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1. Introduction. A nonzero integer D is called a discriminant if D =0
or 1 (mod 4). We set

(L.1) D = A(D)f(D)?,

where f(D) is the largest positive integer such that A(D) = D/f(D)? is a
discriminant. The discriminant D is called fundamental if f(D) = 1. The
discriminant A(D) is fundamental, and is called the fundamental discrimi-
nant of the discriminant D. The integer f(D) is called the conductor of the
discriminant D. The strict equivalence classes of primitive, integral, binary
quadratic forms (a,b,c) = az® + bry + cy?® of discriminant D = b* — 4ac
(only positive-definite forms are used if D < 0) form a finite abelian group
under composition. We denote this group by H(D) and its order by h(d).
The class of the form (a, b, ¢) is denoted by [a, b, c]. If D < 0 we set as usual

6 if D=—3,
(1.2) w(D) = {4 if D= —4,
2 if D < —4.

The Dedekind eta function 7(z) is defined for all complex numbers z = x+iy
with y > 0 by

(13) 77(2) = 67”7/12 H (1 _ e??rimZ)‘
m=1

We note for future reference that n(iy) and e~/ 2477(%) are positive
numbers.

From this point on, d denotes a negative discriminant, and we set A =
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272 J. G. Huard et al.

A(d), f = f(d), so that
(1.4) d=Af2

If [a, b, c] = [a1,b1,c1] € H(d), a simple calculation, using the basic proper-
ties of the Dedekind eta function (given for example in [15, §34, 38]) shows
that

a V(b +Vd)/(2a)) = a7 n((by + V) /(2a1)),

so that the quantity a=%4|n((b + v/d)/(2a))| depends only on the class of
the form (a, b, c), and thus

II o *m@+ Vd)/(2a))
la,b,c]€H (d)
is well-defined. The famous Chowla—Selberg formula [12, formula (2), p. 110]
asserts that if d is a fundamental discriminant then
(1.5) II o+ Vd)/(2a))
[a,b,c]€H (d)
|d]

= (2nla) @ T] (0m/a @}

m=1

a
discriminant d. This formula has been extg;lded to arbitrary discriminants
d by Kaneko [8], Nakkajima and Taguchi [10] and by Kaplan and Williams

[9], who showed that
(1.6) II  a i+ Vd)/(2a))

[a,b,c]€H (d)

|4
= (2l AL TT rm/1a) @}

where I'(z) is the gamma function and ( ) is the Kronecker symbol for

w(A)h(d)
Sh(A)

{Hpapmw}h(d)/“,

plf

where p runs through the primes dividing f, p’»(f) is the largest power of p
dividing f, and
A

(pr) =1 (1-(2))

Vp -1 _ _ (A :
pr O p-1)(p - (7))
We remark that p always denotes a prime in this paper.

The cosets of the subgroup of squares in H(d) are called genera, and we

denote the group of genera of discriminant d by G(d). The identity element
of G(d) is called the principal genus. It is known that the order of G(d) is

21(d) " where t(d) is a nonnegative integer. When d is fundamental, Williams
and Zhang [16] have extended the Chowla—Selberg formula to genera. They

ap(A7 f) =
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have shown for G € G(d) (d fundamental) that
(1.7) [T o V4 + Vd)/(2a))]
la,b,c]l€G

[A] w(A)h(d)
_ (27T|d‘)—h(d)/2t<d>+2{ H F(m/‘AD(%)}zt(stmm
m=1

—w(dy)vgqy (G)h(dy)h(d/dy)

w(d/dqp)2t(d)+1
X H d, ’

d1€F(d)
di>1

where ¢4, denotes the fundamental unit (> 1) of the real quadratic field
Q(v/dy) of discriminant dy, v4, (G) (= £1) is defined in (2.8), and the set
F(d) is defined in Definition 2.1. If we multiply formula (1.7) over all the
24(d) genera G of G(d), we obtain the original formula (1.5) of Chowla and
Selberg as

Z ¥4, (G) =0 ford; > 1
GeG(d)
(see (2.13)).

In this paper we extend the Chowla—Selberg formula for genera to arbi-
trary discriminants d. We prove

THEOREM 1.1. For any negative discriminant d and any G € G(d), we
have

[T a4+ Va)/(2a))]

la,b,c]eG
h(d)/2t(D+2 4 A W
= (2mla]) =M@/ rmy A}
m=1
N h(d)/2"(D+2 dy.d.G
X {Hp p<A,f>} [[ e,
plf di€F(d)
di>1
where
/B(dlad7G)
_ —w(d)ya, (G)f(d/d1)h(dr)h(A(d/d1))
w(A(d/dy))2td+1
1 (d/dy)
1 (%) (%) (=)
X _ 1—- P72 1_ P 1— p
S - I (-) ()
m|f(d/d1) plm plf/m

ptf/m
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In order to prove this theorem, we first derive an explicit formula for the
number Rg(n,d) of representations of an arbitrary positive integer n by the
classes of a given genus G of discriminant d (see Theorem 8.1). We recall
that an integer n is said to be represented by the form (a,b,c) if there exist
integers  and y such that

n = ax® + bxy + cy?.
We set
(1.8) Riap.e)(n,d) = card{(z,y) € Z* : az® + bay + cy® = n},

where we have included the discriminant d = b? — 4ac in the notation for
use later on. If the forms (a,b,c) and (a’,b’,c") belong to the same class
K € H(d), then R, p.0)(n,d) = R(a 1,y (n,d). We denote this number by
Ry (n,d) so that, for any form (a,b,c), we have

(19) R[a,b,c] (na d) = R(a,b,c) (nv d)

If G is a genus in G(d), we set

(1.10) Rg(n,d) = ) Rk(n,d).
KeG

We also set

(1.11) N(n,d)= > Rg(n,d) = > Rg(nd).

GeG(d) KeH(d)

The formula for Rg(n,d) given in Theorem 8.1 shows that the Dirichlet
series >~ Rg(n, d)/n® converges for s > 1 and can be expressed as a finite
linear combination of products of pairs of Dirichlet L-series (Theorem 10.1).
Our main result (Theorem 1.1) then follows by applying Kronecker’s limit
formula (see for example [13, Theorem 1, p. 14).

We conclude this introduction by indicating some instances when Theo-
rem 1.1 can be used to evaluate some elliptic integrals of the first kind. We
recall that for 0 < k < 1 the complete elliptic integral of the first kind K (k)
is defined by

(1.12) Kk = [ = $2‘§f1 —

The elliptic integral K (k) can be determined for certain values of k as fol-
lows: let A > 0 be such that the values of n(v/—\) = A and n(v/—\/2) = B
are known explicitly, then

(1.13) Kk) = ——. 2
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where k is given by

4(1—-k?) B2
ko A

(see for example [15, p. 114], [17, eqns. (2.3)—(2.8)]). Following Zucker [17]

we set K [\ﬂ] = K (k). We remark that in view of the relations

(1.15) e T3S <1+;ﬂ> =7 <\/2_7> + 1603 (2vV=N)

(1.14) 0<k<l

and
e (2 (B ey = e,

it is enough to know two of

77(“?) 77<1+;m>, n(V=X), n(2vV=X)

in order to be able to determine A and B. We now give two situations when
Theorem 1.1 can be used to determine A and B.

The first occurs when H (4d) has one class per genus. There are 27 known
values of d for which this occurs, namely, —d = 3, 4, 7, 8, 12, 15, 16, 24,
28, 40, 48, 60, 72, 88, 112, 120, 168, 232, 240, 280, 312, 408, 520, 760, 840,
1320, 1848 [4, pp. 88-89]. In this case H(d) also has one class per genus, and
applying Theorem 1.1 to the principal genus in each case, we obtain 7(v/d)
and either 7(v/d/2) or n((1 + V/d)/2) according as d =0 (mod 4) or d = 1
(mod 4). Thus we can determine K[v/—d]. Two simple numerical examples
are provided by d = —4 (A = 4) and d = —3 (A = 3). For d = —4, from
Theorem 1.1, we deduce

A=n(v=0) =z f T } ,
B=n(v-1) =274 *“{?E;ﬁ;} ,

and then from (1.14) and (1.13) we obtain k = 3 — 21/2 and
V2+ )72 114 (V2+1)
23 r(3/4)  27/271/2
When d = —3 by Theorem 1.1 we have
PN O A CVE) R
A = n(v/—3) = 9—7/123-1/4_—1/4) £ \2/3)

Rt

K2 = K(3—2V2) = I2(1/4).
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From (1.15) and (1.16) we obtain

pea(12) s S

3/4
n(2v/=3) = 27 7/83~ /4~ 1/4(1 4 \/3)_1/4{ ?gg } '

Then, from (1.14), we deduce that k& = (v/6 — v/2)/4, and, from (1.13), we

obtain
K3 = (m> _ 9-5/03-1/271/2 {F<1/3> }3/2

4 ' (2/3)
— 27 7/33 41 (1/3))3.

These values of K are in agreement with [1, Table 9.1, p. 298 and p. 139],
where the values of K[v/\] are given for A = 1,2,...,16. Similarly we can
determine K[v/7], K[V8], K[V12], ..., K[V/1848].

The second situation occurs when H(d) (d =8 (mod 16)) has one class
per genus with the classes [1,0, —d/4] and [2,0, —d/8] in different genera. It is
known that this occurs for d = —24, —40, —72, —88, —120, —168, —232, —280,
—312, —408, —520, —760, —840, —1320, —1848 (see [4]). Applying Theo-
rem 1.1 to these genera, we obtain, for A = —d/4,

A=n(Vd/2) =n(V=X), B=n(Vd/4)=n(V=X/2).

We illustrate this situation with an example not given in Table 9.1 of [1].
We take d = —88, so that A = 22. Here H(—88) = {[1,0,22],[2,0,11]} and
the class [2,0,11] is not in the principal genus. Applying Theorem 1.1 to the
classes [1,0,22] and [2,0, 11], we obtain

A=n(V=22) =211 VAr AEYE (1 4 V2) 714

and

v —22
BZT]< 5 ) :2_3/411_1/477_1/4E1/8(1+\/§)1/4,

where

88 m (=28)
E=1]] F<88> .

m=1

Then, from (1.14), we obtain k = (1 4+ v/2)3(3v/22 — 7 — 5v/2), so that

i_ 3/2 1/2
\/E_(1+\/§) (7T+5V2 +3v22)1/2,
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and thus, by (1.13),
K[V22] = K(—99 — 70v/2 + 30V/11 + 21V/22)

88 m (=28)y 1/4
:2—5/211—1/2(7+5@+3@)1/2w1/2{ 11 F<> } :
m=1
In a similar manner we can determine K[v/6], K[v/10], K[/18], K[/30],...
... K[\/162).

2. Prime discriminants and genera. An odd prime discriminant is a
discriminant of the form p* = (—1)®=Y/2p, where p is an odd prime. The
discriminants —4, 8, —8 are called even prime discriminants. We now define
the prime discriminants corresponding to the discriminant d, and note some
of their properties.

DEFINITION 2.1. (a) The prime discriminants corresponding to the dis-
criminant d are the discriminants pi,...,p;,, together with p;, , if d =0
(mod 32), where t = t(d) and |G(d)| = 2, given as follows:

(i) d=1 (mod 4) or d =4 (mod 16)
p1 < p2 < ...<ppr1 are the odd prime divisors of d.
(ii) d =12 (mod 16) or d =16 (mod 32)
p1 < p2 < ...<p; are the odd prime divisors of d and p;,; = —4.
(ili) d = 8 (mod 32)
p1 < p2 < ...<p; are the odd prime divisors of d and p;,; = 8.
(iv) d =24 (mod 32)
p1 < p2 < ... < p; are the odd prime divisors of d and p;,; = —8.
(v) d=0 (mod 32)
p1 < p2 < ...<pi_1 are the odd prime divisors of d, pj = —4,
Pit1 = 8, and py o, = —8.
(b) The set of prime discriminants corresponding to d is denoted by P(d).
We note that these are coprime in pairs if d # 0 (mod 32). The set of all
products of pairwise coprime elements of P(d) is denoted by F(d).

It is known that a fundamental discriminant d can be expressed uniquely
as a product of prime discriminants, and moreover these prime discriminants
are precisely the elements of P(d).

LEMMA 2.1. (a) F(d) = {d;y : dy is a fundamental discriminant, dy |d,
and d/dy is a discriminant}.
(b) For any positive integer k, P(d) C P(dk?) and F(d) C F(dk?). Also,
P(A)C P(d), 1€F(d), AcF(d), |F(d)]=2"%
P(d)] = t(d)+1 if d#0 (mod 32),
Ctd)+2 if d=0 (mod 32).



278 J. G. Huard et al.

Proof. The assertions of Lemma 2.1 are straightforward consequences
of Definition 2.1. m

We now recall the definition of the Legendre—Jacobi—Kronecker symbol
(%) for a discriminant D and a positive integer k (see for example [3, pp. 18—
21, 35]). For p an odd prime

D +1 if D is a nonzero square (mod p),
(2.1) <> =< —1 if D is not a square (mod p),
p 0 ifp|D;
D +1 if D=1 (mod 8),
(2.2) <2) =¢ -1 if D=5 (mod 8),

0 if D=0 (mod 4);

and generally

)-me)”

plk
Next we recall some of the properties of genera. The basic properties
of generic characters and genera can be found for example in [2], [6]. Let
p* € P(d) and K € H(d). For any positive integer k coprime with p*
represented by K, it is known that (%) has the same value, so we can set

p*
(7 = () = 1.
Let G € G(d). Genus theory shows that, for any K € G, 7,+(K) has the

same value, so we can set y,+(G) = v, (K), and furthermore that
(2.4) Yo (G1G2) = 1= (G1) 1 (G2),

for G1,G2 € G(d). One of the main results of genus theory is the product
formula (2.5) (see for example [6, equation (9)]).

LEMMA 2.2. If G € G(d) then, with A = A(d),
(2.5) I w©@-=1
preP(A)
together with
(2.6) Y a(@s(@rs(G) =1 ifd=0 (mod 32).
Moreover, if §,» = +1 for each p* € P(d) and
(2.7) I & =1
p*EP(A)
together with
(28) 57458578 =1 Zfd =0 (I’IlOd 32),
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then there exists a unique G € G(d) with
(2.9) Yo (G) = dp«  for each p* € P(d).
We observe that Lemma 2.2 is consistent with

Logpal L gt _gia) g £ 0 (mod 32),

G(d)| =1 2 2
PR 2l Pl — T ot d+2 — 9t(d) if 4 =0 (mod 32),

and shows also that there are exactly 2/7(@I=IP(A)] = 9t d)=t(A) gepera @
in G(d) with y,+(G) = 6,~ for each p* € P(A).

We now extend the definition of 7,+(G) (p* € P(d)) to vq4,(G) for d; €
F(d). For dy € F(d), we set

(2.10) 1@ = ] (G =+1.
p*€P(d1)
By (2.4) and (2.10) each w4, (di € F(d)) is a group character of G(d),
and it is known from genus theory [2, §4.3] that these include all the group
characters of G(d).
The set F'(d) is a group under the binary operation o defined by

diody = A(dldg), dl,dg S F(d)

The identity element is 1 and each element is its own inverse. As A € F(d),
and d; o A = A(d1A) = A(drd) = A(d/dy), the mapping

(2.11) di — A(d/dy)

is a translation and thus a bijection on F'(d).

—

Let G(d) be the group of characters of G(d). The mapping ¢ : F(d) —
G(d) given by ¢(d1) = va, is easily checked to be a homomorphism using
(2.6) ifd =0 (mod 32). It is known from genus theory [2] that ¢ is surjective,
and thus [ker ¢| = |F(d)|/|G(d)| = |F(d)|/|G(d)] = 2"D*1/21D = 2. By
(2.5) we have yAo(G) =1, for all G € G(d), so that ker ¢ = {1, A}. Further,
for d; € F(d), we have

(2.12) YA(dfdr) = VdroA = Yy YA = Vdy -
By the theory of group characters, we have
G(d)|=2"D ifdy =1orA
2.13 G) = | ’
(2.13) Z Ve (G) { 0 otherwise,
GEG(d)
and
(2.14) Z va, (G) = {2|G(d)] = 2!(d)+1 if G is the principal genus,
0 otherwise.

d1€F(d)
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3. The derived genus G,, of G. In this section we define the derived
genus Gy, € G(d/(m, f)?) of G € G(d), where m is a positive integer all of
whose prime factors p divide d and satisfy

(3.1) PTA = vp(m) < vp(f).
We begin with the case when m is a prime.

PROPOSITION 3.1. Let p be a prime with p|d, and let G € G(d). Then
there is a unique genus

G(d/p*) ifplf,
G”G{Gu) i ptf,

such that in the case p| f,
(3.2) Vg (Gp) =74+ (G)  for every ¢" € P(d/pQ)a
and in the case pf f (so that p| A),

(3.3) Vg (Gp)

<(;>'yq* (@) for every q* € P(d) with ptq™,

()@= (25 )0

p p

for the unique ¢* € P(d) with p|q~.

Proof. In the case p| f, we see that d/p? is a discriminant, and P(d/p?)
C P(d). Hence 7, (G) is defined for every ¢* € P(d/p?). As A(d/p?) = A,
by Lemma 2.2, we have

H FYCI* (G) = 17
g*eP(A)
together with 7_4(G)ys(G)v-s(G) =1, if d =0 (mod 32). Hence, by Lem-
ma 2.2, there exists a unique genus G, € G(d/p?) satisfying (3.2).

We now turn to the case pt f, so that p| A. We show first that there is a
unique ¢* € P(d) with p|¢*. If p # 2 then ¢* = p*. If p = 2 then 21 f so that
d # 0 (mod 32), and thus as 2| A there is a unique ¢* with 2|¢*. In both
cases we have ¢* | A. Further, as A is fundamental we see that pt A/q*, so
(%) = +1. Thus

g = (q>7q* (G) ==+1 for every ¢* € P(d) with p{q*
b

and

A *
S = ( /4 )%f(G) =41 for those ¢* € P(d) with p|q*,
p
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and we show that these d,+ satisfy the product formula (2.5). As p| A and
A is fundamental, A possesses a unique prime discriminant r* with p|r*,

and
I b = ( / )%* © 1] <>vq*(G)
g EP(A) p gep(ay NP
q*;é’!‘*
A/r* Alr*
p p q*€EP(A)

Further, if d = 0 (mod 32), then p # 2 and

= ()0 )0 )0

= <Zif>’74(G)'Y8(G)'YS(G) =1

This completes the proof of the existence of G}, in this case.
Finally, we observe that for ¢* € P(d) with p|q*, we have

<A/q*> _ (Af2/Q*) _ <d/q*> .
p p p

Next we define G, for p|d and i > 0. We set G; = G. By (3.2) we define
successively

Gpi = (Gpi-1)p € G(A/p*), i=1,...,05(f).
If in addition p| A, as pf f/p*»f), we define successively, by (3.3),
Gpi = (Gpi1)p € G(d/p*D)), i=0v,(f)+1,...

Thus, for any p|d, we have defined G,: € G(d/(p", f)?) for any nonnegative
integer i if p| A and for i = 0,1,...,v,(f) if pt A.

It is easy to check that if p and ¢ are distinct primes dividing d, we have
(Gp)g = (Gy)p € G(d/(pg, f)?), and this allows us to define the derived
genus G, as follows: for m = p{* ...p%" satisfying (3.1) set

G = (. (G )yz2) - e € G(d/(m, )?).

LEMMA 3.1. (a) Let p be a prime with p|d. Let dy € F(d/(p, f)?). Then,
for any G € G(d), we have

7d1(G) pr|fa

<C]lj>7d1(G) ZfPTfa pjfdla

(d/d1
p

Vd1 (GP) =

>'7d1(G) if pt f, pldi.
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(b) Further, if m is a positive integer with m| f, G € G(d), and dy €
F(d/m?), then
Yd, (Gm) = Ydy (G)
Proof. (a) In this proof we let P(dy) = {p},...,p:} so that d; =

pi...pt and the pf are coprime in pairs. We first consider the case p| f,
so that d; € F(d/p?), and thus each p! € P(d/p?). Then

Vi, (Gp) = Yt (Gp) - - Vpz (Gp) (by (2.10))
=11 (6) 7 () (by (3:2)
— 70, (G). (by (2.10)

We now turn to the case ptf, so that p| A, dy € F(d), and thus each
pf € P(d). As the p! are coprime in pairs, at most one of the p! is divisible
by p. If p does not divide any of the p; then

Yd, (Gp) = Vp; (Gp) <o pr (Gp) (by (2.10))
_ (f)m Q). . <fj>%:<a> (by (3.3))
:(C;>7 @), (by (2.10))

If p divides one of the p;, say p;, then
Yd, (Gp) = p: (Gp> - Vpx (Gp) (by (2.10))
()@ (" @ e oy 33)
_ (dlgp?) (d/;?)ml(a) (by (2.10))

- ()00

as

<d1/p:> (d/pi) _ <d1/p:>2<d/d1> _ (d/dl)
p p p p p

(b) As m| f the asserted result follows by applying part (a) to each prime
dividing m taking into account multiplicity. m

4. Null primes and the integers M, and U. It is convenient to
introduce the following positive integers:

(4.1) M = M(n,d) is the largest integer such that M?|n, M| f,

(4.2) U=U(n,d) = H p”p(")7
pld, pt f



Chowla—Selberg formula for genera 283

(43)  Q=Q(n,d)=U(n/M?*d/M?) = I .
pld/M2,pt /M

DEFINITION 4.1. A prime p is said to be a null prime with respect to n
and d if

(4.4) vp(n) =1 (mod 2), vu(n) < 2vu,(f).
The set of all such null primes is denoted by Null(n, d).

PRrOPOSITION 4.1. If Null(n,d) # 0 then N(n,d) = 0, where N(n,d) is
defined in (1.11).

Proof. We suppose that Null(n,d) # () and that N(n,d) > 0. Let
p € Null(n,d). As N(n,d) > 0, there exists a form (a, b, ¢) with b* —4ac = d,
where we may suppose that (a,p) = 1, and integers z,y such that

n = ax® + bay + cy’.
Completing the square, we obtain
dan = X? — Af%y?,  where X = 2azx + by.

Set m = w,(n), so that, by (4.4), m is odd and p™T!| f2. As pta we see
that v,(4an) is odd, and thus y # 0. We now consider two cases according
as v, (Af%y?) is odd or even.

In the former case we must have v,(4an) = v,(Af?y?). If p # 2 then
vp(4an) = m and v,(Af?y?) > m + 1, a contradiction. If p = 2, then
vo(4an) = 2+m and, as v3(A) is odd and so equal to 3, we have vy (A f2y?) >
3+ (m+ 1), a contradiction.

In the latter case we see that X # 0 and v, (X?) = v,(Af%y?). If p # 2
then v,(X?) = v,(Af?y?) > m + 1 so that v,(4an) > m + 1, contradicting
vp(4an) = m. If p = 2 then v9(A) is even, and thus vy(A) = 0 or 2. If
v9(A) = 2 then v2(X?) = va(Af2y?) > 2+ (m + 1), so va(dan) > m + 3;
if v2(A) = 0 then A =1 (mod 4), and setting vo(X?) = va(Af%y?) = 2w,
we see that vo((X/2¥)% — A(fy/2%)?) > 2, and hence vy(X? — Af2y?) >
242w > 2+ (m + 1). Each instance contradicts vy(4an) =2+ m. m

By Proposition 4.1 and (1.11) we have Rg(n,d) = 0 if Null(n,d) # 0.
Thus it remains to evaluate Rg(n,d) when Null(n,d) = (). This is done by
means of two reduction formulae (Theorems 6.1 and 7.1). The next lemma
gives some properties of M and @ when Null(n,d) = 0.

LEMMA 4.1. (a) If Null(n,d) = 0 then
(4.5) (n/M?, f/M) =1
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and
(4.6) (n/M?Q,d/M?) = 1.
(b) (n,f) =1< Null(n,d) =0 and M = 1.

Proof. (a) Suppose Null(n,d) = 0 but (n/M?, f/M) > 1. Then there
exists a prime p with p|n/M? and p|f/M. By the maximality of M,
we have p?{n/M? so that p|n/M?. Thus vy(n) = 1+ 2v,(M) < 2
+ 2v,(M) < 2v,(f), showing that p € Null(n,d), a contradiction. This
proves (4.5).

Suppose now there exists a prime ¢ with ¢ |n/M?2Q and q|d/M?. Then,
as (n/M?, f/M) =1, we have qf f/M, so v,(Q) = vy(n/M?), contradicting
q|n/M?Q. This proves (4.6).

(b) Suppose (n, f) = 1. By definition we have M = 1. Now suppose that
p € Null(n,d). Then v,(n) is odd and v,(n) < 2v,(f). Thus p|n and so
p1 f, a contradiction.

Now suppose that Null(n,d) = 0 and M = 1. By (4.5) we have (n, f)
=1 =

5. The sum S(n,d;,d/dy). In this section we introduce the sum S(n, d;,
d/dy) in terms of which we give our formula for Rg(n,d) (Theorem 8.1).
Before giving the definition we recall from Lemma 2.1(a) that for dy € F(d)
both d; and d/d; are discriminants.

For d; € F(d) and (n, f) = 1, we set

(5.1) S(n,dy,d/dy) = > <d1> (‘Z/le>,

pur=n K

where p and v run through all positive integers with puv = n.

LEMMA 5.1. Suppose (n,f) = 1. Let p be a prime such that p|n and
pld. Then, for G € G(d), we have

Y (@S, did/di) = Y 74,(Gp)S(n/p,dy,d/dy).

di€F(d) di1€F(d)

Proof. Clearly (n/p, f) = 1 so that S(n/p,dy,d/d;) is defined. We have
Z Vd1 (G)S(na dl’ d/dl)

di€EF(d)
- ¥ w@ X (%) (%)

di1€F(d) pr=n H
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= ol 2 (4)(%)

B i N
-2 () 2 )]
plv plp, plv
= dlezF:@ Ya, (G) <ijl>5(n/p, dy,d/dy)
+ Y (G (d dl)S(n/p,dl,d/dl).
di€F(d)

In the first sum we need only sum over those d; satisfying ptd;, and in the
second sum over those d; satisfying ptd/dy, equivalently, p|d;. The result
now follows by appealing to Lemma 3.1(a) as pt f. =

LEMMA 5.2. Suppose (n, f) = 1. Then, for G € G(d), we have
> 1 (@S(n,di,d/d) = > 74, (Gu)S(n/U,dy,d/dy),
d1€F(d) di1€F(d)

where U is defined in (4.2).

Proof. This follows immediately from Lemma 5.1 by applying it to all
primes p dividing U with multiplicity taken into account. m

6. First reduction formula. Our first reduction formula relates
Rg(n,d) to Rg,,(n/M?,d/M?), where M is defined in (4.1).

THEOREM 6.1. For G € G(d), we have

1 h(d)

Ra(n.d) = Sa—anmy - h(d/M?)

Rq,, (n/M?,d/M?).

In order to prove this result we need a number of lemmas.

LEMMA 6.1. Suppose that p| f. Let K € H(d). Then

(a) K contains a form (a,b,c) with pta, p|b and p*|c;

(b) the mapping 0, : H(d) — H(d/p?) given by 0,([a, b, c]) = [a,b/p, c/p?]
1$ a surjective homomorphism;

(c) if G € G(d) and K € G then 0,(K) € Gp;

(d) the mapping gp : G(d) — G(d/p?) given by gp(G) = G, 1s a surjective
homomorphism.
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Proof. (a), (b). See [5, §§150-151].

(c) Let ¢* € P(d/p?), G € G(d), and K € G. We can choose a, b, c with
K = [a,b,d], (a,pg") = 1, p[b and p?|c. By (b), 0,(K) = [a,b/p,c/p?].
Clearly a is represented by the class 6,(K) and

(q*> = 74 (G) = 74 (Gy),

a
for all ¢* € P(d/p?), so that 0,(K) € G,.

(d) As 0, : H(d) — H(d/p?) is a surjective homomorphism and G(d) =
H(d)/H*(d), G(d/p*) = H(d/p?)/H?(d/p?), it follows that 51, : G(d) —
G(d/p?) is also a surjective homomorphism. m

LEMMA 6.2. Let p be a prime with p| M. Then, for any class K € H(d),
we have

RK(n, d) = Rgp(K) (n/p2, d/pz).

Proof. By Lemma 6.1(a) we choose (a,b,c) € K with pta, p|b and
p?| ¢ so that 0,(K) = [a,b/p, c/p?]. Set

S ={(z,y) € Z* : ax? + bay + cy® = n},
and define the one-to-one mapping A : T — S by A\((X,Y)) = (pX,Y). If
(x,y) € S, then as p|n, we see that p|z and A\((x/p,y)) = (x,y). Hence A
is onto, and thus
R(a,b,c) (n7d) = ’S| = |T’ = R(a,b/p,c/pz)(n/pzad/pz)a

completing the proof. m

b
T = {(X,Y) €7?: aX’ 4+ XY + SV =
P p

’Uw‘ 3

LEMMA 6.3. Let p be a prime with p| M. Then, for G € G(d), we have

t(d)
Ra(n.d) = h(df;g))//QQt(d/p“‘) R, (n/p*,d/p?).

Proof. Let G € G(d). There are |ker §p’ distinct genera of G(d) that

are mapped to G, by gp. As K runs through the classes of these genera,
6,(K) runs through the classes of G, exactly |ker6,| times. Hence, as K
runs through the classes of G, 6,(K) runs through the classes of G, exactly

|ker 6,|/|ker 6, times. Hence

Re(n,d)= ) Ri(n.d) (by (1.10))
KeG
- Z Rf’p(K)(n/p27d/P2) (by Lemma 6.2)

KeG
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_ |ker 6y
|ker 6|

> Ri(n/p*,d/p?)
K'€G,
__h(d)/h(d/p?)
|G(d)|/IG(d/p?)|
h(d) /2%

B h(d/pQ)/Qt(d/pQ)RGp(n/pzvd/pz). .

Proof of Theorem 6.1. Theorem 6.1 follows from Lemma 6.3 by
applying it to all primes dividing M taking multiplicity into account. m

Rg,(n/p*,d/p*)  (by Lemma 6.1)

7. Second reduction formula. Our second reduction formula removes
from n those primes which divide d but do not divide f.

THEOREM 7.1. For G € G(d), we have
Rg(n, d) = RGU (n/U, d),
where U = U(n,d) is defined in (4.2).

Before giving the proof of Theorem 7.1, we state and prove a number of
lemmas.

LEMMA 7.1. Suppose that p is a prime with p|d and pt f. Let K € H(d).
Then

(a) K contains a form (a,b,cp) with pfac and p|b;

(b) the mapping ¢, : H(d) — H(d) given by ¢,([a, b, cp]) = [ap,b, c] is a
bijection;

(c) if G € G(d) and K € G then ¢,(K) € Gy.

Proof. (a) We can choose (a,b,c) in K with pta. If p = 2 then, as 2|d
and 21 f, we see that 2|b and d = 8 or 12 (mod 16). If ¢ =2 (mod 4) we
take ¢/ = 2c¢ and we are done. If ¢/ # 2 (mod 4), from d = b* — 4dac’, we
deduce that ¢ =1 (mod 2) and a4+ b+ ¢ =2 (mod 4). Replacing (a, b, )
by the equivalent form (a,b+2a,a+b+ '), we obtain a form of the required
type.

If p # 2 then p|| d. Choose t such that ¥’ = 2at+b =0 (mod p), and set
c= (at? + bt + ') /p. Then (a, V', pc) is a form of the required type (pfc, as
plld and p|b') equivalent to (a,b, ).

(b) The discriminant of (ap,b,c) is d. It is easily checked that (ap,b,c)
is primitive. Hence [ap,b,c] € H(d). Next we show that ¢, is well-defined.
Suppose that

[a) bu Cp] = [(1/, b/v C/P]a pTaca/Cl) p ‘ b7 b | b/‘
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Thus there exist integers «, 3,7,d with ad — By =1 and
a' = aa® + bay + cpy?,
(7.1) b = 2aa + b(ad + £7) + 2cpyd,
dp = aB? + b3 + cpd>.
As p|b we see that p|af?, so that p| 3, say 3 = 3'p. Set ¥/ = py, so that
ad — ' =1 and (7.1) can be rewritten as
a'p = apa® + bay' + cy'?,
b = 2apaf’ + b(ad + 37 + 2¢v'6,
' =apB” +bp'6 + 87,
showing that [ap,b, c] = [a'p, V', ¢'], and thus ¢, is well-defined. Further

¢;29([a7 bv Cp]) = ¢P([a’p7 b7 C]) = ¢P([C’_b7 ap]) = [Cp, _bv CL] = [avbv Cp],

so that ¢, is an involution on H(d), and thus a bijection.
(c) Let G € G(d) and K = [a,b,cp] € G, where ptac and p|b. Suppose
that ¢,(K’) belongs to the genus G of G(d). We wish to show that G = Gyp.
Let ¢* € P(d) with pfq*. Let u be a positive integer coprime with ¢*
which is represented by the form (a, b, cp) € K. Clearly pu is represented by
the form (ap, b, c) € ¢,(K). Then

@ (£)= () - (o

Now let ¢* € P(d) be such that p|q¢*. As p|d and p1 f, there is only one
such ¢*, which we denote by r*. Clearly r* € P(A). Hence

’Yr*(é) = H ’Yq*(é) (by Lemma 2.2)
" EP(A)
e
= I %G (by (7.2))
qTEP(A)
g #r
=7+ (Gp). (by Lemma 2.2)

Thus we have shown that

Y+ (G) = 1g-(Gp) ~ for all ¢ € P(d),
and so G = Gy, =

LEMMA 7.2. Let p be a prime with p|n, p|d and ptf. Then, for K €
H(d), we have Rk (n,d) = Ry, (k)(n/p,d).
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Proof. We choose a form (a, b, cp) € K with pfac, p|b. Then (ap,b,c) €
¢p(K). Set

S = {(z,y) € Z* : ax® + bay + cpy* = n},
T={(X,Y)€Z?: apX? + bXY +cY? = n/p}.
It is easy to check that (X,Y) — (pX,Y) defines a bijection from 7" to S. =

LEMMA 7.3. Let p be a prime with p|n, p|d and ptf. Then, for G €
G(d), we have Rg(n,d) = Rg,(n/p,d).

Proof. We have
Ra(n,d) = ) Ri(n,d)

KeG

= Z Ry (r)(n/p,d) (by Lemma 7.2)
KeG

= Z R/ (n/p,d) (by Lemma 7.1(b), (c))
K'eG,

= Rg,(n/p,d). m

Proof of Theorem 7.1. This theorem follows from Lemma 7.3 by
applying it to all primes p dividing U taking multiplicity into account. m

8. Formula for Rg(n,d). We now apply our two reduction formulae
(Theorems 6.1 and 7.1) to obtain an explicit formula for Rg(n,d).

THEOREM 8.1. Let G € G(d). If Null(n,d) = 0, then

w(d/M?)  h(d) ) )
RG(nvd) = 9t(d)+1 ’ h(d/Mz) . €£M2)7dl(G)S(n/M vdlad/M dl)-

If Null(n, d) # 0, then Rg(n,d) = 0.
We begin by recalling Dirichlet’s formula, see [5, p. 229], [4, p. 78].
THEOREM 8.2 (Dirichlet). If (n,d) =1, then
d
N(n,d) =w(d — .
) =03 (%)
The next theorem is a consequence of Theorem 8.2.
THEOREM 8.3. If (n,d) =1 and G € G(d), then
w(d)

Re(n,d) = gy > 94, (G)S(n,dy,d/dy).
d1€F(d)
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Proof. If N(n,d) > 0, then n is represented by at least one class in

H(d). Let G be a genus containing a class which represents n. As (n,d) =1
we have (n,q*) =1 for all ¢* € P(d). Thus

%4®:<q) for all ¢* € P(d),

and so G is unique. Hence

R, d) = {N(n,d) G =G,
0 if G #G,
that is,
(8.1) Ra(n,d) = [] ;<1 +7q*(G)<q;>>N(n, d).
q*€P(d)

The formula (8.1) trivially holds if N(n,d) = 0.
By Theorem 8.2 and (8.1), we have

Ra(n,d) =w(d) [] ;<1 7 (G) (i)) 2 (i)

q*€P(d) vin
w(d) dy d
- W Z Wdl(G) <n> Z <IJ>7
di€F(d) pr=n

where in the case d = 0 (mod 32) each term in the development of
q*

[ (eo()

q*€P(d)

2) is obtained exactly twice in view of the relation
1. Hence

RGm¢0:2%$L 3 %JG)E:<%><?><?)(%?>

—~

=

@

Q

o
—
=
T
—~
=

I
—~
S
S~—
I+

d1€F(d) pr=n K
w(d) di (d/dy
=g, 2 w@ 2 (5)(57)
di€F(d) pr=n
w(d)
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Proof of Theorem 8.1. We have

Rg(n,d)
1 h(d) 2 2
= St(d)—t(d/M?) h(d/MQ)RGM(n/M ,d/M?) (by Theorem 6.1)
1 h(d)

Ré o (n/M?Q,d/M?)  (by Theorem 7.1)

~ 2@ —t(d/M?) " [(d/M?2)
as U(n/M?,d/M?) = Q (by (4.3)). By Lemma 4.1(a) we have, as Null(n, d)

n d n f
(M2Q’M2> and <M2’M> ’
so that, by Theorem 8.3, we have
n d
R6uq (MQQ’ ]\/[2>

= Sud/ M2+ d
2t(d/M2)+1 dlEF%:/Mz)fydl (GMQ)S M2Q7 1 M2d]_ 5

Y

and thus, by Lemma 5.2, we obtain
n d w(d/M?) n 4
RG o <MQQ’M2> = SHa/MT Z Ya, (Gar)S W’dl’Mle '
di1€F(d/M?)

Further, by Lemma 3.1(b), we have 74, (Gapr) = 74, (G), and the result fol-
lows. =

COROLLARY 8.1. If d is fundamental, then
R = gy 3= (@) 3 (5)(%0)
d1EF(d) ur=n

Proof. As d is fundamental, we have f =1, M = 1, and Null(n,d) = 0,
and the result follows immediately from Theorem 8.1. =

9. Determination of N(n,d). We now use Theorem 8.1 to obtain a
formula for N(n,d), which generalizes Dirichlet’s formula (Theorem 8.2).
Special cases of Theorem 9.1 are given in Hardy and Williams [7, pp. 104—
105] and Schinzel and Zannier [11, Lemma 4, p. 48].

THEOREM 9.1. If Null(n,d) = 0 then

N(n,d):w(d/MQ)h(Z;% > (f)

v|n/M?

If Null(n,d) # 0 then N(n,d) = 0.
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Proof. If Null(n,d) # 0, we have N(n,d) = 0 by Proposition 4.1. If
Null(n,d) = () then

N(n,d)= Y Ra(n,d) (by (1.11))
GEG(d)

w(d/M?) — h(d)
Z 2td)+1 " p(d/M?)

GEG(d)
X Z Ya, (G)S(n/M? dv,d/M?dy) (by Theorem 8.1)
d1E€F(d/M?)

w(d/M?)  h(d)

2@+ h(d/M?)

< > Y @S i d /i)
di€F(d/M?) ~ GeG(d)

w(d/M?)  h(d)

2@+ h(d/M?)

x (28D S (/M2 1, d/M?) + 28D S(n/ M2, A, d/M2A)}

(by (2.13))
_ w(d/M?) _ h(d)
2 h(d/M?)
x {S(n/M?,1,d/M?) + S(n/M?, A, d/M?A)}
_ w(d/M?) k()
2 h(d/M?)
< 2 (G () (45))
i (by (5.1))
— w(déM ) h(zlﬁ;w Wzn;Mz{(f) - (ﬁ) }

as (n/M?, f/M) =1 by Lemma 4.1(a), and Theorem 9.1 follows. m

Our next result gives upper bounds for N(n,d). To prove these we need
the following two inequalities. Let 7(n) denote the number of divisors of n.
Then for any € > 0 there exists a constant C'(¢) > 0 such that

(9.1) 7(n) < C(e)n®

(see [14, Corollary 1.1, p. 92]). Also there exists a constant C; > 0 such that
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(9.2) 11 (1 + ;) < Cyloglogn, n>3

pln

(see [14, p. 98, formula (19)]).
We also make use here and in the next section of Gauss’s formula

h(DK?)  w(Dk?) (3)
93 WD)~ w(D) ’ﬂ(l‘ :)

where D is a negative discriminant, and k is a positive integer (see for
example [3, p. 217]).

COROLLARY 9.1. (a) For any € > 0 there exists a constant Ca(e) > 0
such that

0 < N(n,d) < Cy(e) fn°.
(b) There exists a constant C3 > 0 such that

12 ifn =12,

0< N(Tl, d) < {03n1/2 loglogn ifn > 3.

Proof. If Null(n,d) # 0 then N(n,d) = 0 and the assertions are trivial.
Thus we may suppose that Null(n,d) = 0. As

a/M?
w(d/MZ)h(Z%/)[Q) = w(d)Mle<1 — w> (by (9.3))
1
< 6Mp|M <1+ p) < 6Mp|1_£ (1 +p>

and

we have, by Theorem 9.1,
1
0 < N(n,d) <6M 1—|—)T7’LM2.
o) <03 T (14 2 ) rtusr)
pln
To prove (a) we use the inequalities

m<r I (1 T ;) < 7(n) < Ce/2)m>,

pln
7(n/M?) < 7(n) < C(e/2)n"/?,

where € > 0. To prove (b) we use the inequalities
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0\ 12
MT(?”L/MZ) < MC(l/Q) <W> — 0(1/2)n1/27

1

H<1+> < Ciloglogn, n >3,
b

pln

and
N(1,d) =w(d) <6, N(2,d) = w(d){l + (?)} <12 m

Remark 9.1. If (n, f) = 1, Theorem 9.1 reduces to

(9.4) N(n,d) = w(d) S (f) — (@)Y (‘Vl)

v|n vin

This is a generalization of Dirichlet’s formula (Theorem 8.2).
If d is a fundamental discriminant, then f =1, and (9.4) holds for all n.
This result appears to be known but not well-known.

10. Evaluation of the Dirichlet series )~ , Rg(n,d)/n®. Let D be
a discriminant. For s > 1 the Dirichlet L-series is given by

00 D
L(s,D)=>_ (,;2)’

where (£) is the Kronecker symbol defined in (2.1)-(2.3). In particular,

L(s,1) =37, 1/n® = ((s), the Riemann zeta function. Also,

e
=1 =1
" (m.f(D))=1

=

0 (A(D)(f(D))Q) 0 (M)

Plf (D) n=1
(22
= 1-—= L(s, A(D)).
p&_(ID)( P >

By Corollary 9.1(a) we have, for any ¢ > 0,
0< RG(nv d) < N(na d) < 02(5)fn87

so that >~ | Rg(n,d)/n® converges absolutely for s > 1 and uniformly for
s>1+e.
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THEOREM 10.1. Let G € G(d). For s > 1 we have

Rg(n,d) w(d/m?) 1
Z ns 2t(d) Z d/mQ ) m?2s

n=1
(CL) (A(d/dl))
C Y e 1 (- B CE)
di€F(d/m?) plf/m p p
dy>0

L(s,dy)L(s, A(d/dy)).

Proof. For s > 1 we have

RG ’I’Z d = RG (n7 d)
Srend 3
Null(n,d)=0

<1 w(d/M(n,d)?) h(d)
= D ns 2MFL T p(d/M(n,d)?)

Null(n.d)=0
X Z Y4, (G)S(n/M(n,d)?, dy, A(d/d1)) (by Theorem 8.1)
d1€F(d/M(n d)?)

w(d/m?
- 2t(d)+1 Z h(d / ) Z v, (G)

di €F(d/m?)
> S(n/m?,dy, A(d/dy))
Null(n,d)=0
M(n,d)=m
h(d) w(d/m?)
= 9t(d)+1 Z h(d/m?) Z Y, (G)
m|f di1EF(d/m?)

X i S(n/m?, dr, Ald/d1)) (by Lemma 4.1(b))

n=1 n®
(n/m?.f/m)=1
w(d/m?) 1
2t(d)+1 Z h(d/m2)  m2s Z Ya, (G)

d1EF(d/m?)

G S(Nadl’A(d/dl))
X Z Ns
N=1
(N,f/m)=1
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w(d/m?) 1
2t(d)+1 Z h(d/m?)  m?s Z "4, (G)

di€F(d/m?)

=) & ()

<D >

p=1 w v=1
(u,f/m)=1 (v,f/m)=1
w(d/m?) 1
2t(d)+1 Z h(d/m2) m2s Z Ya, (G)
d1€F(d/m?)
(ﬂ) (M)
X H ( ps >L(S,d1) H <11”S>L(5,A(d/d1)),
p p
pisfm pif/m

The assertion of the theorem now follows by noting that d; — A(d/dy) is
a bijection on F(d/m?) (by (2.11)), 74, (G) = Ya(aa)(G) (by (2.12)), and
A(d/dl) <0. m

THEOREM 10.2. Let G € G(d). For s > 1 we have

i Rg(n,d)  wh(d) 1
= ns 2t(d)*11/]d| s—1

+ Ba(d) +O(s — 1),

where
_ mh(d) myh(d)
Bg(d) = e 2 —_—
a(d) = ot(d)—1 /|d 08T+ @2 /1d]
T E ap(A, f)logp

T ot(d)— 1' ﬁ
‘d plf

T i\t}%ﬁ;(i) f:l <A> logF<|A>

d17d G 1Og6d15

\/@ d1€F(d)

di>1
where oyp,(A, f) and ((di,d,G) are defined in Section 1, and 7 denotes

FEuler’s constant.

Proof. For s > 1, by Theorem 10.1, we have

(10.1) ZM = 51+ 82,

ns
n=1
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where
w(d/m?)
(10.2) S1= 2t(d) Z h(d/m?) mzs
< TI <1 - 1) (1 - (?))C(S)L(s A)
p* p* ’
plf/m
and
w(d/m?) 1
(10.3) Sy =" Qt(d) Z hdimE) " > (@)
d1EF(d/m?)
di1>1
dy A(d/d1)
(505
plf/m P b

x L(s,dy)L(s, A(d/dy)).
We treat Sy first. We have

w(d/m?) 1
52 = 2t(d)zhd/m2 w2 (@

d1EF(d/m?)
di>1

dy Ald/d1)
JLe-S0-)

x L(1,dy)L(1,A(d/dy)) + O(s — 1).

By Dirichlet’s classnumber formulae (see for example [3, p. 171])

2h(dy)logegq,

—J4
2mh(A(d/dy))

w(A(d/d1))\/TAd/dr)]

L(1,dy) =

L(1, A(d/dy)) =

we obtain

w(d/m?) 1 Yd, (G)h(d1)h(A(d/dy)) log eq,
52 = 2t<d> 2 Z h(d/m?)  m? dlEFZ(d:/mQ) w(A(d/dr))/d | A(d]d))|
dy>1

A(d/dy)

< 1 (1—(2%1)><1—m)+0(5—1).

p
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Next, appealing to (9.3), we deduce

v (G)M(d) (A (d/ ) log ea,
e %@22; d£giﬁ) w(A(d/dr))y/di| Ad/f )]

d1>1

A(d/dy)

[ (- 9) 1L (- 2)- 22 o

plm plf/m
ptf/m

Then, interchanging the order of summation, and using |d|/dy = |A(d/d;)|x
f(d/dy)?, we deduce

8
(10.4) Sp=——— 3 B(d1.d,G)logeg, +O(s — 1).
v ‘d’ d1€F(d)
d;>1

Now we turn to the determination of S;. As s > 1, we have

= s )BT 05— 1)),
I (5)
L) g o)
(-5
‘QQX“J?)%+“_U3%;)%?+Q( v}

1
C(s) = ;""Y‘FO(S_U,
L(s, 4) = L(1,4) + (s = 1)L(1,4) + O((s — 1)?).

Also, from [3, p. 171] and [12, p. 110], we have

2wh(A)

A = —
L{, 4) w(A)\/|A|’
, B 4 2h(A)r(y + log 2)
L'(1,A)= — \/\Z E < >logF<‘A’>—|— w(A)\/m )
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Using these results in (10.2), together with (9.3) and the relation

S (h)

m|f plf/m

we obtain after a long but straightforward calculation

_ 7h(d) 2 g9 B 1
(10.5) Sl_gtw\/m{s— + (2log 27 + 47) 22 H<1 )

m|f plf/m

% {2logm— > (pil + (ﬁ()ﬁ)>logp}

plf/m

|4

‘%72(2)“ﬂ<w)}

Next it is easy to check that

-y LI <1_> logm

m|f ’plf/ m
is an additive function of f. Using this we deduce that

p'Up(f) —1

(10.6) Z% H (1—) logm = Z (= 1) logp.

m|f  plf/m

An easy calculation shows that

o B2 (e

mlf T pif/m plf/m p
vp(f) — 1 < 1 (é) )
p P
- Z " + ay ) logp
7 pp(f) p—l p_(;)

From (10.6) and (10.7), we deduce that

(10.8) Z H <1—>{210gm— Z <p11+ (ﬁé >logp}

ml " pif)m plf/m P

The theorem now follows from (10.1), (10.4), (10.5), and (10.8). =

Finally, we give the proof of our main theorem, using the approach of
Chowla and Selberg [12].
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Proof of Theorem 1.1. Kronecker’s “Grenz-Formel” (see for ex-
ample [13, Theorem 1, p. 14]) asserts that for s > 1 we have

oo

1
10.9
(10.9) mnz::_m (am? 4 bmn + cn?)3
(m.n)#(0,0)
2m 1
= — ——+ K(a,b,c) + O(s — 1),
g Kb+ 06—
where
(10.10) K(a,b,c)
4wy 2rmlog|d] 27 8w ' <b + \/&) ‘
= — + loga — —==log |n .
Vidl Vldl Vd| 2a
Thus
>\ Rg(n,d) > 1
10.11 — =
(10-11) T; ns : ;ec mnz::_m (am? 4+ bmn + cn?)®
S i) £(0,0)
wh(d) 1

= — : + Z K(a,b,c)+O(s —1).
24(d)=1 \ |d‘ s—1 la,b,c]eG

From (10.11) and Theorem 10.2, we deduce that

(10.12) > K(a,b,¢) = Ba(d).

la,b,c]leG
Using the expressions for K (a, b, ¢) (eqn. (10.10)) and Bg(d) (Theorem 10.2)
in (10.12), and exponentiating, we obtain the assertion of Theorem 1.1. m
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