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1. Introduction. Let N denote the set of all positive integers, Z the set
of all integers, and Q the set of all rational numbers. For n € NU {0} and
k € N we let r,(n) denote the number of representations of n as the sum of

k squares, that is,
ri(n) = Z 1.
(21,0, )EZF
x%—&—‘..—l—zi:n
In the first decade of the twentieth century Glaisher obtained formulae for
ri(n) for k =2,4,6,8,10,12,14,16 and 18 in a systematic manner (see [2]).
All of Glaisher’s results were obtained from formulae derived from the theory
of elliptic functions and so cannot be considered elementary. Nathanson’s
book [7] contains elementary proofs of formulae for ri(n) for k = 2,4, 6,8, 10.
In this paper we consider the case k = 12. In 1864 Liouville [5] stated

the formula
4
(1.1) ria(n) = 31 (21 + 25°H15)05(n/2%)  if n =0 (mod?2),

where o € N is such that 2% || n, and, for k € N and z € Q,
k .
op(x) == {de;d ?fx €N,
0 ifreQ, z¢&N.
Petr [8] proved Liouville’s formula (1.1) in 1905 using theta functions and
Humbert [4] proved it in 1907 using elliptic functions. In 1907 Glaisher in
his paper [2, pp. 4807481] gave the formulae
(1.2) ria(n) = =8 (=)™ D@ if n =0 (mod2),
dln
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(1.3)  ri2(n) = 8os(n) + 2 Z F(a,b,c,d) ifn=1 (mod2),

a,b,c,deZ
a2+b24c2+d2=n

where
F(a,b,c,d) == (a* + b + ¢t 4+ dh)
—2(a®b* + a®c? + aPd® + b2? + b2d? + PdP),
and he pointed out that his formula (1.2) is equivalent to Liouville’s formula
(1.1). In 1987 Ewell [1, p. 298] gave the formulae

(1.4)  72(n) = 80s(n) — 51205(n/4) if n =0 (mod2),
(1.5)  ri2(n) = 8os(n) + 160(n)

+256 > (D)% D o(n—2kd) ifn=1(mod2),
d<n/2 k<n/2d

where o(z) := o;(x) for all z € Q. An easy calculation shows that (1.4) is
equivalent to Liouville’s formula (1.1) and thus to Glaisher’s formula (1.2).
Although Ewell did not indicate how he proved his formulae (1.4) and (1.5),
he presumably used infinite product identities as in his proof of his formula
for r16(n).

In Section 2 of this paper we prove in an elementary manner two new
convolution identities (see Theorem 2). In Section 3 we give the first ele-
mentary proof of Liouville’s formula (1.1) in the form (1.4). In Section 4,
we prove in an elementary fashion a new formula for r12(n) when n is odd
which is simpler than both (1.3) and (1.5). We prove

THEOREM 1. Let n be a positive odd integer. Then
(1.6) ri2(n) = 1603(n) + 80(n) +128 > (—1)***+¥ap?,
az+by=n

where a, b, x, y run through all ordered quadruples of positive integers such
that ax 4+ by = n.

This formula is similar to one for ri6(n), which can be deduced from
Milne [6, Theorem 1.4]. Finally in Section 5 we deduce Ewell’s formula (1.5)
from Theorems 1 and 2. Our main tool is the following recent identity due
to Huard, Ou, Spearman and Williams [3, Theorem 1], whose proof involves
nothing more than the manipulation of finite sums.

PROPOSITION. Let f :7Z* — C be such that
(17) f(a’a bv €, y) - f(xa Yy, a, b) = f(_aa _ba z, y) - f('T) Yy, —a, _b)

for all integers a, b, x and y. Then
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(18) Z (f(a7b7x7 _y) - f(a7 _b7$7y) + f(aua - bvx + y7y)

ax+by=n

—f(a,a—i—b,y—ac,y)—i—f(b—a,b,ac,x—i—y)—f(a—i—b,b,a:,a:—

= >3 "(f(0,n/d,x,d) + f(n/d,0,d,z) + f(n/d,n/d,d—

dln z<d

— flz,z —d,n/d,n/d) — f(z,d,0,n/d) — f(d,z,n/d,0)),

197

y))

where the sum on the left hand side of (1.8) is over all ordered quadruples
of positive integers a, b, x, y satisfying ax + by = n, the inner sum on the
right hand side is over all positive integers x satisfying x < d, and the outer

sum on the right hand side is over all positive integers d dividing n.

We also make use of the classical formulae for r4(n) and rg(n), which
can be deduced in an elementary way from the Proposition (see [3], [9] and

[10]):

(1.9) ra(n) = 8c(n) — 320(n/4),

(1.10) rg(n) = 16(—1)""(o3(n) — 1603(n/2)).
Clearly

(1.11) ri2(n) = ra(n) + rg(n +Zr4 n—k)rs(k

We note for later use the following elementary identity:

(1.12) 0e(2n) — (2° 4+ 1)oe(n) +2°0.(n/2) =0, e,neN.

2. Preliminary results. For e, f,n € N we define

n—1

(2.1) Se,f(n) := ge(m)os(n —m).
m=1
Clearly
(2.2) Sep(m)= Y ab =Ss.(n).
axr+by=n

The sums S, (n) can be evaluated in an elementary manner for e, f € N

satisfying
(2.3) e=f=1(mod?2), e+ f=246,812,

by taking particular choices of f(a,b,z,y) in the Proposition (see [3]). We

just need the value of 51 3(n), namely,

(2.4) Si3(n) = 210 (21o5(n) + (10 — 30n)o3(n) — o(n)).



198 J. G. Huard and K. S. Williams

Secondly, for e, f,n € N, we define
(2.5) Acf(n) = Z oge(m)os(n —2m) = Z acb’
m<n/2 2azx+by=n

where m runs through the positive integers satisfying m < n/2. We note
that

(2.6) Acf(n) = Z a® Z of(n —2am).

a<n/2  m<n/2a

The values of A;1(n), A1 3(n) and As;(n) were derived in an elementary
manner in [3] from the Proposition. We just need

(27) Avsln) = 515

(2.8) Asq(n) = ﬁ (o5(n) —o(n) + 2005(n/2) + (10 — 30n)o3(n/2)).
Thirdly, for e, f,n € N, we define

(2.9) Bes(n):= Y oc(m)opn—4m)= > abf,

m<n/4 daz+by=n

(505(n) + (10 — 15n)o3(n) 4+ 1605(n/2) — o(n/2)),

where m runs through the positive integers satisfying m < n/4. We note
that

(2.10) Bes(n)= Y a® > os(n—dam).

a<n/4 m<n/da

The value of B; 1(n) was derived in [3] from the Proposition. We need the
following new evaluations of B; 3(n) and B3 1(n) when n is odd.

THEOREM 2. Let n be a positive odd integer. Then

384B; 3(n) = 505(n) + (10 —12n)03(n) — 30(n) — 48 Z 1)atbtrgy’
ax+by=n
76803371(71) = —1305(n) + 3003(n) — 170(n) + 240 Z a+b+m ab®.
ar+by=n

Proof. We first use the Proposition to prove that

(211) 3173(77,) + 4B3’1( ) (305( ) (20 — 1571)0’3(71) — 80’(”))

480

For m € Z we set

By )_{1 it 2| m,
200 it 24m.

‘We choose
f(a,b,x,y) = ab® Fy(a) Fy(x).



Sums of twelve squares 199

It is easy to see that f(a,b, z,y) satisfies condition (1.7) of the Proposition.
With this choice we now examine the various terms occurring in the identity
(1.8).

The first two terms on the left hand side give

2 > abPF(a)F(z)=4 ) ab®=4Bi3(n).

ar+by=n dax+by=n
The third and fourth terms on the left hand side give (since Fa(x + y) =
Fy(y —x) = Fo(z — y) and n is odd)

Y (ala=1b)* —a(a +b)*)Fa(a) Fa(x —y)

az+by=n

= ) (-48°h—dab’)= Y (—484% — 4al?)

2ax+by=n 2ax+by=n
2=y (mod 2) z=1 (mod 2)
= Z (—48a>b — 4ab®) — Z (—48a3b — 4ab®)
2ax+by=n 2ax+by=n
2|z
= —48431(n) —4A13(n)+ > (484> + 4ab®)
4ax+by=n

= 431,3(71) + 483371(71) — 4A173(n) — 48./4371(77,).

The fifth and sixth terms on the left hand side give (as F2(a+b) = Fa(b—a) =
Fy(a —b) and n is odd)

> (b= a)b® — (a+b)b*)Fa(a — b) Fy(x)
ar+by=n

2azx+by=n 2azx+by=n
a=b (mod 2) =1 (mod 2)
= -2 ( E ab® — E ab3)
2ax+by=n 2azx+by=n
2|a

= —2<A1,3(n) -2 Z abg> = —2A;13(n) + 4By 3(n).
dax+by=n

Thus the left hand side is equal to
1231,3(71) + 483371(77,) - 6A173(77,) — 48./4371(77,).
As n is odd, all but the fifth term on the right hand side of (1.8) vanish.



200 J. G. Huard and K. S. Williams

The fifth term is

PIDIEIOEE) S DENFIES St
din xz<d din 1<z<(d—1)/2 dln

= | (o5(n) — 33(n)).

Thus, by the Proposition, we obtain
1 1
12B1’3(n) + 483371(71) — 6A173(’I’L) - 4814371(71) = —10'5(71) + ng(n).

Appealing to (2.7) and (2.8) for the values of A;3(n) and As;(n) respec-
tively, we obtain (2.11).
Next we show that

(212) Y (-1)"*Tab® = —S 5(n) + 641 3(n) + 16451 (n) — 8By 3(n),
ax+by=n

by using the identity

(=D = 1+ (1)1 + (=D") (1 + (=1)7) = 1+ (=) (1 + (-1)")
—(1+ (DA + (=1)") = 1+ (=D)")(+ ( %)
+ 1+ (=D + 1+ (=D + 1+ (=1)7) -

on the left hand side of (2.12). We obtain eight sums and evaluate two of
them. The rest can be evaluated in a similar fashion. As n is odd, we have

DA+ (EDYA+(D)A+ (-D)T)ab® =8 D ab® =0

az+by=n ax+by=n
2|a, 2|b, 2|x
and
Yo A4 (-D)Mab’ =2 Y =4 Y ab® =44;35(n).
ax+by=n ar+by=n 2az+by=n

2|a

From (2.4), (2.7), (2.8) and (2.12), we deduce the first formula of Theorem 2.
The second formula of Theorem 2 then follows from (2.11).

3. Elementary proof of Liouville’s formula for r12(n) when n is
even. Let n be a positive even integer. Set n = 2NN, where N € N. By
(1.9)-(1.12), we have

(3.1) 7’4(2N) = 80<2N) — 320<N/2) = 24U(N) — 480(]\7/2),
(3.2) rg(2N) = —1603(2N) + 25603(N) = 11203(N) + 12803(N/2),
(33) T12(2N) = 11203(N)+1280’3(N/2) +240’(N) —480(N/2)+T0+T1,
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where
2N—-1
(3.4) Ti:= > 12N —kws(k), i=0,1
k=1
k=i (mod 2)

We first evaluate 7. Appealing to (3.1), (3.2) and (3.4), we obtain

2N—-1 N-1
Ty = ra(2N — k)rg(k) = ) ra(2N — 2k)rs(2k)
k=1 k=1
2|k
N-1
=Y " (246(N — k) — 480 ((N — k)/2))(11203(k) + 12805(k/2)),
k=1
that is,
(3.5) Ty = 26880, — 53760, + 3072U3 — 61440,
where
N-1
Ui := o(N —k)os(k) = S13(N),
Vi
Up:= ) o((N—k)/2)os(k) = Y o(k)os(N —2k) = A1 3(N),
k=1 k<N/2
N-1
Us:= Y o(N—k)os(k/2)= Y o(N —2k)os(k) = As1(N),
k=1 k<N/2
N—-1
Usi= Y o((N—k)/2)o3(k/2) = Y o(N/2—k)as(k) = S13(N/2),
k=1 E<N/2
so that from (2.4), (2.7), (2.8) and (3.5), we obtain
(3.6) To = 13605(N) — 11203(N) — 240(N)

— 64005(N/2) — 12803(N/2) + 480 (N/2).

Now we turn to the evaluation of 7. By (1.9) and (1.10) we have

2N—-1 N
Ty = Y ra(2N = k)rs(k) =Y _ra(2N — (2k — 1))rs(2k — 1)
kQTkl k=1
N

=128 o(2N — (2k — 1))o3(2k — 1) = 128V} — 128V3,
k=1
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where
2N—-1 N—
Vii= Y 02N —k)os(k), Z (2N — 2k)o3(2k).
k=1 k=1

First we evaluate V. We have by (2.4) and (1.12)
240V = 240851 3(2N) = 2105(2N) + (10 — 60N)o3(2N) — o(2N)
= 69305(N) + (90 — 540N)o3(N) — 30(N)
— 67205(N/2) — (80 — 480N)o5(N/2) + 20(N/2).
Next we evaluate V5. By (1.12) we have

N-1

Vo= (30(N — k) = 20((N — k)/2))(903(k) — 803(k/2))
k=1
= 2751 3(N) — 1841 3(N) — 24A431(N) + 1651,3(N/2).

Appealing to (2.4), (2.7) and (2.8), we obtain
240V, = 45305(N) + (90 — 540N)o3(N) — 30(N)
— 43205(N/2) + (=80 + 480N)o3(N/2) + 20(N/2).

Hence
(3.7) T, = 12805(N) — 12805(N/2).
Thus, by (3.3), (3.6) and (3.7), we obtain
r12(2N) = 26405(N) — 76805(N/2).
Therefore for n = 0 (mod 2) we have, by (1.12),
ri2(n) = 26405(n/2) — 76805(n/4) = 805(n) — 51205(n/4),
which is Ewell’s formula (1.4) and so is equivalent to Liouville’s formula

(1.1).

4. Elementary proof of Theorem 1. Let n be a positive odd integer.
By (1.9)—(1.11), we obtain

ri2(n) — 1603(n) — 8 (n)
-1

3

— 1283 (1) (0(n — k) — do((n — k) /4))(03(k) — 1603(k/2))

= 128X — 512Xy — 2048 X3 + 8192X},
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where
n—1
X =) (=D o(n—k)oz(k)
k=1
n—1
= o(n—kos(k) =2 > o(n—2k)os(2k)
k=1 k<n/2
= Si13(n) =2 Y o(n—2k)(903(k) — 803(k/2))  (by (1.12))
k<n/2
= Si13(n) — 18 > o(n—2k)os(k)+16 Y _ o(n—4k)os(k)
k<n/2 k<n/4

= 5173(1”&) — 1814371(11) + 163371(71),
1

Xy = (1) lo((n—k)/4)os(k) = Y o(k)os(n — 4k) = By 3(n),

k=1 k<n/4
n—1
Xg:=> (=D lo(n—k)os(k/2) = — > o(n—2k)os(k) = —Aza(n),
k=1 k<n/2
n—1
Xy = (1) lo((n - k)/4)os(k/2) =0,
k=1

from which we obtain

ri2(n) — 1603(n) — 8a(n)
= 1285173(71) - 256143,1(71) + 20483371(77,) — 5123173(77,).

Hence Theorem 1 follows by appealing to (2.4), (2.8) and Theorem 2.

5. Elementary proof of Ewell’s formula when n is odd. Let n be
a positive odd integer. By (2.6) and (2.10) we have

> (1) > o(n—2kd)

d<n/2 k<n/2d
=2 > & Y on—2kd)— Y d* > o(n—2kd)
d<n/2 k<n/2d d<n/2  k<n/2d
2|d
=16 > & Y on—4dkd)— > d* > o(n—2kd)
d<n/4  k<n/4d d<n/2  k<n/2d

= 163371(77,) — A371(n).
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Finally, by (2.8), Theorem 2 and Theorem 1, we obtain

805(n) + 160(n) +256 » _ (—1)%d® > o(n — 2kd)

d<n/2 k<n/2d

= 1603(n) + 8c(n) + 128 Z ab® = r19(n),
az+by=n

which is Ewell’s formula (1.5).
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