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Normal integral bases for Emma Lehmer’s

parametric family of cyclic quintics

par Blair K. SPEARMAN et Kenneth S. WILLIAMS

Résumé. Nous donnons des bases normales entières explicites
pour des extensions cycliques quintiques définies par la famille
paramétrée de quintiques d’Emma Lehmer.

Abstract. Explicit normal integral bases are given for some
cyclic quintic fields defined by Emma Lehmer’s parametric family
of quintics.

1. Introduction

Let n ∈ Z. Emma Lehmer’s quintic polynomials fn(x) ∈ Z[x] are defined
by

(1.1) fn(x) = x5 + n2x4 − (2n3 + 6n2 + 10n + 10)x3

+ (n4 + 5n3 + 11n2 + 15n + 5)x2 + (n3 + 4n2 + 10n + 10)x + 1,

see [4, p. 539]. Schoof and Washington [6, p. 548] have shown that fn(x)
is irreducible for all n ∈ Z. Let ρn ∈ C be a root of fn(x). Set Ln = Q(ρn)
so that [Ln : Q] = 5. It is known that Ln is a cyclic field [6, p. 548]. The
discriminant d(Ln) of Ln has been determined by Jeannin [3, p. 76] and,
as a special case of a more general result, by Spearman and Williams [7,
Theorem 2], namely

(1.2) d(Ln) = f(Ln)4,

where the conductor f(Ln) is given by

(1.3) f(Ln) = 5α
∏

p ≡ 1 (mod 5)
p | n4 + 5n3 + 15n2 + 25n + 25

vp(n4 + 5n3 + 15n2 + 25n + 25) 6≡ 0 (mod 5)

p,
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where vp(k) denotes the exponent of the largest power of the prime p di-
viding the nonzero integer k and

(1.4) α =
{

0, if 5 - n,
2, if 5 | n.

Gaál and Pohst [2, p. 1690] have given an integral basis for Ln when
p2 - n4 + 5n3 + 15n2 + 25n + 25 for any prime p 6= 5. They also discuss the
existence of a power integral basis for Ln [2, p. 1695]. It is known that

Ln has a normal integral basis (NIB)
⇐⇒ Ln ⊆ Q(e

2πi
m ) for some squarefree integer m

⇐⇒ f(Ln) | m for some squarefree integer m
⇐⇒ f(Ln) squarefree
⇐⇒ 5 - n,

see [5, p. 175]. From this point on we assume that 5 - n so that n possesses
a normal integral basis. Acciaro and Fieker [1] have given an algorithm for
finding a normal integral basis (when it exists) for a cyclic field of prime
degree. Applying this algorithm to the 800 fields Ln with 1 ≤ n ≤ 1000
and (n, 5) = 1 they found that 766 of these fields had a normal integral
basis of the form {

a + ρn, a + ρ′
n, a + ρ′′

n, a + ρ′′′
n , a + ρ′′′′

n

}
for some a ∈ Z, where ρn, ρ′

n, ρ′′
n, ρ′′′

n , ρ′′′′
n are the conjugates of ρn. We

explain this phenomenon by proving the following theorem in Section 2.

Theorem. Let n ∈ Z be such that 5 - n. Then Ln has a normal integral
basis of the form{

v + wρn, v + wρ′
n, v + wρ′′

n, v + wρ′′′
n , v + wρ′′′′

n

}
(v, w ∈ Z)

if and only if

n4 + 5n3 + 15n2 + 25n + 25 is squarefree, w = ±1, v =
w

5

(
n2 −

(n

5

))
,

where
(n

5

)
is the Legendre symbol modulo 5.

It is easy to check that there are exactly 766 values of n ∈ Z such that
1 ≤ n ≤ 1000, 5 - n and n4 + 5n3 + 15n2 + 25n + 25 is squarefree.

2. Proof of Theorem.

We begin by determining a cyclic permutation of the roots of fn(x). This
was done by Schoof and Washington [6, p. 548] by means of a rational
function. For our purposes we require polynomial expressions for the roots.
The restriction 5 - n is not needed in the Proposition below.
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Proposition. Let n ∈ Z. Let y0 be any root of fn(x). Then the other four
roots of fn(x) are

y1 = ((n + 2)2y4
0 + (n + 2)(n + 1)(n2 + n− 1)y3

0

+ (−2n5 − 14n4 − 43n3 − 76n2 − 80n− 39)y2
0

+ (n + 1)(n5 + 8n4 + 29n3 + 60n2 + 71n + 36)y0

+ (n + 2)(n3 + 6n2 + 14n + 11))/(n3 + 5n2 + 10n + 7),

y2 = ((−2n− 3)y4
0 − (2n3 + 4n2 + 3n + 2)y3

0

+ (3n4 + 14n3 + 31n2 + 41n + 24)y2
0

− (n + 3)(n4 + 4n3 + 9n2 + 9n + 2)y0

− (n + 2)(2n + 3))/(n3 + 5n2 + 10n + 7),

y3 = (−(n + 2)(n + 1)y4
0 − (n2 + n− 1)(n + 1)2y3

0

+ (2n5 + 12n4 + 33n3 + 54n2 + 53n + 23)y2
0

− (n + 2)(n + 1)(n4 + 5n3 + 12n2 + 16n + 9)y0

− (n5 + 7n4 + 24n3 + 47n2 + 52n + 25))/(n3 + 5n2 + 10n + 7),

y4 = ((n + 1)y4
0 + (n3 + 2n2 + 3n + 3)y3

0

− (n + 2)(n + 1)(n2 + n + 4)y2
0

− (n4 + 7n3 + 19n2 + 29n + 19)y0

+ (n + 1)(n3 + 5n2 + 11n + 9))/(n3 + 5n2 + 10n + 7).

Let σ ∈ Gal(fn) be such that

(2.1) σ(y0) = y1.

Then

(2.2) σj(y0) = yj , j = 0, 1, 2, 3, 4,

and the polynomial Pn(y) ∈ Q[y] given by

Pn(y) = ((n + 2)2y4 + (n + 2)(n + 1)(n2 + n− 1)y3(2.3)

+ (−2n5 − 14n4 − 43n3 − 76n2 − 80n− 39)y2

+ (n + 1)(n5 + 8n4 + 29n3 + 60n2 + 71n + 36)y

+ (n + 2)(n3 + 6n2 + 14n + 11))/(n3 + 5n2 + 10n + 7),
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is such that

(2.3) P j
n(y0) = σj(y0), j = 0, 1, 2, 3, 4.

Proof of Proposition. Using MAPLE we find that there exist polynomi-
als gn(y), hn(y), kn(y), ln(y) ∈ Q[y] such that

fn(y1) = fn(y0)gn(y0) = 0,

fn(y2) = fn(y0)hn(y0) = 0,

fn(y3) = fn(y0)kn(y0) = 0,

fn(y4) = fn(y0)ln(y0) = 0,

where y1, y2, y3, y4 are defined in the statement of the Proposition. Clearly
y0, y1, y2, y3, y4 are all distinct as y0 is a root of an irreducible quintic
polynomial. Thus y0, y1, y2, y3, y4 are the five distinct roots of fn(x).
With Pn(y) as defined in (2.3), we see from the definition of y1 that

(2.4) y1 = Pn(y0).

Another MAPLE calculation shows that

P 2
n(y0) = Pn(y1) = y2,

P 3
n(y0) = Pn(y2) = y3,

P 4
n(y0) = Pn(y3) = y4,

so that

P j
n(y0) = yj , j = 0, 1, 2, 3, 4.

With σ ∈ Gal(fn) defined in (2.1), we see from (2.5) that

Pn(y0) = σ(y0).

Finally, as σ ∈ Gal(fn) and Pn(y) ∈ Q[y], we obtain

P 2
n(y0) = Pn(Pn(y0)) = Pn(σ(y0)) = σ(Pn(y0)) = σ2(y0)

and similarly P 3
n(y0) = σ3(y0) and P 4

n(y0) = σ4(y0).
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Proof of Theorem. Let n ∈ Z be such that 5 - n. Let v, w ∈ Z. Using
MAPLE we find that

D(v + wρn, v + wρ′
n, v + wρ′′

n, v + wρ′′′
n , v + wρ′′′′

n )

= D(v + wy0, v + wy1, v + wy2, v + wy3, v + wy4)

=
∣∣det (v + wyi+j (mod 5))i,j = 0,1,2,3,4

∣∣2
= w8(5v − wn2)2(n4 + 5n3 + 15n2 + 25n + 25)4.

Then, by (1.2) and (1.3), we have{
v + wρn, v + wρ′

n, v + wρ′′
n, v + wρ′′′

n , v + wρ′′′′
n

}
is a NIB for Ln

⇐⇒ D(v + wρn, v + wρ′
n, v + wρ′′

n, v + wρ′′′
n , v + wρ′′′′

n ) = d(Ln)

⇐⇒ w8(5v − wn2)2(n4 + 5n3 + 15n2 + 25n + 25)4

=
∏

p ≡ 1 (mod 5)
p | n4 + 5n3 + 15n2 + 25n + 25

vp(n4 + 5n3 + 15n2 + 25n + 25) 6≡ 0 (mod 5)

p4

⇐⇒ w8 = (5v − wn2)2 = 1 and n4 + 5n3 + 15n2 + 25n + 25 squarefree

⇐⇒ w = ±1, v =
w

5

(
n2 −

(n

5

))
, n4 +5n3 +15n2 +25n+25 squarefree,

completing the proof of the Theorem.

The authors would like to thank Raylene Senger who did some computing
for them in connection with this work.
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