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Abstract
Let 2 € R and ¢ a fixed prime. Let S(z;q) be the set of positive integers
n < x with n equal to the discriminant of some cyclic quartic field and » divisible
by g. An asymptotic formula is given for card S(z:¢q) as r — +o<.

1. Introduction

Let x € R. Let S(x) denote the set of positive integers 1 < x with n equal
to the discriminant of some cyclic quartic field. Let C(x) = card S(x). It was
shown in [2] that
: 11 (88 + V2 4
(1.1) Clr) = o2 <8—8C - 1) 74 ()(41:1/3 log.r),

as r — +x, where

(1.2) c= ] )(Hm)

p=1 (mod 4

Here and throughout this paper p denotes a prine.

Let ¢ be a fixed prime. Let S(x;q) be the set of positive integers n < a
with n equal to the discriminant of some cyclic quartic field and n divisible
by ¢. We determine an asymptotic formula for the numnber Cy(2) = card S(x:¢)
of cyclic quartic field discriminants which are < x and divisible by the prime g¢.
as r — +oc. We prove
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THEOREM. Let g be a prime. Then
(1.3) Cy(r) = Egrt/? + O(2" 3 loga).

as r — +o¢, where

3 24 2
E, = (iC — 1) .

72 24
11 88 + /2 .
E, = — — C -1, =3 d 4).
q 2,/.(.2(q+ 1) ( {8 ) Zj q (l’l]() )
and
11 88 + /2 .
E, = 5% T 1) ( = Mg)C — 1) , if ¢g=1 (mod 4),
where
1+ =
/\((I) = qu .
1+ (g+1) /g

The proportion of cyclic quartic field discriminants divisible by the fixed
prime ¢ is

C,(r) E,

= lim =2 = )
q r—+x Ol 1 V2
T T ooy

A2

d

Appealing to the values of E, given in the theorem, the proportion dy is given by

g 24+ v2)C -2

= , if ¢g=2,
(B8 4+ V2)C — 88 =
1 . _ .
dq:q+1’ it g=3 (mod4),
88 2)AM(q)C — 88
dg = (88 + V2)A(0) , if ¢g=1 (mod4).

(a+1)((88 + v2)C — 85)

2. Notation and Lemmas

We make considerable use of the notation and results in [1], [2] and [3]. As
in [1, eqn. (3.7), p. 100] we set

o={neN[n=pp2pmn (m21),
P1.-- . Pm (distinet primes) =1 (mod 4)}.
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Analogous to the sums S (r) aud S»(r) defined in [3. p. 142]. we define the sums
T\ (x) and Ts(x) as follows.

DEFINITION 2.1.  For a prime ¢ we set

T1 (.’L‘) = E E 1,
D<z'/* 1<A<VzD—3
Deg (A.2D)=1
gt D A sqf
qlA

and for a prime ¢ =1 (mod 4) we set

Tr(z)= > oL

D<y1 1<A<VzD—3
Deyp (A2D)=1
q|D A sqf

A

Here and throughout this paper “sqf” indicates squarefree. It is also conve-
nient to define a constant C’, which is closely related to C.

DEFINITION 2.2. Let g be a prime. Set

C, if mod 4),
o - H <1+(;>7 g1 ( 4)

p+1)/p l-r# if g=1 (mod4).
(11

p=1 (mod 4)
p#Eq

We begin by proving an asymptotic formula for 7(z) as ¢ — +oc.
LEnMA 2.1, Let g be a prime. Then

4 zl/2

T’ =
1 () Zg+1

(C" = 1)+ O0(z' P log ).

s

as x — +oc, where the constant implied by the O-symbol is absolute.

Proor. In [3, Lemma 2.2] an asymptotic formula is given for the sum

> oL

1<n<zx

(n.k)=1
n sqf
qln
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Appealing to this formula, we obtain

Y2 1 6 o(2D) 1\ !
f[‘ )= —_ - 1——
1(x) Z D32g+ 172 2D H ( pz>

D<at/? p|2D
Deyg
qtD

+ 0 1_1/4q71/2 Z d(D)D—S-l

D<yl/3
4 gl . 1\ !
= — D™ *a(D 11— —
S X o] (1- )
D<gt/? pl D
Degp
qffg

+0 | Vg2 Z d(D)yD=3/1
DSI]/:&

In [2. Lemma 6] it is shown that

d(n)
S U ot oga)
1<n<zx

Appealing to this result, we see that

(2.1) > dD)D™¥ = O(z" P log ).

D<.z‘l/3

D<at/? plD Bzl plD
Dep ng
qtD g

as

p|D
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Clearly
¢ 1 -1 1
> De(D)]] <1— —> = ] <1+—> -1=C" -1
"2
D=1 plD p p=1 (mod 4) (p + l)ﬁ
Dep p#q
qtD
Also

Y Dy =0| Y DI =00

D>‘T1/.’1 [)>1:1/3
Putting these results together. we obtain

4 gl/?

he) = 30T

(C' = 1)+ O(z*log ),

as ¥ — +o¢. as asserted.
LEMMA 2.2, Let g be a prime =1 (mod 4). Then
4 1.1/2

™ (g +1)\/q

as ¥ — +oc, where the constant implied by the O-symbol is absolute.

To(r) = c'+ 0(171/3 log x),

Proor. In [3, Lemnma 2.1, p. 142] an asymptotic formula for

> 1
1<n<x

n sqf
(n.k)=1

is given. Using this formula we obtain

/2 6 ¢(2D 1\! o \1/4
Toa) = % DW?‘D;D)H(FP) +O<(ﬁ> d(D))

D<gt/? pl2D
Degp
q|D
-1
4 ; s o 1 oy
:—21’1/2 Z DO/Z(D(D)H<1—,“—2> L0 ;I,']/4 Z d(D)D 3/4
T D<gt/? plD p D<pt/?
Degp
ql L2

From (2.1) we see that

ri/ Z d(D)YD™¥* = O (2422 log z) = O(z'/ log x).

D<a1/8
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Also
1 -1
D~52¢(D) (1 - —;>
I)Z;“ H P
DE’(J
q|D
¢ 1 —1
=> DeD)]] (1 - p-) +0 | Y D?¢(D)
Bg}) p|D D>yl/3
q|D

+ O /%)

-1
i (1L T .
=q ""olq) (1 (12) H (1+ (p+ l)ﬂ)

p=1 {(mod 1)
P#Eq

O+ O(a ).

(q+ 1)\/@

as

> DPPeDy=0| Y D =0V
D>z1/3 D»xl/s

Thus

4 xl/? : ) .
Iy(z) = 5 ———=C"+ 0?7 V%) + O(x'?log x
h(x) 2 ((1+1)\/5 + (1 )+ (1 0g L)
4 xl/?
2

= '+ 0z Ploga),
(g +1)\/q ( 2 7)

as asserted.

3. Proof of Theorem

We recall from [2. Theorem 4, p. 191] the following result.

Prorosition. Let n € N. Then

n=d(RK) for some cyclic quartic field K

if and only if
n=AD*2'A’D* 2°42D* or 21'4°D?
for some D € o and some odd positive squarefree integer

coprime with D
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or
n=2Y A% for some odd positive squarefree integer A.
First we consider the case ¢ = 2. From the proposition just quoted we
see that
JEEED D S DI T DR
a€{2.3.11/2} D<o/ 1< AL (2/27" D*)V/2 1< A< (z/21)Y2
Deg (A2D)=1} A odd
A sqf A sqf
so that
CQ(l,) — Z Z T(xl/sz—:s/zgfa) +E(1:1/2.‘27“/2).
a€{2.3.11/2} pgt/?
DEQ
where

Tx)= > 1. E@@)= > 1

1<A<z 1<A<z
(A2D)=1 A odd
A sqf A sqf

From [2. eqn. (5.8), p. 192] we have

. . 1 .
1/26-11/2y 172 1/4
E(x!/20711/2) = st 2oz,
By exactly the same argument as in [2, pp. 192-193] with @ = 0 omitted.

we obtain

T(z'/?D™%%27%) = L ey roE
Z Z (x )= Z ‘)<‘7r‘~’( ~1)+0(z' " logz).

a€{2,3.11/2} p<al/s ac{2.3.11/2} ~
Dep
Hence
/2 g1/ r1/2 » 2172
N o _ 21300 1
Ca(z) ( ozt 27/%2) (C=1)+ 0z logz) + 57T

972 24

: 24 2 . .
) (—+£C — 1) 22 4 O3 log2).

as asserted.
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Next we find an asymptotic formula for Cy(x) when ¢ is a prime with ¢ =3
(mod 4). From the proposition (remembering that D € ¢ cannot be divisible
by ¢}. we see that for ¢ =3 (mod 4) we have

Colz)= > > > 1+ > 1

a€{04,6.11} p<g/? 1<A<(z/2 D)2 1< AL (2/211)1/2
Dcp (A2D)=1 A odd
A sqf A sqf
qlA qlA
so that
(3.1) Colx)= ) T2 )+ 1.
a€{0,4,6.11} 1<A<(z/211)1/2
A odd
A sqf
qlA

Appealing to [3, Lemma 2.2, p. 142] the second sum on the right hand side
of (3.1) is

xr\V2 1 6 ¢(2) 1\ ! T oy
) —=— Il Oz'/*) = ——— 2772 L O(z/).
(211) g+1 T2 92 pg( pg> + (T ) (q+1)7(_2 + (-T )

Then, appealing to Lemmma 2.1, we obtain

0—7/2

12 | o(p1/4
Groe’ " =

Colz)y= D Ti(2x)+

«€{0.4,6,11}

(Cl o 1) 172 4 4 4 13 B

B ((]+1)TFQI 211/2+§+2—2+4 + Oz log x)
2—7/2

+ —

(¢+ 1)m2

11 88 2 . .
( i \/_C - 1> Y%+ O(:ﬁl/3 logz).

1’1/2 ¥+ O(Il/4)

T or2(g + 1) 88

as C" = C when ¢ =3 (mod 4).
Finally we determine an asymptotic formula for C,(x) when ¢ is a prime
with ¢ =1 (mod 4). From the proposition we obtain for ¢ =1 (mod 4)

SEEED SIS SIS S

a€{0,4,6,11} D<g/? 1<A<(2/29D3)1/?
Dep (A,2D)=1
q|D A sqf
qtA
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DD DD DI

0'6{054»‘5‘11} Dil‘l ) 15A§(1‘/2”D3)1/2

Dey (A2D)=1
qtD A sqf
qtA

+ > 1

1<A<(z/2! )12

A odd
A sqf
qlA
so that
(32) Culx)= Y Ti@en+ Y Th27%)+ > 1.
a€{0.4.6,11} a€{0.4.6.11} 1<A<(z/21H)1/2
A odd
A sgf
qlA

Exactly as in the determination of Cy(z) when ¢ = 3 (mod 4), we obtain

oo onerto+ Y 1

ac{0.14.6,11} A<(:L‘/211)‘/2
7AAod<f1
G P, Ele
(3.3) qu
11 8K 2 .
= - - Jr\/—lel $1/2+O(rl/‘3logr).
272(g + 1) 88 i

From (3.2) and (3.3), and appealing to Lemma 2.2, we obtain

2
Cq(il?): ',11 88+\/_C/—1 rl/?
27%(q + 1) 88

4 zl/?

72 (¢+ 1)y/a

11 88 + /2 1 ‘ .
, 1+ — " = 1|22+ 0z *loga
2r2(q + 1) ( 88 ( " ﬁ) )l O loga)

11 8& + /2 ‘
= MO —1 |22+ 0(2 3 log ).
272(q + 1) ( ety )x + O log)

+ C'(1+ 272 4272 4 278 4 O(2 P log )

as

(1 + %) ' = Mq)C,

when ¢ =1 (mod 4). This completes the proof.



10 Blair K. SPEARMAN and Kenneth S. WILLIAMS
References

[1] Z.M. Ouand K.S. Williams, On the density of cyclic quartic fields, Canad. Math. Bull
44 (2001), 97-104.

[2] B.K. Spearman and K.S. Williams, Integers which are discriminants of bicyclic or cyclic
quartic fields, JP J. Algebra Number Theory Appl. 1 (2001), 179-194.

[3] B.K. Spearman and K.S. Williams. The proportion of cyclic quartic flelds with
discriminant divisible by a given prime. Proc. Japan Acad. Ser. A. 80 (2004), 141- 145.

Blair K. SPEARMAN

Department of Mathematics, Statistics and Physics
University of British Columbia Okanagan
Kclowna, B.C.

Canada VIV 1V7

E-mail: blair.spearman@ubec.ca

Kenneth S. WILLIAMS

School of Mathematics and Statistics
Carleton University

Ottawa. Ontario

Canada K1S 5B6

E-mail: kwilliam@connect.carleton.ca





