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An elementary remark on the distribution of integers representable 
by a positive-definite integral binary quadratic form 

By 

PIERRE KAPLAN and KENNETH S. WILLIAMS *) 

In this note we prove an elementary result concerning the distribution of the positive 
integers which are represented by a positive-definite integral binary quadratic form 

Theorem 1. Let f (X ,  Y) = aX ~ + b X Y + c y2 be a positive-definite integral binary 
quadratic form of discriminant - A ( =  b 2 - 4ac < 0). Let ml be the least positive in- 
teger represented by f. Then, for every integer n >= mi , there exist integers x and y such 
that 

n < ax 2 q- b x y  + cy 2 < n + 2ml/~A1/4n ~m + m i . 

P r 0 0 f. Replacing the form f by an equivalent form we may suppose that m~ = c. We 
define integers x and y by 

=F(4cn~l/2q I ! 4 c n - A x 2 ) l / 2 - b x l  
x L \ ~ )  /' Y =  2 c  - + 1 .  

Next we define real numbers e and 6 by 

e=[\T]~(4cn~l/2~j, 6= { ( 4 c n -  Ax2)l/2-bx-}~c ' 

where {0} = 0 - [0] denotes the fractional part  of the real number  0, so that  

0 < 8 < 1 ,  0 < 6 < 1 ,  

and 

(4An) l /2  (4cn--  dx2)i /2--bx q_(l _6) .  
x =  - -  - e ,  y =  2c 

*) Research supported by Natural Sciences and Engineering Research Council of Canada Grant 
A-7233. 
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Then we have 

a x  2 + b x y  + cy  2 = ax  2 + 1-(cy)(bx + cy) 
c 

= a x 2 + ! (  (4cn-Ax2,1/2-bx2 + c(1 -- 6 ) ) (  (4cn-Ax2,1/2+bx2 

= a x 2 + -  4 

= n + ( 1 - 6 ) ( 4 c n -  Ax2)l/2 + c ( 1 - 6 )  2 (as A = 4 a c - b  2) 

= n q- (1 - -  t~)(48 c 1/2 d 1/2 n 1/2 - -  Ae2) 1/2 -1- c(1 - 6) 2. 

Clearly we have 

n < ax  2 + b x y  + cy  2 < n  + 2ci/4A~/4n~/4 + c, 

as asserted. [] 

+ c (1 - 6)) 

Corollary 1. With the same notation and assumptions as in Theorem 1,for every integer 
n > ml ,  there exist integers x and y such that 

2 38  14- A 1 / 2  
n < a x E  + b x y W c y E  <n+~x- f~d  / n / -} 31/2. 

P r o o f .  This follows immediately from Theorem 1 and the well-known bound 

m 1 _< [1: p. 30], [3: Theorem]. [] 

Our  second theorem improves Theorem 1 in the case when f (X, Y) = a X 2 + c y2 and 
n > c3/a 2. This generalizes a theorem of Uchiyama [2: Theorem 1]. 

Theorem 2. Let a X 2 + c y 2  be a positive-definite integral binary quadratic form with 
a < c. Then, for every integer n >= ca/a 2, there exist integers x and y such that 

n < a x  2 q- c y  2 < n + 2 3 / 2 a i / 2 c l / 4 n l / 4 .  

R e m a r k. Theorem 1 in this case says that for every integer n >_- a there exist integers 
x and y such that 

n < a x  2 + c y  2 < n + 2 a / 2 a l / 2 c U 4 n l / 4  + a .  

P r o o f o f T h e o r e m 2. Let n be an integer > c 3 / a  2, and set 

a 
E = 2 c l / 2 n  1/2 - -  2 a / 2 a l / 2 c l / 4 n  TM + - .  

4 

First we show that 

(1) E > O. 
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We have 

E =  

> 

= 

> 0 ,  

p rov ing  (1). 
Next  we show that  

(2) n - E > (n 1/2 - -  r  

We have 

and  so 

a 
21/2 ci/4 nl/4(21/2 C1/4 n~/4 _ al/2) q- 

21/2 c/"21/2 c 1/2"~ 
--~Y-~-ai7 y - - a  ) (asn>=ca/a2) 

21/2 a (2 i/2 -- 1) (as c > a) 

21/2 a i/2 c TM n TM >= 2 i/2 c 

5 
> ~ c  

a 
> - + c  
- 4  

( a s  n > c3/a 2) 

(as c > a) 

n - - E = ( n i / 2 - - c i 1 2 ) 2 + ( 2 i / 2 a l / 2 c l / ' ~ n l / 4 - - ( 4 + c ) ) > ( n l / 2 - - c l / 2 ) 2  , 

prov ing  (2). 
Thus  we can  define a real n u m b e r  ~ by 

n 1:2 - ( n  - E) 1/2 
(3) ct = 

CI/2 

F r o m  (1), (2) and  (3), we see that  

(4) 0 < ct < 1. 

We also no te  tha t  

2 n 1/z /2  n l/z 2 ~/2 a 1/2 n ~/'~ 
(5) = - / k C3/4 

F u r t h e r  we have 

E 
c i/2 (n i/2 + (n -- E) i/1) 

E 
> - -  

2c1(2nl/2 
a 1/2 a 

=1 k - -  2 i/2 c 1/4 n 1/4 8 c i/2 n 1/2 

7 a 1/2 
> 

8 21/2 C 1/4 n 1/4 

7 al/2nl/4 ( c 3 )  
>- a 2 > -- 8 21/2c3/4 as n > - -  c 
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so that  

(6) 

We set 

Integers representable by a quadratic form 

7 c  
- -  2 c a + ~ -  < 2 i/2 a i l2  c TM n TM. 

(so that  0 __< ~ < 1) 

a n d  consider  two cases. 

C a s e  (i): e < 6. We choose x an d  y to be the integers 

x = l ,  y =  + 1 =  + 1 - - 6 ,  

a x  2 + c y  2 = n + c ( 1  - -  (~)2  .at_ 2 c i / 2 n l / 2 ( 1  _ ~) + a.  

so that  

Clear ly  we have n < a x 2 -[- C y2. F u r t h e r  we have 

a x 2 + c y 2 < n + c ( 1 - a ) 2 + 2 c i / 2 n i l E ( 1 - a ) + a  (as ~ < 6 < 1 )  

= n -~- C a  2 - -  (2c + 2c i l2n1 /2 )~  q- (c q- 2 c l l 2 n  1/2 q- a) 

3 a  
= n q- 21/2 a 112 c TM n TM - 2 c a + c + ~ -  (by (5)) 

7 c  
n + 2 1 1 2 a l l 2 c l l 4 n l l 4  - -  2 c ~  + - -  (as c _>--- a) 

4 

< n + 23f2 a i l2  c TM n TM (by (6)). 

C a s e  (ii): ~ < e. We choose x an d  y to be the integers 

x =  + 1 ,  y =  = - - $ .  

f ( n  --  c y2~  l/2 ~ 

= tt, ) J' 

0 < ~ < 1 ,  x =  - -  + (1 - e), 

a x 2 + c y 2 = n + 2(1 - e) al/2 cl/4 ( 2 nil2 t~ - cl/2 ~2) 1/2 + a(1 - e) 2. 

Set 

so tha t  

and  

41 
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Clear ly  a x 2 + c y2 > n. Fu r the r  we have  

a x 2  + c y2 ~ n + 2 a i / 2  c l / 4 ( 2 n l / 2  c~ - -  r (~2)1]2 q_ a 

< n + 2 a l / 2 c l / 4 ( 2 n l / 2 c ~  - -  c~/2~2) ~/2 + a 

( o,/2  
= n + 2 a l / 2 c  1/4 2 i / 2 n  1/4 --  2 ~ i T g j  + a 

= n + 23/2 a i/2 c i/4 n i /4.  

This  comple tes  the p r o o f  of  T h e o r e m  2. [ ]  

(as ~ < c~ < 1 and n > c) 

(by (5)) 
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