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Ramanujan identities and Euler products
for a type of Dirichlet series

by
Zu1-HoNG SUN (Huaian) and KENNETH S. WILLIAMS (Ottawa)
1. Introduction. In his lost notebook [R2] Ramanujan stated that the

Dirichlet series > -, a(n)n™% (Re(s) > 1), where the Dirichlet coefficients
a(n) (n=1,2,...) are given by

g [Ja-¢0 =g =D am)g® (ldl <1),

has an Euler product and gave an explicit formulation for the Euler product.
In this paper we develop the theory of binary quadratic forms in order to
determine the Euler product for Y7 | a(n)n™*%, and other similarly defined
Dirichlet series, in a completely elementary and natural manner.

Let N, Z, R and C be the sets of natural numbers, integers, real numbers
and complex numbers respectively. A nonsquare integer d with d = 0,1
(mod 4) is called a discriminant. The conductor of the discriminant d is the
largest positive integer f = f(d) such that d/f? = 0,1 (mod4). As usual we
set w(d) =1,2,4,6 according as d >0, d < —4, d = —4 or d = —3.

For integers a,b and ¢, we use (a,b,c) to denote the integral, binary
quadratic form ax? + bxy + cy?. The form (a,b,c) is said to be primitive
if ged(a,b,c) = 1. The discriminant of the form (a,b,c) is the integer d =
b2 — 4ac. If d < 0, we only consider positive definite forms, that is, forms
(a,b,c) with a > 0 and ¢ > 0. Two forms (a, b, c) and (a’, ¥, ¢') are equivalent
((a,b,c) ~ (a',/, ")) if there exist integers «, 3,7 and ¢ with ad — Gy =1
such that the substitution z = a X + Y, y = yX +9Y transforms (a, b, ¢) to
(@', b, ). It is known that (a,b,c) ~ (¢, —b,a) and for k € Z that (a,b,c) ~
(a,2ak + b,ak?® + bk + ¢). We denote the equivalence class of (a,b,c) by
[a, b, c]. The equivalence classes of primitive, integral, binary quadratic forms
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of discriminant d form a finite abelian group under Gaussian composition,
called the form class group. We denote this group by H(d) and its order
by h(d). The identity of H(d) is the so-called principal class [1,0, —d/4] or
[1,1,(1—d)/4] according as d = 0 (mod4) or d = 1 (mod 4), and the inverse
of the class K = [a, b, c] is the class K~ = [a, —b, c].

Let (a, b, c) be an integral, binary quadratic form of discriminant d. The
positive integer n is said to be represented by (a,b, c) if there exist integers
r and y with n = az? + bry + cy?, and the pair {z,y} is called a represen-
tation. If d < 0, every representation {x,y} is called primary. If d > 0, the
representation {x,y} is called primary if it satisfies

2az + (b4 Vd)y
2ax + (b— Vd)y
where e(d) = (x1 +y1V/d)/2 and (1, y;) is the solution in positive integers

to the equation X2 — dY? = 4 for which (21 4+ y1v/d)/2 (or equivalently 1)
is least (see [Di], [H]). For a,b,c € Z and n € N we define

203z + (b—Vd)y >0 and 1< < e(d)?,

(1.1)  R(a,b,c;n) = |{{z,y} | n = ax® + bxy + cy?, {x,y} is primary}|.
If (a,b,c) ~ (a',V,c"), by [SW, Remark 3.1] we have
R(a,b,c;n) = R(a, —b,c;n) = R(a', V', c';n).
From this we define R([a,b,c],n) = R(a,b,c;n) as in [SW].
Let d be a discriminant. Suppose H(d) = {AY ... Ak | 0 < k; <

hi,...,0 <k, < h,} with hy ---h, = h(d). Forn € Nand M = A]"* --- A"
€ H(d), following [SW, Definition 7.1] we define

(1.2)  F(M,n)
1 k1m1 k:rmr k1 k.
:m Z Coszﬂ'( hl + -+ hT )R(Al "'AT,TL).
0§]€1<h1

0<kr<hy

In particular, if h(d) = 2,3,4 and H(d) is cyclic with principal class I and
generator A, then (see [SW, Theorem 7.4])

7}4MLm—Rmﬂ» if h(d) = 2,3,
L (R(I,n) = R(A2n)) i h(d) = 4.

(1.3)  F(An) =

w(d)
Let s € C with Re(s) > 1. In this paper we introduce
=, F(M,n)
1.4 L(M,s) = ———— for M € H(d).
(14) (5= S P g a e ar(a)

n=1
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From [SW, Theorem 7.2] we know that F'(M,n) is a multiplicative function
of n € N. Thus, if Re(s) > 1, then

o0
(15) L(M,s) =TI (1+ 3 PO pp ),
P t=1
where p runs over all primes.

From (1.5) we see that L(M,s) has an Euler product. The main pur-
pose of this paper is to give the Euler product for L(M,s). When H(d) is
cyclic, in Section 5 we completely determine the Euler product for L(M, s)
(M e H(d),Re(s) > 1), see Theorem 5.3. As consequences, in Sections 6-8
we give explicit Euler products for L(M, s) in the cases h(d) = 2,3 and H(d)
is cyclic of order 4.

For |q| < 1 let ¢(q) and ¢(q) be the theta functions defined by

U(g) =Y q"tV,
n=0

(1.6) - .
P(q) = H (1—-¢™) = Z (_1)nq(3n2,n)/2'

Ramanujan (see for example [B]) established many identities involving ¢ (q)
and ¢(q). In Section 4 of this paper we prove some of these identities from
our point of view.

For k=1,...,12 let

(1.7) 08(q") (%) =D r(n)g® (ol < ).

Ramanujan ([R1], [R2]) conjectured that the Dirichlet series 370 2£()
(k=1,2,3,4,6,8,12) have Euler products and gave the explicit Euler prod-
ucts in the cases k£ = 1,2,3. Unfortunately his formulae for k = 2,3 are
wrong. In [Ra] Rangachari outlined the proofs of the formulae for k = 1,2,3
using class field theory and modular forms. But Rangachari’s formulae for
k = 2,3 are also wrong and his proofs are neither clear nor elementary. So
it remains to correct the results and to give elementary proofs of them. For
instance, the corrected form of Ramanujan’s conjecture in his lost notebook

([R2]) is

o~ p2(n) 1 1
nzl ns  1-—11-3 11 1—p-2s

I-p
p=2,6,7,8,10 (mod 11)
PF2

1 1
S S e VS e

p=3z2+42zy+4y? p=x24+11y2#11
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where p runs over all primes. We note that this formula also corrects the
incorrect formula in [Ra].

Let 6, = (1 — (=1)*)/2 and n € N. In Section 2 we show that for
k=1,...,12,

6x(n) = % (R(L, 6, (24K — K2 + 04) /4: ) — R(4,4 — k. + 1:m)).

Moreover, we obtain explicit formulas for ¢, (n) in the cases k = 1,2, 3,4, 6,
8,12 (see Theorems 4.4 and 4.5). From the above it follows that for k =
1,2,3,4,6,8,12,

o0
Z L(Ag,s) for Re(s) > 1

where Ap = [2,1,3], [3,2,4], [2,1,8], [3,2,7], [4,2,7], [3,2,11], [5,4, 8] ac-
cording as k = 1,2,3,4,6,8,12. Thus using the results for Dirichlet se-
ries L(M,n) we obtain the Euler products for Y | ¢x(n)n~° in the cases
k=1,2,3,4,6,8,12. In this way we prove all of Ramanujan conjectures for
¢r(n), and our proofs are natural and elementary. It seems that Ramanu-
jan’s conjecture for ¢12(n) was first proved by Mordell ([M]).

We should mention that the Euler products for > 7 | ¢y (n)n~* in the
cases k = 1,2,3,4,6,8,12 are connected with modular forms (see for exam-
ple [Ral).

In addition to the above notation, we also use throughout this paper the
following notation: ord, n denotes the nonnegative integer c such that p® | n
but p®T{n, p* ||n means p* |n but p**in, (%) is the Kronecker symbol,
(a,b) is the greatest common divisor of the integers a and b (not both zero),
I denotes the principal class in H(d), and R(K) denotes the set of integers
represented by forms in the class K.

Throughout this paper p denotes a prime and products (sums) over p
run through all primes p satisfying any restrictions given under the product
(summation) symbol. For example the condition p = 22 + 11y? under a
product restricts the product to those primes p which are of the form z? +
11y? for some integers x and .

2. Generating functions for 1(R(I,n) — R(K,n)) when I,K €
H(d). Forg e R, me Nand r € Z let

[ee)

(2.1) fromig) = 3 (~1)rgmntrniz (gl < 1),

n=—oo

From Jacobi’s identity (cf. [HW, Theorem 352, p. 282 (with = = ¢"/?, z =
—q~"/?)]) we know that
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(2.2)  f(r,m;q)

= [ — gty @ — gmmtmy(1 — grndm+n/2)y (g < 1).
n=0

DEFINITION 2.1. Forr € Z, m € Nand k € {1,...,4m} with 2| k(m—r)
we define

o0
2

¢ rms @) F(rms ) = S fu(rms g™
n=0
ProposITION 2.1. Let v € Z and let k,m,n € N with £k < 4m and
2| k(m —r). Then

fr(r,m;n)
P ) 1— ) 1 if 2|r,
z,y€L z,y€l
4x2 —2kzy+2kmy2=n 4z27kzy+k7my2:n
B z=r/2 (modm) x=r/2 (mod m)
) 1- ) 1 if 24
z,yEL z,y€Z
x?2 —kxy+2kmy2=n Mm2+k(2m—l)zy+2kmy2:n
z=r (mod 2m) z=r (mod 2m)

Proof. From (2.1) and Definition 2.1 we have
fr(r,m;n) = Z (=1)*tv.

T,yeZ
2 . 2
k(m127rz)+<8m7k)<;ny —ry) +7‘2:’I’l

It is clear that
2 _ 2
16<k:(mx rT) N (8m — k)(my* — ry) —|—7°2>
2 2
= (kx + (8m — k)y — 4r)* + k(8m — k) (z — y)*.

Thus
fre(r,m;n) = > (=1)=v

T, YyEL
(kz+(8m—k)y—4r)2+k(8m—k)(z—y)2=16n

- > -1y

Y,2EZL
(8my+kz—4r)2+k(8m—k)z2=16n

- Y = >

T,2€EL Y,2E€EZ
22+k(8m—k)z2=16n y2+2kyz+8kmz2=16n
x=kz—4r (mod 8m) y=—4r (mod 8m)
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_ 3 (1) = > (—1)%.

x,z€EZ z,yEL
1622 —8kxz+8kmz2=16n 2x2 —kxy+kmy2=2n
—4x=—4r (mod 8m) z=r (mod 2m)

If r is even, then 2| km. By the above we must have

fr(rym;n) = > (=1)¥ = > (=1

x,YyEZL T,yEZ
2(2z)% —k(2z)y+kmy?=2n 4x? —kzy+Emy2=n
2z=r (mod 2m) z=r/2 (mod m)
=2 > 1- > L
z,y€L z,y€L
422 —2kzy+2kmy?=n 4a? —kay+Eny2=n
z=r/2 (modm) z=r/2 (mod m)

If r is odd, then 2| k(m — 1). From the above we obtain

Ji(r,m;n)
= > =y
z,yEL x,yCL
2x2 —kxy+kmy2=2n 2x2 —kry+kmy2=2n
z=r (mod 2m), 2|y z=r (mod 2m), 2ty
= 2 - 2. !
T,YEZ T,yEZ
212 —2kxy+4kmy?2=2n (km—k+2)z2+k(2m—1)z(y—z)+km(y—x)2=2n
z=r (mod 2m) z=r (mod 2m), 2|y—x
= 2 1= 2 !
z,yEL z,yEL
z?2—kzxy+2kmy?=n (km—k+2)z2+k(2m—1)z(2y)+km(2y)2=2n
z=r (mod 2m) z=r (mod 2m)
= E 1-— E 1.
z,y€L z,y€L
z? —kxy+2kmy2=n wz2+k(2m—l)zy+2kmy2:n

z=r (mod 2m) z=r (mod 2m)

This finishes the proof.

DEFINITION 2.2. Let 1(q) = Y00 q""*V/2 For k € {1,2,3,4} we
define ¥ (n) by

q(—g" (=% =) ww(n)g"  (lgl <1).

THEOREM 2.1. Fork € {1,2,3,4} and n € N we have
D) = S(R(L,0,k(8 — K)im) — R(4,4 — 2k, b+ T;m).
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Proof. Since

Z D2 4 Z g@r-1En/2 | Z 2 (2nt1)/2

n=0 n=1 n=1
> 2
= > @ (ad<)
n=-—00

we see that

> dk(n)g" = qi(=¢* ) (—¢* ")

:q< i (_qk)2n2—n>< i (_q8—k)2n2—n)
o 3 et (3 (gt

= qf(1,2;¢°") F(1,2;¢" %) = > fa(1,2m)g"  (lg] < 1).
n=0

Thus 9, (n) = far(1,2;n). Applying Proposition 2.1 we obtain

b= Y 1- 3 |

T, YyEL z,YyEL
r2 —2kxy+8ky?2=n (k4+1)x2+6kzy+8ky2=n
=1 (mod 4) =1 (mod 4)
1
-5 X - X
2
T,YEZL T, YEL
2 —2kxy+8ky?=n 2 —2kxy+8ky?2=n
2|z
1
S TG S S SE
2
RISV z,YyEZL
(k4+1)z2+6kzy+8ky2=n (k+1)x2+6kzy+8ky2=n

2|z

= L(R(1, —2k,8k;n) — R(4, —4k, 8k; n)

— R(k + 1,6k, 8k;n) + R(4k + 4,12k, 8k; n)).

Note that (4k + 4,12k, 8k) ~ (8k, —12k,4k +4) ~ (8k,4k,4) ~ (4, —4k, 8k),
(1,—2k,8k) ~ (1,0,k(8 — k)) and (k + 1,6k,8k) ~ (k + 1,2k — 4,4) ~
(4,4 — 2k, k 4+ 1). We then obtain the desired result.
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DEFINITION 2.3. Let ¢(q) = 3.0 __ (=1)"gB37*=m/2 (|¢| < 1). For
ke {1,...,12} define ¢ (n) by

> dr(n)g" = ad(d)d(@ ) (lgl < 1).

As ¢(q) = f(1,3;q) it is clear that ¢r(n) = fir(1,3;n).

THEOREM 2.2. Let k € {1,...,12} and 6, = (1 — (=1)¥)/2. Forn € N
we have

or(n) = $(R(L, 6k, (24k — k* 4 0k)/4;n) — R(4,4 — k, k + 1;n))

1(R(1,1,6;n) — R(2,1,3;n)) if k=1,

1(R(1, 0k, (24k — k® + 63)/4;n) — R(k+ 1,4 — k,4;n)) if 2<k <3,
") L(R(L, 6k, (24K — K2 4 0x)/4im) — R4,k — 4,k + 1;m)) if 4 <k <8,

5(R(1, 0k, (24k — k? + 63,) /4;n) — R(4,12 — k,9; n)) if 9<k<12.

Proof. As ¢r(n) = fr(1,3;n), by Proposition 2.1 we have

br(n) = > 1- > 1.

x,YEZL T, YEL
2 —kxy+6ky2=n (k+1)x2+5kzy+6ky2=n
=1 (mod 6) z=1 (mod 6)

Since

> 1

z,y€L
ax?+bry+cy?=n
=1 (mod 6)
DI D DI LR DR
z,Y€L T,y €L T,y EL
ar?2+bry+cy?=n azr?+bry+cy?=n 4ax?+42bxy+cy?=n
2tz, z=1 (mod 3) =1 (mod 3) =1 (mod 3)
1
Sy e
2
z,YEL z,YEL
azr?+bry+cy?=n 9ax?2+3bxy+cy?=n
1
. —( ) 1 ) 1)
2
z,y€L z,y€L
4ax?+2bxy+cy?=n 36ax2+6bry+cy?=n
1
= Q(R(a, b,c;n) — R(9a, 3b, ¢;n) — R(4a, 2b, ¢;n) + R(36a,6b, c;n)),

we see that
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2¢r(n) = (R(1,—k,6k;n) — R(9, —3k, 6k;n) — R(4, —2k, 6k;n)

+ R(36, —6k,6k;n)) — (R(k + 1,5k, 6k;n) — R(9k + 9, 15k, 6k;n)

— R(4k + 4,10k, 6k; n) + R(36k + 36, 30k, 6k; n)).
Note that (9% + 9, 15k, 6k) ~ (6k, —15k,9k +9) ~ (6k, —3k,9) ~ (9, 3k, 6k),
(36K + 36, 30k, 6k) ~ (6k, —30k, 36k +36) ~ (6k, 6k, 36) ~ (36, —6k, 6k) and
(4k + 4,10k, 6k) ~ (4% + 4,2k — 8,4) ~ (4,8 — 2k, 4k + 4) ~ (4, —2k, 6k).
We find R(9k + 9,15k, 6k;n) = R(9, —3k,6k;n), R(36k + 36,30k, 6k;n) =
R(36,—6k, 6k;n) and R(4k + 4,10k, 6k;n) = R(4, —2k,6k;n). Thus

¢r(n) = 3(R(1, =k, 6k;n) — R(k + 1,5k, 6k; n)).

Clearly (1, —k, 6k) ~ (1,6, (24k — k* + 61)/4) and (k + 1,5k, 6k) ~ (k+1,
k—4,4) ~ (4,4, k+1).1f9 < k < 12, then (4,4—k, k+1) ~ (4,12, 9).
Also, (4,3,2) ~ (2,-3,4) ~ (2,1,3). Now combining the above we get the
desired result.

COROLLARY 2.1. Letn €N, 2|n and m € {1,2,3,4,5,6}. Then
R(1,0,m(12 —m);n) = R(4,4 — 2m,2m + 1;n).
Proof. Note that ¢o,,(n) = 0 by Definition 2.3. Putting ¥ = 2m in
Theorem 2.2 gives the result.

Corollary 2.1 can also be deduced from [KW2, Theorem 1]. For m =
1,2,3,4,5 see Corollaries 1, 4, 5, 6, 8 in [KW2] respectively.

Let 7 be the Ramanujan tau function defined by

g[Ja-a* =D r(me" (gl <)

n=1
Then we have
COROLLARY 2.2. For any positive integer n we have
(0 (mod23) if there is a prime p such that (&) =-1and
2ford, n, or p=2x?+ zy + 3y* and
T(n) = 3lordy,n —2,

(=1~ H (14 ord,n) (mod23)  otherwise,
p=x2+4xy+6Yy2+#£23

p= oy, 1

p:2w2+aﬁy+3y2
ord, n=1 (mod 3)

where

and p runs over all primes.
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Proof. Euler’s identity states that (see for example [HW, Theorem 353,
p. 284])

S =gt 2 =T -6 (lal < 1).

So
2?71 7(n)q" _ q H?:l(l - qn)24 HZO 1( )23
Somsid1(n)g  qTZ (T =g 12 (1 —¢®n) T, (1 - q23”)

- (B

n=1
=1+23) ang"  (an € Z)
n=1

and hence applying Theorem 2.2 we get
r(n) = ¢1(n) = L(R(1,1,6;n) — R(2,1,3m)) = F((2,1,3),n) (mod 23)

Observe that H(—23) = {[1,1,6],[2,1,3],[2,—1,3]}. Then applying [SW,
Theorem 10.2(i)] we obtain the result.

We remark that Corollary 2.2 generalizes the known result 23| 7(n) for
those positive integers n such that (5) = —1 (see for example [BO]).

THEOREM 2.3. Fork=1,...,8 and n € N we have

for(1,4;n) + for(3,45n) = $(R(1,0,k(16 — k);n) — R(4,4 — 2k, 3k + 1;n)).
Proof. By Proposition 2.1 we have
Jor(1,45n) + for(3,4;n)

= > 1— > 1

x,YEL z,YEL
z2 —2kzy+16ky2=n (8k+1)z24+14kzy+16ky?=n
z=1,3 (mod 8) z=1,3 (mod 8)
1
T SRS SR
2
z,yEZL, 2tz z,yE€L, 24z
22 —2kxy+16ky2=n (8k+1)z24+14kzy+16ky?2=n

1
= 5{(R(1, =2k, 16k; n) — R(4, —4k, 16k; n))

— (R(3k + 1, 14k, 16k; n) — R(12k + 4, 28k, 16k; n))}.
Note that (12k -+ 4,28k, 16k) ~ (16k, —28k, 12k + 4) ~ (16k, 4k, 4)
(4, —4k,16k), (1, —2k,16k) ~ (1,0,k(16 — k)) and (3k + 1,14k, 16k)
(3k+ 1,2k —4,4) ~ (4,4 — 2k, 3k + 1). We then obtain the result.

~
~



Ramanugan identities and FEuler products 359

THEOREM 2.4. Let k € {1,...,20}, 8t = (1 — (=1)*)/2, n € N. Then

= L(R(1, 0k, (40k — k® + 61) /4;n) — R(4,4 — k, 2k + 1;n)).

Proof. By Proposition 2.1 we have

= > 1— > 1

z,y€L z,y€el
22 —kry+10ky2=n (2k+1)22+9kzy+10ky2=n
z=1,3 (mod 10) z=1,3 (mod 10)
1
or | GED DI D DY
2
z,y€EZL, 2tx z,y€Z, v=5 (mod 10)
r2—kxy+10ky2=n 2 —kxy+10ky?=n
1
S TEND SHEE S
2
z,YEL, 24x z,y€Z, z=5 (mod 10)
(2k+1)2249kzy+10ky2=n (2k+1)224-9kzy+10ky2=n

= 2{(R(1, —k,10k;n) — R(4, —2k, 10k; n))

— (R(25, =5k, 10k;n) — R(100, —10k, 10k;n))

— (R(2k + 1,9k, 10k; n) — R(8k + 4,18k, 10k; n))

+ (R(50k + 25, 45k, 10k; n) — R(200k + 100, 90k, 10k; 1))}

Observe that (8k + 4, 18k, 10k) ~ (8k 4 4,2k — 8,4) ~ (4,8 — 2k, 8k +4) ~
(4, -2k, 10k), (50k + 25,45k, 10k) ~ (10k, —45k, 50k + 25) ~ (10k, —5k, 25)
~ (25,5k,10k) and (200k + 100,90k, 10k) ~ (10k, —90k, 200k + 100) ~
(10k, 10k, 100) ~ (100, —10k, 10k). We then obtain

fe(1,55n) + fx(3,5;n) = 1{R(1, —k, 10k; n) — R(2k + 1,9k, 10k; n)}.
Since (1, —k, 10k) ~ (1, ok, (40k — k2 +6;)/4) and (2k+1, 9k, 10k) ~ (2k+1,
k—4,4) ~ (4,4 — k,2k + 1), we obtain the desired result.

COROLLARY 2.3. Ifn is even and m € {1,...,10}, then

R(1,0,m(20 —m);n) = R(4,4 — 2m,4m + 1;n).

Proof. Note that fa,,(1,5;n) = fam(3,5;n) = 0 by Definition 2.1. Tak-
ing k = 2m in Theorem 2.4 yields the result.

The case m = 1 of Corollary 2.3 has been given in [KW2, Corollary 3].

COROLLARY 2.4. Forn € N we have
(11) f4(175an) + f4(3757n) = d)12(n)7
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Proof. From Theorems 2.1-2.4 we see that
f2(1,4;m) + f2(3,45n) = $(R(1,0,15;n) — R(4,2,4;n)) = 13(n),
fa(1,55n) + f4(3,5;n) = 3(R(1,0,36;n) — R(4,0,9;n)) = ¢12(n)
and
fs(1,55m) + fs(3,5;n)
= 2(R(1,0,64;n) — R(4,4,17;n)) =
= fi6(1,4;n) + f16(3,4;n).
So the corollary is proved.

(R(1,0,64;n) — R(4,—12,25;n))

1
2

THEOREM 2.5. Let p be an odd prime. Let r be odd with p{r and n € N.
Then

Fap(rpym) = { (%)(R(l,o,4p2; n) = R(4,0,p%m)) if n =1 (moddp),

Proof. From Proposition 2.1 we know that

fap(ripin) = > 1- 3 1.

z,YEL z,yEL
x2—4pry+8ply2=n (1+2p(p—1))z2+4p(2p—1)zy+8p2y?=n
z=r (mod 2p) z=r (mod 2p)

If n # r? (mod 4p), then clearly fi,(r,p;n) = 0 by Definition 2.1. If n = 2
(mod 4p), then 22 = n (mod 4p) if and only if x = +r (mod 2p). Thus, by
the above we obtain

fap(r,p;n) = %R(l, —4p, 8p2;n) — %R(2p2 —2p+1,4p(2p — 1), 8p2;n).

Since (1, —4p, 8p?) ~ (1,0,4p?) and (2p® — 2p + 1,4p(2p — 1), 8p%) ~ (2p* —
2p+1,4p—4,4) ~ (4,4 —4p,2p?> —2p+ 1) ~ (4,0,p?), we obtain the result.

otherwise.

3. The Euler product for > 7 w. Let d be a discriminant with

n=1
conductor f and dy = d/f?. In view of [SW, Lemma 3.5] we introduce
ey | R TS0
(3.1) o =[] (1 _ <—0>> = 0
sf N PP hld)loge(d) )
h(dp)loge(dp) ’

where p runs over all distinct prime divisors of f. If f is a prime, then clearly
C(d)=f- (%0).

DEFINITION 3.1. Let d be a discriminant with conductor f. Let dy =
d/f? and n € N. Then we define

5(n, d) = Z(%)

m|n
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3(n,d) o it fin,
Aln, d) = {C(d)<@> S(n,d) if f|n.

f
LEMMA 3.1 ([SW, Lemma 4.1]). Let d be a discriminant and n € N.
Then 6(n,d) is a multiplicative function of n. Moreover,

1 -1 ord, n
d(n,d) = H % H (14 ord,n)
(§)=—1 (5)=1

and

and

= §(n,d
z:l n

From Definition 3.1 and Lemma 3.1 we have

) = L e(s
lsamey e

- p

LEMMA 3.2. Let d be a discriminant with conductor f. Let s € C with
Re(s) > 1. Set dy = d/f?. If f is a prime, then A(n,d) is a multiplicative
function of n € N and

N Amgd) [, Cd)f 1
nz::l n? _<1 - (% f‘S>H(1— VA= (P)p)

LEMMA 3.3. Let d be a discriminant such that h(d) = 1 and the con-
ductor f is a prime. Set dy = d/f* and 6, = (1 — (—1)*)/2 for k € Z. For
n € N we have

A(n,d)
5 (100 =5 ) < R (7007, =0 fin) ) ipa<o
R(1.00 =5 0) < C@R( 1000, =0T fin) a0

Proof. Let N(n,d) = 3 ep(q R(K,n). From [SW, Theorem 4.1] we
know that

0  if (n, f?) is not a square,
@ o=t s nT](-5(2)) 5 (%)

if (n, f2) = m? for m € N.
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Observing that h(d) =1 and f is a prime, by (3.2) we have

0 ; if f|In,
w(d) Y (f) if f1n,
(33)  R(1,64,(—d+ 84)/4;n) = Kln ]
w(d)C(d) Y (f) if 2|n.
\ s

Since h(dp) | h(d) (see [SW, Remark 2.2]) we see that h(dy) = 1. If ftn,
clearly R(f,da, f, (—do+da,)f/4;n) = 0.1If f|n, by (3.2), [SW, Remark 3.1]
and the fact that f(dg) = 1 we have

R(f: 5dof7 (_dO + 6do)f/4; n) = R(l, 51107 (—do + 6d0)/4; n/f)

(%)

k| %
Thus
1 —d+da. \  C(dw(d) —do + 04y
iy ({180 =5 50m) = S (1 =82 1))
Z(%)—o if f1n,
k|n
_ O—C(d)z<%>=—0(d) > (%) if f|n,
k| % k|n, ftk
d d
~C(d) (%)z—C(d) > (kfd—in_l> if f2|n.
k| % kg5 kln, ftk

To complete the proof, we note that

= (#)-5(4) -

k|n, ftk k|n

and
C(dw(d) { 1 if d <0,
|\ C@) ifd>o.

If ¢ =1 (mod4) is a prime such that h(4q) = 1, then h(q) = 1 by [SW,
Remark 2.2]. From (3.1) we find C(4¢) = 2(1 — (%)) = 2 — (-1)e~D/4.
Now applying Lemmas 3.2 and 3.3 in the cases d = —12, —16, —27, —28, 4q

we get
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THEOREM 3.1. Let s € C with Re(s) > 1. Then
§:2 R(1,0,3;n) — R(2,2,2;n))

nS
1—2t-s 1 1 1
= s 1 _a—s H _ n—2s H _ mn—s)2’
1+2 1-3 p=5 (mod 6) 1 p p=1 (mod 6) (1 p )

i 5(R(1,0,4;n) — R(2,0,2;n))

nS

=(1-27) ] IffliEE II ————l—;jav

p=3 (mod 4) P i mod ) (1-p
> 4(R(1,1,7;n) — R(3,3,3;n))
n=1 n’
1 1
=(1-3'" - - -
( ) H 1 _p725 H (]_ _p75)2’
p=2 (mod 3) p=1 (mod 3)
i % (1,0,7;n) — R(2,2,4;n))
n=1 n’
1—2t-s 1 1 1
= —9-s 1 _ 7-s H _ pn—2s H _ pn—s)2°
1 2 1 7 p=3,5,6 (mod 7) 1 p p=1,2,4 (mod 7) (1 p )

p#2
(e) If g =1 (mod4) is a prime such that h(4q) = 1 (for example q =
5,13,17,29, 41,53, 61,73,89,97,109, 113, . ..), then

> R(1,0,—q;n) — (2 — (=1)@V/NR(2,2,(1 - q)/2:n
Z(C])(())((Q)/)

nS

n=1
1— 21*5

1
- =t W=

p

THEOREM 3.2. For s € C with Re(s) > 1 we have

— Y1(n) 1 1 1
;T_(Z_l—z—s)'l—rs || ——

p=3,5,6 (mod 7) 1=p

1
>< S —
H (1 _pfs)Q
p=1,2,4 (mod 7)
pF2
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and

i (=" i(n) _ 1 11 1
s - _9—s __7—s _ m—2s
n=1 n (1 2 )(1 7 ) p=3,5,6 (mod 7) 1-p
1
X H —s5)2

p=1,2,4 (mod 7) (1 b )
p#2
Proof. From Theorem 2.1 we know that

P1(n) = %(R(l,O, 7;n) — R(2,2,4;n)).
Using Lemma 3.3 with d = —28 we see that

(_1)71711#1 (n) - (_l)nil(R(lv 07 77 n) - R(27 27 47 n))/Q
= (=1)""tA(n, —28) = 6(n, —28).
Thus applying Lemma 3.1 and Theorem 3.1 we obtain the result.

4. Values of ¢ (n) and ¢i(n) and related identities
THEOREM 4.1. Forn € N we have

= S () o ¥ (%),

m|n m|n, 2fm

m|n

0 if 2|n
and
_1)(n—1)/4 (__1) ifn=1 d4),
ba(n) = (=1) ;L - if n (mod 4)
0

if n#1 (mod4).
Proof. From the proof of Theorem 3.1 we see that

e s =3 ()= ¥ (F)- X (%)

m|n m|n, 2fm m|n, 2¢m

According to Theorem 2.1, [SW, Theorem 9.2] and Lemma 3.1 we have

Wa(n) = %(3(1,0, 12:1) — R(3,0,4:m))

| enes 1)/22( > - IWZ( > if 21,

m|n

m|n
0 if 2| n,
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P4(n) :% (1,0,16;n) — R(4,4,5;n))
—> if 24n,
- m\n
if 2|n
—1
—1)(r—1)/4 — ) ifn=1 (mod4
_ e Z|m if n =1 (mod4),
0 otherwise.

In the last step we note that if n = 3 (mod4), then

2@ T (@) T @)

m<\/n m<y/n
This completes the proof.

THEOREM 4.2. Forn € N let n =3%ng (3{ng). Then
14 (—1)>(%) m
_ (_1\n—1 3 e
m|n, 2fm
Proof. By Theorem 2.1 we have
Y3(n) = 2(R(1,0,15;n) — R(4,—2,4;n))
_ %R(l,O, 15;n) if 2t n,
$(R(1,0,15;n) — R(2,1,2;n/2)) if 2|n.

Now we consider the following three cases.

CASE 1: 24n. By the above, [SW, Theorem 9.3] and Lemma 3.1,

Ws(n) = %R(l,o, 15:n) = — (_?a(%) > (_15>

Y (B)

m|n, 2fm

CASE 2: 2||n. By [SW, Theorem 9.3] and Lemma 3.1, R(1,0,15;n) = 0

and
R(2,1,2;n/2) = (1_ (_1)a<n03/2>> Zﬂ(%)

~(er(3) 2(5)

m|n
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Thus
2s(n) = R(1,0,15;m) — R(2,1,2;n/2)

——(1+ (%)) > (%)

—(eer(®). . (5)

m|n, 2tm

CASE 3: 4|n. From [SW, Theorem 9.3] and Lemma 3.1 we know that

s = (17 (3)) 5 (5)

ml%
and R(2,1,2:n/2) — (1 +(=1)° (%)) 2 (%)
Thus .

o) = HROL0. 1500 R(21,20/2) = - L ESE) 57 ()

Observing that
m 20rd2 n—lm m
> (8)- T (- = (%)
m|G, miy m|n, 2¢m m|n, 2¢m
we then get the desired result.
Summarizing the above we prove the following theorem.

THEOREM 4.3. Let [q| < 1 and 1(q) = >0, ¢""+V/2. Then

W= (X (2))r
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Proof. From Definition 2.2 we obtain

oo

g(@)(q") =D (=1)" g (n)g",

n=1
Then, applying Theorem 4.1, we obtain (i). From Definition 2.2 and Theo-
rem 4.1 we have

a(—a*)(—¢%) = nilwz(n)qn = i(—l)"<m§+l <%>>q2"+1.
Thus
Y(-ap(~*) = i(—n"(mgﬂ (5))

Replacing ¢ by —q we then obtain (ii).
We now consider (iii). It follows from Definition 2.2 and Theorem 4.1

that
o0 o0 _1
i) =L wme = S0 (57))en
n=1 n=0 mldn+1
from which (iii) follows.

Finally we consider (iv). Let 75(n) denote the number of ways in which
n can be represented as a sum of s squares. It is well known that (cf. [IR,

pp. 279, 282], [HW, pp. 242, 314])
8y d if 2¢4n,

ro(n) =4 —1)=D/2 and  ry(n) = dn
#n) d;m( ) =1 54 S d itz
’ dln, 2td
Set ¢*(q) = D07 ¢ng™. From (iii) and the formula for r2(n) we see that

1604(q) = (42(0)* = (X ratam + ™)’

m=0

Thus, using the fact that ro(4m + 3) = 0 we derive that

16¢,, = Z ro(k)ra(m) = Z ro(k)re(4n +2 — k)

k+m=4n+2 1<k<4n+2
k,m=1 (mod 4) k=1 (mod 4)
= Z ro(k)ra(dn +2 — k)
1<k<dn+2
k=1 (mod 2)

= Z ro(k)ra(dn +2 — k) — Z ro(2m)re(4n + 2 — 2m)
0<k<4n+2 0<m<2n+1
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=ry(dn +2) — Z ro(m)ra(2n+1—m)
0<m<2n+1
=ry(dn+2)—ra@n+1) =24 > d-8 ) d
d|4n+2, 2td d|2n+1

=16 Z d.

d|2n+1
So (iv) is true and hence the theorem is proved.

COROLLARY 4.1 (Ramanujan). If |q| < 1, then

3 5 9 11 13
n_ 4 ¢ q q g
W) = T S Tt T T Tt

where the cycle of coefficients is of length 14.

Proof. Since

m
> (3)- ¥ - ¥ o
m|n, 2¢m m|n m|n
m=1,9,11 (mod 14) m=3,5,13 (mod 14)
the result follows from Theorem 4.3(i).

REMARK 4.1. Corollary 4.1 was first found by S. Ramanujan. In
[B, pp. 302-303], Berndt wrote: “The first two formulas (Corollary 4.1 is
the first item in Entry 17.) are of extreme interest, since they appear to
indicate that Ramanujan was acquainted with a theorem equivalent to the
addition theorem for elliptic integrals of the second kind. Although it would
appear to be very difficult to prove (i) without this addition theorem, it
is apparently not found in the notebooks.” In 1999, Williams ([W]) gave
a proof of Theorem 4.3(i) and Corollary 4.1 without the use of elliptic in-
tegrals. Clearly we also prove the above result of Ramanujan without the
addition theorem for elliptic integrals.

From Theorem 4.3(ii) one can easily deduce

COROLLARY 4.2 (Ramanujan ([B], [W, p. 378])). If |¢| < 1, then

q q5 q7 qll

2 6\ __ _ _
Q¢(Q)¢(Q)—1_q2 1_q10+1_q14 1_q22+ )

REMARK 4.2. By equating powers of ¢" in Theorem 4.3 we obtain

‘{(m,y) n—1:@+7-@,m,yem{0}}’:mlgm(%),
‘{(x’y) n:x(x;l)+3_y(y2+1)7x’y€NU{0}H: Z (%)7

m|2n+1
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2 2
ml|dn+1
Cx(z+1)  yly+1)  z(z+1)  t(t+1)
‘{(:p,y,z,t) n= 5 + 5 + 2 + 5
x,y,2,t € NU{O}H = Z d.
d|2n+1
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n:x(m+1)+y<y+1),x,y€NU{0}}'= Z (_1)(m71)/2’

The last two formulae give the number of representations of n € N as the sum
of two and four triangular numbers respectively. Proofs of these formulae
have been given by Adiga [A] and Ono, Robins and Wahl [ORW]. The latter
formula was known to Legendre [L]. From Definition 2.2, Theorem 4.2 and

[W, (53)] we deduce that if n = 3%ng > 2 (31ng), then
{(z,y) [n—1=3x(x+1)/2+5y(y +1)/2, x,y e NU{0}}|
1 af m
Hoor() 5 ()

and
H(z,y) | n—2=x(x+1)/24+ 15y(y +1)/2, x,y € NU{0}}]

() £.(5)

m|n, 2¢m

Using modular equations Ramanujan proved (see [B, p. 139])

0o 1+q2k+1 s (2n+1)q2n+1
2/ N _ k, k(k+1 1002) =
Ve = 3 (DR e W) = Y S e
k=0 n=0
N o n3qn
q°(q) = Z 1—g2n (lal <1).
n=0
THEOREM 4.4. Let n € N. Then
(i)
1
p:2x2+wy+3y2
(_1) ord, n=1 (mod 3) H (1 + OI‘dp n)
p=z2+zy+6y2#23
p1(n) = if 2|ordy n for every prime p with (&) = —1,

and if ord,n = 0,1 (mod3) for every
prime p = 2x? + xy + 3y2,

0 otherwise.
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(ii) If 2| n, then ¢2(n) = 0. If 24n, then

1
p=3z2+2zy+4y>

(_1) ord, n=1 (mod 3) H (1 + OI‘dp TL)
p=x24+11y2#11
¢a(n) = if 2]ord,n for every odd prime p = 2,6,7,8,10

(mod 11), and if ord,n =0,1 (mod3) for
every prime p = 3x2 + 2zy + 42,

\ 0 otherwise.

(iii) If 2|n or 3|n, then ¢¢(n) =0. If 2¢n and 31n, then

p=4x>+2zy+T7y> '
(—1)orden=timeds)  TT (14 ord,n)
p=x2427y?
oe(n) = if 2|ord, n for every prime p =5 (mod6),
and if ord,n = 0,1 (mod3) for every
prime p = 4x% 4 2xy + Ty?,

0 otherwise.

Proof. From Theorem 2.2 we know that

¢1(n) = 5(R(1,1,6;n)—R(2,1,3;n)) = F([2,1,3],n) (d=—23),
(4.1)  ¢o(n) = L(R(1,0,11;n)—R(3,2,4;n)) = F([3,2,4],n) (d = —44),
¢6(n) = L(R(1,0,27;n)— R(4,2,7;n)) = F([4,2,7),n) (d = —108).

Thus applying [SW, Theorem 10.2] we obtain the result.

THEOREM 4.5. Letn € N. Then

(i) (—1)~ H (14 ordyn)
p=1,4,16 (mod 21)
$3(n) = if 31n and 2|ord,n for every
prime p Z 1,4,7,16 (mod 21),
0 otherwise,
where

L= > 1+ > 1.

p=2,8,11 (mod 21) p=4z’+zy+4y>
ord, n=2 (mod 4) ord, n=1 (mod 2)
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(ii) -u*  JI @+ordyn)
p=1,9 (mod 20)
Pa(n) = if 2¢n and 2|ord,n
for every prime p # 1,5,9 (mod 20),
0 otherwise,
where
o= > 1+ > 1.
p=3,7 (mod 20) p=4x?+5y>
ord, n=2 (mod 4) ord, n=1 (mod 2)
(iii) (1)~ H (1+ord,n)
p=1 (mod 8)
Ps(n) = if 24n and 2]ord,n
for every prime p Z 1 (mod8),
0 otherwise,
where
= > 1+ > 1.
p=3 (mod 8) p=4x?+4xy+9y>
ord, n=2 (mod 4) ord, n=1 (mod 2)
(iv) (1)~ H (1+ord,n)
p=1 (mod 12)
P12(n) = if (n,6) =1 and 2|ord,n
for every prime p 1 (mod 12),
0 otherwise,
where
= > 1+ > 1.
p=5 (mod 12) p=4z2+9y>
ord, n=2 (mod 4) ord, n=1 (mod 2)
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Proof. From [SW, Proposition 11.1(i)] we know that H(d) is a cyclic
group of order 4 when d € {—63,—80,—128,—144}. By Theorem 2.2 we

have
¢3(n) = 3(R(1,1,16;n) — R(4,1,4;n)) = F([2,1,8],n)  (d = —63),
¢a(n) = 3(R(1,0,20;n) — R(4,0,5;n)) = F([3,2,7,n)  (d = —80),
¢s(n) = 3(R(1,0,32;n) — R(4,4,9;n)) = F([3,2,11],n) (d = —128),
$12(n) = 5(R(1,0,36;n) — R(4,0,9;n)) = F([5,4,8],n)  (d=—144).

For any prime p it is clear that

p€ R([2,1,8]) & p=2,8,11 (mod 21),

p#7, pe R([1,1,16])) UR([4,1,4]) & p=1,4,16 (mod21),
p € R([3,2,7]) & p=3,7 (mod 20),
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p#2,5,p€ R([1,0,20]) UR(4,0,5]) < p=1,9 (mod20),
p € R([3,2,11]) & p =3 (mod38),

p#2, pe R([1,0,32) UR([4,4,9]) < p=1 (mod8),

p € R([5,4,8]) & p=5 (mod12),

p#2, p€ R([1,0,36]) UR([4,0,9]) & p=1 (mod12).

Thus applying [SW, Theorem 11.1] in the cases d = —63, —80, —128, —144
yields the result.

5. The Euler product for L(M,s) (M € H(d)). Let d be a discrimi-
nant. Suppose

(5.1) H(d)={A¥ ... Ak |0 <k < hy,...,0 <k, <h,}
with hy---h, = h(d). For n € Nand M = A" --- A" € H(d), following
[SW, Definition 7.1] we define

1 k1m1 krmr
(52) F(M7n):— COS27T< + .4 )
w( ) OS;hl h hr

0<ky<h,
x R(AF ... Ak ).

Let N(n,d) = > prep(a) B(M,n). Let s € C be such that Re(s) > 1.
From [SW, Theorem 4.1] and the same argument as in the proof of
[HKW, Corollary 9.1] we know that for any ¢ > 0 there exists a con-
stant C'(e) such that N(n,d) < C(e)n®. Letting ¢ € (0,Re(s) — 1) we
see that Y 2 | N(n,d)n™* converges absolutely. Hence >~ | R(M,n)n"*
and Y >°  F(M,n)n™* converge absolutely since R(M,n) < N(n,d) and
|F'(M,n)|<N(n,d)/w(d). Using the same argument, for p > 1 and Re(s) >1
we see that Y .o, F(M,p")p~*' converges absolutely.

DEFINITION 5.1. Let d be a discriminant and M € H(d). Let s € C be
such that Re(s) > 1. Define

>\ R(M,n) = F(M,n)
Z(M,s) = _— d L(M,s)= —_— .
(M, 5) ; —— an (,s)nZ::1 —
Then Z(M,s) and L(M,s) are analytic functions of s in Re(s) > 1, and
they can be continued analytically to the whole complex plane except for a
simple pole at s = 1.
Let d be a discriminant and M = [a,b,c] € H(d). For Re(s) > 1 it is
clear that

Z(M, 5) = io: (M, n) i R(a,b,c;n)

n=1 n=1
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oo
— Z Z is == Z 5 1 — .
n=1 {z,y} is primary " {x,y} is primary (ax? + bxy + cy )
n=axz?4bzy+cy?
Thus,
1
5.3 Z(M,s) = ford <0
(5.3) (M, 5) Z Ty T
(%,y)7#(0,0)
and
1

A= for d > 0.
( ) < 78) zzyezz (aLI?Z—l—bxy—i—cy?)s or

2az+(b—d)y>0

2az+(b+Vd)y 2
< 2az+(b—vd)y ‘ <E(d)

For a negative discriminant d and M € H(d), by (5.3) and a classical
result due to M. Lerch (see [D], [ZW], [SC]) we have the following functional
equation for Z(M, s):

(5.5) <§)SF(S)Z(M, 5) = (§>lsr(1 —§)Z(M,1—s),

where I'(s) is the Gamma function.
For a positive discriminant d and M € H(d), we do not know if Z(M, s)
has a functional equation like (5.5).

THEOREM 5.1. Let d be a discriminant. Let M € H(d) and s € C.
(i) If Re(s) > 1, then
L(M,s) = H (1 + ZF(M,pt)p_St)
P t=1

(ii) If d < 0 and s # 0,1, then

<§>SF(S)L(M, s) = <§> 17SF(1 —s)L(M, 1~ s).

Proof. From [SW, Theorem 7.2] we know that F(M,n) is a multi-
plicative function of n € N. By the previous argument, L(M,s) and
Yooy F(M,p')p~*" converge absolutely if Re(s) > 1. Thus, for m € N and
Re(s) > 1 we have

H (1 + iF(M,pt)p3t> _ Z (M H PO n) ( H pordpn>

p<m t=1 p<m p<m

Z R (M, s),

n=1

—S
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where the first sum is taken over all those positive integers n whose prime

divisors are less than m, and clearly
o0

R (M) < ) |F(M,n)n~"|.
n=m-+1
Since Y07 | F(M,n)n™*% converges absolutely, we see that if m — oo, then
>t [F(M,n)n=*] — 0 and so Ry, (M, s) — 0. Therefore

II(1+ i F(M, pt)p‘“)

P
converges and

L(M,s) = Z w = H(l + ZF(M,pt)p_St) for Re(s) > 1.

This proves (i).
Now we consider (ii). Suppose H(d) is given by (5.1), d < 0 and M =
AT - AT From (5.2) we see that

1 k ko, \ o= R(AF ... Akr
L(M,s) = —— Z Cos27r( 1hm1+..._|_ hm>ZR( 1 P

w(d) 0<ki<hiy 1 n=1 n’
0<kr<h,
1 k1m1 krmr k k
_ 9 (AR AR o)
e Z cos 7r< 3 + 4 ™ > (A7 2L S)
0<ki<hy
0<k,<h,

Thus applying (5.5) we obtain

w(d) <‘/__d>sr(s)L(M, )

2T

= > COS%(klml + km) : <—_d> I(s)Z(Ak ... Ak )

0<k1<hi hl hr 2
0<kr<h,
1—s
= Z cos27r<klhm1 +--+ k;LmT> : <\/2__d)
0<k1<hs ! " T
0<k,<h,

x (1 —s)Z(AM ... Ak 1 )

— w(d) (g) P - LML 8.

So (ii) is true and the proof is complete.
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Let d be a discriminant with conductor f, and let H(d) be given by (5.1).
For K € H(d) we use R(K) to denote the set of integers represented by forms
in K. Let p be a prime not dividing the conductor f. When p | d, from [MW,
Lemma 5.3] (or [SW, Theorem 8.1(ii)]) we know that p is represented by
exactly one class A € H(d) and A = Ailhlm AT with ey, e, €
{0,1}.

Let M = A7 --- A" € H(d) and t € NU {0}. By [SW, Theorem 8.1]

we have

(5.6) F(M,p')

(14 (<1)2 if (‘f) Y

b
—{ (=)t it p|dand pe RATM/Z ... A7/,

U, <cos zw; “J‘h%) if pfd and p € R(A% - A%r),

j

where {U,,(z)} is the Chebyshev polynomial of the second kind given by
(5.7) Up(x)=1, Ui(x)=2x, Upyi(z)=22U,(2)-U,_1(x) (n>1).
It is well known that (cf. [MOS, p. 259])

1
5.8 Un( —_— 1 1).
(53) Z o (el <Lld <)

Thus, if p is a prime such that (g) = 1 and so p is represented by some class
At - A% € H(d), then for s € C with Re(s) > 1 we have

(5.9) 1+ F(AP--- AP php

t=1
E Ut<COS27T< ml—l—--'+%>>'p8t
por h1 h,

1
1 amy 4 ... 4 geme 25"
1 — 2cos 27 ( st ) P +Dp

Now we are in a position to give

THEOREM 5.2. Let d be a discriminant with conductor f. Let H(d) be
given by (5.1). Let M = A" --- A" € H(d) and s € C with Re(s) > 1
Then
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. F(M,n
3 (M,n)

n=1 n’
(n.f)=1
1 1

= H 1 _p—28 H 1— (_1)€1m1+~~-+€rmrp—s

(£)=— pER(ASIM/2 . gzrhr/2)

pld, ptf
1
X H aim;i ArMy —S —2s”
pER(AJ! - A%T) 1 —2cos2m( i i ) e+

pid

where 1, ....e, € {0,1} are chosen such that p € R(AT™/%... AZ"/2)
when p|d and ijf, and ay,...,a, € Z are chosen so that p € R(A}*---
-+ A% when ( ) =1

Proof. Since F(M,n) is a multiplicative function of n (see [SW, Theorem
7.2]), by the argument similar to the proof of Theorem 5.1(i) we see that

(5.10) H (1 + iF(M,pt)pSt) = f: w
ptf t=1 (n”f:)il

Let p be a prime not dividing f. If (%) = —1, it follows from (5.6) that

l—i-ZFMp —st Z st 1_7;23

t=1 t=0

_l’_

If p|d, then p is represented by exactly one class A in H(d), and A =
Ailhl/Q AT with €1,...,&r € {0,1}. By (5.6) we obtain

oo o
1
L4+ F(M,phyp=st =) (—1)f == simap=st = ——
; ; 1= (—1)i=iamip=s

If g) = 1 so that p is represented by some class A" --- A% € H(d), by
(5.9) we have

1
1—2(30S27T(a1m1 +- 4 armT) pS+p 2

l—l-ZFMp) —8t —
t=1

Now putting all the above together we deduce the desired result.
From Theorem 5.2 we have

COROLLARY 5.1. Let d be a discriminant with conductor f and 21 h(d).
Let H(d) be given by (5.1). For M = A" --- A" € H(d) and s € C with
Re(s) > 1 we have



Ramanugan identities and FEuler products 377

i F(M,n)
n=1 n
(n.f)=1
1 1
= H 1_p—2s H 1_p_5
(%):71 p‘d7p+f
1
<1
— aima . Qyr My e —92s"’
PER(AYT ... AoT) 1 — 2cos 27 ( o Tt )P +p
pid

where ay,...,a, € Z are determined by p € R(AJ* - - A%") when (%) =1.

Proof. If p is a prime such that p | d and p1 f, then we must have p € R(I)
since 21 h(d). Now the result follows from Theorem 5.2.

Let d be a discriminant with conductor f. Suppose m € N and m| f.
In [SW, Lemma 2.1] we showed that any class in H(d) can be written as
[a,bm, em?], where a,b,c € Z, (a,m) = 1 and ged(a,b,c) = 1. Following
[SW] and [KW1] we define ¢1,, ([a, b, ecm?]) = [a, b, ¢]. From [SW, Theorem
2.1] or [KW1, p. 355] we know that ¢, is a surjective homomorphism from
H(d) to H(d/m?). Thus, if H(d) is cyclic with generator A, then (1 ,,,(A)
is a generator of H(d/m?).

THEOREM 5.3. Let d be a discriminant with conductor f and dy = d/ f?.
Suppose that H(d) is cyclic with generator A and order h. Let k € Z and
s € C with Re(s) > 1. For a prime p let o, = ord,, f, h, = h(d/p**»),
and let By, denote the maximum j € {0,1,...,a,} such that h/h(d/p¥) | k.
Then

L(AF,s)
1— p(l_zs)(1+5k,p)

1
:Hl_(1+(d0 2s H 1_p172$

90)) cos Zpte p=s 4 (da)p-2e o

_ pap(1—2s) ap(1=2s)=1() _ (do
T <1 v . p (p— (%)) - >
p—S

ar T T (B e e (2

p R

where a, € Z is uniquely determined by 0 < a, < h,/2, p € R(Ap") and
Ap = @100 (A).
Proof. Let p be a prime such that p| f (that is «,, € N). Since
h(d/p** ) | (d/p*)  for j < By,
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we see that
h/h(d/p*) |k for j =0,1,.... 0k
Thus, applying [SW, Theorem 8.4] we obtain

2ap—1
L+ Y F(A" php
t=1

ap—1 min{fB, p,op—1}
S Py
j=1 7=0
min{ﬁliapl} ez 1— pmin{Bep 1,0} (1-25)
= p = _ 12
=0 L=p™

Now suppose ¢ € N and ¢ > 2a,. From [SW, Theorem 8.3(ii)] (with n = p°,
m = p* and s = k) we know that

i 1/ dy e
F(A* pty =4 P p<1_5<?>>F(A§p P r) i By = ap,
0 if Bk,p < Qp,

Ay = @100 (A) € H(d/p***) and k, = kh,/h € Z.

Thus, if Bk, = ap, then

= - 1/d = —2a —s
> Ak phpTt = po <1—5<;0>> > F(Afr piTRer)pt

t:2ap tZQOép
1/d =
_ 0 Np~7
()
pP\D =0

Since 1 por is a surjective homomorphism from H(d) to H(d/p**»), we see
that A, is a generator of H(d/p?**»). Note that

d/p** =do(f/p**)?,  ptf/p™* and  k/h=ky/h,.

By the proof of Theorem 5.2 the sum

L+ F(Apr,p’)p
j=1
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is equal to
( 1 d
= if <—°> =1,
1—p . D
1 php/2
1— (—1)erks p—s if p|do and p € R(A, / ),
1 d Qa,
2rayk if <—0> =1and p e R(A)"),
1 —2cos =522 p=* 4 p= 28 p
_ 1
T (17 (%)) cos 200y (B2

where €, € {0,1} is given by p € R(A;”h”/z) when p|dy, and a, € Z is

determined by 0 < a, < h,/2 and p € R(A4,") when (%) =0, 1. Thus

p

o) 2ap—1 0o
L+ F(A* php™t =1+ Y F(A*p')p~' + > F(A* p')p

t=1 t=1 t=2a,,

1— p(1_25)(1+6k,p) .

1—pl-2s if Brp < ap,

e le? —2s8)— d,

1 _pap(1—2s) P p(1—2s) l(p — (70))

+ if = Q.
1— p1—2s 1_ (1 + (,%0)) cos QTrE% s+ (%))p_h 1 ﬁk,p Op

By (5.10) and Theorem 5.2 we have

> . 1 1
H(1+ZF(Ak’pt)p t) = H 1 _p—25 H 1— (_1)k5p—s
ptf t=1 ($)=— pER(A®"/?)

pld, ptf

1
X H 2nka . —s

_ sTRa —2s
peR(Aa)l 2cos = pTS +p

(d)=1

1
= H 1— 2rwkay,

d —s d —2s’
BET (L (B)eosT e (B
where € € {0,1} is given by p € R(A%"/?) when p|d, and a € Z is determined
by 0 < a < h/2and p € R(A") when (%) =0,1.

Note that A, = A when p{ f. Putting all the above together with The-
orem 5.1(i) gives the result.

COROLLARY 5.2. Let d be a discriminant with conductor f and dy =
d/f?. Suppose that H(d) is cyclic with generator A and h = h(d) = 1
(mod 2). Let k € Z. For a prime p let oy, = ord,, f, h, = h(d/p***), and let
Br.p denote the mazimum number j € {0,1,...,ap} such that h/h(d/p*) | k.
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For s € C with Re(s) > 1 we have
L(A*, s)

- 10

1 1 1
1_ =25 H 1 H 2nka ,—s _'_p725

1— s _
@1 P ity T P peiiany 128 TP
(4)=1
1— p(l 25)(14Bk,p) 1 _pap(172s) pap(172s)71(p 4 1)
X H pl 2s H ( 1— pl*QS + 1— p725 )
plf plf, hlkh,
htkhp (‘%0):_1
1 _pap(172s) pap(172s)
X H ( 1— p1—25 + 1— p—s
p|f7h|khp
pldo
H (1 _ pap(lfQS) pap(lfQS)fl(p _ 1) >
X + ,
plfs hlkhy L=pi= 1 — 2cos 582 p=s 4 =2

(49)=1, pe R(ALP)

where a € Z is determined by 0 < a < (h—1)/2 and p € R(A“) when
(%) =1, Ap = p1por (A), and a, € Z is determined by 0 < a, < (h, —1)/2

and p € R(Ap") when p| f and (?) =1.

Proof. If p is a prime such that p|d and pt f, from [MW, Lemma 5.3]
or [SW, Lemma 5.2] we know that p is represented by unique class M in
H(d) and M = M~!. Thus we must have p € R(I) since H(d) is cyclic and
21h(d). Now the result follows from Theorem 5.3.

THEOREM 5.4. Let d be a discriminant such that h(d) = 5. Let f be the
conductor of d, and let A be a generator of H(d). Let

F(An) = ﬁd) (R(I, n) + @ R(A,n) — ﬁ; 1 R(A?,n)>,
F(A2,n) = (1 ; (R(I n) — \/5; L rea,n) + \/52_ ! R(A?,n)>.

For s € C with Re(s) > 1 we have

— F(An) 1 1 1
ZT— II 1_p725H1_p75 11 1—p—)2

n=1 (%):_1 pld peR(I)
(n,f)=1 ptf ptd
< 11 1 11 1
—1,—s —2s —s —2s’
eyl — Lt p2s ph 14+ Ve s 42
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— F(A%n) 1 1 1
ZT— 11 l_p_stI_p_s 11 1—p)2

n=1 (%):_1 pld peER(I)
(nuf)zl P)(f p'fd

1 1
X H o1 H NG

1- ) p~+ piQS pER(A) 1+ 2+1P73 + p723

Proof. The result follows from Corollary 5.1, [SW, Theorem 7.4] and the
facts

27 .o NG 4 T V5+1
CcosS — = sin — = COS — = —COS — = — .

5 10 4 7 5 5 4
From Theorem 5.2 and [SW, Theorem 7.4] we can easily deduce

THEOREM 5.5. Let d be a discriminant such that h(d) = 6. Let f be the
conductor of d, and let A be a generator of H(d). Let

F(A,n) = —— (R(I,n) + R(A,n) — R(A2,n) — R(A® n)),

w(d)
1
F(A2,7’L) = m <R(Iv n) - R(A,TL) - R(A2,7’L) + R(Agvn))v
1
F(A3,n)= ol (R(I,n) —2R(A,n) +2R(A% n) — R(A3,n)).
For j =1,2,3 and s € C with Re(s) > 1 we have
i F(A7 n)
n=1 n’
(n,f)=1
1 1 1
= 11 1—p2 11 1—p—s 11 1— (—1)ips
(4)=— P PER(I) PER(A®) (=1Vp
pld, ptf pld, ptf
1 1
x H —s)2 H — cap—S —2s
ey AP poy Lo apm +p
ptd
1 1
< 11 A I ,
_ (—=1\de.p—S —2s — (—1\ip—s)2’
ptd
where
_ 1 if j=1,
c;j :2(308'7?7T =< -1 if j=2,

—2 if j=3.
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6. The Euler product for L(A,s) when H(d) = {I, A}. Let d be a
discriminant with h(d) = 2. Suppose I is the principal class and A is the
generator of H(d). We recall that

A R(I,n) — R(A,n) ifd >0,
(4,n) = L(R(I,n) — R(A,n)) ifd<0
and . p(Aon)
n
L(A,s) = — R 1).
(A9 =3 L (Rl 1)

Putting h = 2 and £ = 1 in Theorem 5.3 we deduce

THEOREM 6.1. Let d be a discriminant with conductor f. Suppose h(d)
= 2 and H(d) = {I, A}. For a prime p let oy, be the nonnegative integer
such that p®» || f, h, = h(d/p***), and let B, denote the mazimum j €
{0,1,...,a,} such that h(d/p¥) = 2. Then for s € C with Re(s) > 1 we
have

1 1 1
L(A’ S) - H -8 H —s H —2s
1-— 1+p 1—p
pld, ptf pld, ptf ()=—1
peR(I) PER(A)

1- p<1 25)(146,)

XH p)H( 2H Pl 25

pGR(I) pER(A)
ptd pfd
ap(l 2s) pap(l 25) 1(p_(d_0))
X H < 1 2s +1_(_1)ap(1+(d_o)) Sj—(—o) —28)
hp|£2 P P

where a, = 0 or 1 according as p is represented by the principal class in
H(d/p**®) or not.

THEOREM 6.2. Let d < 0 be a discriminant with h(d) = 2, which is
given in [SW, Table 9.1]. Let f be the conductor of d and H(d) = {I, A}
with A% = I. Let s € C with Re(s) > 1.

(i) If d # —60, then

1 1 1
L(A,s) = H m H 1_p—s H 1 s

(=1 sldpts ~ P plapty P
peR() PER(A)
1 1
peR(D) (1-p—9) pCH(A) (14p9)
pid pid

where I, A and the conditions for p € R(I) and p € R(A) are given
in [SW, Table 9.1].
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(i) If d = —60, then I = [1,0,15], A = [3,0,5] and

L(A, s)
1+ 21=s 4 9128 1 1 H 1
- —5)2 ’ —s —s —p—2s
(1+27) 1+3 1+5 p=7,11,13,14 (mod 15) 1-p
1 1
SRR | NN » R S
_ mn—s)2 —s)2
p=1,4 (mod 15) (1 p ) p=2,8 (mod 15) (1 tP )
pF#2

Proof. 1f d # —60 and p is a prime such that p| f, by [SW, Tables 9.1,
9.2 and (9.3)] we see that h(d/p*) = 1. Hence h, = h(d/p**») = 1 for
ap = ordy, f by [SW, Theorem 8.3(ii)]. Now applying Theorem 6.1 and [SW,
Table 9.1] we obtain (i).

Now suppose d = —60. Then f = 2 and dy = d/f? = —15. Let p be
an odd prime. By [SW, Table 9.1] we have H(—60) = {[1,0, 15],[3,0,5]},
H(-15) = {[1,1,4], 2,1,2]}, p € R([1,0,15]) < p= 1,4 (mod15) & p e
R([1,1,4]), and p € R([3,0,5]) & p € R([2,1,2]) & p=3,50rp =2,8
(mod 15). If p is a prime such that p|f, we must have p = 2, o, = 1,
hp, = 2 and (%) = (_715) = 1. Thus applying Theorem 6.1 and the above
we obtain (ii). The proof is now complete.

THEOREM 6.3. Let s € C with Re(s) > 1. Then

— Po(n) 1 1 1
D T | VS e | B e

1— p—2s

p=5 (mod 6) p=1 (mod 12)
1
X H —s5)2
p=7 (mod 12) (1 TP )
and
n=1 ne

1 1 1
g S e | S e O e

p=3 (mod 4) p=1 (mod 8) p=5 (mod 8)

Proof. From [SW, Table 9.1] we see that H(—48) = {[1,0,12],[3,0,4]}
and H(—64) = {[1,0,16],[4,4,5]}. Thus ¢2(n) = F([3,0,4],n) and 14(n) =
F([4,4,5],n) by Theorem 2.1. Now applying Theorem 6.2(i) and [SW, Table
9.1] we obtain the result.
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THEOREM 6.4. For n € N we have

_1\(n=1)/2 m ; n
FalLdsn) + Fa(3,4imy = § Y Z<7) f 24n,

m|n

0 if 2|n.
For s € C with Re(s) > 1 we have

n=1 n®
1 1 1
= —s H _ m—2s H _ pn—s)2
1+7 p=3,5,6 (mod 7) 1 p p=1,9,25 (mod 28) (1 p )

1
S S e

p=11,15,23 (mod 28)
Proof. From Theorem 2.3 and [SW, Table 9.1] we see that
fa(1,4;n) + f1(3,4;n) = $(R(1,0,28;n) — R(4,0,7;n)) = F([4,0,7],n).
But according to [SW, Theorem 9.2] and Lemma 3.1,

0 if 2| n.
Thus the result follows from Theorem 6.2 and [SW, Table 9.1].

REMARK 6.1. Comparing Theorems 4.1 and 6.4 we conclude that
fa(1,4;n) + f4(3,4;n) = (=1)»= /24 (n) for odd n.

7. The Euler product for L(A,s) when H(d) = {I, A, A%}. Let d

be a discriminant with h(d) = 3. Suppose I is the principal class and A is a

generator of H(d). We recall that
1

F(A,n)= m (R(I,n) — R(A,n)) = {

R(I,n) — R(A,n) itd>0,
1(R(I,n) — R(A,n)) ifd<0

and

L(As)=Y d %’ " (Re(s) > 1),

THEOREM 7.1. Let d < 0 be a discriminant with h(d) = 3. (The values
of such d are given for example in [WH, Proposition] or [SW, Lemma 10.1].)
Let f be the conductor of d and H(d) = {I, A, A*} with A3 =1. Let s € C
with Re(s) > 1.
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(i) If d # —92, —124, then

v === Il 7=

1 S
A
ptf
1 1
x H —5)\2 H —s —2s5°
periny TP iy LEPT AR
pid
(ii) If d = =92, then I = [1,0,23], A = [3,2,8] and
1427542172 1 1
L(A, s) = . _
( 78) 1_'_273_'_2723 1_238(p)H 11_p72$
2=

1 1
< AL e

—s —2s°
p=x2+23y>#23 p=322+2xy+8y2 L+p=+p
(iii) If d = —124, then I = [1,0,31], A = [5,4,7] and

1+92°5+ 21723 1 1
L(A,s) = . -
( 75) 14254225 1_315(p1)_1 11_p725
31/

1 1
< AL e

1 —s —2s "
p=z2+31y?#31 p=5x2+4zy+Ty> TP D

Proof. We first suppose d # —92, —124. Let p be a prime dividing the
conductor f and p®» || f. From [SW, (9.3)] and [SW, Lemma 10.1] we know
that h(d/p?) = 1 and therefore h(d/p*) = 1 for j = 1,...,q, by [SW,
Remark 2.2]. Thus putting h = 3 and & = 1 in Corollary 5.2 yields the
result in this case.

If d = —92,—124 and p is a prime such that p| f, then p = f = 2,
(“4Y) = 1 and h(d/p?) = 3. We note that H(—92) = {[1,0,23], [3,2,8],
3,-2,8]}, H(—124) = {[1,0,31], [5,4,7], [5,—4,7]}, H(—23) = {[1,1,6],
2,1,3], [2,—1,3]}, H(—31) = {[1,1,8], [2,1,4], [2,—1,4]}. Thus putting
h=3,k=1andd= —92,—124 in Corollary 5.2 we obtain (ii) and (iii).
The proof is now complete.

THEOREM 7.2. Let s € C with Re(s) > 1. Then
1

— ¢1(n) _ 1 1
ngl ns  1—23-s H 1_4—25 H

1 —s —2s
(H)=-1 p=2x24xy+3y? TP D

1
S U (=

p=x2+zy+6y2#23
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> I
ns 1-11+ 1—p %
n=1 p=2,6,7,8,10 (mod 11)
pF#2
1
x H 1 +p—s _|_p—2s

p=3x242zy+4y?
1
< 1 a5
(I—p=*)?
p=x24+11y2#11

and

— Ps(n) 1 1
2o - I == I a0

p=>5 (mod 6) p=x2+427y?
1
X P ————
H 1 + p—s + p—25

p=4x2+4+2xy+T7y?

Proof. The result follows from the fact that h(—23) = h(—44) = h(—108)
=3, (4.1) and Theorem 7.1.

REMARK 7.1. Note that an odd prime p is represented by 2 +xy+6y? if
and only if p is represented by 22 + 23y2. The formula for ¢;(n) in Theorem
7.2 was essentially conjectured by Ramanujan ([R1]). In [Ra], Rangachari
outlined a proof of this result using class field theory and modular forms.
The formula for ¢(n) in Theorem 7.2 corrects the incorrect formula of
Ramanujan and Rangachari (see [Ral).

THEOREM 7.3. For s € C with Re(s) > 1 we have

i f2(1,5;m) + f2(3,5;n)

nS
n=1
1 1 1
T 1-19-¢ 11 1—p2s 11 1-p>)2
(&)=—1 p=x2+19y2#19
pF#2
1
X —_—.
H 1 + p—s _|_p—2s

p=4z2+42zy+5y?
Proof. From Theorem 2.4 we see that
fo(1,5;n) + f2(3,5;n) = 5(R(1,0,19;n) — R(4,2,5;n))
= F([4,2,5],n).
Since h(—76) = 3, applying Theorem 7.1(i) we deduce the result.
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8. Euler products for L(A4,s) and L(A42%, s) when H(d) = {I, A, A2,
A3}, Let d be a discriminant such that H(d) = {I, A, A%, A3} with A* =I.
From [SW, Theorem 7.4] we know that for n € N,

F(A,n) = (R(I,n) — R(A%,n))/w(d)
and
F(A?,n) = (R(I,n) — 2R(A, n) + R(A?,n)) /w(d).
Thus for s € C with Re(s) > 1 we have

L(A, 5) i( Z_: (s n))/w(d)

and

ns

=\ F(A%,n R(I,n) —2R(A,n) + R(A? w
=Y <ns) Z(( ) (4,n) ,n))/w(d)
= n=1

Let d be a discriminant with conductor f. If p is a prime such that p|d
and p{ f, then p is represented by a unique class M in H(d) and M = M.
Thus, if H(d) = {I, A, A%, A3} with A* = I, then either p € R(I) or p €
R(A?).

THEOREM 8.1. Let d < 0 be a discriminant such that H(d) = {I, A, A2,

A3} with A* = I, which is given in [SW, Proposition 11.1(i)]. Let f be the
conductor of d and s € C with Re(s) > 1.

(i) If d # —220, —252, then

1 1 1
L(A’ S) - H ﬂ H 1—p=s H 1+ps

(4)=- pld, ptf pld, ptf
pER(I) pER(A?)
1 1 1
< Il 7= I 777 I 7=
1— —s)2 1 —s)2 1 —2s
oid (1-p~9) oid (1+p )peR(A) +p
peR(I) pER(A?)

(ii) If d = —220 and so F(A,n) = £(R(1,0,55;n) — R(5,0,11;n)), then

14212 1 H 1

1+2°2  (1455)(1+11-%) 1—p2
(F)=—(%)

L(A,s) =
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(iii) If d = —252 and so F(A,n) = 1(R(1,0,63;n) — R(7,0,9;n)), then

142172 1 1
L(A’S) = 1 + 2—25 ’ 1 + 7—s H 1 _p—25
p=3,5,6 (mod 7)
p#3
1
X H —2s
p=2,8,11 (mod 21) 1+ p
pF#2
1 1
X H (1 _pfs)Q H (]_ _i_pfs)Q'
p=x2+63y> p=Tx>+9y>
p#7

Proof. Let p be a prime such that p| f and p® || f. If d # —220, —252,
by [SW, Proposition 11.1(i) and Remark 2.2] we have h(d/p?) = 1,2 and
so h(d/p*») = 1,2. Thus putting h = 4, k = 1 and B, = 0 (if p| f) in
Theorem 5.3 we obtain (i).

If d = —220, then f = 2, dy = d/f? = =55, (@) = 1 and h(d/2?) =
h(dy) = h(—55) = 4. Note that

H(—220) = {[1,0,55],[7,2,8],[5,0,11],[7, -2, 8]},
H(-55) ={[1,1,14],[2,1,7],[4, 3,4], 2, -1, 7]},

and for any prime p, p € R(A) < p € R([7,2,8]) & (&) = (&) = -1
Now putting d = =220, h=4, k=1, as = 1 and a5 = a1; = 2 in Theorem
5.3 and then applying the above we see that (ii) holds.

If d = —252, then f = 6, do = d/f2 = —7, T = [1,0,63], A = [8,6,9],
A? = [7,0,9], and for any prime p, p € R(A) & p > 2 and p = 2,8,11
(mod 21). Let p be a prime dividing f, then p = 2 or 3. Note that H(—63) =
{[1,1,16], [2,1,8], [4,1,4], [2,-1,8]}, (L) = (F) = 1 and h(d/3?) =
h(—28) = 2. Putting d = —252, h =4, k =1, a3 = 1, a7 = 2 and f15 = 0
in Theorem 5.3 and then applying the above we obtain the result.

By the above, the theorem is proved.

THEOREM 8.2. Let s € C with Re(s) > 1. Then

00
. o3(n) 1 1 1
X" =7= I == I 7=
n=1 n® 1+7 SpE375,6 (mod 7) 1 P spE2,8,11(m0d21)1 T
p#3

1 1
< A e L o

p=xz2+zy+16y? p=4x?+ay+4y2#£7
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= a(n 1 1
(i) z_:lﬁbn(s): 1455 H 1—p-2s

1 — p—2s
p=11,13,17,19 (mod 20)

1 1
X H 1 +p725 H (1 _ pfs)Q

p=3,7 (mod 20) p=x2+420y?

1
< AL aee

p=4x245y2#£5

e ¢s(n) 1 L
(111) Z ns = H 1— p—QS H 1 _|_p—25
n=1 p=>5,7 (mod 8) p=3 (mod 8)

1 1
< I a=me

1 —s)2’
p=x2+32y2 p=4w2+4a:y+9y2( TP )

(iv) Z:l ¢1fl£n) _ H # H #

_ m—2s —2s
p=3 (;Iélg())d 4) 1 p p=>5 (mod 12) 1+ p
p
1 1
X H (1 _p—s)Q H (1 +p—s)2'
p=z2+436y2 p=4x2+9y?

Proof. By Theorem 8.1(i) and the proof of Theorem 4.5 we obtain the

result.

REMARK 8.1. In his lost notebook (see [R2]), Ramanujan conjectured

the Euler product for Y02 | ¢3(n)n~%. But his formula is erroneous. So
Rangachari’s proof of this result is also somewhat wrong. In [R1] Ramanujan

conjectured Theorem 8.2(iv). We have established these results in a unified
and natural way.

THEOREM 8.3. Let s € C with Re(s) > 1. Then

0 Z fi(1,5;n) 4+ f1(3,5;n)

ns
n=1

1 1 1 1
T 143 14137 H 1—p2s H 1+p=2

(&)=—(% (#)=(§)=—1

1 1
SR | S = R | SO e

p=z2+zy+10y? p=3x2+3ry+4y2+#3,13
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(i) i fs(1,5;n) Jrsfs(?u 5;n)
n=1

n

1 1 1

p=3 (mod 4) p=>5 (mod 8)

1
SN | S el

p=4x?+4xy+17y?

nS

(i) i f20(1,5;m) + f20(3,5;n)
n=1

1 1 1
e | S e | S e

p=3 (mod 4) p=13,17 (mod 20) p=x24100y?2
1
*AL aee
Proof. From [SW, Proposition 11.1(i)] we know that H(d) is a cyclic
group of order 4 for d € {—39, —256, —400}. Actually,
H(-39) ={][1,1,10],[2,1,5],[3,3,4],[2, -1, 5]},
H(-256) = {[1,0,64],[5,2,13], [4,4,17], [5, —2,13]},
H(—400) = {[1,0,100], [8,4,13],[4,0, 25], [8, —4, 13]}.
Thus, by Theorem 2.4 we have
Fi(1,55m) + f1(3,5:m) = (R(1, 1,10;n) — R(4,3,3;n))/2 = F([2,1,5], n),
fa(1,5;n) + fs(3,5;n) = (R(1,0,64;n) — R(4,—4,17;n))/2
= F([5,2,13],n)
and
f20(1,5;m) + f20(3,5;n) = (R(1,0,100;n) — R(4,—16,41;n))/2
= F([8,4,13],n).

For a prime p it is clear that

peR(21,5) & <1ﬁ3> - (g) =1,
peR(5,2,13]) & p=5 (mod8),

p € R([8,4,13]) & p=13,17 (mod 20).

Now combining all the above with Theorem 8.1(i) in the cases d =
—39, —256, —400 yields the result.
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REMARK 8.2. By [SW, Theorems 10.2 and 11.1] and the proofs of Theo-
rems 7.3 and 8.3, we may obtain explicit formulas for fi(1,5;n)+ fx(3,5;n)
in the cases k =1, 2, 8, 20.

THEOREM 8.4. Let d <0 be a discriminant such that H(d)={I, A, A%, A3}
with A* = 1. (The values of such d are given in [SW, Proposition 11.1(i)].)
Let f be the conductor of d and s € C with Re(s) > 1. Then

LA =cds) [[ —— [[ —u

1—p—s 1 —p-2s
pldpts - Lyt P
1 1
X S — - -
H (]_ _p75)2 H (1 _'_pfs)Z’
pER(I)UR(A?) pER(A)
pid
where
(121728 if d = —128,—256,
1 21*5 21725
+ 4—_5 3 if d=—220,—-252,
c(d,s) = (1+277)
1 9—s 21—25
* T ;ls if d= —80,—144,—-208, —400,—592,

otherwise.

Proof. By Theorem 5.3, the result is true when f = 1. Now suppose
f > 1land dy=d/f? Let p be a prime such that p| f. Suppose p®» || f, h, =
h(d/p**») and B2, is the maximum j € {0,1,...,a,} such that 2| h(d/p*).
From [SW, Proposition 11.1(i)] we know that all possible (d, f) with f > 1
are given below:

(d, f) = (—63,3), (—80,2), (—128,22), (—144,2 - 3), (—171,3),
(—196,7), (—208,2), (—220,2), (—252,2 - 3), (—256,23),
(—275,5), (—363,11), (—387,3), (—400,2 - 5), (—475, 5),
(—507,13), (=592, 2), (—603,3), (—1467,3).
From [SW, Proposition 11.1, Lemma 9.2 and (9.3)] we also have
1 if d ¢ {80, —144, —208, —220, —252, —400, —592}
h:h<i): or p > 2,
P p2e 2 if d € {—80, —144, —208, —400, —592} and p = 2,
4 ifd e {—220,-252} and p = 2.
If p > 2, then h, = h(d/p*) = 1. Thus 4{2h,, B2, = 0 and hence
(1 — pi=29)(+B20)) /(1 — p'=25) = 1. Thus applying Theorem 5.3 we see

that the result is true in the cases d = —63, —171, —196, —275, —363, —387,
—475, —507, —603, —1467.
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If d = —128,—-256, then p = 2, p|do, hp, = 1, 412h;, and fa,, = 1, thus
putting d = —128, —256 and k = 2 in Theorem 5.3 we obtain the result.

Ifd = —220, thenp = f = 2, h, = h(—55) = 4,4 2h,, (%) = (=) =1,
thus putting d = —220, kK = 2 and a2 = 1 in Theorem 5.3 yields the result.

If d = —252, then f = 6, dy = —63 and so p = 2,3. Observe that
hy = h(—63) = 4, 4|2hy and (L) = (=£2) = 1. Putting d = —252 and
k =2 in Theorem 5.3 gives the result.

If d = —80, —144, —208, —400, =592, then 2| f. Let p = 2. Then a,, = 1,
h, = 2, 4|2h,, p|dy and p is represented by the generator of H(d/p?) by
[SW, Table 9.1]. Thus applying Theorem 5.3 and the above we obtain the
result.

Combining the above we prove the theorem.

We remark that the conditions for p € R(I) U R(A42%) or p € R(A) in

Theorem 8.4 can be described by certain congruence conditions.
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