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Abstract

Simple proofs are given of the formulae for the number of
representations of a positive integer by each of the three quaternary

quadratic forms X%+ y2 +22 4 5t2, x2 +y2 +522 152 and x% + 5y2

+ 522 1 52,
1. Introduction

Let N denote the set of positive integers and Z denote the set of
integers. Let n e N. Set n = 25PN, where o e NU{0}, B e NU{0},
N e N and ged(N, 10) =1. In 1864 Liouville [11, 12] stated without

proof formulae equivalent to
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N@, 1,1, 5 n) = card{(x, y, 2, t) € Z* |n = x? + y% + 22 + 5t%}
_ _q\n+d é _q\n+d i
= Z( 1) (djd+52( 1) (n/djd (1.1)
d|n d|n
and

NQ, 5, 5, 5; n) == card{(x, y, z, t) € Z* |n = x2 +5y% +522 + 5t2}

_ Z(_l)md(gjch Z(_l)md(%jd’ (1.2)

d|n d|n

where (%) (keN) 1is the Legendre-Jacobi-Kronecker symbol for

discriminant 5, that is

- 0, if k= 0(mod5),
(_] =11, if k=1, 4(mod5),
-1, if k=2, 3(mod5).
Trivially N(1, 1, 1, 5; 0) = N(1, 5, 5, 5; 0) = 1. A year later Liouville [13]

gave the formula

N@, 1, 5, 5; n) := card{(x, y, z, t) € Z* |n = x2 + 9% +52% + 5t2}
= 2(6P*! — 3)o(N), if o >1,

but did not give a result when o = 0. Again no proof was given. According
to Dickson [6, Vol. 3, p. 232], Petr [20, p. 20] evaluated N(1, 1, 1, 5; 8n)
(n € N) in terms of the class-number of binary quadratic forms. Also
according to Dickson [6, Vol. 3, p. 232], Petr [21] enumerated by the use
of theta functions the solutions of x2 +y2 +22 +5t2 =n. In 1926
Kloosterman [10, p. 173] gave the following formula for N(1, 1, 5, 5; n)

(n € N), namely

2(5P* - 8)c(IV), if o >1,
N, 1, 5,5 n) = (1.3)

%(5B+l _ 3)o(N) + %c(n), if o =0,
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where ¢(n) (n € N) is given by

qH 1-¢*)P1-q" ") = Z c(n)q”, (1.4)
n=1 n=1
and
o(n) = Z d, neN
i

(If n ¢ N, then we set o(n)=0.) Trivially N(1, 1, 5, 5; 0) = 1. Kloosterman
did not give his proof of (1.3) and remarked that the proof is very
complicated [10, p. 173]. The first published proof of (1.3) was given by
Lomadse [14, Satz 1(a), p. 152] and the first proof of (1.1) by Demuth
[6, pp. 245-247]. Proofs of (1.1)-(1.3) were given in Petersson’s book
[19, Satz 11.1, p. 107; Satz 11.2, p. 108]. Proofs can also be given using
Ramanujan’s modular equations of degree 5 as given by Berndt in
[3, Part III, Chapter 9; Part V, Chapter 36]. Our purpose in this paper is
to give simple proofs of (1.1)-(1.3) based upon an identity of Bailey [1] and
some modular equations of degree 5 given by Ramanujan [22], which
were proved by Berndt [3, Part III]. Berkovich [2] of the University of
Florida has informed the third author that he and Hamza Yesilyurt have
also given proofs of (1.1) and (1.2).

2. Notation

Let ¢ denote a complex number with | ¢ | < 1. For k2 € N we define

Eyp = Epla) = [ @ -a™). 2.1)
n=1

The theta functions ¢(¢) and y(q) are defined by

olg)= Y, ¢ (2.2)

n=-—o

and

ylg) = Z g2, (2.3)
n=0
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The infinite product representations of ¢(q) and wy(gq) are due to Jacobi

[9], namely
E5
0(q) = =325
ETE}
and
E3
vig) = —=,
E,
see for example [8, p. 284]. As
EL(q), if % is even,
E(-q) = Egk(Q)
—=0 " if kis odd,
Ey(q9)E4r(q)
we deduce from (2.4)-(2.6)
E\E
y(-q) = —}524
and
2
o(-q) = E_;

In the notation of Berndt [3, Part III, pp. 36, 37] we have
E
w-a) ==, fl-a)=Er.
2

Thus, by (2.6), we have

_ B _ B
X(Q) - E1E4 ’ f(Q) - E1E4 .

3. Ramanujan’s Modular Equations of Degree 5

(2.4)

(2.5)

(2.6)

2.7

(2.8)

(2.9)

(2.10)

Ramanujan [22, Entry 19, p. 295] asserted that (with g replaced

by —q)

_e'a)

200 — 5ow2(ad) = _
v=(q) - 5qv~(q”) AW

(3.1)



THREE QUATERNARY FORMS 41

A proof has been given by Berndt [3, Part V, p. 366]. Appealing to
(2.4)-(2.7) and (3.1), we obtain

Ey _ Eiy _EiEy 39
—o My = (3.2)
El E5 2455

Multiplying both sides of (3.2) by EZE,EZ, we have
Theorem 3.1.
ESEZ - 5qELEqEfy = EYE5E.

Ramanujan [22, Entry 18, p. 295] also asserted (with g replaced
by —q)

[a*)e(-a”) 3.3

2 20.5Y _
v(@)-qv7(@°) = q)

A proof is given in [3, Part V, pp. 365-366]. Appealing to (2.5)-(2.7) and

(3.3), we obtain

E; Efy E.E}

E} ? EZ EEyq G4
Multiplying both sides of (3.4) by E12E§E10, we have
Theorem 3.2.
E3 3By - qE{Efy = B E,E3.
Our next theorem is also due to Ramanujan [22].

Theorem 3.3.

E3E5Ey, '

2 2.5
- =4
¢ (g) - 0°(q”) q EE,

Proof. Ramanujan asserted and Berndt [3, Part III, p. 258] proved
that

0%(q) - 9%(¢°) = 4qx(@) f(~a°) F(~=¢*°).
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By (2.9) and (2.10) we obtain

1) f(-a°)f(-¢*°) = E?i E5Eq
and the asserted result follows.
Theorem 3.4.
E\E,Efy

2 2/.5
9°(q) - 59~ (q°) = -4
EsEy

Proof. From [3, Part III, p. 259] we have

s0X@”) | _ ,ud®)
0*(q) 1°(@)
Thus
5
02(q) - 50%(q%) = -4 12) g2(q),
%’ (q)
By (2.4) and (2.10) we deduce

X(q5) (P2(Q) _ E1E4E120
2°(q) E5Eq

’

and the asserted result follows.
4. Bailey’s Identity

The identity of Theorem 4.1 is implicit in the work of Bailey [1, egs. (4)
and (5)], who obtained it from a formula for the difference of two values of

the Weierstrass g -function. Dobbie [7] has given an elementary proof of
Bailey’s identity.
Theorem 4.1. Let a and b be complex numbers such that a = 0,

b#0,a=b,ab=1, a=q” for any integer n and b # q" for any integer n.
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Then

ﬁ (1-abg")(1-a'b'q")(1-ab"'¢")(1 - abg") (1 - ¢")*
(1-ag"y’@-aq")* A -bg" (1 -b""q")

1-a)’1-b) od _p—dyg|on
1+(a D)= ab)z ;(a +a -0 -b"%d |q
Let o = 2™/% 5o that

o =1 o+o’+o +o0t=-1 (4.1)

and

o? — 02 - % + ot = (g)\/g, d e N. (4.2)
We choose a = -0 and b = -0 in Bailey’s identity. As
ad " a—d _ bd _ bfd _ (_1)d((0d _ (,02d _ COSd " ®4d)
d( b
- (35 den

1-a’@-b* _ 1
(a-b)(1-ab) 5’

and

ﬁ (1-abg")(1-a'b'q") (1 - ab"'¢")(1 - a'bg") (1 - ¢")*
(1-ag"*(1-a™lg" L - bg" (1 - b7lg")?

H (1-0¢")(1-0’g")1-0’")1-o'¢")1-q")*

2 2 2
i L+ 0g")P1+ 0’ P+ 0’g" 1+ o'e")

T0-¢")a-q")

B 2
n=1 (1 + q5nj
1+4q"
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::fTO—QM)G—QW%I—f”fﬂ—q@F

n<l (1 - ") - g™)?

i

_ ﬁ 1-¢")@-¢*)Pa-q)

10n\2
n=1 (1 -q n)
we obtain

Theorem 4.2.
BEE 1SS (e
ElO 1\dTn

Next we replace q by q5 in Bailey’s identity, and then take a = —q
and b = —q3. We have

ﬁ (1 _ aqun)(l _ a—lb—qun)(l _ ab—qun)(l _ a—lbq5n)(1 _ q5n)4
(1 _ aq5n)2(1 _ a—1q5n)2(1 _ bq5n)2(1 _ b—1q5n)2

_ f[ (1 _ q5n+4)(1 _ q5n—4)(1 _ q5n—2)(1 _ q5n+2)(1 _ q5n)4

2 —1\2 2 -3\2
e (1+q5n+1) (1+q5n 1) (1+q5n+3) (1+q5n 3)

(1+q) (1+q°) H(l H-""P) - - Ha-¢")!
( 1 q ) 1+q5n 4)2(1+q5n 3) (1+q5n 2)2(1+q5n 1)2

_ 1+’ + P yra-g)a-¢")
1-¢*)1-q") 23 [1+q" Jz

1+¢5"

:(1+q)2(1+q3) (1-g )3(1 ") -q""")
1-¢*)(1-q* )H

Also

2n)2

1-a)’@-b*  (1+q@+q%)’
(@=b-ab)  q-¢*)-q*)
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Then, by Theorem 4.1, we obtain

o0

45

E}E;E} 1-¢*)(1-4* - -
g 510:q( a7)( Q)_Z (-1)%(q? + ¢~ - ¢3¢ — g73%)d |¢*".
d|n

E} 1+¢*)+q*)? =
Now
Z( (_l)dqdeq‘Sn _ Z (_l)ddqd+5n
n=1\d|n n=1d|n
i (_l)ddqd+5de
d,e=1
_ Z (_l)ddq(5e+l)d
d,e=1
> > (1)'de™
P R
f=1(mod 5)
=Y > (g™ - (1)dg?,
d=1 f=1 d=1
f=1(mod 5)
that is
Z{Z (—1>dqdd]q5" = Y i+
n=1\d|n n=1 d|n (1+Q)
n/d=1(mod 5)
Similarly

gk

[Z (—1)dq‘dd]q5" =20 D (e
d| n=1 d|n
n/d=4(mod 5)

Il
—

n

S

0 o0 3
Z (—l)dq3dd]q5” = Z Z (-1)%d |¢" + —L— R
n=1\d|n n=1 d|n (1+q )
n/d=3(mod 5)
(—1>dq-3deq5" =X 2 wlaje
n=1\d|n n=1 d|n

n/d=2(mod 5)
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Thus

Z {Z (-1)%q? +q7¢ - g% - q_?’d)qug’”

=1\d|n

S

:i Z(l)d(n/d) e

= | 5 1+q (@+q%

S

s

d%(_l)d(%d)d 4" Lal-g *)1-q ).

1+q)°1+¢%)?

S
1l
—_

We have proved the following identity:

Theorem 4.3.

% I "
: 2 PRECAT

n=1
5. Evaluation of N(1, 1, 1, 5; n)

We use Theorems 3.1, 4.2 and 4.3 to determine N(1,1,1,5;n) (neN).

Theorem 5.1. Let n € N. Then

N@1,1,1,5n) = Z(—l)’”d( jd +5) (- l)md(n/d)

dln d|n

Proof. We have
D N 1,1, 5 n)(-q)"
n=0

= 03(-q)9(-¢°) (by (2.2))

_ E{E}
E3E,

(by (2.8))
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E5E{)

_ EEs (ESE? - 5qELELEL) (by Theorem 3.1)
32
E5Eq

213 3 2
_EEEs . EiEsEr

Ef E3
LS 14 3)a ”+5w{ —didJ”,
1 ;[d%u) (dj Jq ;;(n (n/dj ¢

by Theorems 4.2 and 4.3. Equating coefficients of ¢" (n € N), we obtain

(-1)'N(, 1, 1, 5; n) = Z (-1)¢ (g)d + 5; (_I)d(n/idjd

d|n

from which Theorem 5.1 follows.
6. Evaluation of N(1, 5, 5, 5; n)

We use Theorems 3.2, 4.2 and 4.3 to determine N(1, 5, 5, 5; n)
(n e N).

Theorem 6.1. Let n € N. Then

N 5,5, 5 n) = 3 (1) (g)d - (—1)”+d(75dj d.

d|n d|n

Proof. We have
Z N(, 5, 5, 5 n)(-q)"
n=0
= 9(-9)9°(-¢°) by (2.2))

EZES
= (by (2.8))
EyEqy
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= - E\EoE2

- E21Eg, (E3EZEy - qETE) (by Theorem 3.2)
EZE
10

213 S 22
_ E\E5E5  E{EsEp

Ef E3
=1 N _1d§d]n w{ —ldid] n
+Zl{;< )(dj i +Z‘I dlZn< >(n/dj ¢

by Theorems 4.2 and 4.3.
7. Evaluation of N(1, 1, 5, 5; n)
We use Theorems 3.3 and 3.4 to determine N(1, 1, 5, 5; n) (n € N).

Theorem 7.1. Let neN. Set n=2"PN, where o e NU {0},
BeNU{0}, N eN and ged = (N, 10) = 1. Then

2(5P*1 - 3)o(IN), if a>1,

N1, 1,5, 5, n) =
%(51“1 _3)o(N) + %c(n), if a =0,

(7.1)

where c(n) (n € N) is given by (1.4).

Proof. By Theorems 3.3 and 3.4 we have
0*(q) - 69%(q)0*(g") + 59" (¢°)
= (0*(9) - 9*(¢°)) (9*(9) - 50*(g”))

E3E;Ey —AEE,Ef
E\E, E5Ey

= -16qEZEL,.
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Thus
ZN(I, 1, 5, 5; n)q"
n=0

= 0%(q)9(q”) (by (2.2))
= %@4(61) + % 0*(q°) + %quEfo

_1 S . n E S . 5n § n
—gZON(l,l,l,l,n)q +GZON(1,1,1,1,n)q +3 ) eln)g”, by (1.4)
n= n=|

n=1

where for n e N U {0}

N(@, 1,1, 1; n) = card{(x, y, z, t) € Z* |n = 2+ 92+ 2% tz}.
Equating coefficients of ¢” (n € N), we obtain

N1, 1, 5,5, n) = %N(l, 1,1,1; n) +%N(1, 1,1, 1; n/5) + %c(n)

Now it is a classical result of Jacobi [9] (see for example [4, p. 59])
that

N1, 1,1, 1; n) = 86(n) - 326(n/4), n e N. (7.2)

Hence
N1, 5, 5 1) = 2 o(n) - 28 o(n/a) + 22 o(n/5)
3 3 3
- 8_30 o(n/20) + gc(n), nen. (7.3)

Set n=2"PN, where a,peNU {0}, N eN and ged(N,10)=1. Suppose
first that o > 1. From (1.4) we see that

c¢(n)=0 for n =0(mod 2). (7.4)
As

o(n) = 5(2%)c(5P )o(NV) = %(2‘”1 ~1) (5" —1)s(N)
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we have
N, 1,5 5 n) = %(2“1 ~1) (5P —1)o(N) —§(2<H ~ )P —1)o(N)

+ 2221 - 1) (6P - 1)o(N) - 2 277 = 1) (5 - 1)(N)

= 2(5%*1 - 3)o(N),

which is the first part of Theorem 7.1. Now suppose that a = 0. Then

N, 1, 5, 5 n) = gc(n) . % o(n/5) + %c(n)
1 + 5 8
= g(5ﬁ L _1)6(N)+ g(5ﬁ ~1)o(N) + gc(n)

2 B+ 8
= §(5B 1o 3)o(N) + < c(n),

which is the second part of Theorem 7.1.

We conclude by giving a formula for ¢(n) when n =1 (mod 2).

Theorem 7.2. Let n € N be odd. Then

c(n) = Z (-1)0+9,

(a,b,e¢, d)eZ4
6n=a?+9b2+5¢% +454>
a=c=1(mod 3)
a+b=c+d=1(mod 2)

Proof. It is known (see for example [18]) that

[Ta-a"7=> p0)d’,
n=1 (=0
where

pa(t)= Y ()

(a,b)ez?
120+1=a? +9b°
a=1(mod 3)
a+b=1(mod 2)
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Thus

o0 o0

Z c(2n +1)q" = Z c(n)q(n_l)/2
n=0 n=1

n=1(mod 2)

-[Ta-ara-¢"y

n=1

= [ 3 pz(f)qz][ipz(m)qm}
(=0 m=0

S S p)mam) 0"

n=0| /,m=0
(+bm=n

so that

c(2n+1) = Z D2 () pa(m)

{,m=0
(+bm=n
b d
- 2 2
/,gnzo (a,b)ez? (c,d)ez?
T 49041=a2 +9b2 12m+1=c? +9d>
a=1(mod 3) c=1(mod 3)
a+b=1(mod 2) c+d=1(mod 2)
_ Z (_1)b+d,
(a,b,c,d)eZ4
12n+6=a2+9b2+5(c% +9d?)
a=c=1(mod 3)

a+b=c+d=1(mod 2)

which is the asserted result.
It is known from the theory of modular forms that c¢(n) is

multiplicative, that

c(5")=(-1)", neNU{0}
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and that for a prime p # 2, 5

e(p"*?) = e(p)e(p™™) - pe(p™), n e NU{0},

see for example [15], [16] and [17].
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