An arithmetic formula of Liouville type and
an extension of an identity of Ramanujan

Erin McAfee and Kenneth S. Williams

1 Introduction

Let # € R and let ¢ € C be such that |¢| < 1. Ramanujan [4] has proved
the following identity
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In this paper we prove the following analogous identity.

Theorem 1.1.

00 00 oo n—1
(Z sinn91 ) ZA q,n smn@ —I—ZZB q,

n=1 n=1 k=1
where

Alg.n) 3 i tq' N 3 ng™ 3 " (n? —3n + 2)
n e — — —_—— —_—
T T T Tl T 2T g 8

2000 Mathematics Subject Classification: 11A25, 11F27.
Key words and phrases: Arithmetic formula of Liouville type, Ramanujan’s identity.
The second author was supported by grant A-7233 from the Natural Sciences and En-

gineering Research Council of Canada.

and




2 E. McAfee and K. S. Williams

We deduce this identity from the following new arithmetic identity, which
is similar to one stated by Liouville [1, p. 331].

Theorem 1.2. Let n be a positive integer, and let F' : Z — C be an odd
function. Then

Z (Fla+b+c)+ Fla—b—c¢)—F(a+b—c¢)—F(a—b+¢))

az+by+cz=n

S (EEE (3 (3 o

din
+3) > ( d———k:) F(k)=6 > o(n)Y F(d)
dln 1<k<d 7?:1;?;25711 d|na

where the sum on the left-hand side is taken over all (a,b,c,z,y,z) € N°
such that ax +by+ cz =n and o(ny) denotes the sum of the divisors of n;.

In Sections 2-6 we prove some arithmetic lemmas from which we deduce
Theorem 1.2 in Section 7. Theorem 1.1 is deduced from Theorem 1.2 in
Section 8. Application of Theorem 1.2 to sums of six squares is made in

3].

2 The equation kx+ey = n and the quantities
L17 L27 L37 M17 M27 M3

In this section we are interested in the number of solutions (z,e,y) € N?
of the equation kx 4 ey = n, where k,n are fixed positive integers and the
variables x, e,y are required to satisfy certain inequalities.

Definition 2.1.

YooLLy= ) 1, Ly= ) 1,

kx+ey=n kx+ey=n kx+ey=n
e<k e>k e=k
SoL M= Y 1L, My= Y L

kx+ey=n kx+ey=n kx+ey=n

<y >y =Yy
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Thus, for fixed positive integers k£ and n, the sum L; counts the number of
triples (z, e,y) € N? satisfying the equation kz + ey = n with e < k. The
following result follows immediately from Definition 2.1.

Lemma 2.1.
Li+ Ly+ Ly = M + My + Ms.

Next we evaluate L3. We set §(n, k) = 1 if k divides n and 0 otherwise.

Lemma 2.2.

Ly = 8(n, k) (% - 1) .

Proof. We have

Li= Y 1= Y 1:6(71,1{:)(%—1)
km:ﬁifn z+y=n/k

as asserted. O
M3 can be determined in a similar manner.

Lemma 2.3.

M3:ZL

din
d>k

Our next lemma shows that Ly and M, are equal.

Lemma 2.4.
Lo = M.

Proof. We have

My= Y 1= > 1= > 1= > 1=1I

kx+ey=n k(z+y)+ey=n kz+(k+e)y=n kx+ey=n
>y e>k

as asserted. O

Lemma 2.5.

Ly~ M =Y 1-6(nk) (%—1).

din
d>k
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Proof. By Lemmas 2.1 and 2.4 we have Ly — M; = Ms— L3 and the asserted
result follows from Lemmas 2.2 and 2.3. O

3 The equation kx+ey = n and the quantities
Rl) RQ, R?n S17 S27 S?)

In this section we introduce the quantities Ry, R, R3, S1, Sa, S3 formed

from Ly, Lo, L3, My, My, Ms respectively by taking the sums over y rather
than 1.

Definition 3.1.

Ry = Z Y, Ry = Z Y, R3 = Z Y,

kx+ey=n kx+ey=n kx+ey=n
e<k e>k e=k

Si= >y S= > oy S= Y v

kx+ey=n kx+ey=n kx+ey=n
<y >y =y

The following result follows immediately from Definition 3.1.

Lemma 3.1.

R1+R2+R3251+52+53.

Similarly to Lemmas 2.2, 2.3 and 2.4 respectively, we obtain

Lemma 3.2.

(n—Fk)n
R3 = 5(77,, kf)w
Lemma 3.3.
n
53 — E
din
d>k

Lemma 3.4.
R2 - 52.
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4 The equation kx+ey = n and the quantities
Pry Pay Py, Quy Q2 Q3

In this section we introduce the quantities Py, P, P3, 01, ()2, (3 formed
from Ly, Lo, L3, My, My, Ms respectively by taking the sums over x rather
than 1.

Definition 4.1.

P1: Z Z, P2: Z l’,PgZ Z Z,

kx+ey=n kx+ey=n kx+ey=n
e<k e>k e=k
Q= > Q= > =z Q= ) =
kx+ey=n kx+ey=n kx+ey=n
<y >y =y

The following result follows immediately from Definition 4.1.

Lemma 4.1.
P+ P+ P;=Q1+ Q2+ Qs.

Similarly to the results in Sections 2 and 3 we obtain the following results.

Lemma 4.2.
(n—Fk)n
P3 = 6(77,, ]{?)W

Lemma 4.3.
n
Q=) 3
din
d>k
Lemma 4.4.
Q2= P+ Rs.

Lemma 4.5.

Pl—Ql—ngzg—é(n,k:) (%)

din
d>k
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5 Solutions of kz + by + cz = n (k, n fixed
integers)

In this section we are concerned with solutions (z,b,y,c,z) € N° of the
equation kx + by + cz = n, where k and n are fixed positive integers. We
begin by defining the following quantities.

Definition 5.1.

Ar= ) L A= > 1L, A= > L

kx+by+cz=n kx+by+cz=n kx+by+cz=n
btc<k b+c>k b+c=k

Our next lemma evaluates A3 in terms of L and P;.

Lemma 5.1.
Ay =2(P — L) + (k- 1) (E - 1) 5(n, k).

Proof. We have

Az = Z 1+ Z 1+ Z 1

kx+by+cz=n kx+by+cz=n kx+by+cz=n
b+c=k b+c=k b+c=k
y<z y>z y=z2
S SRR SR o
kz+(k—c)y+cz=n kz+by+(k—b)z=n km—l—(b—i—c) =n
c<k, y<z b<k, y>z b+tc=
S ST SEE S o
k(z+y)+c(z—y)=n k(z+z)+b(y—2z)=n k(z+y)=n
c<k, y<z b<k, y>z
_ 1+ 14 (k — 1(——1)5 k
DRNRERND S BRTSIY G P
k(z+y)+cz'=n k(z+2)+bz'=n
c<k b<k
- 1 1)+ (k=) (1) Sk
Yo @@=+ Y @ -1)+k-1 p (n, k)
kz'+cz' =n kz'+bz'=n
c<k b<k

— (P, — L))+ (k—1) <E - 1) 5(n, k),

by Definitions 2.1 and 4.1. O
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Next we define the following quantities.

Definition 5.2.

Bi= Y 1, B= > 1, Bs= > 1,

kx+by+cz=n kx+by+cz=n kx+by+cz=n
b—c<k, z<z b—c>k, z<z b—c=k, z<z

By= Y 1, Bs= > 1, Bs= Y 1,

kx+by+cz=n kx+by+cz=n kx+by+cz=n
b—c<k, x>z b—c>k, x>z b—c=k, x>z

Br= ) 1, Bs= > 1, By= Y L

kx+by+cz=n kx+by+cz=n kx+by+cz=n
b—c<k, z=z b—c>k, =z b—c=k, =z

The next three lemmas relate B3, B, and Bg to quantities defined in
Sections 2-4. We just give the proof of Lemma 5.4.

Lemma 5.2.
By = Q1 — M.

Lemma 5.3.
BG = 52 — MQ.

Lemma 5.4.
A2 = 2B4 + Z € — Lg.

kx+ey=n
e>k

Proof. We have

Ap= ) 1+ > 1+ )

kx+by+cz=n kx+by+cz=n kx+by+cz=n

b+c>k, y>z b4c>k, y<z b+c>k, y==z
=2 E 1+ E 1.
kx+by+cz=n kx+by+cz=n

b+c>k, y>z b+c>k, y=z
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The last step is obtained by observing the symmetry between b and ¢, and
between y and z. We now consider these two sums. Firstly,

Yo=Y 1= > 1= > (e=1)= Y e—L,

kx+by+cz=n kz+(b+c)y=n kx+ey=n kx+ey=n kx+ey=n
b+c>k, y==z bt+c>k eik e>k e>k
e=b+c

and secondly,

B, T = o= 3 1= 3 1

kx+by+cz=n k(z+x')+by+cz=n kz+by+(k+c)z=n
b—c<k, x>z b—c<k b<k—+c
e=k-+c e=b+c’
SO D DI LD DR
kz+by+ez=n kz+by+(b+c )z=n kx+b(y+z)+cz=n
b<e, e>k b+c' >k b+c>k
Y =y+z
= g 1= g 1.
kx+by' +cz=n kz+by+cz=n
b+e>k, Y >z b+c>k, y>z
This completes the proof of the lemma. O

We next define the following quantities. Our ultimate goal in this sec-
tion is to determine A; — 2B; + 2C', see Proposition 5.1.

Definition 5.3.

Ci= Y L, C= Y 1, C= > 1

kx+by+cz=n kx+by+cz=n kx+by+cz=n
r<y<z r<z<y y<r<z
04 - E 1, 05 - E 1, Cﬁ - E 1,
kx+by+cz=n kx+by+cz=n kx+by+cz=n
y<z<z z<x<y z<y<zx
Cr = E L, Cs = E L, Cy = E L,
kx+by+cz=n kx+by+cz=n kx+by+cz=n
T<Yy=z y<r=z 2<r=y
010 = E 1, 011 = E 1, 012 = E 1,
kx+by+cz=n kx+by+cz=n kx+by+cz=n

r=y<z r=2z<y y=z<x
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Chs = Z 1.

kx+by+cz=n
r=y=z
The following lemma follows immediately from Definitions 5.1, 5.2 and 5.3.
Lemma 5.5.
3 9 13

S a-YB-Ya

i=1 i=1 i=1
The equalities in the next lemma follow by symmetry.
Lemma 5.6.

Cl = 027 03 = 057 C14 = 067 C18 = 097 CIO = Cll-

Lemma 5.7.

By, = C5s.
Proof. We have
z=y+z’
z:y-‘,—z/ b’:k—i—b—i—c
Cy Y ) 1 Y ) 1
k(y+z')+by+c(y+2z' )=n kz+(b+ctk)y+cz=n
/<2 <z

- Y - X iem

kx+b' y+cz=n kz+by+cz=n
<z, b'>k+c <z, b—c>k

as claimed. O
Similarly to Lemma 5.7, we have

Lemma 5.8.

Lemma 5.9.
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Proof. We have

Cr="> 1= > 1=> > 1

kx+by+cz=n kz+(b+c)y=n e=b+c kx+ey=n
r<y=z <y <y
:E (e—1) E 1= E e— E 1= E e — M,
e kx+ey=n kx+ey=n kx+ey=n kx+ey=n
<y <y <y <y
by Definition 2.1. O

Similarly to Lemma 5.9, we obtain

Lemma 5.10.

012: Z 6—M2.

kx+ey=n
>y

Lemma 5.11.

Cis=)» (d—Fk—1).
i

Proof. We have

Cis= > 1= Y 1= > 1= (e—1)

kx+by+cz=n (k+b+c)z=n (k+e)z=n (k+e)z=n
T=Y=z2 e=b+c
= (e-1)=) (d—k-1),
din din
d=k-+e d>k
as asserted. O
Lemma 5.12.

B7 + Bs + By = Cs + Cho + Chs.
Proof. This follows easily from Definitions 5.2 and 5.3. O

Proposition 5.1.

A—2Bi 420 =— 3 e— 3 e—(k-1) (%—1) 5(n, k)
km—;—g];ﬁ:n kmi—;@;jzn
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# 3 (d=25—k=1) + o) (7 1) (3) = M+ 2L

din
d>k

Proof. By Lemmas 5.2, 5.3, 5.7, 5.8 and 5.12, we obtain

9
ZBi=B1+C3+Q1—M1+B4+C4+52—M2+08+C10+C13-

i=1
By Lemma 5.6 we have
13
Z C; =2C, +2C5 +2C, +2Cs + 2C19 + C7 + Cha + C43.
i=1

From Lemma 5.5 we deduce
3 9 13
Sa-23 By c=o
i=1 i=1 i=1

9 13
Substituting the expressions obtained above for Z B; and Z C; into this
i=1 i=1
equation, we obtain after some cancellation

A, —2B; +2C4
= (—As+2By) — A3 — C7 — C1o + C13+ 2Q1 — 2M; + 255 — 2M,.

Then, appealing to Lemmas 5.1, 5.4, 5.9, 5.10 and 5.11, we obtain

Ay — 2B + 204
== S etL-2P - L) - (k1) (%—1) S k)~ > e+ M,
kr+ey=n kx+ey=n
e>k <y

— ) e+ M+ (d—k—1)+2Q1 — 2M; + 25, — 2Mp

kx+ey=n din
x>y d>k
n
== Y = Y etk (E‘l) 5(n, k) + Y (d—k—1)
kx+ey=n kx+ey=n din
e>k TH#Y d>k

—2(PL —Q1—S3) — My + Ly — My + 21,4
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= Y - ¥ e—(k:—l)(%—1)6(n,k)+2(d—k:—1)

kx+ey=n kx+ey=n din

e>k TH#Y a>k
22 (1) (2) | e
d>k

by Lemmas 2.4 and 4.5. Simplifying, we obtain the required assertion. O

6 Solutions of ax+by+cz = n (n fixed integer)

Throughout this section k and n are fixed positive integers. We are inter-
ested in the number U (resp. V, W) of solutions (a, z,b,y, ¢, z) € N° of the
equation ax+by+cz = n with a+b+c = k (resp. a+b—c=k,a—b—c=k).

Definition 6.1.

v=> 1, v= > 1 w= Y 1

az+by+cz=n az+by+cz=n az+by+cz=n
a+b+c=k a+b—c=k a—b—c=k

In the next three lemmas we relate U, V and W to quantities of the pre-
vious four sections.

Lemma 6.1.

2 _3k+2
U =6(n,k) (w) ~3 > e+3(k— 1)L + 34,

kx+ey=n
e<k

Proof. We have

v="Y 1= Y 1+ > 1+ Y o

az+by+cz=n az+by+cz=n az+by+cz=n az+by+cz=n
a+b+c=k a+b+c=k a+b+c=k a+b+c=k
THY,YF£2,2FT exactly 2 of z,y,z equal r=y==z

We begin by considering the first sum on the right-hand side of the above
expression for U. The condition x # y,y # 2,z # x, comprises six possi-
bilities, namely, r < y < z, x <z <y, y< e <z, y< z<z,z<xr <y
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and z < y < x. Simple transformations of the summation variables show
that these six cases yield the same contribution to the sum. Thus

do1=6 > 1=6 > 1=6 > 1

az+by+cz=n ax+by+cz=n (k—=b—c)z+by+cz=n kx+b(y—z)+c(z—z)=n
a+btc=k a+btc=k b+c<k b+c<k
THAY,YF£ 2, 2T r<y<z r<y<z r<y<z
y'=y—x
Z=z—x
=6 E 1=3 E 1
kx+by' +cz’'=n kz+by+cz=n
b+c<k b+c<k
y' <z y#z
=3 E 1-3 E 1
kx+by+cz=n kx+by+cz=n
bt-c<k btc<k
y=2
:3A1—3 E 1:3A1—3 E (6—1)
kz+(b+c)y=n kz+ey=n
b+c<k e<k
= 3A1 + 3L1 -3 E e,
kx+ey=n
e<k

by Definition 2.1. Next we consider the second sum on the right-hand side
of the expression for U. There are six different cases in which exactly two of
x, y, and z are equal. Simple transformations of the summation variables
show that the cases x =y < 2z, x = 2z < y, and y = z < z, lead to the same
sum, and similarly for the cases t < y =z, y < x =z, and z < y = x.
Therefore

> 1=3 > 143 > 1

az+by+cz=n az+by+cz=n az+by+cz=n
a+b+c=k a+b+c=k a+b+c=k
exactly 2 of z,y,z equal r=y<z r<y==z
=3 g 1+3 E 1
(a+b)z+cz=n az+(b+c)y=n
a+b+c=k a+b+c=k
r<z <y
=3 g 1+3 E 1
exr+cz=n axr+ey=n
etc=k a+e=k
<z <y

e=a+b e=b+c
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=3 > (e—=1D+3 > (e—1)

ex+cz=n ar+ey=n
et+c=k ate=k
<z <y
=3 > (e=1)+3 DY (e—1)
ex+(k—e)z=n (k—e)x+ey=n
r<z <y
e<k e<k
=3 > (e—1)+3 > (e—1)
ex+(k—e)(z+2")=n (k—e)z+e(z+y')=n
e<k e<k
=3 > (e=D+3 > (e—1)
kx+(k—e)z=n kxz+ey=n
e<k e<k
=3 Y (k=€ —=1)+3 Y (e—1)
kx+e' z=n kr+ey=n
e'<k e<k
- 3(]{5 - 2)L1,

by Definition 2.1. Finally, we consider the third sum on the right-hand
side of the expression for U. We have

dooo1= > 1=dnk) > 1:5@,@(%).

az+by+cz=n kx=n a+b+c=k
a+b+c=k a+btc=k
T=y=z2

Putting these three sums together, we obtain

2 2
U=3A4+3L1—3 Y e+3(k—2)L +d(nk) (%)
kx+ey=n
e<k

2 _ 2
k% — 3k + )_3

:5(n,k:)( 5 > e+3(k— 1)L + 34,

kx+ey=n
e<k

as asserted. O

Lemma 6.2.
V=2Bi+(k-D)M+ ) e

kx+ey=n
<y
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Proof. We have

v= > 1=2 > 1+ > 1

az+by+cz=n az+by+cz=n az+by+cz=n
a+b—c=k a+b—c=k a+b—c=k
<y =y
D ST S
(k—b+c)z+by+cz=n (a+b)x+cz=n
b—c<k a+b—c=k
<y
Y e Y
kxz+b(y—z)+c(z+z)=n esg—l—gz::kn
b;i?/k e=a+b
=2 > I+ ) (e—1)
ket st e
=2 ) I+ ) (et+k-1)
kz+by+cz’ =n (c+k)x+cz=n
b—c<k, z'>x
=2 ) 1+ Y (k+c—1)
kx+by+cz=n kx+cy=n
b—c<k, z>z y>x
= 231 + (k‘ - 1)M1 + Z e,
kx+ey=n
<y
by Definitions 2.1 and 5.2. O

Lemma 6.3.
W =201+ Y e—M.

kx+ey=n
<y

Proof. We have

W= > 1= > 1= > 1

ax+by+cz=n (k+b+c)x+by+cz=n kx+b(z+y)+c(z+z)=n
a—b—c=k

= 2 1= > > 1k
kz+by +cz'=n kx+by+cz=n kx+by+cz=n kz+by+cz=n

y' >z, 2>z y>z, 2>z, y<z y>x, 2>x, Yy>2 y>x, 2>x, Y=z
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=2 ) 1+ > 1=200+ Y (e—1)

kx+by+cz=n kz+(b+c)y=n kx+ey=n
r<y<z y>x y>
by Definition 5.3, as claimed. O

Lemma 6.4.

U — 3V +3W = 8(n, k) (ww(@—l) (%—k))

2 K
+3% (2d-22 — k) —6 e.
%< d ) km%:n
>

Proof. Applying Lemmas 6.1, 6.2 and 6.3, we find

U—-3V+3W
k* — 3k +2
=6(n, k) (f) —3 ) e+3(k—1)L1+34
km—l—eg;{:n
e<

—3[2Bi+(k—DM+ Y e|+3|20i+ DY e—M,

kx+ey=n kx+ey=n
<y <y
k* — 3k + 2
= 5(n, k) (%) ~3 Y e+3(k— 1)Ly — 3kM,
km—l—eg;{:n
e<

+3(A1 — 2By + 2CY).

Appealing to Proposition 5.1, we obtain

U—-3V+3W
k? — 3k + 2
— 5(n, k) (f) —3 3 e+ 3k 1)L — kM
kx+ey=n
e<k
+3<— Yo Y e- (k:—l)(% —1)8(n, k)
kx+ey=n kz+ey=n

e>k TH#Y
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+Z<d—2%—k—1)+6(n,k) (%—1) (% —M1+2L1>

din
d>k
k? — 3k +2
:6(n7k) (#4’3(%_1) <%_k+1)) _3km+§_ne_3km+§—ne
it oy
+3(k + 1)(Ly = M) + 3 (d— 22 —k—1)
i
K2-3k+2 _/n n
=0(n, k) (f 3 <E ; 1) <E _k_l—l)) _6km+ey=ne+3(k+e)m:n6
430 kst | 31— o) (%—1) +3Z<d—2%—k—1)
Kamn dn din
d>k d>k

(by Lemma 2.5)

— 5(n, k) (WM(%A) (%—%)) 6 Y e+3> (d-k)

kz+ey=n jﬁ;
+30(n, k)k (% - 1) +3%° (d - 2%)
djn
d>k
= §(n, k) (W%—i&(%—l) (%—k)) +3%° (2d—2%—k:) -6 > e
Cﬂyz kz+ey=n
as required. m

7 Proof of Theorem 1.2.

We now use the results of Sections 2-6 to prove our formula of Liouville
type (Theorem 1.1). First we have

Z (Fla+b+c)+ Fla—b—c¢)—F(a+b—c¢)—F(a—b+¢))

az+by+cz=n
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= Z Fla+b+c)+ Z Fla—b—c¢)
az+by+cz=n az+by+cz=n
— Z Fla+b—c)— Z Fla—b+c).
az+by+cz=n az+by+cz=n

Next we look at each of these sums individually. We have (recalling that

F is odd)

D

az+by+cz=n

D

az+by+cz=n

2.

az+by+cz=n

D

az+by+cz=n

Therefore

az+by+cz=n

Fla+b+c¢) =

Fla—b—-c¢) =

Fla+b—c) =

Fla—b+c¢) =

D F(k) > 1=) FkU

keN az+by+cz=n keN

a+b+c=k
>_F(k)

keN

> F(k)

keN

> F(k)

keN

Z (Fla+b+c)+ Fla—b—c¢)—F(a+b—c¢)—F(a—b+¢))
= F(k)(U =3V +3W).
Appealing to Lemma 6.4, we obtain
Z (Fla+b+c)+ Fla—b—c¢)—F(a+b—c¢)—F(a—b+¢))

az+by+cz=n

keN

din
d>k

din

=> F(k) <5(n k)

d?> —3d + 2
(s

(k:2—3k:+2

n

1) (- 4)) o

d

(1) (G-0)

+3Z<2d—2%—k>F(k)—6 3 e>
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+33 % <2d—2%—k:)F(k)—6 S eF(k).

dn 1<k<d ka+ey=n
As
YoeF(R)y= > Y e>d Fld)= > o(m)) F(d),
ka+ey=n ni+na=neln;  dns ny+na=n djns
the required result follows. O

8 Proof of Theorem 1.1.

We begin by deriving a very simple identity that we shall need. Let z € R
be such that |z| < 1. From the well known series

= n €z = n €T = 2..n T+ 1.2
" = , na" = , nz" = ;
; (1—2x) ; (1 —x)? ; (1—x)
we obtain
> x? > 222
—1)z" = — 12" = .
;(n i 1= ;n(n ) 1=2)
Hence, for d € R, we have
- 222 dx?
8.1 —1)—dn—-1))z" = — .
B Pl - —de 0" = s -

Now let # € R. Set F(t) = sinft (t € Z). Clearly F(—t) = —F(t) so
that F'is an odd function. With this choice Theorem 1.2 yields

—4 Z sin af sin bl sin cf = Z (d2—2¢+3<%_1) <%—d>) sin df

az+by+cz=n din
+3)° 3 (2425 — k) sinks

dn 1<k<d

—6 Z o(ny) Z sin df.

n=ni-+ng d|n2
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Multiplying both sides by ¢", and summing over n = 1,2, 3, ..., we obtain

o 3 o
—4 < Z sin a@q”) = Z q" Z dz_;)ﬂ sin df

a,z=1 n=1 dn

—|—3Zq Z(——l) <%—d> sin df

n=1 din

BY Y Y (24— 2% — k) sin ko

n=1  dn 1<k<d

—6Zq" Z o(ny) Zsind@.
n=1 n=ni-+ns d|n2
First we observe that

i sin afq®* = isin a91 z .
a=1

a,x=1

Secondly we have

Zq Zwsmde = Z ad 30H_2smal9

n=1 din d,e=1
2 1—q%
d=1

Thirdly, appealing to (8.1) with 2 = ¢¢, we obtain

Zq Z(——l) <%—d>sind9 = iqde(e—l)(e—d)sindQ

= Zsm df <Z ele—1) —d(e— 1))qde>
B o0 “in 2q2d B dq2d
= S (2 - )

Fourthly we have

Soa >0 D (24— 25 — k) sinko

n=1  dn 1<k<d
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00 d—1 d—1 d—1
Z q% <2d Z sin k6 — 2e Z sin k6 — Z k sin k:@)
k=1 k=1 k=1

d,e=1

Fifthly we have

Z q" Z o(ny) Z sin df

n=nj+no d|ng
— i g0 (ny) Z sin d6
ni,no=1 d|ng
= i q™ Ze i q"? Zsin db
ni=1 elny nz=1 d|n2
— i eqef> <i sin d@q“l)
e, f=1 c,d=1
- (507 (Bert)

Putting these results together, we obtain
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from which Theorem 1.1 follows.
We close by remaking that Liu [2, Theorem 11, p. 148] has obtained
an analogous formula for

g2t 3
Z sin(2n + 1) QW

by means of elliptic functions.
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