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Abstract

A new elementary arithmetic proof of Jacobi's six squares formula is
presented.

1. Introduction

Let N, Z, R, C denote the sets of natural numbers, integers, real

numbers and complex numbers, respectively. Let ke N and neNj
= NU{0}. The number r,(n) of representations of n as the sum of %
squares is defined by

n(n) = card{(xy, ..., xp) € Z¥ : x} + - + x¥ = n}. (1.1}

When k& = 2 we have the well known formula

rp(n) = 42[%}], neN, (1.2)

din
where the sum is taken over all d e N dividing n and the Kronecker

symbol (:’;) =1, -1 or 0 according as n =1 (mod4), 3 (mod4) or
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0 (mod 2). We note that rp(n) =0 for n = 3 (mod4). When k =4 we
have
ry(n) = SZd, neN. (1.3)

d|n

41d
Many elementary arithmetic proofs of (1.2) and (1.3) are known, see for
example [2, p. 80], [8, pp. 427-435], [9]. When %k = 6 Jacobi’s formula for
rg(n) asserts that

re(n) = 16 (;E/id)dz - 42(;,—4]032, neN. (1.4)
d|n din"

Although many analytic proofs of Jacobi’s formula have appeared in the
literature, see for example [1], only one truly arithmetic proof of Jacobi’s
formula appears to be known. A presentation of this proof has been given
by Nathanson in his beautiful book on elementary methods in number
theory [8, pp. 436-439]. The proof makes use of an elementary formula
due to Liouville [5] to show that the function @, defined by ®(0) =1 and

e e

d|n

1]

®(n)

4 z (_ 1)(Il/d—l)/2(4d2 _ (n/d)Z)
d|n,n/dodd

for n € N, satisfies the recursion formula

(n - 7x2)o(n - x%) =0
| x|sv/n
for n € N. Since it is easily shown that rg(n) satisfies this recursion [8,
Theorem 14.1, p. 424] and r4(0) = 1 = ®(0), it follows that rg(n) = ®(n)
for all n € N, which proves Jacobi's formula (1.4).
It is the purpose of this paper to present an entirely different

elementary arithmetic proof of Jacobi’s formula. Our starting point is the
formula (1.2) for the number ry(n) of representations of n € N as the

sum of two squares. Clearly
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rg(n) = Z ra(ny)re(ng), neN.

(ny,no)e Ng
n +hg=n

Taking into account terms with n; or ny = 0, we obtain (as r(0) = 1)

rg(n) = 2ry(n) + Z rp(n)rpng), neN.

(n. uz)eNa
np+ng=n

Then for n € N we have

re(n) = Z ra(ny)rp(ng)ra(ng)

(ny.n9,ng)e Ng
n+hgtng=n

=3rp(n)+3 Z ra(ng )ra(ng) + Z ra(ny ) (ng)ry(ng)

(ny,n9)e N2 (ny,ng,ng )eNa
np+ng=n ny+ngtng=n

=3() =30+ Y r)ng)ny).

(ny,ng,n3)e N3
nm+ nz +n3 =n

Appealing to (1.2), we obtain as (—T?-) is a multiplicative function of

nehlN
-4
16(n) - 3ry(n) + 3ry(n) = 64 Z Z (?J
(ny.ng,ngeN® alny,blng,clng
ny +ng+ng=n
Thus

16(n) — 8rg(n) + 3ry(n) = 64 Z (E?E] (1.5)

{a,b,c,x,y, z)eN®
ax+by+cz=n

A simple case by case examination of @, b and ¢ € Z modulo 4 shows that

(;_4_)= Fl@+b+c)+ Fla~b-c¢)-Fla+b-c)-Fla-b+c) (1.6
abc
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with

F(n) = —%[%J, m e Z. (1.7

Hence for n € N we have
r5(n) = 3ry(n) + 3rp(n)

=64 Z (Fla+b+c)+ Fla-b-c)- Fla+b-c)-F(a-b+c)). (1.8

(@.b,c,x,y,2)eN®
ax+by+cz=n

Recently the authors have proved in an entirely elementary manner the
following formula [7], see also [6], which is similar to one stated by

Liouville [4, p. 331]. We set o(n) = Zd, neN,
din

Theorem 1.1. Let n € N and let F:Z — C be an odd function. Then

Z (Fla+b+c)+Fla-b-c)-Fla+b-c)-F(a-b +c))

ax+by+cz=n

= Z(E{E_‘_g-‘i”—z + 3[% = 1]((’1—" = d])F(d)

d|n

+3) Y (Zd e k] Fi)-6 Y o(m)Y F()
dinl<k<d ny,noelN d|ng
n=ny+ng

where the sum on the left-hand side is taken over all (a, b, ¢, x, ¥, 2) € N©

such that ax + by + ¢z = n.

Using Theorem 1.1 with F as in (1.7) enables us to turn the sum on
the right-hand side of (1.8) into sums over divisors of n from which we
obtain Jacobi’s formula (1.4) for rg(n) in a completely arithmetic manner.

The details are given in Section 2.
2. Arithmetic Proof of Jacobi’s Six Squares Theorem

We begin our evaluation of rg(n) by considering the case when n is

odd. The following two arithmetic identities stated by Liouville [3], [4] are
proved in an elementary way in [6].
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Lemma 2.1. Let n € N. Let F : Z — C be an even function. Then

D> (Fla-b)- F(a+b))

ax+by=n

= F(0)(o(n) - d(n)) + 2[1 —d+ Ed’i)p(d) 23 S R,

din din 1gksd
where the summation on the left-hand side is over all (a, b. x, y) € N*
such that ax + by = n.

Lemma 2.2. Let n be an odd positive integer. Let F : Z —» C be an
even function. Then

2 Y (Fla-b)-Fla+b)- Z(% - d)F(d),

ax+by=n d|n
a,x,yodd

where the summation on the left-hand side is over all (a, b, x, y) € N4
with a, x, y odd, such that ax + by = n.

The following four elementary lemmas evaluate sums that arise in
the proof of Jacobi’'s formula (1.4).

Lemma 2.8. Let n be an odd positive integer. Then
F)-223)
— k== — (1 - a).
d|n ]S;d k A % d

If n = 3 (mod 4), then

dln 1<k<d d|n
Proof. We have
-4\, _ _a-p2(1-d) _1 (:4_) B
Z [7;)’*—2( 1) 2 2 d (L =d),
d|n 1sk<d d|n d|n

as claimed. When n = 3 (mod 4) we have ry(n) = 0 so by (1.2)



ERIN MCAFEE and KENNETH S. WILLIAMS

S(3)-o
d|n
giving the desired result.

Lemma 2.4. Let n be an odd positive integer. Then

2 Z ra(ny)o(ng) - Z 2%ry(ny)o(ng) = %rz(n) - Z(%‘)dz

n=n;+2ng n=ny +2°ny din
ny,ng odd n, ng odd, s22

Proof. We note that the first sum vanishes if n =1 (mod 4) and the

second sum vanishes if n = 3 (mod 4). In order to prove Lemma 2.4, we

apply Lemma 2.2 with the even function F(x) = (%)x We begin by
calculating the left-hand side of Lemma 2.2. The left-hand side is

-4 s -4 s
? Z Z Z[[dlhzs%J(dl_2%)_(dl+2sdzJ(dl+2d2)].

n=ny +2%ny dj|ny dz|ng
ny, ng odd

As n is odd, we have s > 1. Thus 2° = -2° (mod 4), and so d; + 2°d, =
dy — 2°dy (mod 4). Therefore the left-hand side is

-4 -4 s
2 [[ s ](dl - 2Sd2) - [——-—S ](dl + 2 dz)]
n=ny+2°ng d11m dz1n2 dy +27dy dy +2°dy

ny, ng odd

-4
s
- ’ {m]
n=ny +25ny d11n1 d21n2 1
ny, ny odd

DD ORI =

n=ny +2sn2 djiny da|ng n=ny+2ng dy |y dg|ng

ni,ng odd, s22 ny,ng odd
-4 4
e TS SrafF)e 33 S o
n=m +2°ny dyim daing ! n=ny+2ng dy 10y dgng

ny.ng odd, s22 ny,ng odd
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DN CDITTEID WEDI E)

n=ny +2%ng diln daIng n=ny+2ny dim dg|ng
ny, ng odd, 22 ny, g odd
= - Z 2°ry(ny)o(ng) + 2 Z ra (1 Yo(ng).
n=n +25 no n=ny +2n,2
ny,ng odd, s>2 ny, ng odd

The right-hand side of Lemma 2.2 is

(&)@ - n2(F)- 2T - a2 (F)e

d|n dln din |n
Equating the left-hand and right-hand sides, we get the desired result.

Lemma 2.5. Let n be an odd positive integer. Then

I‘G(n) _ M’ Lf n=1 (mod 4),

Z ra(ng)o(ng) = 12 8

g\l 4\ .
n=n;+2%ng % - Ag—) . if n =3 (mod4).
ny, no odd, s21

Proof. From (1.3) we have
r4(m) = 8c(n), if m(e N) is odd.

Let n =1 (mod4). If n = x2 +..-+x&, then exactly one of x, ..., xg i8

even or exactly one of x, ..., x¢ is odd. Set
to(n) = card{(x;, ..., xg) € Z8|n = xZ + . + x2, x; even, xy, ..., xg odd},

t;(n) = card{(xy, ..., xg) € Z8|n = xZ + - + x&, x; 0dd, x5, ..., xg even},

so that
rg(n) = 6t5(n) + 6t;(n).
Next
w- T ¥ ¥
Ism<n X1,%2,%3,X4€Z x5, Xg€Z
n =3 (mod 4) x; even,xy,x3,x40dd  x5,xg odd

n1=x12+x§+x§+xf u—n1=x§+x§
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and
w= > T ¥ o
1snisn X1,%9,X3,X4€Z x5, xg€Z
ny =1 (mod 4) x; odd, xg,x3,%4 even  xx,xg €ven
ny=x; +x§+x§+x§ n-ul:.r§+:c§
Hence

to(n) = Z %"4('74)"2('1 -m) = ;II Z ra(ny)ra(n - ny)

lsnp<n 1<ny<n
ny=3 (mod 4) ny=3 (mod 4)

and
4h(n)= Z ln,(nl)rz(n -n)= L Z ra(ny)rp(n = ny ) + lr (n)

4 ; 4 4 1 1 4 4 ,

lsmsn lsny<n
ny=1 (mod 4) ny=1 (mod 4)

Thus

B pmyeam =1 Y nmne-m)+ dnm
Isn<n
ny=1 (mod 2)

]
(3]

o(ny)re(n - ny) + %q (n)
lsm<n
ny=1 (mod 2)

=2 Z 0(111)1’2(28112) + %f}l (ﬂ.)

n+28ng=n
ny, ng odd, s21

=2 Z o(ng )ra(ng) + %n; (n).

n +2°ng=n
ny, ng odd, s21

Therefore when n = 1 (mod 4) we have

Z 5("'1)!"2(11.2) = ﬁﬁi_(;_l'z - f}ggt) '

n +2%n9=n
m, ng odd, s21
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as claimed. The proof for the case when n = 3 (mod 4) follows a similar
method using the fact that if n = xZ + ...+ xZ, then exactly three of

xy, ..., Xg are even and exactly three of xp, ..., xg are odd.

The following lemma only applies to the case when n =1 (mod 4). A

similar result is not needed when n = 3 (mod 4).

Lemma 2.6. Let n € N satisfy n =1 (mod 4). Then

3 et - {35 T (5233 (38

n=2%n; +ng din din d|n k=1
ny,ng odd, s21

Proof. We apply Lemma 2.1 with the even function F(x) = (%)x

The left-hand side of Lemma 2.1 is

Y Y (-a)(g)- @ a)(5)

n=ny+ng dy|ny do|ng

- > Y (@-w(g )@ w5 )

n=ny+ng | dylny,dg|ng
21dy,2|ds

- [(dl—dz)[dl'_“dz) (d1+d2)(d g ]]

dy|m,dg|ny
2|d;.2}dy

B |5 (el

n=ny+ng | dy|ny,da|ng
2]dy,2]ds

IR CE e MR e

dy |ny,dz|ng
2|dy,21dg
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" W
4 4
Z = 2d2)[d = ) Z (Zdl)(d = )
n=ny+ng | dy|ny,dg|ng V7727 dyndyng 1
\ 21d),2]do 2|dy,21d3 Y,
% 3
-4 -4
> Y (e Y e
dy —-d dy —d
n=ny+ng | dy|ny,dg|ng 1 z dy |ny,dg|ng 2 1 J
\ 21d,2]dy 21d,2|dy
-4
(- 4dp) 72
n=ny+ng dylny,dg|ng dy - dy
21d;,2|dg
-4
R'lz d, Z (_ 4d2)(d1_d2]
=ny+ng dy|ny,da|ng
2fd1v2ﬁd2
-4
¥ Z Z (_4d2)(d1—d2]

n=ny+ng dy|ny,dg|ng
2]dy,4|dy

> a3

% ann@)

n=m+ng dylny,ds|ng n=nj+ng dy|ny,dglng
214, 2| dg 1dy.4]dp
—4
1Y > (3 ]Zd2-4 > YE)Y e
n=n +ng d,inl dy | ng n=ny+ng dy|lm dg|ng
2)d; 2!d2 2d, 4|dsy
Z ra(ny) Z dg - Z ra(ny) Z dy
n=nj +ng d2|nz n=ny +ing dg | ng
2| da 4|dg
Z rp(ny) Z dg - Z ra(ny) Z do
n=ny +2° Ny dy|2° Ny n=ny+25 Ny dy|2° Ny
np, Ng odd, s21 2| dg ny, Ng odd, 22 4|dy
> nm) D 2= D) mm) ), de
n=n;+25Ny e2|No n=n+2% Ny e2|2"'2N2

n, Ny odd, s21

ng, Ns odd, s22
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=2 Z ry(ny)o(N,y) - 4 Z r2(n1)0(23_2N2)

n=ny+2°Ny n=ny +28 Ny
ny, Np odd, s21 ny, Ny odd, s22

=2 Z r(n1)o(Ng) + 2 Z ra(m ) (1 - 26(2°72))o(N5)
n=m +2N2 n=n +23N
ny, Ng odd n1, Ny odd, 532

=2 ) nm)oNp)+2 Y mu) -2 - 1)o(Ny)

n=nl+2N2 n=n +28N
ny=3(mod 4) nl,N; odd.3222
=2 Z ra(ny) (8 - 2%)a(ny)
n=ny+2%ny

ny, ng odd, s22

=86 Z ra(ny) o(ng) — 2 z 2°ry(ny )o(ng)

n=n; +2%ny n=nj+2%ny
ny, ng odd, s>2 ny, ng odd, s22
=6 z ra(m )olng) - Z( )dz - r—lfz(n ]
n=n;+25ny din

ny,ng odd, s22

by Lemma 2.4, Next the right-hand side of Lemma 2.1 is

S+ 2)Tp-3 3 )

d|n din 1<sksd
[F)-25) =5 #)
= — |d - — |d“ +2n — -2 —— |k
C% & ; - % d din 1<ksd k
-2 @R E) #)
= —|d - d* + —rz(n 2 — |k.
c; d Zl; d d|n 1<k=d k

Equating both sides we obtain the desired result.

Proof of Jacobi's formula (1.4) when n is odd. Let n be an odd
positive integer. Then by (1.8) the left-hand side of Theorem 1.1 with the

odd function F(x) = - L (:xi] g T6(1) = 3r4(n) + 8ry(n)

4 64
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The right-hand side of Theorem 1.1 with F(x) = - % [i] is

(g2 o5 1) (-9)) ()

din
DO R
dinl<k<d n=ny+ng d|ng
Jll.rlgeN

The first sum is

) %Z(dz_—g“-z— + 3(% _1)[5 _d]](:&_d_]

din
2
-1 [i}ﬂ .3 ﬁ)d " :i) _3 (:.‘1)(2)
8d|n d Sdln d 4; d 4d|"1 d J\d
3 (—4) 3 --i)n, 3 —4)0.
+ =1 = o —_ == _—
4 = d 4d|” ! )d 4;;( d
1 (—4)d2+3 (_4)6{ lr( 3 [—4)2
= - — = —|d - —rp(n) - = — |d
quu d Sdln d 16 4dfn n/d
3 -4 3 -4
+ 16 ".T'2(n) + —i Z[W)d - z (?Jd
din din
7 -4\ ,2 rp(n) ~ 3 (j) ; -1 d4
~g [d)d T (1 3n,)+8 F d, if n=1(mod4),
- din d|n
3 “Aye. .9 (:—4)03 if n = 3(mod 4).
8 d 8 d
d|n d\n



SUMS OF SIX SQUARES

Asdis odd, ) (:ki) is 0if d =1(mod4) and 1 if d = 3 (mod 4).
1gsk<d
Therefore
0, if n =1(mod 4),
n -4
(_ = d) (#‘) = (j]d if n = 3(mod 4
; d IS; Lk i; )% ( )
Therefore the second sum is
0, if n =1 (mod 4),
3 -4 -
ZZ Z k("}E_J * (—d‘-l—]d, if n =3 (mod 4).
din l1<k<d din

Finally the third sum is

% z o(2°1 ) Z (_d—‘i]

n=2%n; +2%2 n, d|ng
ny,ng Odd

3 ol2)oln) 202

n=2%5,+2%2 5y
ny,ng odd

I
)

ool

> nme)@! -1)om)

n=2%n; +2%2 ny
ny,ng odd

3 3
= Z Z 281 ?"2(112)0(?11 ) - “8‘ Z J”2(J’L2 )G(H'.l)
n=2%1ny +2%2 ng n=2%1ny +2%2 ng
ny,ng odd ny, ng odd

= g z 2% ry(ng)olng) + % Z ry(ng)o(ny)

n=2%n; +ng n=ny +2%2 ny
ny, ng odd, 5121 ny, ng odd, sg 21

- % Z ro{ng)o(ny ) - % Z ry(ng)olng)

n=2%ny +ny n=n;+2%2 ng
ny,ng odd, 5121 ny.ng odd, sp 21
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3 3
- Z 251y (ng)o(ny ) + 5 Z ra(ng)o(ng)
n=21n +ny n=ny +2%2ny
ny, ng odd, sy 21 ny, ng odd, s921

3
-5 D, nw)ey).
n=2%p,+ny
m, ng odd, sy 21

This expression can be simplified further when n = 3 (mod 4) as

Z 2%y (ng)o(ny) = 2 Z ra(ng)o(ng)

n=2’1 ny +ng "’=2nl tng
ny, ng odd, s3 21 ny,ng odd
=2 Z ra(ng)o(ng ).
n=2%n; +ng

ny,ng odd, 5 21

Appealing to Lemmas 2.4, 2.5 and 2.6 we simplify the third sum for the
more complicated case when n =1 (mod 4). The case when n = 3 (mod 4)

can be proven similarly by applying Lemmas 2.4 and 2.5. We have

LS 3()

n=2%1,+2%2n, ding
ny, ng odd
_ 3 -4 L3 rg(n) ry(n)
z[;(?] . L )] ke

1 -4\, 11vo(-4
32 Fﬁ(”—) ?"4(.'1) J"2(H,) 16 £ (_—(-i_—)d + 1_ (_E_Jd2
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- L) - 3 gt~ s L3 (28)a + 115 (24)g2
_32!‘6(;‘1) 64]"‘4(“—) 16 r2(n)+16§[d)d+16d (d)d

In

Therefore when n =1 (mod 4) the right-hand side is

3T 200§ 3 (5]

din

“+
oo
¥ . Y
I
= A
—
B
ST

\ d|n Isk<d

4

1 3 3n
+ 33 rg(n) - &1 ra(n) - 16 ra(n)

T BEEe 3 S5

din din

312 e(n) - — 61 r4{n) i6 r2(rt.)+16§(_£)d_%§(_—£)d2
L

din 1sk<d

Equating both sides we obtain

re(n) — 3ry(n) + 3rp(n) = 2rg(n) - 3ry(n) - 4ry(n) + 282 (;})d

din
—4
-122(?) +56) Y [—E—]k.
din d|n 1<k<d
so that

re(n)=1zz(‘d—4) + Tryn) - 282( )d 56y, > (‘Tf")k

din din din 1sk<d
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- 2;[ Jdg 282( ) 282( )d 56) [’Tf‘]k

:12;[‘74](1%28[2( J(l d) - 2; l;d( j]
or()

by Lemma 2.3. This gives the desired result for n = 1 (mod 4). The result
follows similarly for n = 3 (mod 4).

This completes our arithmetic proof of Jacobi's formula (1.4) when n
is odd.

Proof of Jacobi’s formula (1.4) when n is even. Let n € N be
even. We use standard arguments to relate rg(n) for n even to rg(n) for n

odd, so that we can apply (1.4) with n odd. We write N for the odd part of

n. For a € {0, 1, 2, 3, 4, 5, 6}, we define 75" 26-¢(14) to be the number of

representations (x;, g, X3, X4, X5, ¥g) € Z° with n = x¥ + x% + x% + x3

+x§ +x§ and a of x;, xg, X3, X4, X5. Xg even and 6 -a of x;, x5,

X3, X4, X5, g odd. For n e N it is easy to see that

6.0/ _n :

e’ (n) =0, if n # 0 (mod 4),

2 (n) = 0, if n # 1 (mod 4),
42,7 _n

rg’“(n) = 0, if n # 2 (mod 4),
3,3 _ .

re'°(n) = 0, if n # 3 (mod 4),
24,7\ _ n :

r"*(n) =0, if n # 0 (mod 4),

"é's(n) =0, if n # 1 (mod 4),

rg’c(n) =0, if n # 6 (mod 8). (2.1)



SUMS OF SIX SQUARES

6
From (2.1) and the relation rg(n) = Z rg’ﬁ'a(n), we obtain
a=0

(240 E90), i 1 = 0 (mod )
e )+t (), if n=1(mod 4),
ré),G(n) + r;’z(n), ifn=2 (mod 4),

r63'3(n), if n =3 (mod4).

rg(n) = 1 (2.2)

Lemma 2.7. Let n € N satisfy n = 6 (mod 8). Then

0.6 2 n
I'G (?I) = grﬁ(—z"].

Proof. Suppose n = xZ + x5 + x§ + xf + xg + xg, where xy, xg, x3,

x4, x5 and xg are odd. For i, j € {1, 2, 3, 4, 5, 6}, we observe that either
x; = x; (mod4) or x; =-x; (mod4). We define A to be the set of

solutions (x;, Xg, *3, X4, X5, Xg) € N® ton=xf+ X% + x5 +x2 +x% + x¢

with xp, xg9, X3, X4, X5, Xg odd and x; = x5 (mod 4), x3 = x4 (mod 4) and

x5 = xg (mod 4). Then, writing | A | for card A, we have
r(?’ﬁ(n.) =8lA|.

Next we define B to be the set of solutions (¥, y2. ¥3. Y4, Y5, ¥g) € N¢ to

nf2 = y2 + y% + 33 + y2 + y8 + 5 with y, y3, y5 odd, and ya, ¥4, ¥

even. Then
r23(nf2) = @| B|=20|B|.

It is easily checked that ® : A —» B defined by

(I)(xl, X9, X3, X4, X5, xﬁ)

_ X1 + Xo X — Xo Is+x4 Xq — X4 X5 + Xg X5 — Xg
- 2 : 2 ' 2 : 2 ' 2 ; 2

is a bijection. Therefore by (2.2) we have
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x5 # xg (mod 2), we replace x5 by -x5 —1. Then -x5 -1 = x¢ (mod 2),

1 the sum is unaffected since (2(— x5 - 1)+ 1)2 = (2x5 + 1)2. Next we

ine
B = {(x1, x2, x3, x4, x5, %) € Alx5 = xg (mod 2)},

that | A| = 2| B|. In order to calculate the cardinality of B, we define

By = {(x1, x2, x3, x4, x5, %) € B|x; = xp (mod 2), x3 = x4 (mod 2)},
By = {(x1, xg, x3, x4, x5, Xg) € B|x; # x5 (mod 2), x3 = x4 (mod 2)},
By = {(x1, xg, x3, x4, X5, xg) € B|x] = x9 (mod 2), x3 # x4 (mod 2)},
B, = {(x1, xo, x3, x4, x5, xg) € B]x) # x5 (mod 2), x3 # x4 (mod 2)}.

en clearly | B|=|B;|+|Bg|+|B3|+|B4|- Let C be the set of solutions

2 2. .2
L Y2, Y3, Y4r V5 ye) e N® such that n/2=y12+y2 +y§+y4 + Y5 +y(2i,
d define

C1 = {(n, y2, ¥3: Y4, ¥5. ¥6) € Cly1, Y2, ¥3, Ya» Y6 €ven, y5 odd},
Ce = {(», ¥2, ¥3: Ya» ¥5, ¥6) € C|¥3, Y4, Y6 even, y, y2, y5 odd},
Cs = {(», ¥2, ¥3, Ya. ¥5. ¥6) € C| 31, y2, Y6 even, y3, ¥4, ¥5 odd},

C4 = {(J’i» Y2, Y3, Y4, V5, J’s) € C|yg even, y;, ¥2, ¥3, Y4, V5 Odd}-

en

s easily checked that ®; : B; —» C; defined by
®;(x1, x2, X3, X4, %5, Xg)
= (x] + X9, X| - Xg, X3 + X4, X3 — Xy, X5 + Xg + 1, X5 — Xg)

a bijection. It follows that
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0,6 8 2
)-8 41- 88| - (5] - 2n3)

as required.

Lemma 2.8. Let n € N satisfy n = 2 (mod 4). Then

20w = ({3)-4) X (F)

d|N
Proof. If n =2 (mod8), then we have N =1 (mod4), so that

(_T‘i) =1 and by (2.1) we see that

bn)=0= [4(%] - 4) ['d—‘*)dz
dIN
as required. When n = 6 (mod 8), we have N = i = 3 (mod 4), so that

-4
(-—N—) = -1 and

() I e - 32

d|N d|N
by (1.4) (for n/2 =1 (mod 2)) and Lemma 2.7.

Lemma 2.9. Let n € N satisfy n = 2 (mod 4). Then
2 (n
2y = (4 + (-1) 3 )rﬁ(g].
Proof. Let A be the set of solutions (x;, %3, 3, X4, *5, %) € N& to

n = (2x; )2 + (2x2)2 + (2x3)2 + (2x4 )2 + (2x5 + 1)2 + (2xg + 1)2.

Then

42(n) = ( )IA]~15|A]
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If x5 # xg (mod 2), we replace x5 by —x5 —1. Then -x5 -1 = x¢ (mod 2),

and the sum is unaffected since (2(- x5 -1)+ 1)? = (2x5 + 1)%. Next we

define
B = {(xy, xg, X3, X4, X5, Xg) € A|x5 = xg (mod 2)},
sothat | A|= 2| B|. In order to calculate the cardinality of B, we define

By = {(x;, %2, X3, X4, %5, %g) € B|x; = x (mod 2), x3 = x4 (mod 2)},

By = {(x;, xo, x3, X4, X5, Xg) € Blxy # X (mod 2), x3 = x4 (mod 2)},

By = {(x, xg, x3, %4, X5, xg) € Blx

x9 (mod 2), x3 # x4 (mod 2)},
By = {(x1, X3, X3, X4, X5, %g) € B[x) # xp(mod 2), x5 # x4 (mod 2)}.

Then clearly | B| =| By | +| By |+| B3 |+| By |- Let C be the set of solutions

2 2
(31 Y2 ¥3» Y4, ¥5» ¥g) € N® such that n/2 =7 + y§ + 55 + 55 + y3 + %,

and define
C; = {3, ¥2. ¥3. ¥4, ¥5. ¥6) € Cl31, Y2, ¥3, ¥4 Y6 even, y5 odd},
Cy = {(31, 2. ¥3. Ya» ¥, ¥6) € Cly3, ¥4, ¥ even, y, y2, y5 odd},
Cy = {1, ¥2. ¥3, 4. ¥5. ¥6) € C1, Yo, ¥ even, ¥3, ¥4, ¥5 odd},

Cy = {31, y2 ¥3. ¥a» Y5, ¥6) € Cl¥e even, y1, ¥2. ¥3, ¥4, ¥5 odd}.

Then

S
-
/N
-
|
N—
O;*m
(%)
VS
o=
SN——
o
[~
N
M
N—’
0;4—
[
/N
-
=
~—_ S

|Cy | =

| Ce | =

|Cs|=

6 20

It is easily checked that @; : B; — C; defined by
@;(x1, X, %3, X4, X5, X6)
= (x; + %, X; — Xg, X3 + X4, X3 — X4, X5 + Xg + L, X5 — xg)

is a bijection. It follows that

N
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ra3(n) = 15| A| = 30| B| = 30( B, | + | By | +| By | +| By |)

=30(Cy | +|Cy|+|C3|+|Cy])

5,1({ It 3.3(n 3.3( n 1,5( n
+(3) 5 ) ()
= 30 — PR, " + 24

6 20 20 6

5.1( 1 3.3(n 1,5(
5% (2) 3 (2]+5% [§J

[H{AE) R (5) w51 moan,
Srg‘s(gj, if % = 3 (mod 4),

—(4+(- 1)1;—2),-6(%),

by (2.1) and (2.2), as required.
Lemma 2.10. Let n € N satisfy n = 2 (mod 4). Then
- () = 60(%_) Z(%{)d}.
d|N

Proof. Appealing to Lemma 2.9 and (1.4) (for N =1 (mod2)), we

R = @+ VIR = 60 ) S (S

d|N

obtain

as claimed.
Lemma 2.11. Let n € N be even. Set n/N = 2% with k e N. Suppose

m = 2! N for a nonnegative integer I < k. Then

Slai) - =Rl

Proof. This follows by changing the summation variable in the sum

on the left-hand sum from d to ¢ = ok-1q4,
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We are now ready to prove the formula for rg(n) when n = 2 (mod 4).

Appealing to (2.2), Lemmas 2.8, 2.10 and 2.11, we obtain

r5(n) = rg"8(n) + 1% (n)

(o) I

d|N
- =4l -4
‘G“r“zh,(N/d)dz ‘%(d]dz
= 16%[}:—/‘:—[)& = 4%[13}12,

which is (1.4) when n = 2 (mod 4).
The following two lemmas address the case when n = 0 (mod 4).
Lemma 2.12. Let n € N satisfy n = 0(mod 4). Then
r(?'o(u) = rﬁ(%].
Proof. Clearly
n= (2x1)2 4ot (23(:6)2 b= % = x12 + et x(2;

and the result follows.

Lemma 2.13. Let n € N satisfy n =0 (mod4). Let n = 2% N, where
k 2 2. Then

r62'4(n) =15- 22}‘(-_;-) Z(_cli)dz
d|N

Proof. Let A be the set of solutions (x;, x3, *3, %4, X5, Xg) € NS to
n = (2x; i (2:!:2)2 +(2x3 + 1)2 +(2x4 + l)2 +(2x5 + 1)2 +(2xg + 1)2,
so that

6
r62'4(u) = [2]| A|=15A|.
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Similarly to the proof of Lemma 2.9, we can choose x3, X4, x5, Xg so that

x3 = x4 (mod 2) and x5 = xg (mod 2). We define
B = {(x;, X9, X3, X4, X5, Xg) € A|x3 = x4 (mod 2), x5 = x¢ (mod 2)},
so that | A | = 4] B|. In order to calculate the cardinality of B, we define
B, = {(x;, xg, x3, x4, x5, xg) € B|x) = x5 (mod 2)},
By = {(x;, %2, x3, X4, X5, xg) € B|x) # x5 (mod 2)}.
Then clearly | B|=| B | +| By |. Let C be the set of solutions (n, y2, ¥3»
Y4, Y50 Y6) € Né 10 n/2 = yf + y% + y§ + yf + yg + yg, and define
C = {01, y2. 3, Y4 ¥5. ¥6) € C1 3, ¥2, ¥4» Y6 even. y3, y5 odd},
Cy = {0 ¥2. ¥3, ¥4» 75, ¥6) € Clys, Y6 even, 31, ¥z, ¥3, y5 cdd}.
Then clearly

4‘2 1L
+(3)
1C | =

2,4( n
d |C © \z
15 an I 2 | = "

15

It is easily checked that ®; : B, > C; (i =1, 2) defined by
@;(xy, 23, x3, x4, X5, X¢)
= (x; + Xg, X; — Xg, X3 + X4 +1, X3 = X4, X5 + Xg + 1, X5 — %),
is a bijection. It follows that
24(n) = 15| A| = 60| B| = 60(| By | +| By |) = 60(1Cy | +| C2 |)

?‘é”z(%J rﬁz.f;(%] 4 réz:;(%) if n = 0(mod 8),
P =

15 15 ré‘2(%], if n = 4(mod 8),

=6

by (2.1). Finally, making use of Lemma 2.10, we obtain

r62’4(n) = r62'4(2kN) = 22r62'4(2k_1 N)=..= 22(k'2)r62'4(4N)
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g 1) 5 1)
= 5 - - =4)q2,
d|N
as required.

We can now prove formula (1.4) for n = 4 (mod 8). In this case we
have n = 4N. Then

rg(n) = i@ 4 (4N) + 1S °(4N) (by (2.2))

- 15-2¢ ,,;v(” 2 )d + 7o) @y Lemmas 2.12 and 2.19)
- 15%;@ 2)d2 4 rg(V) by Lemma 2.11)
2( )zu DI

which is (1.4) for n = 4 (mod 8).

Finally we prove (1.4) for n = 0(mod8). In this case we have

n = 28N with & > 3. We have
k 6,0 k
rg(n) = rb 42k N)+ g (2°N) (by (2.2))

=1 242k Ny + r6(2k 2N) (by Lemma 2.12)

I

2 (2 N) + 1242 2N) + 130 @F 2 N) by 2.2))

et (@2EN) + 1242 2 N) + rg(2* N) (by Lemma 2.12)

_[r2A 2k Ny 42t @2 N) 4 +rﬁ4(4N)+ 0(4N), if k=0(mod2),
) 62‘(2*N)+rg4(2“1v) I {SN)H-g"(SN) if k=1(mod2),
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) rs?"d(ZkN)+r62‘4(2k'2N)+---+r62'4(4N)+rﬁ(N), if k = 0(mod2),
re (2 N)+ 121 2% 2 N) 4 4 12 (BN) +15(2N), if k =1(mod 2).

Appealing to Lemmas 2.13 and 2.11, we obtain

242! N) = 15. 22 Z(N/dez - 15. 220~ k);(n/j]ﬁ

d|N
for l e N, 1 <! < k. Therefore

(k-2)/2

152( )dz Zz-‘“ +1rg(N),  if k = 0(mod 2),
g(n) ={ 4" /2

15; (’:—/E.)dz g;z"“ +1g(2N), if k = 1(mod 2),

16;';( )dz(l - 272) 4 1o (N), if & = 0(mod 2),

162( - d)d% 27242y, 1 (ON), if k = 1(mod 2).

d|n

By (1.4) for N = 1(mod 2) and Lemma 2.11, we have
re(N) = 162(1;—/‘;]& - 42(1{—4)&
d|N d|N
—16.2°20% (24 )42 _ =442
of b Z(n/de 42( d ]d
dn din

and by (1.4) for 2N = 2(mod 4) and Lemma 2.11, we have

re(@N) =16 ) (2N/d)d2 12 ( J

d|2N d|2N

_16. 2«2k+2z(n/dj d2 - 42[15-]512

dln din
giving (1.4) for n = 0(mod 8).

I
This completes the proof of Jacobi’s formula (1.4) for all n € N.
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