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THE PROPORTION OF CYCLIC QUARTIC FIELD 
DISCRIMINANTS DIVISIBLE BY A GIVEN PRINIE 

Abstract 
Let r  E R and q a fixed prime. Let S ( r ;  q )  be the set of positive integers 

n < r  with rA equal to the discrirninant of some cyclic quartic field ariti it, divisible 
by q. Ari asymptotic. forrriula is give11 for card S ( r ;  q )  as r  i +x. 

1. Introduction 

Let n E R. Let S ( r )  denote the set of' positive ii~tegrrs 11 < cc ~vitli 11  equal 
to the discrirninant of some ryclir quartic field. Let C(rr) = card S ( L ) .  It n-as 
shown ir i  [2] that 

as s + +x. whrrr 

Here and throughout this paper p deriotcs a prinie. 
Let q be a fixed prinic. Let S ( z ;  q )  he the set of positive integrrs I ,  5 r 

with rL equal to the discrinlirlarlt of sorric cyclic: quartic field and 17 divisil)le 
by q. 11% determine an asymptotic formula for the nurnl~or C,(z) = card S(.r;  q )  
of cyclic quartic field discriinirlarlts which are 5 r and divisible hy the pri~ne q. 
as cc + +LC. \Ye prove 
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' ~ H E O R E I I .  Lct q br n p r / n ~ e .  Then 

2f q = :3 (mod 4) 

The proportion of cyclic quartic held discrimi~~ants divisiblc by the fixed 
prirne q is 

Appealing to  the va1ur.s of E, giver1 in the theorem, the proportion d, is giver1 by 

if q = 2 .  

if q = 3 (mod 4). 

d -  
(88 + d ) X ( q ) C  - 88 

if q -- 1 (mod 4). " (q + 1)((88 + &)c - 88) ' 

2. Notation and Lemmas 

]Ye make considerable use of the notittion a ~ ~ d  results in [I] .  [2] and [3]. As 
in [ l ,  eqn. (3.7). p. 1001 we set 

aJ = { I )  E N r)  = p l p 2 . .  . p m  ( H I  2 1). 

yl. . . . . pm (distinct pri~nes) = 1 (mod 4)). 
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Analogous t o  tllc' S I ~ I I I S  Sl (.r) aiid S2(.r) defined in 13. p. 1121. we dcfi~lc, t l ~ e  surrls 
7; (.r) and T2 (.c j as follo~vs. 

D E T I K I ' I ' I ~ N  2.1.  For a prinle q a-e set 

and for N prir~lr q - 1 (rnod 1) wc> sc.t 

Here and throughout this paper "sqf" iildicates squarefree. It is also conve- 
nient to  define a constant C', which is closcly related to  C.  

DEFINITION 2.2. Let q be a prime. Set 

Tie begin by proving an asymptotic formula for TI (z) as n: + +cc. 

L~h1nr.4 2.1. Let q be a prirr~e. T h e n  

4 X I / "  
TI (x) = --;;- - (C' - 1) + 0 (xl/"og z) . 

. i r -q+1 

as J. + +x. u / / ~ e w  the constnr~,t irrt,plied by the O-symbol is  absolute. 

PROOF. In [3. Lemma 2.21 an asymptotic formula is giver1 for the suin 

n sqf 
9117 
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Apj,ealing t o  this forl~lr~la. we obtain 

111 [2. Leiililirl 61 it is sliowri that  

Appenliiig to this rcsult. we see that  

Also 
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Also 

Putting these results togethci . we obtain 

as .c 4 +x. as asserted. 

L E ~ I L ~ . ~  2.2. Let q be (1, prime - 1 (mod 4).  Then 

as n. -- +x. whr re the constar~t  ~rnplzed by tile (1-symbol 1s nbsolutt.  

P R ~ o ~ .  In [ ;3 .  Lernmn 2.1. p. 1421 an asymptotic fornlula for 

C 
l < n < x  

n sqf 
( n . k ) = l  

is given. Using this formula we ohtair~ 

From (2.1) we see that 
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Thus 

3 r112 
T > ( L )  = - CI + q2 1 2-1 0 ) 4 (1 (.I log .L)  

7i2 ((1 + 

as asserted. 

3. Proof of Theorem 

\Ye recall frorri [2. Theorenl -2, p. 1911 tlie follo~i-ing result. 

PKOIYISITION. L P ~  1 1  t N. 172cr1 

if and only i j  

= ~ 2 ~ 3  ' 4 ~ 2 ~ 3 ,  2"A2~3 . - 21IA42L):3  

for s o r n ~  D E g~ a72d some odd positive ~ q u a r ~ f r e e  in,teger A4 

roprin~e u~ith D 
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'rr = 2 l '  A~ for sovrrLe (1$(1 pos'it'i'ue .sq.uarefi-c:e integer A. 

First \xr(, consider t h ~  cast, q = 2. Frorii the propositiori just quoted we 
see that 

n ~ { 2 . : 3 . 1 1 / 2 }  n < s l I . '  - l i ~ i ( . ' / 2 ~ " n : , l / ~  l j , 4 j ( r / 2 1 1 ) 1 ' 1  

D E $,I ( n . j n ) = i  ..I odd 
.1 saf .4 sqf 

so that 

where 

Fro111 [2. eqn. (5.8), p. 1921 xve have 

By exactly thc same argurllerit as in [2. pp. 192-I!):$] with o = 0 omitted. 
we obtain 

C C ~ ( , ~ . 1 ' 2 ~ - " 2 ~ - 0  
= C ,? (C- 1) +~(x'~'lo~r). 

u E { 2 . 3 . 1 1 / 2 }  ~ < , ' / j  - n E { 2 . 3 , 1 1 / 2 }  

as asserted. 
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N t ~ t  1.1. hrid an dsylriptotic forinula fo1 Cq( . r )  ~vhcil q  is d p r i n i ~  with q  = 3 
(niod 4 ) .  Fr oin the proposition ( I  emember ing thdt D E ( 1  canriot 111. divlsil)l(, 
by q ) .  "1' srr  that for q = 3 (mod 4 )  ~ v e  have 

so that 

(3.1)  

Appt:aling to [3, Lemma 2.2. p. 1421 the second sun1 on thc right hand side 
of (3.1) is 

Then. apl~ealing to Lerrlrrla 2.1, we obtain 

as C' = C when q - 3 (mod 4 ) .  

Finallv we determine ,311 dsyrnptotit. formula for C q ( x )  nllien q  is a prime 
~vitli q = 1 (mod 4 ) .  From the proposition we obtdirl for q  = 1 (mod 4 )  

oE{O,.l . t i , l l} ~ < . ~ l l '  11.41(r /20~3)1/1 
DE IJ (A.zD)=I 
qln A sqf 

4tA 
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nE{O.1.(>,i I }  n L x L  ' l < ~ < ( ~ / 2 ' , ~ " ) ' / '  
BE,, (il.?n)=l 
gin .4 sqf 

q l A  

+ 1  

A odd 
.4 >qf 

(1 1 .-I 

Exactly as in the detelrnination of Cq(x)  when (1 - 3 (mod 4 ) .  we obtain 

From (3.2) arid ( 3 . 3 ) ,  arid appealing to Lelrima 2.2. we obtaiii 

wheli rl -- 1 (mod 4). This completes the proof. 
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