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Let Q denote the field of rational numbers, and set Q* = Q\{O). Let a c Q*  

and b c Q* be such that the quintic trinomial, f (X) = X6 +aX+b is both irreducible 

and solvable. Polynomials of this type are characterized in [3, Theorem]. Let L 

denote the splitting field off .  Ltt r denote the unique retional root of the resolvent 

sextic of XS +aX+b [3, eqn. (17)l; and set 
,- . 

so that c is a nonnegative rational numbcr, = f 1, and e is a nonzero rational 

number. I t  is shown in [3] that 

The Galois group Gt of f is the dihedral group D, of order 10 if 5(c2 + 1) 4 2 ,  

and is the Frobenius group F,, of order 20 if 5(02 .+ 1) B Q2. 

If Gt = D, then Gt has five subgroups of order 2, and one of order 5. The five 

quintic subfields of L are Q(R),i =;..lt2,3,4,5, where 
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D = c 2 +  1, 

see (3, Theorem]. It remains to determine the unique quadratic suhfield K of L. 

This is done in the theorem below making use of the work of Dummit [I]. 

If GI = F2, then Gt has fivc subgraphs of order 2, fivc subgroups of order 4,  

one of order 5, and one of order 10. The unique quadratic subficld of L is 

Q(Jdisc(f) ) = QC/4'as +5'b4 ) = Q(J5(c2+ 1) ), 
see [2, eqn. (28)]. The five quintic subfields of L are Q(8,), i = 1,2,3,4,5, where 8, is 

given above, and the five subfields of L of order 10 are ~ ( 4 ,  J5(c2 + 1) ). It remains 

to determine the unique quartic subfield K of L. This field is cyclic, and is given in 

the theorem below. 



The Subfields of the Splitting 
Field of a Solvable Quintic Trinomial X5+aX+b 

Theorem Let f(X) = X6 .+ .ax  + b e Q[X] be a solvable, irreducible quintic 
trinomial with ab # 0. Define c, e and e as in (1). Let L denote the splitting field 

off, and let Gt denote the Galois group off.  Let 

unique quadratic subfield of L when Gr = D,, 
K =  ( unique (cyclic) quartic subfield of L when Gt .= F,,,. 

Then 

Proof By [I, Theorem 21, we have 

K = Q( J(T,+T,L)' - 4(T,+T4A))=Q( J ( T ~ - T , ~ ) ~ - ~ ( T ~  -T4A> 1, 
where Tl,T,,T3,T, are defined in (8.1'1, (8 2'), (8.3'), (8.4') of ( I] respectively, and 

A 2  = 4'a"5'b4. Each T, is a rational function of a, b, and r. From ( I )  and (2) 

we see that 
20e4(4+ 3ec) 

r = c2+ 1 

Since the splitting fields of Xu + a x +  b and X5 +(&'eL~~+(b/e"  are exactly the 

same field L, we can take e =  1 without loss of generality. Thus we have 

and, putting these expressions into (8.1'1, (8.2'1, (8.3'1, (8.4'1 of [I], we obtain the 

T,'s as functions of c and E .  Also, by [2, eq. (2811, we may choose 

Then, using MAPLE to perform the algebric calculations, we obtain 

(T,+TaAIa - 4(T3 +T4 A) 

showing that 
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If cc # 2 the equality . . 5 ( - 25-20;~--40~~) - (11 + 6 ~ +  12cs+ ~ ~ C ' I . \ I ~ ~  
; . I  1 .' I 

=r+ ~ C + ~ - U C C + I )  J S ( C ~ +  l)~)9(-5-(1+2cc)\j 
cc 7 2 ,  ca+ 1 

shows that ' 

K = Q ( d - 5 - ( 1 + 2 c c d ~ ) -  ca+ 1 

certain cases when GI=DB. 
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