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Abstract

Let f(x)=x3 —tx® —ux-1e Z[x]. Conditions are given on ¢ and u
which ensure that f(x) has exactly one real root  which is the

fundamental unit (> 1) of the cubic field Q(8).

1. Introduction

Recently Vulakh [2, Theorem 1, p. 1306] has proved the following
theorem.

Theorem 1. Let f(x) = x3 —tx? —ux -1, where t and u are integers

such that

{t > u(w+1)/2, if uis odd,
1.1)

t > u(w+2)/2, if uis even.

Assume that f(x) has exactly one real root 0. Let K = Q(0). Assume that

the discriminant of f(x) is squarefree. Then 0 is a fundamental unit of the
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ring Ok of the integers of K, that ts, every unit of Ok is of the form * ok
for some k € Z.

We note that if the conditions of Theorem 1 are met, then K is a real
cubic field with two complex embeddings. We prove the following
extension of Vulakh’s theorem. It is always stronger than Vulakh’s

theorem when |u|> 24, as well as in some other cases. The proof is

elementary.

Theorem 2. Let f(x) = x® — tx® — ux — 1, where t and u are integers

such that
t > w? +18/u|+12)/4.
Then
@) f(x) is irreducible in Z|[x],

(i) the discriminant D of f(x) is negative so that f(x) has exactly one

real root 9,

(iii) if the discriminant of f(x) is squarefree, then 0 is the fundamental

unit > 1 of the ring Ok of integers of the cubic field K = Q(6).
2. Proof of Theorem 2

First we observe that

2
u” +18lu|+12 _ 12
and
t > _18Lu[ >|ul. (2.2)

Secondly we show that f(1) # 0. Suppose that f(1) = 0. Then ¢ +u = 0.
By (2.1) t > 0 sothat v < 0 and |u| = —u = ¢, contradicting (2.2). Hence

f() = 0. (2.3)
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Thirdly we show that f(-1) # 0. Suppose that f(-1) = 0. Then u =t + 2.
By (2.1) we have ¢t > 0 so that u > 0 and thus |u|=uw=1t+2>t, which
contradicts (2.2). Hence

f(=1) = 0. (2.4

From (2.3) and (2.4) we see that +1 are not roots of the cubic f(x) so that
f(x) has no linear factors in Z[x] and thus f(x) is irreducible in Z[x],

proving (i).

Fourthly, we prove that

3
at® —u%? +18ut — 4u® > 4(1 + ¢)% (2.5)

We consider two cases according as ©w >0 or u<0. If uw>0, then

|u|=uw and

u? + 18u +12
4 .

2

Thus
43 — u?? v 18ut — 4u®

= t2(4t - u?) + 2u(9t - 2u?)
> t2(18u +12) + g(u2 +162u + 108)

>12¢2

[SS][~]

> 4(1+t)

Ifu <0, then |u| = -u and

u? —18u +12
e

t 2

Then, as u < 0 and ¢ > 3, we have
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4t3 - u?t? +18ut - 4u®
> 4% - u?? +18ut? - 4u®
> 4¢3 — u?? +18ut?
= t2(4t - u® +18u)

>12¢2

[Se][v5)

> 4(1+t)".
This completes the proof of (2.5).

The discriminant D of f(x) is given by

D = -4t® + u%? —18ut + 4u3 - 27,
see for example [1, p. 139]. By (2.5) we see that

3
2

—D-27=4t3 —u?? +18ut —4ud > 41 +1)2 > 0,

so that
D < 0.
Thus f(x) has exactly one real root 8, proving (i1).

From (2.6) and (2.7) we deduce that

3
| D|> 27 +4(1+1)%,

so that by (2.1)
| D| > 59.

Next we show that f(1+¢)> 0. We have (as ¢ > 0 and ¢ > |u|)

fA+t)=(1+t)° -t +t)® —u +t)-1

=t(2+t)-ul +1t)

>t +t)-ul+t)

(2.6)

2.7

2.8)

2.9
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2t +t)—|u|@d+1)
=@t-lu])@+1)
>0,

so that
fa+t)>0. (2.10)

Next we determine the sign of f(1). We have
fA)==t-u<|u|-t<0,
by (2.2), so that
f@) <o. (2.11)
As f has exactly one real root 0, we deduce from (2.10) and (2.11) that

1<0<1+t. (2.12)

Now suppose that D is squarefree so that the discriminant d(K) of K
is equal to D and thus by (2.9) we have

| d(K)| > 59.
Let n denote the fundamental unit (> 1) of Og. Hence, by [1, Theorem
13.6.1, p. 370], we have

n3 >|d(K)|—27'

1 (2.13)
Then, from (2.8) and (2.12), we deduce
3 3
n®>@1+t)2 > 02
so that
n? > e. (2.14)

As 9(92 ~t0—u)=1, we deduce that 8|1 in O, so that 6 is a unit of Og.

Hence, by Dirichlet’s unit theorem, we have

9 = +n* (2.15)



6 KENNETH S. WILLIAMS

for some k € Z [1, Theorems 13.4.2, 13.5.2, pp. 362, 366]. As 6 >1 and
n > 1 we deduce from (2.15) that

0=n* keN. (2.16)
From (2.14) and (2.16) we obtain
1<nk<n2, ke N,
so that £ =1 and 6 = n. Hence 6 is the fundamental unit (> 1) of O,
proving (iii).
3. An Example

We close with a numerical example to which Theorem 2 applies but
Theorem 1 does not.

Example. f(x) = x® —152x% - 17x - 1.

Here t =152 and u = 17. As

wu+1) _(A7)A8) .0,
2 2

the condition (1.1) is not satisfied and Vulakh’s theorem does not apply.

As
u? +18|u|+12 3 172 +(18)(17) + 12 289 + 306 + 12
4 4 4
=@=151.75 <152 =t¢
4
and

disc(x® - 152x2 - 17x - 1) = -7397063

being a prime is squarefree, Theorem 2 applies and the unique real root 6

of x3 -152x% —17x -1 = 0 is the fundamental unit (> 1) of the cubic

field K = Q(0), 63 —-15202 —-170 -1 = 0.
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