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Abstract

The sums Z(Z m)eN2.I+6m=n @ (Do (m) and Z(l m)eN2 21+3m=n o (l)o (m) are evaluated for all n € N,
and their evaluations used to determine the number of representations of a positive integer n by the form

x% + x1x2 +x§ —|—x§ + x3x4 —I—xi + 2(x52 + x5x¢ +x§ + x% + x7xg —I—x%).
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MSC: 11A25; 11E20; 11E25

Keywords: Divisor sums; Convolution sums; Eisenstein series

1. Introduction

Let N, Z, R, C denote the sets of natural numbers, integers, real numbers, complex numbers
respectively. For k, n € N we set

o) = d",

d|n
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where d runs through the positive divisors of n. If n ¢ N we set oy (n) = 0. We write o (n) for
o1(n). We define the convolution sum Wy (n) by

Wi (n) := Z o (o (m) = Z o (m)o (n — km). (1.1)
(I,m)eN? meN
I+km=n m<n/k

The sum Wy (n) has been evaluated fork = 1,2,3,4,8,9 foralln € Nand fork =5 forn =8
(mod 16), n £ 0 (mod 5), see [3,5,8] (k = 1); [10,12,13] (k = 2); [10,12,13,18] (k = 3); [6,10,
12,13] (k =4); [12,13] (k =5); [20] (k = 8); [19] (k =9). In this paper we evaluate Wy (n) for
k =6 and all n € N. In addition we evaluate the complementary sum

Z o (o (m) (1.2)
(I,m)eN?
2l4+3m=n
for all n € N, see Theorem 1. We use our evaluations to determine the number of (x1, ..., xg) € VA

satisfying

n=x{+x1X2 4 x5 + x5 + x3x4 + x; + 2(x3 + x5x6 + x§ + X7 + x7x8 + x3),
see Theorem 2.
2. Statement of Theorems 1 and 2

Let g € C be such that |¢| < 1. Ramanujan’s discriminant function A(g) is defined by
A@)=q[J(1-¢")" =D tm)q", Q.1)
n=1

n=1

where t(n) is Ramanujan’s tau function [11], [15, Eq. (92)], [17, p. 151]. From (2.1) we deduce
that

(A@A(4?) ag%) a(g%)) ™

oo
=gq l_[(l _ qn)2(1 _ q2n)2(1 _ q3n)2(1 _ qﬁn)Z. 2.2)
n=1
In view of (2.2) we can define integers cg(n) (n € N) by

(4@ A(g?) A(g%)A(G9)) " =D eamq”. 2.3)

n=1

The first fifty values of cg(n) are given in Table 1.
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Table 1
n ce(n) n ce(n) n ce(n) n ce(n) n ce(n)
1 1 11 12 21 48 31 —88 41 42
2 -2 12 —12 22 —24 32 —32 42 —-96
3 -3 13 38 23 168 33 —-36 43 —-52
4 4 14 32 24 24 34 252 44 48
5 6 15 —18 25 -89 35 —-96 45 54
6 6 16 16 26 —-76 36 36 46 —336
7 —16 17 —126 27 —-27 37 254 47 —-96
8 —8 18 —18 28 —64 38 —40 48 —48
9 9 19 20 29 30 39 —114 49 —87
10 —12 20 24 30 36 40 —48 50 178
We prove
Theorem 1. Let n € N. Then
1 1 3 3
Y. oDotm) = sos () + 503(1/2) + 1503(1/3) + 1503(1/6)
(1,m)eN?
[+6m=n
(2 0+ (= — 2o /6) — ——cotn)
24 24 24 " col
and
1 1 3 3
Y. oWom) = —s03(n) + 3503(1/2) + 503(1/3) + £503(1/6)
(1,m)eN?
2[4+3m=n
(2 /2 + = (1/3) = ——co(n).
2% 12)7" 24 o 120"
As an application of Theorem 1, we prove
Theorem 2. Let n € N. The number of (x1, X2, X3, X4, X5, X6, X7, X8) € Z8 such that
n =x% “+ x1x2 +x§ +x32 —+ X3Xx4 +x§ +2(x52 + X5x6 —G—xé +x% + x7x8 +x82)
is
1
3 (2403 (n) +9603(n/2) 4+ 21603(n/3) + 86403(n/6) + 36c6(n)).
3. Proof of Theorem 1
For z € C with |z| < 1 we set
ey = (L L Z(%)n(%)ng )
2(2) =2F1 35 Z .
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and

1 2 (l)n(g)n Zn
w3(Z)_2F1<3 3 1z> ;ﬁ; (3.2)

where 5 F is the Gaussian hypergeometric function and (a),, is the Pochhammer symbol, see for
example [7, p. 247], [14, p. 45]. Clearly

wy(0) =w3(0)=1. 3.3)
The infinite series (3.1) and (3.2) diverge at z =1 [7, p. 249] so that
w2 (1) =ws3(1) = +oo. (3.4)
For x € R with 0 < x < 1 we have

00 a2
—_ B n
wa(x)=1+ E l—n!424”x >1
n=

and
o0
3n!
w3 (x) =1 +Z a2
so that
wa(x) >0, wi(x)>0, 0<x<l1. 3.5
The derivatives with respect to x of the functions
wo (1 —x) 2m w3(1l —x)
o (x) (= ——, 3(x) i =————, O0<x<l, 3.6)
Y wo(x) Y V3 wix)
are [1, p. 87]
)(x) — 4(x) ! 0 1 3.7)
X)=——— X)y=———, <x<l1. .
T T nwm@? Y T T w2

Thus, by (3.5)-(3.7), we have

yh(x) <0, yi(x)<0, O<x<l. (3.8)

Hence, as x increases from 0 to 1, y(x) and y3(x) strictly decrease from y,(0) = y3(0) =
to y2(1) = y3(1) =0. Let ¢ € R be such that 0 < ¢ < 1. Then 0 < —logg < +00. Hence there
are unique real numbers x2(g) and x3(q) between 0 and 1 such that
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y2(x2(9)) = y3(x3(q)) = —logg. (3.9
Hence

wa(l —x2(q)) 27 wa(l — x3(g))
— =—1 . 3.10
wa(2(@) 3 wa(x3(q)) oed (-10)

Ramanujan [16, p. 258] stated and Berndt, Bhargava and Garvan [4, p. 4184] proved that there
exists a real number p depending on ¢ such that 0 < p < 1 and

32
x2( 3):]7( +P)

3.11
1+2p ©-11)

and

27p%(1 + p)?
x3(q2)— p( p)

St 3.12)

Berndt, Bhargava and Garvan give p in terms of theta functions. AsO < p < 1 we have 1 4+ p +
p2 > 0, and, as 0 < x3 (qz) < 1, we have w3 (x3 (qz)) > (. Thus we can define a positive real
number k depending on g by

L Wa(g?)
14+ p+p?

Then, from the identity [16, p. 258], [4, p. 4184], [3, p. 112]

11 12
(1+p +p2)zF1<§, i b xz(q3)> =(1 +2p)‘/22F1(§, 3 l;xs(q2)>,

we deduce that

_ wn(n(g?)
C(1+2p)/2

Hence there exists a positive real number k depending upon ¢ such that
wa(x2(q)) = (1 +2p) %k (3.13)
and
w3(x3(q%)) = (1+ p + p*)k. (3.14)

The principle of duplication [2, p. 125] asserts that

z__l—a—mmwﬂy
”@)_@+a+mwwﬂ (3.15)
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and

1+ (1 —xa(g)'/?

w2 (x2(q%)) = ( 5 )wz(xz(q)), (3.16)

and the principle of triplication [4, p. 4174], [3, p. 102] asserts that

5 (1= =x3)'"?\’
x3(q°) = <1+2(1 EPTE (3.17)

and

1+2(1 — x3(g)'/3

w3 (x3(q”)) = ( 3 )ws(X3(q)). (3.18)

We define the Eisenstein series L(g), M(q), N(q) [1, p. 318], [15, Eq. (25)], [17, p. 144] by

L(g):==1-24) o(n)q", (3.19)
n=1
M(q):=1+240) o3(n)q". (3.20)
n=1
N(g):=1-504) o5(n)q". (3.21)
n=1

Ramanujan gave in his notebooks [16] the following formulae for L(g), M (g) and N (g):

L(g) = (1 = 5x2()) w2 (x2(9))” + 12x2(q) (1 — x2(q)) w2 (x2()) w(x2(9)),  (3.22)
M(g) = (1+ 14x2(q) + x2(q)*)wa(x2(9)) ", (3.23)

N(g) = (1 = 33x2(q) — 33x2(9)* + x2(9) ) wa (x2(q))°, (3.24)

where (') denotes differentiation with respect to x,, and

L(g) = (1 — 4x3(q)) w3 (x3(9))” + 12x3(9) (1 — x3(9)) w3 (x3(@)) wh (x3(9)),  (3.25)
M(g) = (1+8x3(@)) w3 (x3(9))", (3.26)

N(q) = (1 —20x3(q) — 8x3(¢q)*)w3 (X3(61))6, (3.27)

where (') denotes differentiation with respect to x3. Formulae (3.22)—(3.24) are proved in [2,
pp- 126-129] and (3.25)-(3.27) in [4, pp. 4178-4179], [3, pp. 105-106]. Mapping g — q3 in
(3.23) and (3.24) we obtain
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M(q%) = (1+ 1402(¢°) + x2(¢°) ) w2 (x2(¢%)) . (3.28)
N(g®) = (1+x2(q?)) (1 = 34x2(¢?) + x2(¢°) ) wa (x2(¢?))°- (3.29)
Mapping ¢ — ¢ in (3.26) and (3.27) we obtain
M(q%) = (1 +8x3(¢%))ws(x3(¢2)) " (3.30)
N(qz) = (1 —20x3 (qz) — 8x3 (q2)2)w3 (x3 (qz))6. (3.31)

Applying the duplication principle to (3.23) and (3.24) we obtain
M(Clz) =(1—-x2(9) +x2(q)2)w2(x2(q))4, (3.32)
N(Clz) = (1+x2(9)) <1 - %m(q)) (1- 2162(61))11)2()62(6]))67 (3.33)

see for example [2, p. 1261, [6, p. 564]. Mapping ¢ — ¢° in (3.32) and (3.33) we have
M(q°%) = (1 - x2(q°) +x2(¢%)*)wa(x2(¢%))". (3.34)

N(q°) = (1 +x2(q”)) (1 - %xz(q3)> (1—2x2(¢%))wa(x2(¢%))". (3.35)

Applying the triplication principle to (3.26) and (3.27) we obtain

8
M(q’) = (1 - §x3(c1)) w3 (x3(9))", (3.36)
3 4 8 2 6
N(g”) = (1 - §x3(61) + ﬁ?@(é]) )w3(x3(q)) ; (3.37)

see for example [3, p. 107], [18, p. 533]. Mapping ¢ — ¢ in (3.36) and (3.37) we have

M(g) = (1 R (q2)>w3(x3 (@)". (3.38)
N(q) = (1 —Su() + ey (q2)2) w3 (x3(¢2))". (3.39)

It is now convenient to set

A= x2(q), (3.40)
B :=1x3(q), (3.41)
C:=x(q%), (3.42)
D :=x3(q%). (3.43)

W :=ws(x2(q)), (3.44)
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X :=w3(x3(g)),
Y= m(n(e?)),
Z = w3(x3(q2)).
We note that
0<A<l, 0<B<l1, 0<C<l, 0<D<1,

W >0, X >0, Y >0, Z > 0.

With this notation (3.11)~(3.14), (3.23), (3.24), (3.26)~(3.39) become
3
_pC+p
1+2p
_ 27p%(1+ p)?
A0+ p+p)Y
Y =(+2p)/%,
Z=(1+p+pHk,
M(q) = (1+14A+ A)W* = (1+8B)X*,
M(q*)=(1—A+A*)W*=(1+8D)Z",

M(q®) = <1 - gB>X4 = (1+14C + C*)Y*,
M(q®) = <1 - gD)Z“ =(1-Cc+cH)rt,
N(g) =1+ A)(1-34A+ A*)W® = (1 —20B — 8B?) X",

N(¢*) =0+ A)(l - %A)(l —2A)W®=(1-20D —8D?)Z°,

N(¢®) = (1 —~ %B + %B2>X6 =(1+C)(1-34C + C?)Y°,

N(g®) = (1 g 302>z6 —a+ c><1 - %c)a —20)Y°,

3 27

Subtracting (3.53) from (3.52), we deduce

A (1+8B)X*—(1+8D)z*
N 15w4 '

Appealing to (3.49) and (3.51), we obtain

JRCE 8B)X* — (1 + p+ pH*+54p>(1 + p)>(1 + p + p)k*

15w#

(3.45)
(3.46)
(3.47)

(3.48)

(3.49)

(3.50)
3.51)
(3.52)
(3.53)

(3.54)

(3.55)
(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)
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From (3.54) we have

9  9(1+14C +CHy*

= 3.62
8 8 x4 ( )
Appealing to (3.48) and (3.50), (3.62) becomes
9 9((1+2p)2+14p3Q2+ p)(1 +2p) + p° 2+ p)H)k*
B= g o4 . (3.63)

Using (3.48), (3.50) and (3.63) in (3.58), we obtain an equation for X. Using MAPLE to solve
this equation, we find (remembering that X is real and positive)

X=(1+4p+ pk. (3.64)

Using (3.64) in (3.63) and (3.61), we find

_ 2701+ p)tp (3.65)
C2(1+4p+p?)? '
and
3 3.4
AZPQ+M(Hﬂmk. (3.66)

W4

Next, using (3.49), (3.51) and (3.66) in (3.53), we obtain an equation for W. Using MAPLE to
solve this equation we find (remembering that W is real and positive)

W=0+2p)% or Q+p)(p(p+2)"%. (3.67)
Then, appealing to (3.66), we obtain

:p(2+p>3 o (1+2p)?
(1+2p)3 pQ2+p)3

(3.68)

respectively. As 0 < p < 1 we have 1 & p > 0 so that

(1+2p)° —pR+p?=U+pA-p?>o0.

Hence
p@+p)’ (1+2p)°
A+2p7 = pe+p?
Since 0 < A < 1 we must have
_p2+p)

—m, W=(1+2p)3/2k.
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Thus
1+ AW? = (14 14p +24p> + 14p> + p*)i>.
Appealing to (3.52), (3.64) and (3.65), we obtain

M(q) = (1 + 124p +964p* + 2788 p* + 3910p*
+2788p° +964p° + 124p” + p¥)ik*.

From (3.49), (3.51) and (3.53), we have

M(q?) = (1 +4p +64p> + 178p> +235p* +178p° + 64p°® +4p” + p®)k*.

From (3.48), (3.50) and (3.54), we get
M(q®) = (1+4p +4p* +28p> +70p* +28p° +4p° +4p” + p®)ik*.
From (3.49), (3.51) and (3.55), we deduce
M(q®) = (1+4p+4p> —2p> —5p* —2p° +4p° +4p” + p)i*.

From (3.56), (3.64) and (3.65), we get

N(q) = (1 —246p — 5532p* — 38614p> — 135369p* — 276084 p> — 348024 p°
—276084p" — 135369p® —38614p° — 5532p' —246p'! + p'?)k®.

From (3.49), (3.51) and (3.57), we have

4059
2

N(q?) = (l+6p— 114p? — 625p° — p*—4302p° — 5556p°

4059

—4302p” — —625p9—114p1°+6p“+p12)k6.

From (3.58), (3.64) and (3.65), we have

N(q®) = (1+6p +12p* — 58p* — 297p* — 396p° — 264 p°
—396p” —297p® —58p° +12p'* + 6p'! + p'2)k".

From (3.49), (3.51) and (3.59), we deduce

27
N(¢®) = <1 +6p+12p>+5p° — 7194 —18p° —12p°

27
—18p" — 7;98 +5p7 +12p0 +6p! + plz)k6.

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)



S. Alaca, K.S. Williams / Journal of Number Theory 124 (2007) 491-510

Now Ramanujan [15, Eq. (44)], [17, p. 144] has shown that

1

58 (M(q)* — N(@)?).

Ag) =
Hence, by (3.69), (3.73) and (3.77), we obtain

1
A@) =11 + )t - p2a+2p)3 2+ p)i'2

From (3.70), (3.74) and (3.77), we have

1
Alg?) = ﬁpz(l + )21 =P +2p)°2+ p)°k'.

From (3.71), (3.75) and (3.77), we have

1
Ag’) = 3¢ A+ p) 20 =)' A +2p) 2+ Pk,

From (3.72), (3.76) and (3.77), we have

1
A(g%) = 522 P° (4 )1 = p)* (L +2p)° @ + p)k .

Thus, by (2.1), (2.3) and (3.78)—(3.81), we obtain
> 1
d_cotng" = 2p(+pP(1 = p)’(1+2p) 2+ p)k*
n=1

4

Next, applying the duplication principle to (3.22), we obtain

L(q%) = (1 — 2x2(9)) w2 (x2(9))” + 6x2(q) (1 — x2(q)) w2 (x2(q)) w} (x2(9)),

1
=—(2p+5p* —2p* —10p* —2p° +5p° +2p")k".

501

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)

where (') denotes differentiation with respect to x;, see [2, p. 126], [6, p. 564]. From (3.22) and

(3.83) we deduce

L(g) = 2L(g%) = — (1 + x2()) w2 (x2())
=—(1+AW?
=—(1+ 14p +24p* + 14p> + p*)k*.

(3.84)
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Mapping ¢ — ¢ in (3.84) we obtain

L(q%) =2L(q°) = =(1 +x2(*))w2(x2(4?))’
=—(1+0)?
=—(1+2p+2p° + p*)i. (3.85)

Applying the triplication principle to (3.25), we have

4
L(¢’) = (1 - §x3(4))w3 (13(@)” +453(@) (1 = x3(@)) w3 (x3(@)wh (13(q)).  (3.86)
see for example [3, p. 178], [18, p. 533]. From (3.25) and (3.86) we obtain
L(g) = 3L(q°) = —2ws3(x3(¢))°
=-2Xx>
=— (1 +4p + p2)2k2
=(-2—16p —36p* — 16p> —2p*)k?, (3.87)
by (3.45) and (3.64). Mapping ¢ — ¢? in (3.87) we have
L(¢%) =3L(¢%) = —2w3(x3(¢%))’
=—27?
= —2(1+p+ p?)’K?
= (—2—41)—61)2 —4p3 —2p4)k2, (3.88)
by (3.47) and (3.51). Then, from (3.84) and (3.88), or (3.85) and (3.87), we obtain
L(g) — 6L(¢%) = —(5+22p +36p* +22p + 5p*)k* (3.89)
and
2L(¢%) = 3L(¢*) = —(1+2p + 12p* +2p° + p*)i>. (3.90)
Now, by (3.89), (3.69)—(3.72), (3.82) and (3.20), we obtain
25(L(q) — 6L (%))’
=25(5+22p +36p> +22p° +5p*) Kk

= (625 +5500p + 21 100p* + 45 100p° + 57850 p*
+45100p° +21100p° +5500p” + 625p®)k*
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= (19 +2356p + 18316p + 52972p> + 74290 p*
+52972p° + 18316p° + 2356 p + 19p%)k*
— (244 96p + 1536 p* + 4272p* + 5640p* +4272p° + 1536p° + 96p” + 24 p®)k*
— (54 +216p +216p* + 1512p° +3780p* + 1512p° +216p° +216p” + 54p®)k*
+ (684 +2736p + 2736 p* — 1368p> — 3420p*
— 1368p° +2736p° +2736p” + 684 p°®)k*
+ (720p + 1800p* — 720p* — 3600p* — 720p° + 1800p° + 720p7)k*

oo
= 19M(q) — 24M (q%) — 54M (q°) + 684M (¢°) + 1440 ) " c6(n)q"

n=1

— 19(1 v 240203(11)61") - 24(1 + 240203(%)61")
n=1

n=1

o0 o0
— 54(1 +240) o3 (§>q> + 684(1 +240) o3 <%>q")

n=1 n=1

oo
+1440) " cs(n)g",

n=1
that is

25(L(q) — 6L(q%))* = 625 + 2402(1903(;1) — 4oy (%) — 540y <§>

n=1

+ 68403 (%) + 6c6(n))q".

Recalling the classical result [8,9]

L(g)* =1+ ) (24003(n) — 288n0 (n))q".

n=1
so that
ad n n
L(¢®) =1+ ;(24003 (g) — 48nc <g>>q”,

we obtain
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Z( > a(l)o(m))q"
n=1 " I,m>1

[+6m=n

e ¢]

= > ahomyg "

I,m=1

= (éx(hq’) ( i o(m)cf’")

m=1
_(1=L@)(1-LG®
24 24
1 1 1 1
=— — —L(g)— —L(¢%) + —L(@)L(q°
576~ 5761 " 5761 (4) 576 L@L(a)
ZL—LL(q)—LL(q6)+LL(q)2+LL(q6)2—L(L(q)—6L(q6))2
576 576 576 6912 192 6912
_ ! 1124%()” 1124%”"
576 576 n:l"”q 576 n:la 6)7

1 = .
+ m (1 + ;(24003(;1) —288n0 (n))q )

1 > n n n
+ 10 (1 +n§<24oa3(g> —48n0<g>>q )

L (54 %8510 240 (2) —5405( 2 ) +68405( 2 ) + 6 n
T 912 +?Z o3(n) — U(E — 403 3 + US(E + C6(n)>q

n=1

1 n 1 n n 1 n

Equating coefficients of ¢", we obtain

1 1 n 3 n 3 n
Z o()o(m) = 120 3(n) + %03<§> + 4—003<§> + E@(g)

I,m>1
n 1 n ) + 1 n n 1 -
24~ 24 )7 T\ 227 1)\ ) T 120"

[+6m=n
which is the first part of Theorem 1.



S. Alaca, K.S. Williams / Journal of Number Theory 124 (2007) 491-510 505

Similarly we can show that
25(2L(¢%) - 3L(¢%))’

oo
= —6M(q) +76M (%) + 171M (g°) — 216M (q®) + 1440 Y " cs(n)q"

n=1

from which we can deduce as above

1 1 n 3 n 3 n
Z oo (m) = m(ﬁ(”) + %U3<§> + EG3<§) + EU3<E>

I,m>1
n 1 n n . 1 n n 1 -
2 12)°\2 24 3)7\3) " 120"

214+3m=n
4. Proof of Theorem 2
Let Ng = N U {0}. For / € Ny we set

r(l) = card{(x1,x2,x3,x4) VA | x12 + x1x2 +x§ —G—x% + x3x4 +x£ =l}
so that r(0) = 1. It is known that [10, Theorem 13]
l
=12 1=12 — — .
riy=12)" a(l) 360(3), leN
d|l
34d

Then the number N (n) of representations (x1, X2, X3, X4, X5, X6, X7, Xg) € Z8 of n by the form

X} +x1x0 +x3 +x3 + x3x4 + 27 + 2(x2 + x5x6 + X2 + X3 + x7x3 + X3 )

is

Y G

L,meNo (x1.%,x3,%4)€Z* (x5,%6,x7,x8)€Z*
I+2m=n 2 2,2 2 2 2,2 2_
X7 HX1x02+X5+X5 X304 +x5 = X5+x5x6+x5+x7+x7X8+X5=m

= > rOrim

[,mENo
[+2m=n

= r(O);ﬂ(%) +r(n)r(0) + Z r(Dr(m)

I,meN
1+2m=n

=120(2)=360(2)+12 360 (2
=120(5) =360 () + 12000 - 3005
n I’mXG:N (120(1) —36a(é))(1zo(m) - 360(%)).

[+2m=n
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Thus

N@n) —120((n) — 120<2> +360(3> +36o(6>

=144 > o(ho(m)—432 > ( )a(m)

I,meN [+2m=n
[+2m=n
—432 Y o(l)o( )+1296 > <> < >
[+2m=n [4+2m=n

The first sum is

Z o(l)o(m) = Z o(m)o(n —2m)

I,meN meN
[+2m=n m<n/2

_ 1 1 n 1 n 1 n n

see for example [10, Theorem 2].
The second sum is

)3 o(é)a(m)= Y oom

(l,m)eN? (I,m)eN?
[+2m=n 3l4+2m=n

1 1 n 3 n 3 n
=TT 30"3(5) + %"3@ E@(a)
1 n n 1 n n 1
* (a - E)“(E) * (ﬁ B g)"(g) ~ 120%™

by Theorem 1.
The third sum is

> o(1)0<§>= Y. aom)

(I,m)eN? (I,m)eN?
[+2m=n [+6m=n

1 n 3 n 3 n
=TT %"3@ + %"3(§> + E“S(a)
1 n 1 n n 1
* (ﬁ - a) 0+ (ﬁ B z)"(g) ~ 20"

by Theorem 1.
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The fourth sum is

> o(5)e(5)= X ovom

[4+2m=n 3l4+6m=n
= Y oem= Y o(m)a(% —2m>
[+2m=n/3 m<n/6

= 5(5)+ (3 3)(5)
w(8) () (5)

+

from above.
Finally

N@n) = 120 (n) + 120(%> - 366(%) - 36a<g) +1203(n)

2 5

72 n 162 n 648 n (18 — 36n) n
5 2\ 2 5 2\3 5 6 AP

— (18 — 54n)0<§) + gCs(n) — §03(”) - BU3<IZ>

+ 4803 (g) + (6= 18n)5 (n) + (6 — 36n)0 (f) B

5 5 5 2

162 n 648 n 18— 18
- T@(g) - ?53(6) — (18— 18n)a (n)

18— 1080 (%) + 22 10803 = ) + (54 — 54n)o ( 2
— (18 — 108n)o <8) + ?CG(}’Z) + a3<§> + (54— n)0<§>
+43203<%> T (54— 108n)0<%>

24 9% (n 216 (n 864 (n
=—o3(n)+—o3| = |+ —o0o3|{ 5 ) +—03 3

+ 3 m)
5 5 7\ 2 5 2\3 5 ol

5

as claimed.
We close this section by giving a short table (Table 2) of values of N(n) (second column) as
well as the values of

24 96 216 864 36
gds(n) + ?03(11/2) + ?63@/3) + TG3(H/6) + ?06(”)

denoted by E (n) (fifth column).



508 S. Alaca, K.S. Williams / Journal of Number Theory 124 (2007) 491-510

Table 2

n N(n) 03(n) c6(n) E(n)
1 12 1 1 12
2 48 9 -2 48
3 156 28 -3 156
4 552 73 4 552
5 648 126 6 648
6 2352 252 6 2352
7 1536 344 —16 1536
8 4152 585 -8 4152
9 4908 757 9 4908

10 7776 1134 —12 7776

5. Two properties of cg(n)
The table of values of cg(n) given in Section 2 suggests that ce(n) satisfies the relations
c6(2n) = —2c¢(n), neN, 6.1
and
c6(3n) = —3c¢(n), neN. 5.2)

We now prove these two properties of cg(n).
First we prove (5.1). Using the elementary identity

o(2k) =30(k) —20(k/2) (keN) 5.3)
we obtain
We@n)= > o(m)o(2n—6m)
m<2n/6
=3 Z o(m)o(n—3m)—2 Z a(m)o((n — 3m)/2).
m<n/3 m<n/3
Hence

3Ws(n) — We(2n) =2 Z o (k)o (m).

(k,m)eN?
2k+3m=n

Appealing to the result

1
W3(n) = ﬂ(ag(n) +903(n/3) + (1 —2n)o(n) + (1 — 6n)a(n/3)),
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see for example [10, Theorem 3, p. 248], [18, Theorem 1.9, p. 528], and to Theorem 1, we obtain
using (5.3) and the elementary identity

03(2k) =903(k) — 803(k/2) (keN)

the relation (5.1).
Finally we prove (5.2). Using the elementary identity

o(3k)=40(k) —30(k/3) (keN) (5.4)
we obtain
We(Bn)= Y o(m)o(Bn—6m)
m<3n/6
=4 Z o(m)o(n—2m)—73 Z a(m)o((n — 2m)/3).
m<n/2 m<n/2
Hence

4Ws(n) — We(3n) =3 Z o (m)o (k).

(k,m)eN?
2m+3k=n

Appealing to the result

Wa(n) = %(203 (n) +803(n/2) + (1 = 3n)o () + (1 — 6n)o (n/2)),

see for example [10, Theorem 2, p. 247], [6, Theorem 5.2, p. 571], and to Theorem 1, we obtain
using (5.4) and the elementary identity

o3(3k) = 2803(k) — 2703 (k/3) (k€ N)

the relation (5.2).
We leave it to the reader to deduce (5.1) and (5.2) from (2.2) and (2.3). It is clear from (5.1)
and (5.2) that

c(2'3°) = (=1)"*2"3"  (r,s € Ny).
Hence the sums W (n) and (1.2) have elementary evaluations when n = 23,
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