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An elementary remark on the distribution of integers representable
by a positive-definite integral binary quadratic form

By

PierRE KAPLAN and KENNETH S. WILLIAMS *)

In this note we prove an elementary result concerning the distribution of the positive
integers which are represented by a positive-definite integral binary quadratic form

Theorem 1. Let f(X,Y)=aX*+bX Y +cY? be a positive-definite integral binary
quadratic form of discriminant — A(=b> —4ac <0). Let m, be the least positive in-
teger represented by f. Then, for every integer n = my, there exist integers x and y such
that

n<ax*+bxy+cy*<n+2mi* A4 n'* 4+ m,.

Proof. Replacing the form f by an equivalent form we may suppose that m; = c. We
define integers x and y by

dcn\Y? (dcn— AxH? ~bx
““\7) ) T 2 -

Next we define real numbers ¢ and § by

_ f{4cn\'? 5 decn— AxHY? —bx
=W\ 4 ’ h 2¢ ’

where {6} = 6 — [0] denotes the fractional part of the real number 0, so that

0<e<1, 0=<d<l1,

and

4 1/2 4 — A 21/2_b
x= ten —&, y=(cn x) x+(1—5).
A4 2c
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Then we have

1
ax2+bxy+cy2=ax2+;(cy)(bx+cy)

=ax2+%((4cn—4);2)1/2_bx rett _6)>((4cn_m;2)1/2 rhx

5 1<4cn—sz—b2x2
=ax* 4+ | —m———
c 4
=n+(1—-8dcn—Ax)?+c(1 -6 (as A=4dac—b?)

=n+(1—8)dect2 A2 b2 — AeD)1? 4 c(1 — )

+c(1—5))

+c(l=8)@dcn—AxH? 4 (1 —5)2>

Clearly we have
n<ax*+bxy+cy* <n+2cAN4pl* 4,

as asserted. [

Corollary 1. With the same notation and assumptions as in Theorem 1, for every integer
n = m,, there exist integers x and y such that

1/2

2 A
n<ax’+bxy+ey’ <ntgpd*talt 4o

Proof. This follows immediately from Theorem 1 and the well-known bound

A 1/2
m; < (;) [1: p. 30], [3: Theorem]. [

Our second theorem improves Theorem 1 in the case when f(X,Y)=a X? + ¢ Y2 and
n = c/a?. This generalizes a theorem of Uchiyama [2: Theorem 1].

Theorem 2. Ler a X? + ¢ Y? be a positive-definite integral binary quadratic form with
a < c. Then, for every integer n = c/a®, there exist integers x and y such that

n<ax®+cy?<n+ 232gl2clitpti4,

Remark. Theorem 1 in this case says that for every integer n = a there exist integers
x and y such that ‘

n<ax*+cy?<n4232g2cl4plit 4 g,

Proof of Theorem 2. Let n be an integer = c3/a?, and set
E — 2c1/2 n1/2 . 21/2 a1/2 c1/4 n1/4 + g.
4

First we show that

1) E>0.
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We have
E =212 Ui glid(1/2 lid pli4 _ g1i2y 4 Z_
1
2a—1/22—c(—2£1/7—; - a”z) (as n=c%a)
22124212 1) (as ¢z a)
>0,
proving (1).
Next we show that
2 n—E > (n*? — 1?2,
We have
21/2 a1/2 cl/4n1/4 g 21/Zc (aS n g c3/a2)
52
4
2 % +c¢ (ascza
and so

ARCH. MATH.

n—E= (nl/Z _ Cl/Z)Z + (21/2 a1/2 C1/4'11/4- _ (% + C)) > (n1/2 _ 61/2)2,

proving (2).
Thus we can define a real number « by

n1/2 _ (n _ E)1/2
3) B

1/2
From (1), (2) and (3), we see that
4) O<a<l1.
We also note that
2n1/2 2n1/2 21/2 a1/2n1/4 a
e G-

(5) az =12 1/2

c c

Further we have

E
o =
ol (n1/2 +(n— E)1/2)
E
> 32 pliz
. a‘’? a
-+ 2112 ;1[4 174 + 8 cl/2 pi/2
7 a1/2
>

8 21/261/4’11/4

7 g4
- — as n
g aliz 34

%

v
> ‘ [
N w
1\
o
\—/

34 4c)°
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so that
Tc
6) —2co+ — < 22 gl2 A4 pti4
4
We set

n 1/2
6={(;> } (sothat 0o < 1)

and consider two cases.

Case (i): @ < 8. We choose x and y to be the integers
1/2 1/2
(A RRCRe
c c

ax>+cy’=n+c(1—8)*+2c2n'?(1 —68) +a.

so that

Clearly we have n < ax? + c¢y?. Further we have

ax*+cy!Sn+c(l—a?+2c¢?n'2(l —a)+a

41

(as asd<1)

=n+ca’—Q2c+2c"?n'?)a+ (c + 22 n'? + q)

=n+21/2a1/2c1/4n1/4—20a+c+3%1

Te
Sn4212512c84 014 _Qcq + T

<n+ 23/201/2(31/4 n1/4

Case (ii): 6 < a. We choose x and y to be the integers

(by (5))

(asc=a)

(by (6)).

A T T

Set
=)
&= s
a
so that
a2\ 172
0<e<t, x=(" cy) +(1—g,
a
and

ax?+cy*=n+2(1—¢ea'?c*2n'25 — M2 5H)Y2 1 a(1 — &)
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Clearly ax? + ¢ y? > n. Further we have
ax*+cy? Sn+2al2c*Qnti2 5 — 2512 g

<n+2acM*2ni2ag— a2 1 a (asd<a<land n=c)

ali2
=n+2qg'?ct* <21/2 nli4 — —201/4> +a (by (9)

=n+ 23/2a1/2 cl/4 n1/4.

This completes the proof of Theorem 2. [
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