6) = 1. Then

(0(N) + a(n) if n=1( )

30(N) —a(n) if n=3 (mod4)

N(1,3,3,4;n) = ¢ 20(N) —2a(n/2) if n=2 (mod4),

120(N) if n=4 (mod38),

4(2* — 3)o(N) if n=0(

THEOREM 1.17. Let n € N. Set n = 2*3°N, where a,3 € Ny, N € N
and gcd(N,6) = 1. Then
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N(1,3,4,12;n) =

THEOREM 1.19. Let n € N. Set n = 2%3°N, where a,3 € Ny, N € N

and gcd(N,6) = 1. Then

N(1,4,6,6;n) =

THEOREM 1.20. Let n € N. Set n = 2*3°N, where a,3 € Ny, N € N

and gcd(N,6) = 1. Then

N(1,4,12,12;n) =

THEOREM 1.22. Let n € N. Set n = 2*3°N, where a,3 € Ny, N € N

and gcd(N,6) = 1. Then

N(2,2,3,12;n) =

THEOREM 1.23. Let n € N. Set n = 2*3°N, where a,3 € Ny, N € N

and ged(N,6) = 1. Then

N(3,3,4,4;n) =

THEOREM 1.24. Let n € N. Set n = 2*3°N, where a,3 € Ny, N € N

and gcd(N,6) = 1. Then

o(N)+a(n)
o(N) —a(n)

12(2972 — 1)o(N)
o(N)+a(n)
20(N) —2a(n/2)

42971 - 3)a(N)

o(N) + a(n)

42971 = 3)a(N)

o(N) = a(n)

20(N) + 2a(n/2)

42971 - 3)o(N)

if n=1 (mod?2),
if n=2 (mod4),
if n=4 (mod8),
if n=0 (mod8).

if n=1 (mod4),
if n=2,3 (mod4),
if n=4 (mod8),
if n=0 (mod8).

if n=1 (mod2),
if n=2 (mod4),
if n=4 (mod8g),
if n=0 (mod8).

if n=1 (mod4),
if n=3 (mod4),
if n=2 (mod4),
if n=4 (mod8),
if n=0 (mod8)
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0 if n=1,2 (mod4),
o o(N) — a(n) if n=3 (mod4),
N(3,4,4,12;n) = 4o(N) if n=4 (mods8),

42471 = 3)o(N) if n=0 (mod8).
The authors have treated other quaternary quadratic forms in [1]-[4], [6]

and [28]. These forms require functions other than o(n) and a(n) for their
evaluation.

2. Proof of Theorem 1.1. We begin by recalling the duplication, trip-
lication and change of sign principles for p and k, which were proved in [4,
Theorems 9, 10, 11].

THEOREM 2.1 (Duplication principle).
o 14+p—p* = ((1=p)(1+p)(1 +2p)'/?
p(q ) - pQ 9

k(q2) _ (1 +p— p2 + ((1 — pg(l —l—p)(l 4 Qp))1/2)k.

THEOREM 2.2 (Triplication principle).
p(g*) = 371 ((—4 = 3p + 6p° + 4p”)
+223(1 = 2p — 2p”) (1 = p) (1 + 2p) (2 + p))/?
+2'3(1 4 2p)((1 = p)(1 +2p) (2 + p))*/?),
k(g*) = 372(3 4+ 2*2(1+ 2p)((1 — p)(1 + 2p) (2 +p))'/?
+2Y3((1 = p) (1 + 2p) (2 + p))/*) k.
THEOREM 2.3 (Change of sign principle).

P-a) =15 k0 =+
The Eisenstein series L(q) is defined by
(2.1) L(q) :1—24§:a n
We define "
(2.2)  A(q):=2L(¢%) — =1+24 Z — 20(n/2))q"
(2.3)  B(q):=3L(¢%) — =2+ 242 —30(n/3))q"

Proof of Theorem 1.1. It was shown in [7, q. (3.84)] that
(2.4) A(q) = (1 + 14p + 24p° + 14p° + p*)E>.
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Applying the duplication principle (Theorem 2.1) to (2.4), we obtain

(2.5) A(g?) = (1 + 2p + 6p? + 5p> — %p4> k2.

From [7, eq. (3.87)] we have

(2.6) B(q) = (2 + 16p + 36p* + 16p> + 2p*) k2.

Applying the duplication principle (Theorem 1.1) twice to (2.6), we deduce
(2.7) B(¢%) = (2+4p + 6p” + 4p° + 2p" K7,

(2.8) B(¢h) = <2 +4p — 2p° + %p4> k2.

From (2.4)—(2.8) we obtain

(2.9) k= =5 Alg) + 5 A(®) + 15 Bla) + 5 B(¢*) + 5 B(d"),
(210)  pk? = £ Al) — ¢ Al?) — 15 Bla) — 15 Bl@®) + ¢ B(a)
(211)  pk*= —éA(q)ﬂL%B(q)— 1—183(612),

(212) P =5 Alg)+ 5 AW — 5 B(a) + 5 B@) — 5 B(a)
(213) PR =3 AW) + 3 BI&) — 2 B(a")

Appealing to (2.2) and (2.3) we obtain the assertions of Theorem 1.1.

3. Proof of Theorem 1.2. Applying the duplication principle to (2.5)
we have
1 1 3 9 1
1 Al = (24 2 222 8 1 a2
(3.1) (¢°) <4+2p+2p P gp

+ Z (1—p)32(1 +p)V2(1 + 2p)>/ k2.
From (3.1), (2.5) and (2.2), we obtain
(1—p)32(1 + p)M/2(1 + 2p)*/ 2k*
4 1 8 1
=AY = 2 A(P) == L(¢®) — 2L(¢") + = L(¢?
3(Q) 3(Q) 3(Q) (q)+3(Q)

=14 (—80(n/2) + 480(n/4) — 640(n/8))q",

n=1

which is part (a).
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Next, applying the duplication principle to (3.1), we obtain
1 1 3 5 1
2 A(g® —p® - k?
(3:2) (¢°) = <16+8p+8p +16p 3P )
3
+— (1= p)*?(1+p)"?(1 +2p)*°k?

16
2= P )+ 20) R
2(1 _ )9/4(1 +10)23/4(1 + 2p)3/4k2,
and to (2.8) we obtain
(3:3) B(¢®) = <Z+gp—%p2—2p3+%p4)k2
_ g (1-— p)3/2(1 +p)1/2(1 + 2p)3/2k2
£ 20204 ) (1 2) R

From (3.3), Theorem 1.1, part (a) and (2.3), we deduce

(1—p) 2(1 + p)3/2(1 + 2p) "/ 2k
=SB —EW—

2 2 16 1
5 _0 k2+_p2k2+_p3k2__p4k2

g PP T3 9 9
( p)>2(1 4 p)2(1 + 2p)*/ 2k?

= i —80(n/6) + 480(n/12) — 640 (n/24))q"

which is part (b).
Next, from (3.2), we obtain

(1= p)* 1+ ) (1 +2p) " K% + (1 — p) Y41 + ) (1 + 2p)>/ 1k
8 1 1

_ §A(q8) _ ng_ §pk2 _ K2 — 2p3k2+ %p4k2
5 )1 ) (1 2) R

Then, appealing to (2.2), Theorem 1.1 and part (a), we deduce

(34)  (L=p)/* (L +p) (14 20K + (1= p)” (14 p)*/ (1 + 2p)Y 82

=2+ (~160(n/4) + 960 (n/8) — 1280 (n/16))q"

n=1
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Our next objective is to determine
(1= (L4 p)V (1 +2p) "% = (1= p)** (1 + p)** (1 4 2p)" 1.

To do this we make use of the following two sums, which are closely related
to L(q):

(35) Lial)= > om)q", Lsal@= >, oln)q"
n=1 n=1
n=1 (mod 4) n=3 (mod 4)

These sums have been evaluated by Cheng [9]. From [9, Theorem 3.5.1] we
have

(36) Lia(e) = 55 (1= g)(1+ g)?,

(3.7 Lya(a) = 535 (1~ 9)°(1 + )’

where

(38) g=(@1-o/f, 1-,=1"P1+D zlpfé;; P = (14 292k
(see [7]). From (3.6) and (3.7) we deduce

(3.9) Lis(a) -~ Laala) = g ou? — 5 g

By (3.8) we see that

(3.10) (1
(3.11) (1

p)* (1 +p)VA(1 4 2p)” P = gu®,

)1+ p)P (L 2p) R = g,

From (3.5), (3.9), (3.10) and (3.11), we deduce

(1= p)* (L4 p)V A1+ 2p) K = (1= p)”* (1 4+ p)** (1 4 2p)* 1
= gw® — g°w? = 8L14(q) — 8L3,4(q)

=38 Z o(n)q" —8 Z o(n)q",
nEsz;i)d 4) nz?fzzi)d 4)
that is,
(3.12)  (1—p)* (1 +p)Y4(1+2p) K — (1 —p)*/* (1 + p)*/*(1 + 2p)*/*k?
=8 > (=) 25(n)q"

n=1
n=1 (mod 2)
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Adding and subtracting (3.4) and (3.12), we obtain
(1-p*'(1 +p)1/4(1 +2p)" 1k

=1+ Z ( ( ) —80(n/4) + 480 (n/8) — 64a(n/16)>

and
(1= p)Y4(1 +p)*/4(1 + 2p)*/*k?

=1+ Z( ( ) n) — 8a(n/4) + 480(n/8) — 640(n/16))
which are parts (c) and (d).

4. Proof of Theorem 1.3. Ramanujan’s discriminant function A(q)
is defined by

(4.1) Alg)=q]J@-g¢m*
=1

Alaca, Alaca and Williams [5, eqns. (3.28)—(3.33)] have shown that
) 2

] h
(4.2) Ag) =2~ p(l +p) (1 —-p)(1+2p)° (2 +p)°k",
(4.3) A(g?) =27 (1+p)*(1 — p)°(1 +2p)° (2 + p) k"2,
(4.4) Ag®) = 2_4 P*(1+p)2(1 —p)*(1+2p)(2+ p)k"?,
(4.5) Agty =271 4(1 +p)(1—p)*(1+2p)*(2+ p)"?k"2,
(4.6) A(g®) =2~ (1 +p)°(1 —p)*(1+2p)*(2 + p)°k",
(4.7) A(g"?) =272 (1 +p)°(1 — p)(1+2p)(2 + p) k™.
Hence, by (1.5), (4.1), (4. 3) (4.5), (4.6) and (4.7), we obtain

> a(n)g" —qH L—=¢*") (1 —¢"™) (1= ¢*")(1 - ¢"")

)1/24 4n1/24 )1/24 1/24

= A(®) T AT AW T A)

— ip(Q )1 = p)Y2(1+ p)V2(1 + 2p) /282,

which is part (
1.

a)
Also, by (1.6), (4.1), (4.2), (4.3), (4.5), (4.6) and (4.7), we have

S bm)g" =T -1 -0 - ¢ 1 - ™ - ¢
n=0

n=1
= Alg) 52" Aty 0 A8 P A TV
=(1-p) "1 +p)** (1 + 2p) 7K
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and, by (1.7), (4.1), (4.3), (4.4), (4.5), (4.6) and (4.7),

Soemat =Tl -'a-" "0 -g" 01— """ - g™
n=0 n=1
— A(QQ)1/6A(q3)_1/6A(q4)—1/12A(q6)5/12A(q12)—1/6

= (1—p)*/*(1 + p)Y4(1 + 2p)> 42,

which are parts (b) and (c).
Applying the change of sign principle (Theorem 2.3) to parts (b) and
(c), we obtain

Z b(n (1= p(=a))* (1 +p(=0)**(1 + 2p(~q)) "/ *k(~q)?

» 1/4 » 3/4 2 7/4 o
14+ 2 1- 2 [ 1 k
( +1+ > ( 1+p> < 1+p> (1+7)

= (1—p)"* (1 +p)**(1 + 2p) /K2

> e(n)(—g)" = (1= p(—0))** (1 + p(—)*(1 + 2p(—q))*/*k(—q)?

3/4 1/4 5/4
p p 2p 472
+ ——— 1- ) (1+p'
( +) ( 1+p> < 1+p> )
= (L=p)** (1 +p)"*(1+2p)" 82,
proving parts (d) and (e).
5. Proof of Theorem 1.4. By Theorem 1.3(a) and Table 1 we have
(2p+p*) (1 —p)2(1+p) /2 (1 + 2p) 2k = Z4a
By Theorem 1.2(a) we have
(1+p—20°)(1 —p) /2 (1 +p) (1 +2p)" %k

=14 ) (-80(n/2) +480(n/4) — 640(n/8))q"

n=1

By Theorem 1.2(b) we have
(1+p)(1=p) 2 (1+p)"2(1 + 2p)' 2k

=1+ ) (=80(n/6) + 480 (n/12) — 645(n/24))q"

n=1
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The three assertions of Theorem 1.4 now follow using

1 1 5
L=—5@p+p") - 7 (1+p=2") + (1 +Dp),
1 1 1
= (2 +-(1+p—20Y)—-=-(1
P 2(p+p) 7 (L =2p7) = 2 (1+p),
1 1
pP=—5(+p=2")+ 5 (1+p)

6. Proofs of Theorems 1.6-1.25. Let n € N. We note that in the
proofs of Theorems 1.6-1.8, 1.11, 1.14 and 1.18 we set n = 2°N, where
a € Ng, N € N and ged(N,2) = 1, whereas in Theorems 1.9, 1.10, 1.12,
1.13, 1.15-1.17 and 1.19-1.24 we set n = 2°3°N, where a € Ny, § € N,
N € Nand ged(N,6) = 1. As 0(n) is a multiplicative function of n, we have

0(2°N) = 0(2%)0(N) = (2T — 1)o(N),
0(293°N) = (20 (3%)o(N) = % (201 — )3 —1)o(N).

Proof of Theorem 1.6. We have

> N(L,1,1,1;n)¢"= ¢(q)* (by (1.9))
i =(1+ 2p)3k‘2 (by Theorem 1.5(a))
=1+ Z 80 (n) —320(n/4)) (by Corollary 1.1(b)),
so for n € N,

80(N) if n=1 (mod?2),

N(l,l,l,l;n) = 80’(77,) — 320'(71/4) = {240(]\[) ifn=0 (mod?).

Proof of Theorem 1.7. We have

> ON(1,1,1,450)q" = o(9)*e(q")  (by (1.9))
n=0

(1+2p)°k* + % (1 —p)* (1 +p)4(1 +2p)" 82
(by Theorem 1.5(a)(d))

—1+ ) <2<%4>0(n) + do(n) — 200(n/4)

+240(n/8) — 320(n/16)>q"
(by Corollary 1.1(b) and Theorem 1.2(c)),
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so for n € N,

N(1,1,1,4;n) = (4 +2 (%4)>a(n) — 200 (n/4) + 240 (n/8) — 320(n/16)

(4+2(-1)N-D/2)g(N) if n=1 (mod?2),
120(N) if n =2 (mod4),
) 80(N) if n =4 (mod8),
240 (N) if n =0 (mod8).

Proof of Theorem 1.8. We have

D ON(1,1,2,2n)¢" = ¢(q)%¢(¢®)®  (by (1.9))

n=0
= S (2P + 5 (1= )21+ )20+ 20)°K
(by Theorem 1.5(a)(b))
=1+ (40(n) - 40(n/2) + 80 (n/4) — 320(n/8))q"
(by Corollary 1.1(b) and Theorem 1.2(a)),
so for n € N,

N(1,1,2,2;n) = 40(n) —40(n/2) + 80(n/4) — 320(n/8)
40(N) if n=1 (mod?2),
{ 80(N) if n =2 (mod4),
240(N) if n =0 (mod4).
Proof of Theorem 1.9. We have
Y ON(1,1,3,3;n)¢" = (9)*¢(¢*)*  (by (1.9))

n=0
=1+ 2p) k*  (by Theorem 1.5(a)(c))

=1+ Z 40(n) — 80(n/2) — 120(n/3) + 160 (n/4)

+240(n/6) — 480 (n/12))¢"
(by Corollary 1.1(a)),
so for n € N,
N(1,1,3,3;n) = 40(n) — 8a(n/2) — 120(n/3) + 160 (n/4)
+ 240(n/6) — 480/(n/12)
40(N) if n=1 (mod?2),
- { 4(20%1 — 3)¢(N) if n =0 (mod?2).
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Proof of Theorem 1.10. We have

D ON(1,1,3,12n)¢" = o(9)%e(d®)e(q"?)  (by (1.9))
n=0
(1420 + 5 (1= p) 40+ p)/4(0 4 29)7/ 82

(by Theorem 1.5(a)(c)(f))

=1+ Z (20 — 40(n/2) — 60(n/3) + 8a(n/4)

l\DlH

+120(n/6) — 240(n/12) + %b(n))q”
(by Corollary 1.1(a) and Theorem 1.3(b)),
so for n € N,
N(1,1,3,12;n) = 20(n) —40(n/2) — 60(n/3) + 8a(n/4)
+ 120(n/6) — 240(n/12) + %b(n)

| 20(N) + 3b(n) if n =1 (mod2),
| 22 = 3)a(N) + 2b(n) if n=0 (mod?2).

Proof of Theorem 1.11. We have

D> ON(1L,1L,4,40)0" = ¢(g)’e(¢")?  (by (1.9))

= i (1+2p)3k2 + % (1= p)*4(1 + p)Y4(1 + 2p)*/4k>
+ i (1= p)32(1+ p)/2(1 + 2022 (by Theorem 1.5(a)(d))
> —4
=1+ 24+2(— ) |o(n) —20(n/2) +8c(n/8) — 320(n/16) ) ¢"
> ((+2(5)) )s
(by Corollary 1.1(b) and Theorem 1.2(a)(c)),
so for n € N,
N(1,1,4,4;n) = (2 +2 (%))am) — 90 (n/2) + 80(n/8) — 320(n/16)
40(N) if n=1,2 (mod4),
0 if n =3 (mod4),

") 8a(N)  if n=4 (mod8),
240(N) if n =0 (mod8).
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Proof of Theorem 1.12. We have
Z N(1,1,6,6;n)q" = (a)*¢(¢°)*  (by (1.9))

(14 2p)*K* + ; (1 =)' (14 p)* (1 +2p)* k2
(by Theorem 1.5(a)(e))

l\DI»—l

=1+ Z (20(n) —20(n/2) — 60(n/3) — 4o(n/4)

+ 60(n/6) + 160(n/8) + 120(n/12) — 480(n/24) + 2a(n))q"
(by Corollary 1.1(a) and Corollary 1.2(a)),

so for n € N,
N(1,1,6,6;n) = 20(n) — 20(n/2) — 60(n/3) — 40(n/4)
+ 60(n/6) + 160(n/8) + 120(n/12) — 480 (n/24) 4 2a(n)

o(N)+2a(n) if n=1 (mod2),
{4 (N) if n =2 (mod4),
42* —3)o(N) if n=0 (mod4),

as a(n) =0 for n =0 (mod 2).
Proof of Theorem 1.13 and Theorem 1.25(b). We have

SON(LL1212im)" = p(@Pe(a)?  (by (19))
n=0
(1+2p) ]{;2 ;( )1/4( +p)3/4(1+2p)7/4k32

MH

+-(1- )1/2(1 —|—p)3/2(1 + 2;0)3/21432 (by Theorem 1.5(a)(f))

FSQES,

=1+ Z < —o(n/2) —30(n/3) — 20(n/4) + 30(n/6) + 8a(n/8)

1
+ 60(n/12) — 240(n/24) + a(n) + 5 b(n))qn
(by Corollary 1.1(a), Theorem 1.3(b) and Corollary 1.2(a)),

so for n € N,
N(1,1,12,12;n) = o(n) — o(n/2) — 30(n/3) — 20(n/4)

+30(n/6) 4+ 80(n/8) + 60(n/12)

— 240(n/24) + a(n) + % b(n)
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o(N) + a(n) + $b(n) if n=1 (mod2),
= ¢ 20(N) + 3b(n) if n =2 (mod4),
2(2% — 3)(N) + 3b(n) if n =0 (mod4).
As 22 + 9% + 1222 + 1212 = 22 + y? = 0,1,2 (mod 4), we have
N(1,1,12,12;n) =0 if n = 3 (mod4).
Thus
1
o(n)+a(n) + 5 b(n)=0 ifn=3 (mod4),
which is the assertion of Theorem 1.25(b).

Proof of Theorem 1.14. We have

> ON(1,2,2,40)0" = o(g)e(d®)’e(q")  (by (1.9)
n=0

1
(1+2p)3k% + 7 —p)32(1 + p)2(1 + 2p)*2k*

1
1
+ = (1= p)* 1+ p)VA (1 + 2p) V4K

h&I»—k e~ =

(1—p)?*1 +p)**(1 4+ 2p)**k*>  (by Theorem 1.5(a)(b)(d))

Z —20(n/2) + 80 (n/8) — 320(n/16))q"
N (by Corollary 1.1(b) and Theorem 1.2(a)(c)(d)),

so that for n € N,

N(1,2,2,4;n) =20(n) — 20(n/2) + 80(n/8) — 320(n/16)
20(N) if n=1 (mod?2),
40(N) if n=2 (mod4),

( )
8a0(N) if n=4 (mod8),
240(N) if n =0 (mod8).

Proof of Theorem 1.15. We have

D ON(1,2,3,6:0)0" = p(9)e(q®)e(a®)p(¢®)  (by (1.9))
n=0

1
(1+2p)(1+p+ PPk + 5 (1= )2 (1 +p) /2 (1 +2p)° 27
(by Theorem 1.5(a)(c) and (1.13))

1
2
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= 1+Z ) —o(n/2) 4+ 30(n/3) + 20(n/4) — 30(n/6)

— 80(n/8) + 60(n/12) — 240(n/24) + a(n))q"
(by Corollary 1.1(c) and Corollary 1.2(b)),
so for n € N,
N(1,2,3,6;n) =o(n) —o(n/2) + 3c(n/3) + 20(n/4) — 30(n/6)
— 80 (n/8) + 60(n/12) — 240(n/24) + a(n)
(3041 —2)g(N) +a(n) if n=1 (mod?2),
{ 2(30+1 — 2)g(N) if n =2 (mod4),
6(35+1 — 2)o(N) if n =0 (mod4),
as a(n) = 0 when n is even.
Proof of Theorem 1.16. We have
D ON(1,3,3,43n)¢" = w(9)(a*)*e(q")  (by (1.9))
n=0

(14 2028+ 2 (1= p)¥/4(1+ ) /(1 4 2)7 82
(by Theorem 1.5(a)(c)(d))

1
2
=1+ <2U(n) — 40 (n/2) — 60(n/3) 4+ 8c(n/4) + 120(n/6)

1
- 240(71/12)4—5 c(n))q” (by Corollary 1.1(a) and Theorem 1.3(c)),
so for n € N,
N(1,3,3,4;n) = 20(n) —40(n/2) — 60(n/3) + 8c(n/4) + 120(n/6)
1
—240(n/12) + 5 c(n)
_ J 20(N) + §e(n) if n=1 (mod2),
] 2022 = 3)a(N) + de(n) if n =0 (mod?2).
Proof of Theorem 1.17 and Theorem 1.25(e). We have

> ON(1,3,4,12in)q" = o(@)e(¢®)e(a)e(g"?)  (by (1.9))
n=0

1
(1+2p)%k* + 7 —p)Y4 L+ p)P/ (1 + 2p) k2

+ FMH

|

(1=p)*/* (1 +p) (1 +20)° K + i (1=p)(1+p)(1+2p)k?
(by Theorem 1.5(a)(c)(d)(f))
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=1+ Z < —30(n/2) — 30(n/3) + 8 (n/4) 4+ 9o (n/6)

—240(n/12) + 1 b(n) + %c(n))q”
(by Corollary 1.1(a)(d) and Theorem 1.3(b)(c)),
so for n € N,
N(1,3,4,12;n) = o(n) — 30(n/2) — 30(n/3) + 8 (n/4) + 9o(n/6)
— 240 (n/12) + ib(n) + ic(n)
N) + 1b(n) + 1c(n) if n=1 (mod2),
(n) + c(n) if n =2 (mod4),
6(2071 — 1)o(N) + $b(n) + te(n) if n=0 (mod4).
Now 22 + 3y? + 422 + 12t? = 22 + 3y # 2 (mod 4) so
N(1,3,4,12;n) =0 if n =2 (mod4).

o
b

Thus
b(n) = —c(n) if n=2 (mod4).
As
22 +y? +1222 + 12t = 2 (mod4) = z =y (mod?2),

2 N2
x2+y2+1222+12t2:2<(x;y) +<$ y) +6z2+6t2),

2
2(2% + y* + 622 + 6t2) = (x + y)* + (v — y)* + 122* + 1242,
we have
N(1,1,12,12;n) = N(1,1,6,6;n/2) if n =2 (mod4).

Appealing to Theorems 1.13 and 1.12, we obtain

20 (N) + 5 b(n) = 20(N) + 2a(n/2)
so that

b(n) =4a(n/2) ifn=2 (mod4).
This completes the proof of Theorem 1.25(e).

Proof of Theorem 1.18. We have

> ON(L,4,4,4n)" = p()e(q")®  (by (1.9))
n=0
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3
(1+2p)%k* + +35 - p)¥ 41+ p)A (1 + 2p) k2

2(1 p)*?(1+p) "2 (1+2p)* k> + 8(1 —p)?4(14p)¥* (14 2p)*/ %>
(by Theorem 1.5(a)(d))

- —4
=1+ 1+ — ) )o(n) —3c(n/2) + 100(n/4) — 320(n/16) |q"
> (=) )
(by Corollary 1.1(b) and Theorem 1.2(a)(c)(d)),
so for n € N,

N(1,4,4,4;n) = (1 + <_74>>0(n) — 30(n/2) + 100 (n/4) — 320(n/16)

20(N) if n=1 (mod4),

0 if n=2,3 (mod4),
80(N) if n =4 (mod8),
240(N) if n =0 (mod8).
Proof of Theorem 1.19. We have

> N(1,4,6,6:n)q" = p(q)e(q*)e(q®)?  (by (1.9))
n=0
(142028 + 3 (1= p)¥/4(1+ ) /(14 2)7 182

+ »MH

% (1-p)'2(1 +p)3/2(1+2p)3/2k2+i (1=p)*/*(14p) 4 (1+2p)* k>
(by Theorem 1.5(a)(d)(e))
= 1+Z ( —o(n/2) —30(n/3) —20(n/4) + 30(n/6) + 87(n/8)

+ 60(n/12) — 240(n/24) + a(n) + i (1+ (—1)")c(n)>q”
(by Corollary 1.1(a), Theorem 1.3(c)(e) and Corollary 1.2(a)),

so for n € N,
N(1,4,6,6;n) = o(n) —o(n/2) — 30(n/3) — 20(n/4) + 30(n/6) + 8a(n/8)

+60(n/12) — 240(n/24) + a(n) + i (14 (=1)")c(n)

o(N) + a(n) if n=1 (mod?2),
={ 20(N) + 3c(n) if n =2 (mod4),
2(2% = 3)0(N) + 3¢(n) if n =0 (mod4),

as a(n) = 0 for n even.
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Proof of Theorem 1.20 and Theorem 1.25(a)(f)(g). We have

D ON(1,4,12,12n)q" = e(@)p(gh)e(a'?)®  (by (1.9))
n=0

(1+2p)%k" + ¢ L (1= )AL+ )AL + 2p)P 42

+ oolr—*

== 00| 0ol

(1—p)2(1 4 p)¥2(1 + 2p)*/ 2k*

(1—p)>4 (1 +p)7/4(1 + 2p)*/ *k*

_.|_

(1= )40+ p)40 4 20)7/2 4 L (1= p)(1+p)(1+ 2)R?
(by Theorem 1.5(a)(d)(f))
14 Z < _3 U(n/2) _ §g (n/3) + 30(n/4) + 2a(n/a)
4 40(n/8) — 90(n/12) — 120(n/24)
+ L a(n) + 1b(n) + E (1+ (—1)”)c(n)>q”
2 4 8

(by Corollary 1.1(a)(d), Corollary 1.2(a) and Theorem 1.3(b)(c)(e)),

so for n € N,

_.|_

N(1,4,12,12;n) = % o(n) — g o(n)2) — ; o(n/3) + 30(n/4) + g o(n/6)

+40(n/8) — 9o(n/12) — 120(n/24)
1 1 1
t3 a(n) + 1 b(n) + 3 1+ (=1D)")e(n)
$0(N) + 3a(n) + 1b(n) if n=1 (mod2),
= ¢ 1b(n) + c(n) if n =2 (mod4),
2(2* — 3)o(N) + 1b(n) + c(n) if n =0 (mod4),
as a(n) = 0 when n is even.
As 2?2 + 492 + 622 + 6t> = 1 (mod 4) implies z = ¢ (mod 2), and

Z+t 2 —t)?
22+ 4y + 622 4+ 612 = 22 + 492 +12< 5 ) +12< 5 >
2?4t 1222 122 = 22 + 4P+ 6(2+ )2 +6(2 — 1),
we have
N(1,4,6,6;n) = N(1,4,12,12;n) if n =1 (mod4).

Appealing to Theorems 1.19 and 1.20, we deduce

Lam) + }lb(n) ifn=1 (modd),

o(N) +a(n) = 3 o(N) + 5

2
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so that
b(n) =20(N)+2a(n) ifn=1 (mod4),

which is Theorem 1.25(a).
As 22 + 4y + 1222 + 1212 = 22 # 2,3 (mod 4) we have

N(1,4,12,12;n) =0 if n=2,3 (mod4).
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As 2?2 + 492 + 1222 + 122 = 0 (mod 4) implies z = 0 (mod 2) we have

N(1,4,12,12;n) = N(1,1,3,3;n/4) if n =0 (mod4).
Appealing to Theorems 1.20 and 1.9, we obtain

2(2% ~ 3)(N) + 3 b(n) + 1 cln) = {

so that
8a(N) if n =4 (mod8),

b(n) +c(n) = { —240(N) if n =0 (mod8).

As 22 4 432 + 622 + 6t> = 0 (mod 4) implies z = ¢ (mod 2), and

2 2
2?2 + 4y? + 622 + 6t> :x2+4y2+12<zT+t> +12<Z;t> ,
2?4t 1222 F 122 = 22 4P+ 6(2+ )2+ 6(2 — 1)
we have
N(1,4,6,6;n) = N(1,4,12,12;n) if n=0 (mod4).

Hence, by Theorems 1.19 and 1.20, we have

2(2% ~ 3)7(N) + 5 e(n) = 22" ~ 8)o(N) +  b(n) + § c(n)
if n =0 (mod4),
so that
b(n) =c(n) ifn=0(mod4).
Thus
b(n) =c(n) = 40(N) if n =4 (mod8),
b(n) =c(n) =—-120(N) if n=0 (mod8).

This completes the proof of Theorem 1.25(f)(g).

40(N) if n =4 (mod8),
4271 = 3)o(N) if n =0 (mod8),
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Proof of Theorem 1.21. We have

D ON(2,2,3,3i0)0" = () *0(¢*)?  (by (1.9))
n=0

(1+2p)°k> + ; (1—p)*2(1+p)"2(1 +2p)' %82
(by Theorem 1.5(b)(c))

l\.')lr—l

—1+Z (20(n) —20(n/2) —60(n/3)

- 40(n/4 + 60(n/6) 4+ 160(n/8) + 120(n/12)
— 480 (n/24) — 2a(n))q"
(by Corollary 1.1(a) and Corollary 1.2(c)),
so for n € N,
N(2,2,3,3;n) =20(n) —20(n/2) — 60(n/3) —4o(n/4) + 60(n/6)
+ 160(n/8) + 120(n/12) — 480 (n/24) — 2a(n)
20(N) —2a(n) if n=1 (mod?2),
{ 40(N) if n =2 (mod4),
42 = 3)o(N) if n =0 (mod4).
Proof of Theorem 1.22. We have

D ON(2,2,3,12n)¢" = 0(¢*)*0(d®)e(q"?)  (by (1.9))
n=0

1
F 2K+ (1= )21+ )21+ 2p) 2R

+ »lkl»ﬂ

(1
1
7 (- p) YA (L +p)¥ (1 +2p) T + 4(1 p) (1 +p)* (1 +2p) k2

(by Theorem 1.5(b)(c)(f))
—1+Z< — o(n/2) — 30(n/3)
— 20(n/4) + 30(n/6) + 8a(n/8) + 60(n/12)
— 240(n/24) — a(n) + % (1+ (—1)”)b(n))q"
(by Corollary 1.1(a), Corollary 1.2(c) and Theorem 1.3(b)(d)),

so for n € N,
N(2,2,3,12;n) = o(n) —o(n/2) —30(n/3) — 20(n/4) + 30(n/6) + 8c(n/8)

+60(n/12) — 240(n/24) — a(n) + }1 (1+ (=1)™)b(n)
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) if n=1 (mod?2),
={ 20(N) + 3b(n) if n =2 (mod4),
2(2% = 3)o(N) + 3b(n) if n=0 (mod4),

as a(n) = 0 when n is even.
Proof of Theorem 1.23 and Theorem 1.25(c). We have

Y N(3,3,4,4in)q" = (d*)’0(¢")*  (by (1.9))
n=0

(14 20K + 1 (L= p)*2(1+p) (1 + 29)' /282

+ »MH

MIH

(1—p)¥*(1 +p)Y*(1 + 2p)**k*>  (by Theorem 1.5(c)(d))
= 1+Z ( —o(n/2) —30(n/3) —20(n/4) + 30(n/6)

+80(n/8) +6o(n/12) — 240(n/24) — a(n) + 5 c(n))q"
(by Corollary 1.1(a), Corollary 1.2(c) and Theorem 1.3(c)),
so for n € N,
N(3,3,4,4;n) = o(n) — o(n/2) — 30(n/3) — 20(n/4) + 30(n/6)
+80(n/8) + 60(n/12) — 240(n/24) — a(n) + 3 c(n)

o(N) — (n) + %c( ) if n=1 (mod?2),
=1 20(N) + 1c(n) if n =2 (mod4),
2(2% = 3)o(N) + 3 ¢(n) if n=0 (mod4).

As 322 4+ 3y? + 422 + 4t2 £ 1 (mod 4) we have
N(3,3,4,4,n) =0 ifn=1 (mod4).

Hence

o(N) — a(n) + % cn)=0 ifn=1(modd),

that is,
c¢(n) = =20(N)+2a(n) ifn=1 (mod4),

which is Theorem 1.25(c).
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Proof of Theorem 1.24 and Theorem 1.25(d). We have

D ON(3,4,4,120)¢" = o(¢*)p(q*)*e(q"?)  (by (1.9))

n=0
= % (1+ 2p)%k? + i (1—p)**a +p)1/4(1 + 2p)>/ k2
+% (1- 19)3/2(1er)l/Q(lJr?p)l/Q’f2 S ~ (1—p) Y (14p)Y 4 (14 2p) /2
1
+ 5 (=) (T +p) (1 +2p)k" + ¢ (1-
(by Corollary 1.1(a)(d), Corollary 1.2(c) and Theorem 1.3(b)(c)(d))

)7/4( +p)5/4(1 + 2p)1/4k22

14y (% U(n)—g n/2)—§g n/3)+3a(n/4)+9 o (n)6) +40(n/8)

— 90(n/12) — 120(n/24) — %a(n) + é (1+ (=1)™)b(n) + ic(n))q",

so for n € N,
N(3,4,4,12:n) = % o(n) - ga(n/Q) _ ga(n/?:) + 30(n/4) + ga(n/G)
4 40(n/8) — 90(n/12) — 120(n/24)
1

1 1 n
—gan) + g L+ (=1)"b(n) + 7 c(n)
%U(N) — %a(n) + %c(n) if n=1 (mod2),
— %b(n) 4 ic(n) if n =2 (mod4),

2(2* — 3)a(N) + 1b(n) 4+ 1c(n) if n =0 (mod4).
As 322 4+ 4y? + 422 + 12t = 322 = 0,3 (mod 4), we have
N(3,4,4,12;n) =0 if n=1,2 (mod4).
Finally, as 222 + 2y + 322 + 12t = 3 (mod 4) implies x = y (mod 2),

and
T+ Ty 2
222 4+ 2% + 322 +121% = 32 +4< 2y> +4< 5 ) + 12¢2,
322 4 4y? + 422 + 1262 = 2(y + 2)? + 2(y — 2)* + 322 + 1242,
we have

N(2,2,3,12;n) = N(3,4,4,12;n) if n =3 (mod4).
Appealing to Theorems 1.22 and 1.24, we obtain

o(N)—a(n) = %O‘(N) - %a(n) + ;lc(n) if n =3 (mod4),
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so that

c¢(n) =20(N)—2a(n) ifn=3 (mod4),

which is Theorem 1.25(d).

The authors would like to thank an unknown referee for a number of

valuable suggestions for improving the paper.
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