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Density of integers which are discriminants
of cyclic fields of odd prime degree

By

BLAIR K. SPEARMAN and KENNETH S. WILLIAMS

Abstract. An asymptotic formula is given for the number of integers < x which are
discriminants of cyclic fields of odd prime degree.

Let g be afixed odd prime. Letn be a positive integer. Itis known thatn is the discriminant
of a cyclic field of degree g over Q if and only if

2(41—1)’

n=gq (qr--g)?" or ¢* V(g g7,

where r is a positive integer and g1, . . . , ¢, are distinct primes = 1 (mod g), see for example
[1], [7]. Let A(g) denote the set of positive integers which are the product of distinct
primes = 1 (mod ¢) including the empty product = 1. Then the number Cy(x) of n < x
which are discriminants of cyclic fields of degree ¢ is (for large enough x in terms of ¢)

Choy=1+ > 1+ Y 1

1<n§x1/(‘7_]) l<n§x1/(’7_1)/q2
neA(q) neA(q)
so that
(1) Cq(x) = Ag(xV/ 47Dy 4 A, x4V /g% — 1,
where

Ag)= > L.

n<x
neA(q)
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Our purpose is to determine an asymptotic formula for C,(x) valid for large x. To do
this we make use of the prime number theorem for arithmetic progressions, Mertens’
theorem for arithmetic progressions, and a result, which under certain conditions, gives
the asymptotic behavior of Y f(n) from that of >  f(p), where p runs through primes.

nsx psx
This last result is a consequence of theorems of Wirsing [12, Satz 1, p. 76] and Odoni
[3, Theorem II, p. 205; Theorem III, p. 206; Note added in proof, p. 216.]. Throughout this

paper p denotes a prime number.

Proposition. Let f : N — R be multiplicative with 0 f(n) < 1 for alln € N.
Suppose that there are constants T and B witht > 0and 0 < 8 < 1 such that

S ) = +o( * )
log x (log x)1+A

PEx

Then
i I <1+ fp) | f0 +>
=00 (log )™ [ p P’

exists, and
3 £(n) = Ex(log0)™" + O(x(log x)* ')
n<x

with

et o ()
E‘F(r)xlggo(logx)rH(1+ p T +>

p=x
Proof. See [6, Proposition 5.5]. Here y denotes Euler’s constant. [
Prime number theorem for primes p = 1(mod ¢q).

Y o= L +0( X )
g — 1logx log?x /)’

p=x
p=1(mod q)

as x — 00.
Proof. See for example [4, Satz 7.6, p. 139]. O

The cyclotomic field Q(e>7/4) is of degree ¢(q) = g — 1 over Q. We denote its class
number and regulator by 4(g) and R(q) respectively. We also let

2mi

w:=ed T €C,
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so that ?~! = 1. The principal character xo (mod ¢) is defined as follows: for n € Z
we have

|1, if n # 0(mod q),
xo(n) = {0, if n = 0(mod ¢).

Let g be a primitive root (mod g). For n € Z with n # 0 (mod g) the index indg(n) of n
with respect to g is defined modulo ¢ — 1 by

n = g™ (mod q).
We define a character x, (mod g) as follows: for n € Z we set

. @™ if p # 0 (mod gq),
Xg(m) = { 0, if n = 0(mod q).

There are exactly ¢ (¢) = g — 1 characters (mod ¢). They are
2
XOa Xg7 Xga-~~v Xg k)
where Xg_l = xo. Letr € {1,2, ..., g — 2}. We define the constant C(q, r, x¢) by

1
C(‘Ia’?Xg): 1_[ (1—T)
p

p (r,g—1)
xg(p) ="

As1<(rg— 1< Sg—1Dforre{l,2,...,q — 2}, we have

qg—1
(r,g—1)

so that the infinite product converges. It is shown in [6, Section 3] that the product

v

27

q—2
[]c@. roxe"

r=1
does not depend on the choice of the primitive root g. Thus we can define a constant
C(q) by

q—2
) Cl) =[] C@ rx)™".

r=1

Then we define the constants A(g), E(g) and K (g) by

1
e V2324 +D/ 2 —(q=1/2\ T
Mg) =

3
©) (g — Dh(g)R(q)C(q)
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1 e v/@=1 1
E(q)=—"— I <1——2>

1
1(q) F(qu) p=1(mod ¢) b

_ o+ | 1
@) = oty i (g — 1yFat (r (q—il» I1 (1 - %)

p=l(mod q)

x (h(@)R(@)C(@)7T,

and

=2 1
K(q) = E(@)(g — )i (1 + ?)

g=3 25 | 1 -1 1
®) = 2%72g%2(q — )(¢* + Dn2 (F (F)) I1 (1 - _2>
p=l(mod q)
% (h(@)R(q)C(g))TT.

Mertens’ theorem for primes p = 1(mod q). Let g be an odd prime. Then

[ (1 - %) = M(g)(logx)"/™D + O((log x) 4/,
<x

p=1(mod q)
as x — 0o, where the constant implied by the O-symbol depends only on q.

Proof. This result is proved in [6, Proposition 6.3] from Mertens’ theorem for primes
in arithmetic progression [11] and the class number formula for abelian fields
[2, Theorem 8.4, p. 436]. O

We are now ready to prove an asymptotic formula for A, (x).

Theorem 1. Let 0 < € < 1. Let q be an odd prime. Then

q—2 2g-3
iz A= te
Tt )

A (x) = E(g)x(ogx) ¢ T + O(x(logx)™

’

as x — 0o, where the constant implied by the O-symbol depends only on q and €.

Proof. Welet
1, ifn e A(g),
fo = {o, ifn & A(q).

Clearly f(n) is a multiplicative function satisfying the conditions of the Proposition with
t=-1andB =1—¢ where 0 < ¢ < 1, by the prime number theorem for primes

1
p

1 (mod g). Hence, by the Proposition, we obtain

Aq(X) = Z 1= Zf(n) = E(q) il = + 0 ( xzq_3 ) ,
n<x n<x (logx)ﬁ (logx)qj7€
ne A(g)
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as x — 0o, where

1
OO (logx)q—l p<x
p=Il(mod q)

Next, for x — oo, we have
1 R
I (1 + —) = B
P p Sq(x)
p=Il(mod q)

where

1 1
Ry =[] (1 - —2> =+o(1) ] (1 - —2) :
p<x p p=1(mod q)

p=1(mod q)

and by Mertens’ theorem for primes p = 1 (mod q)

1 1
S, =] (1—;)=A<q)<1+o(1)>—_

p<x (log)c)qTl
p =1(mod q)
so that
1 1 1
I1 (1 + _) =— ]I (1 — —2> (14 o(1))(logx)"/@=1.
pSs P @ e fmoagys P
p=1(mod q)
Hence
lim (logx)~"@=" ] (1 + l) S I1 (1 - %)
e p=x p )L((Z) p=1(mod q) p
p =1(mod q)
and

| eit 1
E@@)=— """ |- —
@=5orc 1l ( 2)

g—17 p=1(mod q)

in agreement with (4). O

From (1), (5) and Theorem 1 we obtain
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Theorem 2. Let 0 <€ < 1. Then

q—2

e _ e 23,
Cq(x) = K(g)xT(logx) 4T + O (x4-T(logx) 7! ;
as x — 00, where the constant implied by the O-symbol depends only on q and €.

We conclude with an example.

Example. Wedetermine C3(x) forlarge x. The cyclotomic field Q(e?*/3) = Q(v/=3)
has class number 4(3) = 1 and regulator R(3) = 1. In [6, Lemma 3.1] it is shown that

co= T (1)

Pp=2(mod 3) p
Now
1 1 1
(-%) T (=5) I1 (1-5)
p=1(mod 3) p=2 (mod 3)
1 6
P p T
so that

—1
C(3) =27233772 ]’[ <1—i2> )

p=I1 (mod 3)

By (3) we have

1 2
A3) = e 52733 n1C3) T = e F2237in2 [ (1——2) :
p=1 (mod 3)

Then, by (4), we have as F(%) = n%

E@=esx ] <1—i2)x(3)—1

p=1 (mod 3) p
1
il 1\2
=2"234x ]_[ (1—?> .
p=I1 (mod 3)

Finally, by (5), we have

1 1 1. 1\:2
K(3)=E(3)2z<1+3—2>=2.3 R | (1——2)

p=1(mod 3)
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and Theorem 2 gives

1 1

1
1)\?2 2 2
C3(X)=2'3_%5n_1 l_[ (1——2) x—+0 _

1 3_
p=1(mod 3) P (10g x) 2 (lOg x) 7€

for 0 < € < 1, as x — oo. This result without an error term was given in [5, Theorem 2].
We remark that Urazbaev [8], [9], [10] has determined asymptotic formulae for
the number of cyclic fields of prime power degree with discriminant < x.
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