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Discriminant of the normal closure of a dihedral quartic field

By

James G. HUARD, BLAIR K. SPEARMAN and KENNETH S. WILLIAMS *)

It is known [3, eq. (1)] that a dihedral quartic field L can be expressed in the form

L=Q(a+bc

where a, b, ¢ are integers with

1 {a, b) squarefree, ¢ squarefree,
and
2 a* —b2c+k?* or ck® for any integer k.

Let L denote the normal closure of L, that is,

f=0Watbe,Na—bo).

The discriminant of L is given by

[ (&b Y\
3 d(L)=2sc? | ————) ,
3 (L) =2°sc @b, CS)>
where s denotes the squarefree part of a> — b*¢, and the value of e(= — 2,0, 2, 4, 6, 8)

is given in Tables A(c = 2(mod 4)), B(c = 3(mod 4)), C{c = 5(mod 8)}, and Di{c=1
{mod 8)) of [3]. Tables A, B, C, D comprise 8, §, 8, 27 cases respectively. Each case is
specified by congruence conditions ou a, b, and ¢. For example B4 is the case a= b
= 1(mod 2), ¢ = 3(mod 4), and in this case e = §.

In this paper we obtain the following formula for the discriminant of L.

c*s*(a, b)*

T Ay =2 —
heorem 1. d{(L) € 9@ b cs

where the value of 0 is given in Tabie (i).

*) Research supported by Natural Sciences and Engineering Research Council of Canada
Grant A-7233.
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Table (i)
0 lc=2(mod4) |c=3(mod4)|c=5(mod8)jc=1(modS8)
18 | A3, A7 B4, B8
Ad(a=0(4)
A8(a=0(8)
16 |Ad{a=2(4)|B1 C4(s=3(4) | D10 (s=3()
A8 (a=4(8) D11 (s = 3(4)
A2, A6 B3, B7 Ci1 D6,D8 D12
C4(s=1(4) | D13, D26, D27
12 C5(s=3(4) | D5(s=3)
D10 (s = 1(4)
D11 (s = 1(4))
Al A5 B2,B6 C3,C8 D1,D2,D4,D7,D9
8 C5(s=1(4) | D14, D15 D24, D25
C6(s=3(4) |DS(s=1()
4 BS C6(s=14) | D17, D18, D19, D21
D22, D23
0 C2 D3
—4 C17 D16, D20

Note that in the table we have abbreviated k(modm) to k(m).

Proof. We set K=0(/0), E=0Q./cl@®—b*) F=Q(/ad-bc), L=

291

O (a—byo, KF=Q(/a —bc, \Jo), M=0Q(/ 2a+2/a® —b*c) and M’ =
0 (\/ 2a — 2./a* — b*c). The subfield structure of L is as shown in the figure. As L and
L are isomorphic fields, we have d{(L) = d(L). Similarly M and M’ are isomorphic fields
so that d (M) = d (M’). By a theorem of Artin [1; (1), (2), (3), (4), (20)] (see also Halter-Koch
12; Satz 24, (3)]), we have

{4 d(L)=d(E)d(L)d(M).

[~

19*
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First we determine d(E). As a®> — b*c = s X * for some positive integer X, we have

E=Qkkm”—ﬁm=Q&ﬁ5=Qéﬂ;%J-

cs .
Thus, as —— is squarefree, we have

(¢ s)
) AE) =2 s
where s
go, if %> =1 (mod4),
e
}2 it > %1 (modd
1% 1 (wgs—zi {mod 4}.

The value of 4 is given for each case in Table {ii).
Next we treat d(M). It is convenient to set

{1, if (a b) odd) {o, if es odd )

= ({(wi, if {a, b) even}’ = k, if cs even?'

As a? — b%c = s X* we have

M=QW2a+2/@ -b*)=0(2a+2X /)= in”;’:?\d/@,

where
@ =2 b =2"X, ¢=35.

We let s denote the squarefree part of a’> — b’?¢’. We observe that
{d, b)) =2a, X)=2%(@, b),

so that {@, b’} is squarefree;
a? — b2 =2 - s X% =2%b?c,

so that 5" = ¢; and

a,b,cs)=1(2%, "X, cs) = (2%a, 2°b, cs) = 2%{a, b, c3}.

As a, b, ¢ satisfy the conditions of (1) and (2}, we have by (3)

ay =25 —(‘“‘)“Q e (M)

\(@, b, cs 2{a, b, cs)
that is
. {a, ) \?
dM o e +2x—2t 2 NN A | ,
6 (M)=12 cs ((a’ b CS)>

where the values of ' = e{d, b’, ¢} are given in Table (i1).
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Hence, as d(L) =
d(f,) = 21+e+e’+2x—21

The values of 8 = 4 + ¢ + ¢’ + 2k ~ 21 are given in Table (ii).

(a7 b’

2¢s¢*(a, by

Discriminant of the normal closure

cs)?

c4

s*(a, b)*
(c, $)*(a, b, cs)*

by (3), we obtain from (4), (5) and (6)

293

Table (i1)
case of field L (a, b) cs (cngi type for field M A x ot e € 8
(mod 2) {mod 2} (mod 4)
Al 1 0 2 Di4,D15,D24, D25 2 t+ 1 4 2 8
Al 1 0 2 Di12,D13,D26,D27 2 1 1 6 4 12
A3 1 0 2 B8 2 1 1 8 8 18
Ada=04 1 0 3 A8, a=0(8) 2 1 1 8 8 18
Ada=2(8) 1 0 1 A8 a =4 0 1 1 8 8§ 16
AS 0 0 2 D7,DY 2 -1 -1 4 2 8
A6 0 0 2 D6, D8 2 -1 -1 6 4 12
AT 0 0 2 B4 2 -t -1t 8 8§ 18
A8 a=0@8 0 0 3 A4 =004 2 -1 -1 8 8 18
A8 a=4(8 0 0 1 Add=2(4 0-1-1 8 8 16
B1 i i 3 C5 D5 2 1 0 8 4 16
B2 i 1 3 D17,D1g,Db21,D22 2 1 0 4 0O 8
B3 i 1 3 C6,C8 2 1t 0 6 2 12
B4 1 0 2 Al 2 1 1t 8 8 18
BS 0 1 3 D1,D2 2 -1t 0 2 2 4
Bé6 0 1 3 Ci1 2 -1 0 4 4 8
B7 0 1 3 C4,D10,D 11 2—-1 0 6 6 12
B8 0 0 2 A3 2 -1t -1 8 8 18
Ci 1 | 3 B6 2 1+ 0 4 4 12
C2 1 1 1 C7,D16,D20 0 1 ¢ 0-2 0
C3 1 1 1 C6, D19, D23 0 t 0 4 2 38
Cds=1(4 1 1 {1 C5DS5 0 1 0 6 4 12
C4d s=34 1 1 3 B7 2 1 0 6 6 16
Css=1(4 0 t 1  C4D10, D1t 0-1 0 4 6 8
CSs=34) 0 1 3 B1 2-1 0 4 8§ 12
C6,s=1(4) 0 i 1 C3 D4 0 -1 0 2 4 4
C6,5=3(4 0 i 3 B3 2-1 0 2 6 8
C7 G 1 1 C2,D3 0 ~1 0 -2 0 -4
C§ 0 1 3 B3 2—-1 0 2 6 8
D1,D2 i 1 3 BS 2 1 0 2 2 8
D3 1 1 1 C7,D16,D20 0 1 0 0-2 0
D4 1 1 1 C6,D19, D23 0 1t 0 4 2 8
DS s=14) 0 1 1 C4,D10,D 11 0 -1t 0 4 6 8
DS s=34 0 i 3 B1 2-1 0 4 8 12
D6, D8 1 0 2 A6 2 1t 4 6 12
D7.D9 1 0 2 AS 2 1t 2 4 8
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Table (ii) (Continued)

case of field L (a, b) cs s 5 type for Ak ot e ¢ 8
e, s) field M

(mod 2} (mod2) (mod 4)
D10, D1, s=1(4) 1 1 1 C5 D5 0 1 0 6 4 12
D10, D 11, s = 3(4) 1 1 3 B7 2 1 ¢ 6 6 16
D12, D13 0 0 2 A2 2 -1t -1 4 6 12
D14, D15 0 0 2 At 2 -1 -1 2 4 8
D16, D 20 0 1 1 C2,D3 0-1 0¢-2 0-4
D17, D 18 0 1 3 B2 2-~1 0 0 4 4
D19, D23 0 1 1 C3,D4 0-1 0 2 4 4
D21,D22 0 1 3 B2 2—-1 0 0 4 4
D24, D25 0 0 2 Al 2 -1 -1 2 4 8
D26, D27 0 0 2 A2 2 -1 -1 4 -6 12
This completes the proof of Theorem 1. [

Our second theorem treats the special case of Theorem 1 when ¢ = — 1 obtaining a

result due to Kuroda [4]. We first need a lemma.
Lemma. If a + bi is a squarefree gaussian integer and a® + b* = s X2, where s is
squarefree, then X is squarefree and odd, (a, b) = X, (5, X) = 1.

Proof. Ifa+ biis aunit, then a®? + b? = 1,50 s = 1, X = 1, and the Lemma holds.
If a + bi is not a unit, since it is squarefree, it can be factored into a product of non-
associated gaussian primes. Combining any gaussian prime with its conjugate, if they or
their associates both appear in this factorization, we see that we may write

7 a+bi= yﬂn

where the integer y is squarefree, odd and relatively prime to each =;, and for i #j =, is
not an associate of either n; or 7;. Thus

0 a—bi=y Il 7

i=1

and

where the p, = n, 7, are distinct and coprime to y. Hence s = ﬂ pi, X =yand(s, X) = 1.

Finally, adding and subtracting (7) and (8), we see that (q, b) y=X. [

Theorem 2 (Kuroda {4]). Let a and b be integers such that a + bi is a squarefiee
gaussian integer and a® + b? is not a square. Let s denote the squarefree part of a* + b>.

Then
4(Q(/a + bi, \Ja — bi) = 2°s*(a® + b2)?,
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where 0 is given by

18, if a=b =1 (mod?2),

16, if a=0(mod?2), b =1 (mod?2),
12, if a=1(mod2),b=2(mod4),
8, if a=1(mod2),b=0(mod4).

Proof. Asa® + b?is not a square, by (1) and (2), Q(\/a + bi) is a dihedral extension
of Q, and so, by Theorem 1 with ¢ = — 1, we have

29 4((1, b)4
A /a+bi Ja=bi) ="
Setting a® + b2 = s X 2, by the Lemma, we have
(@, b)=X, (@b, s)=(X,s) =1,

9:

so that

dQ(/a+bi, Ja—bi))=29s*X*=25%(a® + b?)>.

The values of 9 follow from Table (ii) (cases B4, B 1, B 3, B 2, respectively). [
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