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The evaluation of the sum 37, q0o(m)o(n — 9m) is carried out for all positive
integers n. This evaluation is used to detemine the number of solutions to
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in integers x1, x2, 3, T4, T5, T, L7, LS.
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1. Introduction

Let N denote the set of natural numbers. For n € N we set
=2
d|n
where d runs through the positive divisors of n. If n ¢ N we set o(n) = 0. For k € N
we define

Wi(n) == Z o(m)o(n —km), (1.1)
m<n/k
where m runs through the positive integers < n/k. The evaluation of Wi (n) goes
back to the middle of the nineteenth century, when Besge [4] gave the following
formula in a letter to Liouville
5 (1 —6n)

Wi(n) = —os3(n) + '

= o(n), (1.2)

where

):ng (neN), o3(n)=0 (n¢N).

d|n
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Liitzen [11, p. 81] has observed in his study of Liouville that Besge is a pseudonym
for Liouville. Formula (1.2) was first proved by Glaisher [6; 7, Paper 20]. In 1998
Melfi [12, Theorem 12; 13] evaluated Wy, (n) for k = 2, 3, 4 and ged(n, k) = 1 using
the theory of modular forms. In 2000 Huard et al. [8] gave completely elementary
arithmetic proofs of the evaluations

Wa(n) = 11—203@) + éag (g) + %o(n) + %0 (g) . (13)
Ws(n) = iag(n) + gag (g) + %a(n) + %a (g) . (14)
00 = o+ () + 3o (5) + 25t
+ %a () (1.5)
which are valid for all n € N. Melfi [12, Theorem 12; 13] also gave the evaluations
Ws(n) = %03(%) + %U(n), (1.6)

if n = 8(mod 16) and n # 0(mod 5), and

1 (3—2n)

Wo(n) = 2—1603(n) + To(n), (1.7)

if n = 1(mod 3) and there exists a prime p = 2(mod 3) with p||n, or n = 2(mod 3).
No elementary proofs of (1.6) and (1.7) are known. For k # 1, 2, 3, 4, 5, 9 the value
of Wi (n) is unknown. Williams [17] has recently given a simple analytic proof of

70 (5) + 3 (5) + S5 ()

Wo(n) = — %O’ (g) , if n = 0(mod 3), (1.8)
%1603(71) + %o(n), if n = 2(mod 3).

It is the purpose of this work to give an analytic proof of a general formula for
Wy(n), which includes (1.7) and (1.8) as special cases. Our formula involves integers
a(n) (n € N), which are related to Ramanujan’s tau function 7(n) (n € N) [15].

Ramanujan’s tau function 7(n) (n € N) is defined by [15, Eq. (92); 16, p. 151]

Alg) =g [ =g"* =D 7(n)q", q€C, |¢ <1 (1.9)

Clearly

Al¢®) =¢° H(l — M) = Z 7(n)g*" = Z T (%) q" (1.10)
n=1
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so that
oo o
1
)5 = H (1=¢")*=>"a(n)g" (1.11)
n=1 n=1
for integers a(n) (n € N). From (1.11) we see that
a(n) =0, n=0,2(mod 3). (1.12)
From (1.10)—(1.12), we deduce that
> a(r)a(s)a(t) = 7(n), neN. (1.13)
r,s,teN
r+s+t=3n

r=s=t=1 (mod 3)
Taking n = 1,2,3,4,5 in (1.13), we obtain
a(1)? =7(1), 3a(1)%a(4) = 7(2),
3a(1)%a(7) + 3a(1)a(4)* = 7(3),
3a(1)%a(10) 4 6a(1)a(4)a(7) + a(4)® = 7(4),
3a(1)%a(13) + 6a(1)a(4)a(10) + 3a(1)a(7)? + 3a(4)?a(7) = 7(5).

As 7(1) = 1, 7(2) = —24, 7(3) = 252, 7(4) = —1472, 7(5) = 4830 [15, Table V; 16,
p. 153], we deduce from (1.14

o (1.14)
Ja(
)
)
a(l)y=1, a(4)=-8, a(7)=20, a(10)=0, a(13)=-"70. (1.15)
From the work of Mordell [14, p. 121] we know that
a(mn) = a(m)a(n), ged(m,n) = 1. (1.16)
In Sec. 2 we prove

Theorem 1.1. For all n € N we have

Wo(n) = > o(m)o(n—9m)

m<n/9
1 1 n 3 n (3—2n)
= 51503 + 5703 (5) + 503 (5) + 5o ()

+ %O’ (g) — 51—4a(n).

Before giving the proof of this theorem, we show that it is in agreement with (1.8)
when n = 0(mod 3) and n = 2(mod 3). In these cases by (1.12) we have a(n) = 0.

When n = 2(mod 3), the right-hand side of the theorem reduces to 51z03(n) +
%o(n), in agreement with (1.8).

When n = 0(mod 3) we have the elementary identities

o) (3) 430 (3) =1
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and
o3(n )—2803(3) +2703(9) —0,
so that the right-hand side of the theorem is

21T6”3(”) i 21703 (3) i :"3 (g> + & ;2%)0(") +£ _26n)0 (g)
1 n n 1 n 3 n
216(2803(3)_2703 (§)>+ 277 ( ) 87 ( )
B2 (10 (5) -3 (5)) + S50 (5)

() )+ 52 )2

in agreement with (1.8).
Now let n € N be such that
n=1(mod 3), n=rs(r,s eN), r=2(mod3), ged(r,s)=1.
Then, by (1.12) and (1.16), we have

a(n) = a(rs) = a(r)a(s) = 0a(s) =0,
so that the right-hand side of Theorem 1.1 is 51z03(n) + @;—gma(nL showing that
Melfi’s evaluation (1.7) is a special case of Theorem 1.1.
In Sec. 3 we apply Theorem 1.1 to evaluate the sum

n—1

S(@3)= > o(mo(n—m)
mzrs(zcl)d 3)

for a =0, 1, 2 and all n € N, completing the partial evaluation of this sum given in
[8, Theorem 8, p. 256].

Theorem 1.2. For all n € N we have

S5(0,3) = %Jg(n) + %O’g (g) - %03 (g) + wo(n)

(I1-6n) /n (1-=6n) /n 1
i, (1) 00,8y L
The values of S(1,3) and S(2,3) follow from Theorem 1.2 and the relations

S(0,3) + S(1,3) + S(2,3) = %03< )+%a<n)

and
S(1,3) = S5(2,3), if n=0(mod 3),
S(1,3), if n=1(mod 3),
)=S5(2,3), if n=2(mod 3),
proved in [8, p. 257].
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In Sec. 4 we apply Theorem 1.1 to determine the number N(n) (n € N) of
solutions of

n:3:?4—331352+x§+x§+x3x4—|—xi+3(x?—&—m%—l—x%—i—x?—&—mxg—&—x%)
in integers x1, T2, T3, T4, 5, T, T7, T8-
Theorem 1.3. For all n € N we have
N(n) =4o03(n) — 8803 (%) + 32403 (g) + 8a(n).

2. Proof of Theorem 1.1

Let ¢ € C be such that |g| < 1. The Eisenstein series L(q), M(q) and N(q) are
defined by

L(g):=1-24) o(n)q", (2.1)
M(q) = 1+240 Y o3(n)q", (2.2)
N(q) :=1-504 Z os(n)q", (2.3)

n=1

see for example [15, Eq. (25); 16, p. 140]. It was shown by Ramanujan [15, Eq. (44);

16, p. 144] that
. A@) = 7= (M(@)* = N(@)?). (24

First we determine the generating function of Wy(n) (n € N).

L(q°) + 505 L(q) L(¢?).

Lemma 2.1. 377°, Wo(n)q" = 55 — 516L(0) — 57

Proof. By (2.1) we have

(1 - L(g))(1 = L(¢") = (2420(l)ql> (24 > U(W)q9m>
=1 m=1

=576 Z o()o(m)gtom
I,m=1
=576 Z q" Z a(l)o(m)
n=1 Im=1
I+9m=n

=576 ¢" Y o(m)o(n—9m)

n=1 1<m<n/9
00
=576 Z Wo(n)q",
n=1

from which the asserted result follows. O
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Next we modify the result of Lemma 2.1 to determine the function whose gen-
erating function is L(q)L(¢").

Lemma 2.2. 14> (576Wy(n) — 240(n) — 240 (%))q" = L(q)L(¢°).

Proof. Letting ¢ — ¢° in (2.1) yields

L) =1-24 o1 (5)a" .
(¢°) > o™ =1-243 o (5)q (2.5)
n=1 n=1
Putting (2.1) and (2.5) into Lemma 2.1, we obtain the result. |

In order to determine Wy(n), we determine the power series expansion of
L(q)L(¢°) in a different way, see Lemma 2.14. The assertion of Theorem 1.1 then
follows by equating the coefficients of ¢" in Lemmas 2.2 and 2.14. We obtain the
power series expansion of L(q)L(¢") in powers of ¢ from those of L(q)?, L(¢°)? and
(L(q) —9L(¢%))? by means of the elementary identity

L)L(e’) = 7 Lla)? + §L<q9>2 - 1i8

T (L(q) —9L(¢"))*.

First we consider L(q)?2.

Lemma 2.3. L(q)? =1+ 3.2 ,(24003(n) — 288no(n))q"™.

Proof. This result is well known, see for example Lahiri [9, p. 197]. It follows by
squaring (2.1) and applying the result (1.2). |

Next we consider L(g%)%. Letting ¢ — ¢° in Lemma 2.3, we obtain
Lemma 2.4. L(¢°)? =143, (24003(%) — 32n0(%))q"
)

We now turn to the consideration of L(g) — 9L(¢"), see Lemma 2.10. For z € C

with |z| < 1 we set
_ 12\ ZOO (5), (5), ="
U)(Z) = 2F1 (ga ga 17 Z) - ~ n ) (26)

where oF is the Gaussian hypergeometric function and (a), is the Pochhammer
symbol, see for example [5, p. 247]. Clearly w(0) = 1. The infinite series (2.6)
diverges at z =1 [5, p. 249] so that w(1) = +oo. For € R with 0 <z < 1 we have

so that

w(x) #0, 0<z<l1. (2.7)
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The derivative of the function

y(x) = %W, 0<z<1, (2.8)
is [1, p. 87]
, -1
y(x):m, 0<zx<l (2.9)
Thus, by (2.7) and (2.9), we have
y'(z) <0, 0<z<l. (2.10)

Hence, as x increases from 0 to 1, y(z) strictly decreases from y(0) = 2—’;% =
+oo to y(l) = 3—%% = 0. Now restrict ¢ to satisfy ¢ € R, 0 < ¢ < 1. Then
0 < —loggq < +o0 and there is a unique real number x with 0 < z < 1 such that

27 w(l — x)

——— = —loggq. 2.11

7 (@) g4q (2.11)
We set

w = w(x). (2.12)

The values of L(q), M(¢) and N(gq) can be given explicitly in terms of x and w, see
for example [3, Lemma 4.1, p. 4178; Theorem 4.2, p. 4179; Theorem 4.3, p. 4179].

Lemma 2.5.

(a) L(q) = (1 — 4z)w? + 122(1 — x)w%.
(b) M(q) = (1 + 8z)w?.
(c) N(q)= (1 —20x — 8z*)w®.

The principle of triplication [2, p. 101; 3, p. 4174] asserts that if ¢ — ¢ then
—1-at)
P (el U8
1+2(1— )3

1
w— S (1+2(1 —2)%)w.

and

Applying the principle of triplication to Lemma 2.5, we obtain
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Proof. See [2, Eq. (13.17), p. 178; Theorems 4.4 and 4.5, p. 107)], [3, Theorem 4.4,
p. 4179; Theorem 4.5, p. 4180]. O

Applying triplication again, this time to Lemma 2.6, we obtain
Lemma 2.7.

2

(a) L(¢°) = (11—121‘—!—8(1—35)3 —&—8(1—3&) ) 5= —&—gx(l—x) d—w .
(b) M(g?) = (249 — 248z + 240(1 — x)3 + 240(1 — x) — 160z(1 — ) cplC
(¢) N(¢°) = (6579 — 8604z + 2024z2 + 6552(1 — 2)5 + 6552(1 — 2)3 — 6384w (1 —

1 g w8

r)s —47042(1 — 1)3 ) 5es3 -

Proof. See [17, Egs. (5.4)—(5.6)]. O
From (2.4) and Lemma 2.5(b)(c), we obtain

z(1—z)3w!?
Lemma 2.8. A(q) = =——+—.

Applying the process of triplication to Lemma 2.8, we deduce

Lemma 2.9. A(qg) = %‘

From Lemma 2.5(a) and Lemma 2.7(a), we obtain L(q) — 9L(¢%).
Lemma 2.10. L(q) —9L(¢°) = -5(1+ (1 - )5 + (1 - x)%)wQ.

In the next lemma we determine w?, zw*, z(1 — #)3w* and ((1 — )7 + (1 —
2)%)w* in terms of M and A. These quantities occur in the determination of (L(q) —

9L(¢%))? in Lemma 2.12.

Lemma 2.11.

(a) wt = LM(q) + S M(

(b) zw* = g M(q) — g5M(q®)

() z(1 —z)3w* = 27TA(g3)3

(d) (A=) + (1 —2)F)w' = HM(q) — BM(¢®) + ZEM(°) + 18A(¢°)F .

Proof. Parts (a) and (b) follow from Lemmas 2.5(b) and 2.6(b). Part (c) follows
by taking cube roots in Lemma 2.9. Part (d) follows from Lemmas 2.5(b), 2.6(b),
2.7(b) and part (c). O

We are now ready to determine the value of (L(q) — 9L(¢%))?.

Lemma 2.12. (L(q) — 9L(¢°))? = $M(q) — EM(¢*) + 222 M (¢°) + 192A(q 3)3.



Ewvaluation of a Convolution Sum 201

Proof. By Lemmas 2.10 and 2.11, we have

(L(q) — 9L(¢"))?
- %—4(3 24 3((1 — ) 4 (1 - w)g) —z(l— w)%)w“

=5 (M + @) = (100 - goar(a”))

+<%M(Q)_%M( %) + %M( 9 + 54A(q )%) _27A(q3)%>
:%M(Q)—gM( )+%4M( 9) +192A(¢%)5,
as asserted. .

We are now in a position to determine the power series expansion of (L(q) —
9L(¢%))? in powers of q.

Lemma 2.13.

(L(q) — 9L(¢?))? = 64 + i(wzag( ) — 3840 (3) + 1555203 (9) +192a(n )) n

n=1
Proof. Appealing to Lemma 2.12, (2.2) and (1.11), we obtain

(L(g) — 9L(¢"))
S ) (om0 2
= +240203(n)q>—g<1+240203(§>Q>

n=1 n=1

+%(1+24 i () )+192§:an
:64+192203( —384203( )a" +15552203( )a"

n=1 n=1

e 9]
+192 Z a(n)q"
n=1
which gives the asserted result. |

We now deduce from Lemma 2.13 the power series expansion of L(q)L(¢%) in
powers of q.

Lemma 2.14.

L)L) - f; )+ o (1) + 21603 (%)

—16no(n) — 144n0(g) . 33—2a(n))q”.
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Proof. Appealing to Lemmas 2.3, 2.4 and 2.13, we obtain
L(q)L(¢")

= (L@ + 811 ~ (L(a) - 9L(¢"))?)

118 (1 + Z 24003(n) — 288na(n))q"™ + 81 + Z (1944003 ( )

—9592n0 (9))(] 64— Z (19203( ) — 3840 (g)
+ 1555203 (g) + 192a(n)>q”>

—1+Z< 403(3)+21603(3>

—16no(n) — 144no (%) - ?;)—261(71)> q",

as asserted. O

Proof of Theorem 1.1. Equating coefficients of ¢" in Lemmas 2.2 and 2.14, we
obtain
576Wo(n) — 240(n) — 240 (g)
8

= gog(n) + 63403 (3> + 21603 (g) — 16no(n) — 144no (g) — —a(n),

from which we deduce

Wy(n) ! oz(n) + iJg (g) + %(73 (E> + ia(n) - ino(n)

T 216 27 9/) " 24 36
+ 1 (ﬁ)_ln (ﬁ>_ia( ),
247\9) " 1" \9) " 51
which is the asserted formula. O

3. First Application: Proof of Theorem 1.2
By (1.4) and Theorem 1.1 we have

S5(0,3) = z_: o(m)o(n —m)
m=0(mod 3)
= > o(3k)o(n —3k)

k<n/3

=Y (4U(k) — 30 (g))g(n — 3k)

k<n/3
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=4 Z o(k)o(n —3k) —3 Z o(k)o(n — 9k)
k<n/3 k<n/9
= 4W3 (n) — 3W9(TL)

= 4(%03(71) + gog (%) + %a(n) + %a (g))

as asserted. O

It is easy to check that Theorem 1.2 is in agreement with the partial evaluation of
S(0,3) given in [8, Theorem 8, p. 256].

4. Second Application: Proof of Theorem 1.3

Let n € N. We use Theorem 1.1 to determine the number N(n) of solutions of
nzx%—&—961962—&-96%—|—x§—|—x3x4—&—xi—&—B(m%+$5$6+$§+x$—|—x7x8+$§)

in integers x1, T2, T3, x4, 5, Tg, T7, Tg. We have

N(n) = > 1

8
(z1,22,23,%4,%5,%6,27,28) € Z
2 2 2 2 2 2 2 2
n=gzi+zi12+x5+ a5 +rsrs+xi+3(xv;+esze+ag+rr+rrrs+ag)

= Y MOM(m),

l,m€eZ
lL,m>0
l+3m=n

where

M(k) = > 1, keNuU{0}.
(w1, w2, 23, 24) € Z*
k21§+z112+m§+z§+m3m4+mi
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Clearly M(0) = 1. If k ¢ NU {0} we set M (k) = 0. Thus

N(n):M(n)+M(%>+ ST M@O)M(m)
I,meN
l+3m=n

— M(n)+ M (%) + 3 M(m)M(n—3m).
m<n/3

Now

M(k) = 120(k) — 360 (g) . keEN,

see for example [8, Theorem 13, p. 266], so that
n n
N(n) = 120(n) — 360 (3) 4120 (3) ~ 360 (5)

+ ¥ (120 ~ 360 (%)) (120(n ~ 3m) — 360 (g - m))

m<n/3

= 120(n) — 240 (g) —360( )

+ 144 Z (m)o(n —3m) — 432 Z (——m)

m<n/3 m<n/3
—432 Y U(n—3m)o( ) + 1296 Z ( )o (——m)
m<n/3

= 120(n) — 240 (% ) = 360 (3 ) + 144Ws(n ) 432w (5)

— 432Wo(n) + 1296Ws (g) .

Appealing to (1.2), (1.4) and Theorem 1.1, we obtain the asserted formula for N(n).
O

The author would like to thank Matt Lemire, who calculated the table below.

n  N(n) o3(n) a(n) 4oz(n)—88c3(n/3)+ 32403(n/9) + 8a(n)
1 12 1 1 12
2 36 9 0 36
3 24 28 0 24
4 228 73 —8 228
5 504 126 0 504
6 216 252 0 216
7 1536 344 20 1536
8 2340 585 0 2340
9 888 757 0 888

10 4536 1134 0 4536




Ewvaluation of a Convolution Sum 205

Acknowledgment

Research supported by Natural Sciences and Engineering Research Council of
Canada grant A-7233.

References

[1] B. C. Berndt, Ramanujan’s Notebooks, Part II (Springer-Verlag, New York, Berlin,
1989).

[2] B. C. Berndt, Ramanujan’s Notebooks, Part V (Springer-Verlag, New York, Berlin,
1998).

[3] B. C. Berndt, S. Bhargava and F. G. Garvan, Ramanujan’s theories of elliptic func-
tions to alternative bases, Trans. Amer. Math. Soc. 347 (1995) 4163-4244.

[4] M. Besge, Extrait d’une lettre de M. Besge a M. Liouville, J. Math. Pures Appl. 7
(1862) 256.

[5] E. T. Copson, An Introduction to the Theory of Functions of a Complex Variable
(Oxford University Press, 1960).

[6] J. W. L. Glaisher, On the square of the series in which the coeflicients are the sums
of the divisors of the exponents, Mess. Math. 14 (1885) 156-163.

[7] J. W. L. Glaisher, Mathematical Papers, 1885-1885 (Cambridge University Press,
1885).

[8] J. G. Huard, Z. M. Ou, B. K. Spearman and K. S. Williams, Elementary evaluation
of certain convolution sums involving divisor functions, Number Theory for the Mil-
lennium II, eds. M. A. Bennett, B. C. Berndt, N. Boston, H. G. Diamond, A. J. H.
Hildebrand and W. Philipp (A. K. Peters, Natick, Massachusetts, 2002), pp. 229-274.

[9] D. B. Lahiri, On Ramanujan’s function 7(n) and the divisor function oy (n)-1, Bull.
Calcutta Math. Soc. 38 (1946) 193-206.

[10] D. B. Lahiri, On Ramanujan’s function 7(n) and the divisor function oy (n), Part II,
Bull. Calcutta Math. Soc. 39 (1947) 33-52.

[11] J. Liitzen, Joseph Liouville 1809-1882: Master of Pure and Applied Mathematics
(Springer-Verlag, Berlin, Heidelberg, 1998).

[12] G. Melfi, Some Problems in Elementary Number Theory and Modular Forms, PhD
thesis, University of Pisa (1998).

[13] G. Melfi, On some modular identities, Number Theory, eds. K. Gyory, A. Pethé and
V. Sés (de Gruyter, Berlin, 1998), pp. 371-382.

[14] L. J. Mordell, On Mr. Ramanujan’s empirical expansions of modular functions, Proc.
Cambridge Philos. Soc. 19 (1917) 117-124.

[15] S. Ramanujan, On certain arithmetic functions, Trans. Cambridge Phil. Soc. 22
(1916) 159-184.

[16] S.Ramanujan, Collected Papers (AMS Chelsea Publishing, Providence, Rhode Island,
2000).

[17] K. S. Williams, A cubic transformation formula for 2F1(%, %; 1, z) and some arith-

metic convolution formulae, Math. Proc. Cambridge Philos. Soc. 137 (2004) 519-539.





