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1. Introduction. Let n denote a nonnegative integer. The nth row of
Pascal’s triangle consists of the n + 1 binomial coefficients

6 @) G- C)

We denote by N, (t, m) the number of binomial coefficients in the nth row of
Pascal’s triangle which are congruent to ¢ modulo m, where ¢ and m are in-
~ tegers with m > 2. Explicit formulae for N, (¢, m) for certain values of ¢ and
m have been given by a number of authors, for example m = 2 (Glaisher
[3]), m = 3 (Hexel and Sachs [5]), m = 4 (Davis and Webb [2], Gran-
ville [4]), m = 5 (Hexel and Sachs [5]), m = 8 (Granville [4], Huard,
Spearman and Williams [6]), and m = p (prime) (Hexel and Sachs [5],
Webb [10]).

In this paper we treat the case m = 9. We determine explicit formulae
for N,(¢,9) fort =0,1,2,...,8; see the Theorem in Section 2.

We use throughout the 3-ary representation of n, namely,

(1.1) n=a0+a13+a232+...+a13'=a0a1a2...al,

where | > 0, each a; = 0,1 or 2, and @; = 1 or 2 unless n = 0 in which
case | = 0 and ap = 0. We denote by r an arbitrary integer between 0
and n inclusive, and we suppose that the 3-ary representation of r is (with
additional zeros at the right hand end if necessary) r = bgb; ...b;. From
a theorem of Kummer [8, Lehrsatz, pp. 115-116] (proved in 1852), we can
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deduce the exact power of 3 dividing ('T'), namely,

(1.2) 3en) | (:) :

where c(n,r) is the number of carries when adding the 3-ary representations
of r and n — r in base 3. A special case of a theorem of Lucas [9, p. 52]
(proved in 1878) gives the residue of () modulo 3, namely,

o (0)=RE) ) e

with the usual interpretation that (3:) = 0if b; > a;. If 3 (7) (equivalently
c(n,r) = 0) the residue of () modulo 9 follows from a theorem of Granville
[4, Proposition 2, p. 326] (proved in 1992), namely, if 3{(’:) andl > 1
then

(ao + 301) (al + 302) (az_l + 304)
(1.4) (n) — bo + 3b; by + 3bs bi—1+ 3b (m0d9),
T aj aj—1
(bl) (b,_l)
with the convention that when [ = 1 the denominator is the empty product =

1. Further, if 3|| (7'} (equivalently c(n,r) = 1), then a theorem of Kazandzidis
[7] gives the residue of (’:) modulo 9, namely,

(1.5) (n) = _3 aolar!...a! (mod),

T bo!bl!...bI!CQ!Cl!...Cz!

where coc;...¢ is the 3-ary representation of n — r. Both (1.4) and
(1.5) also follow from an extension of Lucas’ theorem given by Davis and
Webb [1].

We conclude this introduction by giving the following formulae of Hexel
and Sachs [5]: if n; denotes the number of 1’s and ns the number of 2’s in
the string aga; - .. a; then

Nn(073) =n+1- 2n13n2,
Nn(1,3) = (273" + 2m1),
Nn(2,3) = 3(2m3m2 — 2m),

2. Statement of results. If S is a string of 0’s, 1’s and 2’s, we denote
by ng = ng(a) the number of occurrences of S in the string a = apa; ... a;.
Thus, for example, if aga;...a; = 01112010012 then ny; = 2, ni12 = 2,
ngo1 = 1, and ny2; = 0. Making use of the results (1.2)—(1.5), we prove
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the following theorem in Sections 4 and 5. We note that for a nonnegative
integer m,
o = { 1 ifm =0,
0 ifm>0.
THEOREM.
N,(0,9) = n 41— 21372 — gy 2™18"2 — pgy2™r+2372~1
— ng 2™ 723" — pyp2m3meTl
Fort = 3,6,
Nn(t,9) = no12™71(3™ — (—1)?) + ng22™ 1 (3271 4 (-1)F)
+ 1112073372 4 (=1)Y) + np22™ 713" — (—1)F).
Fort=1,2,4,5,7,8,
Nn(t,9) = 1{2™ 372 4 (—1)ind2t2m
+ (_l)indz t+ni1+ni22 2n1—n11+n122+1 Re(X)
+ Qmaz(—1)rugmimratigna-mn Re(Y)},

where indy t denotes the unique integer j such thatt = 27 (mod9),0 < j < 5,
X = ﬂindQ t—ni1—ni2+n121—n122 (2 — B)rr—mn

X (3 + ﬂ)ng—n12—n21—n22+n121+n122,
Y = ,6_ ind2 t+n11(1 _ ﬂ)n21—n121 (2 + ﬂ)nz—nzl—ngg(l + 2,3)n121,
and B = exp(27i/3).

For n = 0,1,...,8 Table 1 gives the values of the expressions involving
n,ni, Na, No1, No2, N11, 12, N21, N2z, N121, N122 occurring on the right hand
sides of the formulae for N,(t,9) given in the Theorem. Clearly niz =
ni22 =0 for TL=O,1,...,8.

Table 1

Right hand sides of formulae

in Theorem for t =0,1,...,8

n TR 1 M2 M1 M2 m11 mi2z n2; n22 0 1 2 3 4 5 6 7 8
base 3

0 0 0 0 0 0 0 0 0 0 010 06 000O0O0
1 1 1 0 0 0 0 0 0 0 020 0 0 0000
2 2 0 1 0 0 0 0 0 0 021 0 00000
3 01 1 0 1 0 0 0 0 0 02 0 2 00000
4 11 2 0 0 0 1 0 0 0 020 0 20100
5 21 1 1 0 0 0 0 1 0 040 0 02000
6 02 0 1 0 1 0 0 0 0 021 0 0040 O
7 12 1 1 0 0 0 1 0 0 020 2 0O0O0O0Z2 2
8 22 0 2 0 0 0 0 0 1 042 0 0001 2
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The first nine rows of Pascal’s triangle (mod 9) are

0|1

1111

2121

3 (1331

411 46 41
5|15 1151

6 | 1 66 2 6 61
7117 3 88 371
g8 (1812721281

From this triangle we deduce easily the values of N,(¢,9) forn=0,1,...,8
and t = 0,1,...,8. These values are in agreement with those in Table 1 so
the Theorem holds for n = 0,1,...,8. Thus in the proof of the Theorem in
Sections 4 and 5, we may suppose that n > 9, so that [ > 2.

In the next section we evaluate a sum which will be used in the deter-
mination of N, (¢,9) (31t) in Section 4.

3. Evaluation of the sum S(c;a). Let k be a positive integer. Let
c = cpc1 .. .ck be a string of length & + 1 (> 2) with each ¢; = 0,1,2. Let
d =dyd; . ..d be a string of length k + 1 with each d; = 0,1,2 and d; < ¢;.
As0<d;<¢;£2(i=0,1,...,k) we have

(2) #0 (mod3) (i=0,...,k)

and by Lucas’ theorem (see (1.3))

Ci—1+ 30,; — Ci—1 C; .
(di—1+3di) = (di——l) (di) #Z0(mod3) (i=1,...,k)

so that
(co+3cl>(cl+302) (ck_1+3ck>
do + 3d di+3ds ) " \dk_1+3d
0 + 3d1 1 2 ) k-1 k #0 (mod3),

(@) (@)

where the denominator is understood to be the empty product (= 1) when
k=1.
Thus we can define e(c,d) = 1,2,4,5,7,8 by

: (Co+301)(01+302) (Ck—1+3ck)
do + 3d di+3ds )\ dk_ 3d
(31)  e(c,d) = ~2ot 0] \a T I k1 9% ) (mod ).

(@) ()
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We set
i(c,d) =0,1,2,3,4,5 according as e(c,d) =1,2,4,8,7,5,
so that
(3.2) 1(c,d) = ind2(e(c, d)).
Then, for any sixth root of unity o, we define the sum S(c;a) by
(3.3) S(c;a) = CZO i at(ed)
do=0  dp=0

The objective of this section is to evaluate the sum S(c; ) explicitly. This
evaluation will be used in Section 4 to determine Ny, (¢,9) for 3tt.

We denote by ¢’ the substring of ¢ = ¢gc; . . . ¢k formed by removing the
first term, that is, ¢/ = ¢; ... cg. Our first lemma relates i(c,d) and i(c’, d')
modulo 6.

LEMMA 1. For k > 2 we have

(Co +3c1 )
i{c,d) = indy \do+3d1) +1i(c’,d’) (mod6).
(&)
Proof. From (3.1) we have
co + 3¢

e(c,d) = (do(t—fjil)e(c’,d') (mod9).
dy

i(c,d) = ind2(e(c, d))

Thus
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co + 3c1
do + 3d1

(&)

Our second lemma gives a relationship between S(c; ) and S(c’; ) if
coc1 # 12 and between S(c; ) and S(c”; ) if coe; = 12, where ¢” = (¢’)' =
Cc2...Ck.

+i(c’,d') (mod6). m

= ind2

LEMMA 2. For k > 2, we have S(c;a) = f(coer; a)S(c'; ), where
(1 if co =0,

2 if coer = 10,

1+ a? if cocr =11,

j 24+a if coer = 20,

24 a® if coer =21,

L 24+ a®  if coer = 22.

For k > 3, we have S(c;a) = g(cpcrc; o) S(c”; o), where

(3.4) flcocr;a) =

2(1 4+ a® +a?) if cocrc2 = 120,
(3.5) glcocica;a) =S 2(1+a+a)  if coercp =121,
2(14a* +a®) if coerca = 122.

Proof. For k > 2 and any integer dy satisfying 0 < dy < co, we define

C1 Cr
(3.6) F(dg,c;a)= Y ... Y o'®9d.

d;=0 di=0

Then
co o x .
Z F(do,c;a) = Z Z Z az(c,d),
d0=0 do=0 dl =0 dk=0
so that
(3.7) S(c;@) = Z Fldo, c; ).
do=0

Also for k > 2 we have, by (3.6) and Lemma 1,

c +3c c .
Ploga)=3 ... 3 o (R (@)

dy=0 di=0

‘1 C2 Ck
— Z amdz{(;gigfii)/(:i)} Z . Z ai(c',d’),

d1=0 d2=0 dr=0
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that is,

‘1 . cg+3cy cy
(3,8) F(do,c; a) = Z ade{(do+3dl)/(d1)}F(d1, c; a).
d1=0
Next we define the (co + 1) x 1 matrix A(c; @) by

F(0,c;a)
(3.9) Ac;a) =
F(CO> C; a)

Then, from (3.8), we deduce that for k > 2,
(3.10) A(c; @) = M(coer; ) A(c’; a),

where M (cpcr; @) is the (co+1) % (c1+1) matrix whose entry in the (7, j) place
(:1=0,1,...,¢0; 7=0,1,...,¢1) is

a2 {(95551)/ ()3,
Thus
M(00; ) = [1], M(0La)=[1 1],

M(10;0) = (i] M(iLa) = | L a12J

[1 [1 1
M(20;0)=|a|, M2La)=|a% o},
1 1 1

M(02;0)=[1 1 1],

1
M(22%a)= |a® o® o
1 1 1

1 o? ot
M(12;Q)=[a4 2 1:|>
a

If cgcq # 12 then the ¢; + 1 columns of the matrix M(cpey; ) all have

the same sum. Hence summing the rows in (3.9), and appealing to (3.7) and
(3.10), we obtain

S(c;a) = f(6001;a)5(c";a),

i

|
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where
(1 if cper = 00,
2 if g1 = 10,
24+ a ifeger =20,
1 if ege; = 01,

fleger;a) = 14+ a? if cpe; =11,

24 a® ifcoep =21,
1 if coe; = 02,
\ 24 a3 if cpep = 22.
Now suppose that cpc; = 12 and k > 3. By (3.10) we have

(3.11) A(c;a) = M(cger;a)M(cicy; @) A(c” ),

where ¢’ = (¢/) = ¢3...¢;. Now

1
1 o of 1+a®+a*
M(12,a)M(2O»a)—[a4 o? 1] 61Y [1+oz3+oz4 ’
(11
2 4
MQ12;a)M(21;a) = 14 a2 “ a® o
L N

l1+4a+o* 14a+a*
l+a+a* 14a+a*)’
and

2
M(12;0)M(22;0) = | 4 o

[1+a*+a® 14+a*+a® 1+a*+ab

[ 1+a*+a® 1+a'+a® 1+a*+ob
For each of these products, the column sums are the same. Hence summing
the rows in (3.11), we obtain
S(c; a) = g(cocrcz; @) S(e”; ),
where

2(1+ o3+ a?) if cperco = 120,
glcocico;a) =< 2(1+ a+at)  if coerc = 121,
2(1+a*+a®) ifcocicp =122. m

We are now ready to use Lemma 2 to evaluate S(c;a).
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PROPOSITION. Let ¢ = cgcy...cr be a string of length k+ 1 > 2 with
each ¢; = 0,1 or 2. Denote by ng the number of occurrences of the string S
in c. Let o be a sizth root of unity. Then
(3.12) S(C; a) — 2711—7111(1 + az)nu (2 + a)nz—nu—nzl—n22+n121+n122

x (2 +a5)n21—n121 (2 + a3)n22-n122
X (1 + a3 + a4)n12—n121—n122(1 +a+ a4)n121
X (1+a+a®)™=.

Proof. The proof of (3.12) is by induction on £k > 1. When k = 1 we

have

0 ! 5 cg+3c
S(c;a) = S(coc1;) = Z Z o' "92 (B3 aa; .
do=0d;=0
The values of this sum for copc; = 00,01,...,22 are given in Table 2.

The values of the expression on the right hand side of (3.12) when k = 1
are given in Table 3. These two tables show that the Proposition is true for
k=1.

Table 2

coc1 S(cocr; @)
00 1
01 2
02 2+a
10 2
11 2(1 + o?)
12 | 2(1+a® +a?)
20 2+«
21 2(2 + o)
22 | 2+a)2+ad)

Table 3
€€ M1 m2 n11 ni12 n21 n22 ni21 ni122  Right side of (3.12)
00 0 0 0 ©0 0 O 0 0 1
00 1 0 0 O 0 0 0 0 2
02 0 1 0 0 ©0 0 - 0 0 2+a
10 1 0 0 0 o0 0 0 0 2
1 2 0o 1 o0 0 O 0 0 2(1 + a?)
12 1 1 0 1 0 o 0 0 2(1+ o® + o)
20 0 1 0 O 0 O 0 0 24 a
201 1 0 o0 1 0 0 0 2(2 4+ a®)
2 0 2 o0 o0 o0 1 0 0 (2+a)(2+a®)
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When k = 2 we have

c6+361) c1+3c2)
cg €1 c2 indQ{_dQ"'_Sd?Cl_dlﬁdL}
S(c;a) = S(cocice; @) = Z Z Z e! 4 :
do=0d,=0d>=0

Taking cgcies = 000,001, ...,222, and working out the sum in each case,
we obtain the values of S(cpcice; @) given in Table 4. The values of the
expression on the right side of (3.12) when k = 2 are given in Table 5. Thus
the Proposition is true for k£ = 2.

Table 4
cpc1c2 S(copcyce; @) ege1ce S(epc1c2; 0)

000 1 112 21+ +ad+a?)

001 2 120 2(1 4 o3 + o)

002 24+ a 121 22(1 + a + a?)

010 2 122 22+ a)(1+et +ad)

011 2(1 4 a?) 200 2+

012 2(14+a®+a? 201 202+ @)

020 2+a 202 2+ a)?

021 2(2 + o®) 210 2(2+ o®)

022 (24 )(2+4a?) 211 2(24 a®)(1 4 o?)

100 2 212 22+ a®)(1+a® +a?)

101 22 220 2+ a)(2+a®)

102 2(2+ @) 221 2(2 4 a3)(2 + )

110 2(1 4 a?) 222 2+ a)(2+a?)?

111 2(1 + o?)?

Table 5
cocicz M1 m2 mi1 my2 _m21 ng2 ni21 ni22  Right side of (3.12)

00 0 0 0 0 0 O 0 0 1
01 1 0 ©6 o0 0 0 0 0 2
02 0 1 0 0 0 © 0 0 2+a
00 1 0 0 0 0 0 0 0 2
01 2 0 1 0 0 0 0 0 2(1 + o?)
02 1 1 0 1 0 O 0 0 2(1+a® +a?)
020 0 1 0 ©0 0 0 0 0 2+a
021 1 1 0 0 1 0 0 0 2(2 + o)
02 0 2 0 0 0 1 0 0 (2+ )2+ a?)
10 1 0 0 O 0 O 0 0 2
101 2 0 0 0 0 0 0 0 22
102 1 1 o6 0 0 0 0 0 22+ a)

e

/
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Table 5 (cont.)

ccgeicg M1 Mg My M2 N2l N2 MN121 R122 Right side of (3.12)
1m0 2 o 1 0 0 O 0 0 2(1+ a?)
1M1 3 0 2 0 0 0 0 0 2(1+ a?)?
M2 2 1 1 1 0 0 0 0 2(1+a®)(1+a®+a?)
120 1 1 0 1 0 0 O 0 2(1 + o2 + a?)
1200 2 1 0 1 1 0 1 0 22(1+a+a?)
12 1 2 0 1 0 1 0 1 22+a)1+a*+a®)
200 0 1 0 0 0 0 0 0 2+a
201 1 1 0 0 0 0 0 0 202+ a)
202 0 2 0 0 0 0 0 0 2+ a)?
20001 1 0 o0 1 O 0 0 2(2 + o®)
2110 2 1 1 0 1 0 0 0 2(1 4 a?)(2 + o°)
22 1 2 0 1 1 0 O 0 2(2+a%)(1+ca®+a?)
20 0 2 0 o 0 1 0 0 2+ a)(2+ o)
21 1 2 0 0 1 1 0 0 2(2 + a3)(2 + o)
22 0 3 0 0 0 2 0 0 (2 + a)(2+ a®)?

We now make the inductive hypothesis (IH) that the Proposition is true
for all strings of lengths 2,3,...,k, where £ > 3. We consider the string
€ =cocy-..ck of length k + 1. We set

B ={1,2,11,12,21,22, 121, 122},

and, for B € B, ng = ng(c), ng = ng(c’), ng = np(c’). Recall that if
c=cocy...cy then ¢’ =cy...cp and ¢” = (c’)’. The information needed for
the inductive step is provided in Table 6.

Table 6
coc1 np=ng np=ng+1 S(ca)/S(c;a)
00 all B 1
01 all B 1
02 all B 1
10 all B#1 1 2
11 all B#1,11 1,11 1+ a?
20 all B#2 2 24 a
21 all B#2,21 2,21 2+ a®
22  all B#2,22 2, 22 2+a
cgc1c2 ng = nﬁé ng = 'n.;'; +1 S{c; a)/S(c";a)
120 11, 21, 22, 121, 122 1,2, 12 2(1 + o® + o)
121 11, 22, 122 1,2,12,21,121 2(1+a+a?)
122 11, 21, 121 1,2,12,22,122 21 +a%+®)

|
|

\



342 J. G. Huard et al.

We just do the case cgcyca = 120 in detail. We have
S(c;a) =2(1+ a® +a*)S(c"; ) (by Lemma 2)
= 2(1 + @® + a4)2™M ~™M1(1 4 o?)™n
X (2 + @)™z ~Ma2 T TRt Rn t
X (2 + a®)"7~"in (2 4 o) 22"
x (1+ a® + a*)™2 ™2~ Mn(] 4 g 4 o)™z
x (14 a* + a®)™in (by (IH))
= 2MTMI(] 4 @?)™M1(2 4 )22 T R T 2
X (24 %)t ™m2(2 4 o)
x (14 a3 + af)mz—mz—m2a(] 4 o 4 o)"121(1 4 o + o®)122

from Table 6. This completes the inductive step and the Proposition follows
by the principle of mathematical induction. =

4. Evaluation of N,(¢,9) (31t). Let n be an integer with n > 9. Let
apa; ...a; be the 3-ary representation of n so that [ > 2. In this section

Ny, Mg, M1, ... refer to the string agay ...a;. Set w = e2™/% and 8 = w? =
e2™/3, We note that w = —2. For t = 1,2,4,5,7,8 we have
n n
N.(t,9)= > 1= o1 (as 34t)
r=0 r=0
(})=t (mod 9) (7)=t(mod 9)
31(7)
n 1 n 5 ( )
— _ = s(indz (1) —ind2 t)
D ST 3 yFCR
r=0 r=0 s8=0
ind; (7)=ind; t (mod 6) 31(7)
3t(7)
1 no
— gzw—smdgt Z wsmdg (,_)
s=0 r=0
50
18 2 2
— 6 Zw—smdg t Z . Z | wsz(a,b)
=0 . b0=0 b[=0

bo+b13+...+83' <ag+a13+...4+a;3}
3 (E)GH- (D
(by (1.3), (14), (3.1), (3.2))
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ao ay
w—smdgt § : L § :wsz(a,b)
b b =0

0=0

I
D=
[

@
1
[

w2 G (g () (by (3.3))

[ AN

M= i

w—sindz t2n1—n11(1 +w28)"11(2 +ws)"2_nl2—n21‘n22+n121+"122

(=21 o

s
% (2 + w58)n21—n121 (2 + w38)n22—n122(1 + w38.+ w48)n12—n121—n122
x (1

+ W+ w4s)n121(1 + w4s + w58)ﬂ122,

by the Proposition. The term in the sum with s =0 is
2"1‘"112"11
X 3n2—nlg—ngl—n22+n121+n1223n21—n1213n22—n1223n12—n121—n1223n1213n122
=2m13"2,
The term with s =1 is

W indy t2n1—n11 (1 + w2)n11 (2 + w)n2—"12—7l21—"22+n121+"122

x (2 +w5)n21—n121 (2 + w3)n22—n122
X (14w fotyrzmama(] 4 4 ofyn(l 4wt + o¥)me
— (_l)ind2 tﬂindg t2n1—n11 (1 + ﬂ)nu (2 _ ﬂZ)n2—n12—n21—n22+n121+n122
x (2 . ﬂ)nzl—n121 lnzz—n122ﬂ2n12—2n121—2n122 1n121 (1 _ ﬁ + ﬂz)"122
— (_1)ind2 iﬂindz toni—nn (_ﬂ2)n11 (3 + ﬂ)nz—nu—nn—n22+n121+n122
x (2 _ ,3)7121—n121ﬁ2"12—2n121—2n122(_25)"122

(_l)ind2 t+ni11+ni1229n1 —n11+n122,31nd2 t+2n;142n12—2n121 —N122

x (3 + ,B)nz—"w—"n—n22+n121+n122 (2 _ IB)"ZI‘"I?I
_ (_l)ind2 t+n11+n1222n1—n11+n122x.

The term with s = 2 is

w—2ind2 t2n1 —-n11 (1 + w4)n11 (2 + w2)ﬂ2—"12_n21—n22+n121+n122

X (2 4 w1 ma gnar -
X (24 w?)mrmma (] 4 9ty ma(] 4 o + @t

— ﬂ—indg tznl—nu(‘l +ﬂ2)n11(2 _|_ﬂ)"z—nlrnn—n22+n121+n122
x (2 4 f2)mz—nizgnae—nia
X (24 gymrmmnTmaz(] 4 2g)mMa (] 4 § 4 §7)M



344 J. G. Huard et al.

— ﬂ—indz t2n1—77-11317-22—n122(_ﬂ)n11(2 + ﬂ)nz—nlz—nzl—‘n22+n121+n122

% (1 — gy~ (2 + ﬂ)n12—n121—n122(1 + 23)M21 22
= Q22 (__1)‘"41 i indz t+m119n1—n11 gn22 —n122
% (2 + ﬂ)nz—nzl—nzz(l _ ﬂ)‘nzl—‘nlzl(l + 2ﬂ)n121
— 071122(_1)"112‘"-1—17-1137122—"-122}/.
The term with s = 3 is
(-1)ind2 t2n1—n11 on11 — (_1)ind2t2n1.

The term with s = 4 is the complex conjugate of the term with s = 2, and
the term with s = 5 is the complex conjugate of the term with s = 1. Hence

1
6
+ QM2 (—])mm T gna Ty

+ (_l)indz t2n1

+ 0™22(—1)M1M M gRR—Mny

+ (_l)indz t+n11+n1222n1—nu+n122)?}

Nn (t, g) — {2”1 3n2 + (___]_)indz t+ni1+nia22 2711—"11+n122X

1 .
— Zfom 3n2 -1 indg t2n1
=1 +(-1)
n (—l)indz t+ni1+ni22 2n1—n11+n122+1 Re(X)
+ szz(_1)"1112"1_"11+13"22_"122 Re(Y)},

as asserted. m

5. Evaluation of N,(¢,9) (3|t). Let n be an integer with n > 9. We
recall that the 3-ary representations of n,r and n —r (0 < r < n) are

n=ag+a13+...+ a3, eacha;=0,1,2,
r=bo+b03+...+53, eachbd =0,1,2,
n—r=c+c3+...+¢3, eachec;=0,1,2.
As n > 9 we have | > 2. We first consider ¢ = 3 and ¢ = 6. By Kummer’s
theorem (see (1.2)), we have

3 || (:) <> there is a single carry when adding » and n — r in base 3.

If this carry occurs in the jth place (0 < j <! —1) then
bj+cj=a; +3,
bjy1+ Cjr1 =aj41 — 1,
bitci=a; (1#5,j+1).
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Clearly
a; # 2, aj+1 #0, a; < b; <2, 0L bj+1 < @Qjt1-

Moreover, by Kazandzidis’ theorem (see (1.5)), we have

() 3Hb'c1 (mod 9),

that is,
l
n a;! ai1! a;
=-3 C . Ehs ( 1) (mod9).
(T‘) bj!(aj +3 - bj)' bj+1!(aj+1 —-1- bj+1)! ;I';!; b;
i#5,5+1
Set
bila; —b;)! villaipr1 —1—b;41)!
f(aj,b5,a541,b541) = = (@ +? 1) biallegn , 1) :
a;: i1t
so that
n ! a; t
(r) =t (mod9) & H (bt) =— §f(a],b3,a3+1,b]+1) (mod 3).
i 1:7—,_-]0-}-1
Hence we have
Nat,9)= > 1= > 1 (as t = 3,6)
r=0 r=0
(7)=t (mod9) 311(7)
(7)=t (mod9)
n -1 n
- > =X Y
r=0 i= r=0
¢(n,r)=1 c(n rgh 1l
"\=¢ (mod 9 carry in jth place
(7)=t (mod9) (")=tmod9)

-1 ao aj-1 aj4+1— -1 aj42
535300 3D SHb DI S 21
7=0b0=0 bJ 1—0b_7—a_7+1 b_-,+1—017]+2—0 b=

i
I G)

i=0
i#j,+1

—%7f(ajb5,a5+1,b541) (mod 3)
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Now
29 aj—1 aj+1 ay
)IRD DD VR DI
bo=0 b] l~0b_7'+1=0 b =0
1
H (:: —~-of(a]vvaaJ+l, _7+1)(mod3)
=0
'#ijj+l
2 2
: 303 1
80=0 8;=0
80+813+... 4818 <ao+a13+...+a;-139 " 4a;4237 T3+ 44,3
=n-—a; 3‘7—0. +13]+1
( ( )( )( J+1)(GJI§) ( _—‘f(azvbg,agﬂ,_7+1)(m0d3)
n—aj3j—aj+13j+1
= > 1
. 1 =0
(n—aj3-7—:j+13'7 E—%f(aj,bj,aj+1,bj+1)(mod3)
t
— Nn aJ3J—aj+13j+1 - §f(aa],b], a1+1,b]+1),3 R
Hence
(5.1)  Nyu(t, 9)

aj+1—1

t
—Z Z D Na- a]3’—a,+1aa+l(—gf(aj,bj,aj+1abj+1),3)-

=0 bJ_aJ+1 bJ+1—0

We recall from the introduction that for £k = 1 and 2,
N,(k,3) = 2"1(">(3"2<"> (-1)%).

In order to use this formula in (5.1) we consider four cases according as

ajajr; = 01,02,11 or 12.

Case (i): ajaj+1 =01 (so b; =1 or 2, bjy1 = 0). Here

’I’L]_(’n - aj3j — aj+13j+1) =n; — 1,
n2(n - aj3j - aj+13j+1) = N,
flaj,b5,a541,b541) =2,

so that

t 1
Ni—a,3i —a;4135+1 ( - gf(aj’bjaaj+1abj+1)v3) = 52""1(3"2 - (-1)¥3).
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Case (ii): ajaj41 =02 (sobj =1or 2, bj 1 =0 or 1). Here
ni(n — a;37 — a;413"%1) = ng,
ng(n - aj3j - aj+13j+1) = nNg — 1,
flaj,bj,a541,b541) =1,
so that
Nn_a;3i—a;,,3+1 ( - gf(aj, bj,aj+1,b541), 3)

1 1
— 52111(3n2—1 _ (_1)3—t/3) — §2n1 (3n2—1 + (—l)t/3).
Case (iii): ajaj4+1 =11 (so bj = 2,b;41 = 0). Here
nl(n — aj3j - aj+13j+1) =n] — 2,
ng(n —a;3 —a;1137%) = ny,
f(aj,b5,8541,b541) =4,
so that

t
Nn—a;37—a;4135+ ( = 3(a3, 65,0541, bj41), 3)

= %2111——2(3112 _ (_1)3—t/3) — %2111—2(3112 + (_1)t/3).

Case (iv): ajaj+1 =12 (so bj = 2, bj+1 = 0 or 1). Here
ni(n — aj3j - aj+13j+1) =n; —1,
na(n —a;8 —a; 1131 =ny - 1,
flaj,bj, @541, 0541) = 2,
so that

t 1 T — nz—
Nn—aj3j—aj+13j+1(_ gf(aj,b,-,aj+1,bj+1),3) =52 H3r2Tt — (—1)¥3).

Hence, using these evaluations in (5.1), we obtain
-1 1
_ . —oni—1 _(_1\t/3
Nat,9)= Y 2ez2mTiE - (<1))

j=0
ajaj+1=01

-1
1o omae
Y 2 gmEm T (-

j=0
aja;j1=02

2

ajajy1=11

-1
+ Y lomezgmg s
2



348 J. G. Huard et al.

-1
1
+ Z 9. 52111 1(3112 1 _ (_l)t/3)
aja;j+1=12
= 2 HE™ = (<)) + mep2 (3™ 4+ (1))
+ ‘7’1‘112"1‘_3(37'2 + (—l)t) + n122"1‘1(3"2_1 — (—l)t),

which is the asserted formula.
Finally, we treat the case £ = 0. We have

N.(3,9) + N,(6,9) .
= n1 2™ 3™ 4 ngy2Mt23n2—1 4, 0mm23n2 gy 9migna ]
so that
N,(0,9) = N,,(0,3) — (Nn.(3,9) + N,.(6,9))
=n+1—2™3" — ng2™3" — ngy2mtignal

—np2™M 72372 2mignel g

6. Concluding comments. We remark that our formulae for N,(t,9)
when 31t are consistent with the following result of Webb [10, Theorem 3].

If p is a prime and pt{t then N,(t,p?) depends only on t and the number
of occurrences of each block of nonzero digits in the base p expansion of n
and not on where they occur nor on the number of zeros in the expansion.

The formulae for N, (¢, p?) (ptt) for p = 2 and p = 3 suggest that perhaps
only blocks of length at most p are needed.

When p is a prime and p||t we have shown (in a paper submitted for
publication) that N,(t,p?) depends only on t, ny,...,np—1 and n;; (i =
0,1,...,p—2;j=1,...,p—1). Our formulae for N,(3,9) and N,(6,9), as
well as that of Davis and Webb [2] for N,(2,4), are in conformity with this
result. Compare this result with Webb’s comment [10, sentence preceding
first example on p. 278].
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