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QUADRATIC SUBFIELDS OF THE SPLITTING FIELD OF A
DIHEDRAL QUINTIC TRINOMIAL z%+az+b
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Abstract. It is known that every quadratic field K is a subfield of the splitting
field of a dihedral quintic polynomial. In this paper it is shown that K is
a subfield of the splitting field of a dihedral quintic trinomial z% + azx + b if
and only if the discriminant of K is of the formm —4q or —8q, where q is the
(possibly empty) product of distinct primes congruent to 1 modulo 4.

1. Introduction

The quintic polynomial f(z) = 25 + a12* + a2z3 + a3z? + a4z + a5 € Q[z] is
said to be dihedral if its Galois group is Dy (the dihedral group of order 10). We
denote the splitting field of f(z) by SF(f(z)). Jensen and Yui [3, Theorem 1.2.1]
have shown (as a special case of a more general result) that if K is a quadratic field
then there exists a dihedral quintic polynomial f(x) such that K C SF(f(z)). In
this paper we characterize those quadratic fields K for which there exist a dihedral
quintic trinomial z° + az + b € Q[z] such that K C SF(z® + ax + b). We remark
that if % + ax + b is dihedral then 2% + az + b is irreducible, a # 0, and b # 0.

After a number of preliminary results, we prove —

Theorem 1.1. Let K be a gquadratic field. Let d denote the discriminant of
K. Then there erists a dihedral quintic trinomial z° + ax + b € Q[x] such that
K C SF(z% + az + b) if and only if d = —4q or —8q where q is a (possibly empty)
product of distinct primes congruent to 1 modulo 4.

In the course of the proof of Theorem 1.1, we establish the following result.
Theorem 1.2. Let K be a quadratic field with discriminant d = —4q or —8q,

where q is a (possibly empty) product of distinct primes = 1 (mod 4). Then there
exist integers r and s such that

g=12+s% r=1 (mod2), s=0 (mod 2). (1.1)
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4(r2+117~(ir—2:9:32(;‘:+rs—32), if 4||d,

Set a = 1107 —tra 1162 (2t (1.2)
(Ur —dre e )G—are=e ) if 8||d,
16(3r+4s)é4(1:2—f:2)(;2+rs—32)’ if 4”d,

and b = (7 . (1.3)
4(r— s)(sz':;?gr)— T8—38 ) 1f 8||d

Then z° + ax + b is dihedral and K C SF(z5 + az + b).

Example 1.3. Wetake K = Q(+/—10). Here d = —40 so that ¢ = 5. Choosing r =
1 and s = —2 we obtain @ = —5 and b = 12 so that Q(/—10) C SF(z® — 5z + 12),
in agreement with the table in [5].
Choosing r = 1 and s = 2 we obtain a = 43 and b = 348 5o that
Q(v/-10) C SF (:c + % + %) = SF(z® + 11275z + 128700).
Example 1.4. We take K = Q(v/—5). Here d = —20 so that ¢ = 5. Choosing
r=1and s = -2 we obtaina =20 and b = 32 so that Q(v/—5) C SF(z°+20x+32).

Choosing r = 1 and s = 2 we obtain a = — I and b = 352 so that
7 352
Q(vV-5) C SF (:v - §§x + ﬁ) = SF(z° — 1900z — 8800),

in agreement with the table in [5].

2. Preliminary Results
We will need the following results in the course of the proof of Theorem 1.1.
Proposition 2.1. If 2° + az + b € Q|z] is irreducible, then the Galois group of

2% + az + b is Ds if and only if there exist rational numbers (= £1), c¢(> 0),
e(# 0), and t(> 0) such that

_ 5e*(3 — 4ec) b —4e3(11e + 2¢)
o241 241
Moreover ¢,c¢,e,t are uniquely determined by a and b.

2 41 =52 (2.1)

?

This result can be found in [3, pp. 987 and 990]. The only part of this proposition
which is not explicitly stated in [3] is the assertion about uniqueness, which we now
prove. Suppose that €, ¢, e, t satisfy (2.1). Then

4 a(c®+1) o -b(c? +1)
"~ 5(3 —4ec)’ T 4(lle+2¢)’
and eliminating e we see that c is a rational root of
a®(c®+1)5 bi(c?+1)*

55(3 — dec)d  28(1le + 20)%°

or equivalently
a®28(11e + 2¢)4(c® + 1) — 5°b%(3 — 4ec)® = 0.
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As 25 + az + b is dihedral, we have a # 0 and b # 0, and thus 3 — 4ec # 0 and
11e + 2¢ # 0. Setting

_ 4a(4 4 3ec)
~ (8—4ec) ’
so that r # —3a, we have
3r — 16a 25(r2 + 16a?%)
_ 3r—16a 241 D +16a)
“= i +3q) = 64302
25(r + 2a)e 25a
= —— — 4 =
lle +2¢ 2(r + 3a) ’ 3~ dec r+ 3a’

so that r is a rational root of
(r + 2a)*(r? + 16a%) — 5%b%(r + 3a) = 0.
This shows that r is a root of the resolvent sextic of 3+ az+b. As the Galois group
of 5 4+ az + b is Ds, its resolvent sextic has a unique rational root [2, Theorem
1]. Thus r is uniquely determined by a and b. Clearly ¢ # 0 in view of the third
equation in {2.1). Then ¢, c, e,t are uniquely determined by
3r — 16a 5b(3 — 4ec)
2 +3q) > Ve = £, da(lle + 2¢)°

Proposition 2.2. Suppose that =5 + ax + b € Q[z] is dihedral. Define ¢,c,e, and
t uniquely as in Proposition 2.1. Then the splitting field of =5+ ax + b contains a
unique quadratic subfield, namely,

Q (\/—5 e 2ec)/t) .
This result is proved in [5].

ec and t=++/(c2+1)/5.

Proposition 2.3. All positive integral solutions of m? + n? = 522, (m,n) = 1,
m=1 (mod 2), n =0 (mod 2), are given by
m= |r2 —4rs — 32|, n= |2r2 + 2rs — 2sz|, z=r2+ 42
where r and s are integers with
r=s+1 (mod 2), (r,s) =1, 2r+s#£0 (mod 5). (2.2)
This result is easily proved using the arithmetic of the domain of Gaussian inte-
gers.

Proposition 2.4. Let e(= £1), ¢(> 0), e(3# 0) be rational numbers. Then the
polynomial
5e4(3 — 460)9: _ 4e°(11e 4 2¢)

2+1 2+1

feee(@) = 2° +
is reductble if and only if
c=3/4, €=1 or ¢c=11/2, e=-1.

Proof. If c =3/4, ¢ = 1 then fe . o(r) = 2% — 32¢5 = (z — 2¢)(z? + 2ex3 + 4222 +
8e3z + 16¢e?). If ¢ = 11/2, € = —1 then f. . o(r) = z° + de*z = z(z? — 2ezx + 2€2)
(22 + 2ez + 2¢2?). Now suppose that f. .(z) is reducible. By [3, Theorem and
remark following equation (19)] the roots of f, c(z) =0 are

z; = e(wuy + w¥uy + w¥uz + wuy) (j=0,1,2,3,4),
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where w = exp(27i/5) and
) vas 1/5 v§v4 1/5 _ v%vl 1/5 vgw 1/5
wu=\"pz y U2 = Dz y U3 = D2 y U4 = 7 )
v1=\/5+\/D—e\/B, v2=—\/5— D+s\/5,
v3=—\/5+\/D+5\/B, vg=vVD - D—s\/B, D=c+1.

From these formulae we see that the degree of the splitting field of f. c.(z) is of
the form 275° for some nonnegative integers r and s. Thus f. ;.(z) cannot have
an irreducible cubic factor € Q[z]. Hence f; () possesses a linear factor over Q.
Thus f. 1(z) has a rational root z, and

5, 5(83—4ec)r  4(1le+2c)

c2+1 2+1
If z =0 then ¢ = —11¢/2, and so ¢ = 11/2 and € = —1 as required. If z = 2¢ then
(2.3) gives after a short calculation ¢ = 3¢/4, and so ¢ = 3/4 and ¢ = 1 as required.

Hence we may suppose that = # 0,2¢. Writing (2.3) as a quadratic equation in c,
we obtain

z 0. (2.3)

(z5)c? + (—20ez — 8)c + (x5 + 15z — 44¢) = 0.
Solving this equation for ¢, we obtain

1
c= x—s(IOea: + 4+ (z® —ex® + 2z + 26)\/—(z — 2¢)(23 + 4ea? + Tz + 2¢) ).

Thus there is a rational number y such that

v = —(z — 26)(z® + 4ex® 4 Tz + 2¢). (24)
Setting
—40¢ 40y
T z-2’ T (z—2¢)2’ (2:5)

we deduce from (2.4) that (X,Y) is a rational point on the elliptic curve E given
by

Y? = X3 -35X% + 400X — 1600. (2.6)
The minimal equation for F is
yf +rin+y = :l:? —z1— 2, (2.7)
which is obtained from (2.6) by setting
X =4z, + 12, Y =4z, + 8y, + 4. (2.8)

From the table in [1], we see that FE has conductor 50, and that its group E(Q)
of rational points has order 3. Thus, apart from the point at infinity, the curve
(2.7) has just 2 rational points on it, and these are (z1,¥1) = (2,1) and (2, —4).
These give the rational points (X,Y) = (20,£20) on the curve (2.6), and the
transformation (2.5) shows that there are no rational points on the curve (2.4) with
T #0, 2. O

-
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Proof of Theorem 1.1. Let z° + ax + b € Q[z] be a dihedral polynomial. By
Proposition 2.1 there exist unique rational numbers e(= £1), ¢(> 0), e(# 0), and
t(> 0) such that (2.1) holds. As c is a positive rational number, there exist positive
coprime integers m and n such that ¢ = m/n. Then, from ¢ + 1 = 5¢2, we obtain
m?2 +n? = 522, where z = nt is a positive integer. Hence, by Proposition 2.3, there
are integers r and s satisfying (2.2) such that

m=|r2—4rs—s2|, n=|2r2+2rs—2s2|, z=1%+5%
if m=1 (mod2), n=0 (mod2), (2.9)

m=|2r2+2rs -28%, n=|r2—-4drs—s?, z=r2+s?
if m=0 (mod2), n=1 (mod2). (2.10)

Now, by Proposition 2.2, SF(z% + az + b) contains a unique quadratic subfield,
namely,

K=Q(v/-5~(1+2e)/t).
If (3.1) holds then ¢ = [r4=21 and ¢ = 5 te o so that

(=5 — (1 +2ec)/t) (r? + s2) = =5(r% + s°) — 2¢|r® — 4rs — s°| — 2|r? + 75 — 52|

—(3r—9)?, ifelr? —drs~ s =r2 —4rs—s® and |r? +rs - 8%| = r? 4 rs — &%,

—5(r — 8)%, ife|r®~4rs— 8% =r% —4rs—s®and |r? +rs— 5% = —(r% + ra — 8?),

—5(r+8)%, ifelr® —4ars—s?| = —(r* —4rs ~s%) and |r? + rs — 8%| = r? + rs — 5%,

—(r +38)%, ife|r® —drs — 8% = —(r? —4rs — s%) and |r? + rs — 82| = —(r? + rs — 5?),
and thus

{Q(\/—(r?——{—ﬁ) ), ifsgn(e(r® — 4rs — s?)(r? + rs — s%)) = +1,
Q(v-5(r? +s?)), ifsgn(e(r? —4rs — s?)(r? +rs—s?)) = —1.

If (3.2) holds then ¢ = Z4=22} and t = 752 s0 that

rd—4rs—g

(=5 — (14 2ec)/t)(r% + 5%) = —5(r2 + §%) — |r? — 4rs — 5%| — 4e|r? + s — 5°

—10r2, ifelr? +rs — 5% =72 4+ rs — 5% and |r? — 4rs — 52| = r% — 4rs — 52,

—2(r — 28)2, ifelr? +rs— 8% = —(r% + rs — s2) and |r? — 4rs — %] = r? — 4rs — &2,

—2(2r +38)2, ifelr?+rs— 82| =124 rs— 5% and [r? — 4rs — %] = —(r? — 4rs — 52),

—10s%, ife|lr? +rs — 8% = ~(r% + rs — s%) and [r? — 4rs — %| = —(r? — 4rs — 4?),
and thus

K = {Q( —2(r2+48%) ), if sgn(e(r® —4rs —s?)(r* +rs - 5%)) = -1,
T (/IO FD), i sen(elr® — ars — ) + s - ) = +1.

As (r,s) = 1, the squarefree part of 2 + s2 is a product of distinct primes = 1
(mod 4) or twice such a product and so

d= disc(K)=—-4q or —8gq,
where ¢ is a (possibly empty) product of distinct primes =1 (mod 4).
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Conversely suppose that K is a quadratic field with d(K) = —4q or —8¢q, where
g is a (possibly empty) product of distinct primes = 1 (mod 4). As ¢ is a product
of primes = 1 (mod 4) there exist integers r and s such that

g=r*+s% r=1 (mod2), s=0 (mod2).

Now define rational numbers (= %1), ¢(> 0) and ¢(> 0) by

= sgn((r? —4rs — $*)(r> +rs - %)), if 2?|ld(K), (2.11)
“sgn((r2 —4rs — 32)(7‘2 +7rs— 32)), if 23“d(K)’ .
et 2,
c =
i":_i;:: o, if 22ld(K),
t 2[r +rs s l , if 22”d(K)’
[~ —41'.9 -3 | , if 23”d(K)’
ra—a2)(r2+rs—s i
4(r?+11 (T2+s)2()2+ ) , if 22||d(K),
a = 2
(1172 —4rs(r121:8g();’2 —dra—e®) g 2%||d(K),
L[t a0, (212)
A(r— 73)‘;(:51)55)2_4” 2l if 29 d(K).

Set f(z) = z° + az + b € Q[z], so that f(z) = fec—(z). It is easy to check that
c? +1 =5t2 and (c,¢) # (3/4,1) or (11/2,—1). Hence, by Proposition 2.4, f(z) is
irreducible. Then, by Proposition 2.1, we see that f(z) is dihedral. By Proposition
2.2, SF(z® + az + b) contains Q(v/—5— (1 + 2ec)/t ). It is easy to verify from
(3.3) and (3.4) that ec # 2. Then the relation

(=5—(1+2ec)/t)( =5+ (1+2c)/t) = ((c—2)/t)*

shows that

Q(V-5-(1+20)/t) = Q(V/-5+(1+20)/t)

{Q( —(rT+s2)), if 22||d(K),
Q(V/-2(r2 +s2) ), if 23||d(K),

= K.

This completes the proofs of Theorems 1.1 and 1.2. a
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