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A RELATIVE INTEGRAL BASIS OVER Q(+/-3)
FOR THE NORMAL CLOSURE
OF A PURE CUBIC FIELD
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Let K be a pure cubic field. Let L be the normal closure of K. A relative integral
basis (RIB) for L over Q(+/—3) is given. This RIB simplifies and completes the one
given by Haghighi (1986).
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1. Introduction. Let K be the pure cubic field Q(d'/3), where d is a cube-free
integer, and let L be the normal closure of K sothat Q C K C L, [L: K] =2, and
[K : Q] = 3. Let k be the imaginary quadratic field Q(+/-3) so that Q c k C L,
[L:k] =3, and [k: Q] = 2. The ring of all algebraic integers is denoted by
Q. The rings of integers of K, k, L are Ox = KN Q, Oy =knQ, O = LNQ,
respectively. As Oy is a principal ideal domain, L/ k possesses a relative integral
basis (RIB) [3, Corollary 3, page 401]. Haghighi [2, Theorems 5.1, 5.3, 5.6] has
given a RIB for L/k. However, Haghighi’'s RIB for L/k contains two difficulties.
The first is that in certain cases the RIB makes use of an element of norm 3 in a
pure cubic field, a quantity which is not easy to determine, see [2, Theorem 5.1].
The second problem is that the RIB is not completely general, see [2, Theorem
5.3]. In this note, we give a simple and completely general RIB for L/k.

2. Preliminary remarks. As d is a cube-free integer, we can define integers
a and b by

d=ab? (a,b) =1, a,b square-free. (2.1)
If a% # b?(mod9), an integral basis for K is
{1, (ab?)"?, (a*b) "}, (2.2)

and if a® = b?(mod9), an integral basis is

13 h+ab(ab2)l/3+(a2b)l/3} 3

{1,(&1102) , 3
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These integral bases are due to Dedekind [1]. From (2.2) and (2.3), we deduce
that the discriminant d(K) of K is given by

d(K) = =3f2, (2.4)
where

{Sab, if a2 # b2 (mod9),
_ (2.5)

ab, if a? = b?(mod9).
The relative discriminant d(L/k) of L/k is given by

9a?b?, if a? # b%(mod9),
A(L/k) = f? = (2.6)
a®b?, if a? = b%(mod9),

see [1]. We note that if «, € O are such that
dri(1,,8) =d(L/k), (2.7)
then {1, «, B} is a RIB for L/k.

3. RIB for L/k. We show that {1,«, B} is a RIB for L/k, where « and B are
given in Table 3.1.

TABLE 3.1
Case Condition x B
2111/3
- 2y1/3 (a°b)
(i) 3la,3+b (ab?) =
2y1/3
(i) 3ta,3|b % (a’p)'/3
o 1/3 2,11/3
i)  3ta3tb9ta’-b? (ab?)13 b+ab(ab 3_7;(“ b)
1/3 o 1/3 2,11/3
) 2 2 (ab®)'° —a b+ab(ab?)"’” + (a®b)
(iv) 3ta,3tb,9a -b NE=] 3

An easy calculation making use of (2.2), (2.3), (2.4), and (2.5) shows that

9a’b?, if a?# b?*(mod9),
drik(l,x,B) = (3.1)

a?b?, if a? = b?(mod9),

so that (2.7) holds in view of (2.6). Clearly, @ € L and f € L. We now show that
xeQand B € Q sothat x € Or and f € Oy, proving that {1, «, 8} is a RIB for
L/k. Clearly, @ € Q in Cases (i) and (iii), and B € Q in Cases (ii) and (iv), see (2.3)
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for the latter. In the remaining cases, it suffices to give a monic polynomial
fa(x) € Z[x] of which « is aroot in Cases (ii) and (iv), and a monic polynomial
Jp(x) € Z[x] of which B is a root in Cases (i) and (iii).

CASE (i). Here,

fp(x) =x%+3aib?, a;= % ez. (3.2)
CASE (ii). Here,

fa(x) =x5+3a%bt, b =§EZ. (3.3)

CASE (iii). We have

a® =b?=1(mod3), a?-b?%=0(mod3), (3.4)
so that
a‘b?-3a’b’ +a’ +b® = (@® - b + (a* - 1) (b*> - 1) (a’b® + a® + b?) Gs)
= 0(mod9), '
and we define m € Z by
494212 4 A2 4 32
m:(ab 3a’b’>+a +b). (3.6)
9
In this case,
Fa(x) = x84+ (2a2 +1)b2x* + ((a2 —1)°b? —6m) b2x? + 3b2m?2. (3.7)

CASE (iv). We have
a® =b? = 1(mod3), a®—b? =0(mod9), a’+2b?=0(mod3) (3.8)

so that we can define 7,s € Z by

_ (a®+2b?) _ (a®-b?)
poler) o b)) (3.9)
Here,
fu(x) = x5 +a’x* +a’rx? +3a’s®. (3.10)

This completes the proof that {1, «, 8} is a RIB for L/k.
We conclude with four examples.

EXAMPLE 3.1 (cf. [2, Illustration 5.2]). ARIB for Q( 3/213,v/=3) over Q(~/=3)
is (see Case (i))

2132/3
1,213Y3 === L. 3.11
{ =3 (3.11)



1626 B. K. SPEARMAN AND K. S. WILLIAMS

EXAMPLE 3.2. A RIB for Q( 3/9,/=3) over Q(+/=3) is (see Case (ii))

{1,31—_%,31/3}. (3.12)

EXAMPLE 3.3 (cf. [2, llustration 5.5]). A RIB for Q( ¥/2,/=3) over Q(~/=3)
is (see Case (iii))

5 1+2.21/3 4223
1,213 —=—_—= 1 3.13
{ 73 (5-13)

EXAMPLE 3.4 (cf. [2, lllustration 5.7]). A RIB for Q( 3/10,v/—=3) over Q(+/=3)
is (see Case (iv))

1/3 _ .101/3 2/3
’10 10,1+10 10*/°+10 . (3.14)
V-3 3
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